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PEEFACE. 

rpHIS   book  is  a  second  edition  of  one  with  the  same  title  which  was 
published  by  the  Cambridge  University  Press  in  two  volumes  bearing 
the  dates  1892  and  1893.     At  the  time,  about  five  years  ago,  when  it  first 
became  necessary  to  think  seriously  about  a  new  edition,  a  number  of  friends 
had  sent  me  criticisms  of  particular  sections  of  the  book  and  suggestions  for 
improvement  in  matters  of  detail.     Among  these  friends  Prof.  W.  J.  Lewis 
and  Prof.  W.  M^F.  Orr  must  be  named  with  especial  gratitude.     I  knew  then 
that  two  or  three  Chapters  ought  to  be  rewritten,  and  that  the  results  of 
several  new  researches  ought  to  be  incorporated,  but  I  did  not  contemplate  a 
very  extensive  revision.     The  task  of  rearranging  the  old  matter,  with  some 
considerable  additions  and  a  few  slight  omissions,  became  so  distasteful,  and 
the  result  appeared  so  unsatisfactory,  that  at  length  I  abandoned  the  attempt, 
and  wrote  a  new  book  containing  some  extracts  from  the  old  one.     The 
science  of  Elasticity — the  mechanics  of  solid  bodies  as  they  really  are — is 
so  important  in  itself,  and   the  physical  notions  and  analytical  processes 
belonging  to  the  theory  are  so  widely  used  in  other  branches  of  Physics, 
that  no  apology  seems  to  be  necessary  for  the  course  that  has  been  pursued. 
In  the  selection,  and  the  mode  of  presentation,  of  the  matter  three  objects 
have  been  kept  in  view :   to  make  the  book  useful  to  engineers,  or  others, 
whose  aims  are  chiefly  practical,  to  emphasize  the  bearing  of  the  theory  on 
general  questions  of  Natural  Philosophy,  to  afford  a  reasonably  complete 
picture  of  the  state  of  the  science  as  it  is  to-days    The  desire  to  be  useful 
has  led  me  to  undertake  some  rather  laborious  arithmetical  computations, 
physical  interest  has  prompted  something  more  than  a  passing  reference  to 
several  matters  which  lie  outside  the  strict  scope  of  the  mechanical  theory, 
completeness   has   required   the   inclusion   of  some   rather   long  analytical 
investigations.     At  the  same  time,  purely  technical  matters,  such  as  descrip- 
tions of  apparatus  and  calculations  relating  to  particular  structures,  have 
been  excluded ;  related  subjects,  such  as  the  production  of  strain  by  unequal 
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heating,  the  rendering  of  glass  doubly  refracting  by  strain,  the  theory  of  the 
luminiferous  medium  regarded  as  an  elastic  solid,  have  received  but  a  slight 
measure  of  attention  ;  detailed  discussion  of  problems  of  which  the  interest 
is  mainly  mathematical  has  been  kept  within  rather  narrow  bounds. 
Numerous  references  to  authorities  on  these,  as  well  as  on  other,  matters 
have,  however,  been  introduced. 

One  change  which  has  been  made  may  perhaps  require  a  word  of  defence. 
The  notation  for  components  of  stress  and  components  of  strain  is  different 
from  that  adopted  in  the  first  edition.  A  wish  for  this  change  was  expressed 
to  me  in  several  quarters,  and  I  have  myself  been  much  impressed  with  the 
advantages  of  a  notation  which  conveys  its  own  meaning.  Although  I  still 
think  that  Kelvin  and  Tait's  notation,  which  was  adopted  before,  has  many 
merits,  yet  I  did  not  feel  that  I  should  be  justified  in  neglecting  the  repre- 
sentations that  had  been  made  to  me. 

The  student  to  whom  the  subject  is  new  is  advised  to  turn  as  early  as 
possible  to  Chapter  V,  where  he  will  find  a  condensed  recapitulation  of  the 
most  essential  parts  of  previous  Chapters,  some  indications  of  the  kind  of 
problems  which  can  be  treated  mathematically,  and  of  methods  of  dealing 
with  them,  and  a  number  of  results  of  which  the  verification,  or  direct 
investigation,  will  be  useful  to  him  as  exercises, 

It  remains  to  attempt  to  express  my  thanks  to  those  who  have  helped 
me  with  this  book.  Three  friends  have  laid  me  under  especially  heavy 
obligations :  Prof  J.  Larmor  and  Prof.  H.  Lamb  have  read  most  of  the  proofs, 
and  have  sent  me  many  kindly  criticisms  and  many  helpful  suggestions  in 
regard  to  matters  of  principle ;  and  Prof.  H.  M.  Macdonald  has  read  all  the 
proofs,  and  his  vigilance  has  detected  many  misprints  and  errors  of  detail. 
Dr  A.  Timpe,  who  is  translating  the  book  into  German,  has  also  kindly 
called  my  attention  to  a  few  passages  which  needed  correction ;  and  the 
scrupulous  care  which  he  has  bestowed  upon  the  translation  leads  me  to 
hope  that  few  serious  errors  remain.  To  the  Syndics  of  the  Press  my  thanks 
are  due  for  their  kindness  in  acceding  to  my  proposal  to  print  the  new 
edition  in  a  single  volume,  and  the  readiness  with  which  the  staff  of  the 
Press  have  met  all  my  wishes  in  regard  to  printing  and  diagrams  deserves 
more  than  a  word  of  recognition. 

A.   E.   H.   LOVE. 

Oxford,  December,  1905. 
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ADDITIONS   AND   CORRECTIONS. 

p.  10,  footnote  37.     Add  "  Reprinted  in  Stokes's  Math.  andPhys.  Papers,  vol.  i.  (Cambridge 

1880),  p.  75." 
p.  27,  line  1.     For  "  M.  Phillips  "  read  "  E.  Phillips." 
p.  65,  line  16.     Insert  "  square  of  the  "  before  "  central  radius  vector." 

p.  112,  lines  3  and  4  from  foot.   Delete  "In  particular,  there  is  no  yield-point  under  thrust." 
For  some  examples  of  the  determination  of  the  yield-point  under  thrust  (Quetsch- 
grenze)  see  Bauschinger,  Mittheilungen,  xiii. 

p.  133.     The  equation  numbered  "  (29  bis)"  should  be  numbered  "  (30  bis)." 

p.  143,  equations  (61).     /"o.  vg^" '|)"  ^  "^  (f  -  J)  ." 

p.  273.  After  equation  (39)  add  "The  displacement  has,  in  general,  both  transverse  and 
radial  components,  but  the  rotation  has  no  radial  component." 

p.  402,  line  5.     For  "  R  (yi  -  y) "  read  "  R  (yi  -  y)." 

line  20.     For  "  d^l'rs  "  and  "  dtfyjds  "  read  "  d^^jds  "  and  "  dcj)/ds." 

p.  428.  Fig.  64  suggests  that  the  displacement  is  determined  so  that  the  ends  of  the  rod 
move  along  the  line  of  action  of  the  forces  R.  To  secure  the  satisfaction  of  this 
condition  an  additional  displacement,  which  would  be  possible  in  a  rigid  body,  must  be 
superposed  upon  the  displacement  given  in  the  text.  I  am  indebted  for  this  correction 
to  Mr  G.  C.  Calliphronas. 

p.  470,  line  2.     For  "  M.  Barthdldmy  "  read  "  A.  BarthdWmy." 


HISTOEIOAL    INTRODUCTION. 


The  Mathematical  Theory  of  Elasticity  is  occupied  with  an  attempt 
to  reduce  to  calculation  the  state  of  strain,  or  relative  displacement,  within 
a  solid  body  which  is  subject  to  the  action  of  an  equilibrating  system  of 
forces,  or  is  in  a  state  of  slight  internal  relative  motion,  and  with  endeavours 
to  obtain  results  which  shall  be  practically  important  in  applications  to 
architecture,  engineering,  and  all  other  useful  arts  in  which  the  material 
of  construction  is  solid.  Its  history  should  embrace  that  of  the  progress 
of  our  experimental  knowledge  of  the  behaviour  of  strained  bodies,  so 
far  as  it  has  been  embodied  in  the  mathematical  theory,  of  the  develop- 
ment of  our  conceptions  in  regard  to  the  physical  principles  necessary  to 
form  a  foundation  for  theory,  of  the  growth  of  that  branch  of  mathematical 
analysis  in  which  the  process  of  the  calculations  consists,  and  of  the  gradual 
acquisition  of  practical  rules  by  the  interpretation  of  analytical  results. 
In  a  theory  ideally  worked  out,  the  progress  which  we  should  be  able  to 
trace  would  be,  in  other  particulars,  one  from  less  to  more,  but  we  may  say 
that,  in  regard  to  the  assumed  physical  principles,  progress  consists  in 
passing  from  more  to  less.  Alike  in  the  experimental  knowledge  obtained, 
and  in  the  analytical  methods  and  results,  nothing  that  has  once  been  dis- 
covered ever  loses  its  value  or  has  to  be  discarded.;  but  the  physical  principles 
come  to  be  reduced  to  fewer  and  more  general  ones,  so  that  the  theory  is 
brought  more  into  accord  with  that  of  other  branches  of  physics,  the  same 
general  dynamical  principles  being  ultimately  requisite  and  suflScient  to 
serve  as  a  basis  for  them  all.  And  although,  in  the  case  of  Elasticity,  we  find 
frequent  retrogressions  on  the  part  of  the  experimentalist,  and  errors  on 
the  part  of  the  mathematician,  chiefly  in  adopting  hypotheses  not  clearly 
established  or  already  discredited,  in  pushing  to  extremes  methods  merely 
approximate,  in  hasty  generalizations,  and  in  misunderstandings  of  physical 
principles,  yet  we  observe  a  continuous  progress  in  all  the  respects  mentioned 
when  we  survey  the  history  of  the  science  from  the  initial  enquiries  of 
Ctalileo  to  the  conclusive  investigations  of  Saint- Venant  and  Lord  Kelvin. 
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2  HISTORICAL   INTRODUCTION 

The  first  mathematician  to  consider  the  nature  of  the  resistance  of  so  i  s 
to  rupture  was  Galileo'.  Although  he  treated  solids  as  inelastic,  no*  bemg 
in  possession  of  any  law  connecting  the  displacements  produced  with  tne 
forces  producing  them,  or  of  any  physical  hypothesis  capable  of  yielding  sucn 
a  law,  yet  his  enquiries  gave  the  direction  which  was  subsequently  followed 
by  many  investigators.  He  endeavoured  to  determine  the  resistance  of  a 
beam,  one  end  of  which  is  built  into  a  wall,  when  the  tendency  to  break 
it  arises  from  its  own  or  an  applied  weight;  and  he  concluded  that  the 
beam  tends  to  turn  about  an  axis  perpendicular  to  its  length,  and  in  the 
plane  of  the  wall.  This  problem,  and,  in  particular,  the  determination  of 
this  axis  is  known  as  Galileo's  problem. 

In  the  history  of  the  theory  started  by  the  question  of  Galileo,  un- 
doubtedly the  two  great  landmarks  are  the  discovery  of  Hooke's  Law  in 
1660,  and  the  formulation  of  the  general  equations  by  Navier  in  1821. 
Hooke's  Law  provided  the  necessary  experimental  foundation  for  the  theory. 
When  the  general  equations  had  been  obtained,  all  questions  of  the  small 
strain  of  elastic  bodies  were  reduced  to  a  matter  of  mathematical  calculation. 

In  England  and  in  France,  in  the  latter  half  of  the  I7th  century,  Hooke 
and  Mariotte  occupied  themselves  with  the  experimental  discovery  of  what 
we  now  term  stress-strain  relations.  Hooke^  gave  in  1678  the  famous  law 
of  proportionality  of  stress  and  strain  which  bears  his  name,  in  the  words 
"  Ut  tensio  sic  vis ;  that  is,  the  Power  of  any  spring  is  in  the  same  proportion 
with  the  Tension  thereof."  By  "spring"  Hooke  means,  as  he  proceeds  to 
explain,  any  "  springy  body,"  and  by  "  tension "  what  we  should  "no-BT'caf^ 
"extension,"  or,  more  generally,  "strain."  This  law  he  discovered  in  1660, 
but  did  not  publish  until  1676,  and  then  only  under  the  form  of  an  anagram, 
ceiiinosssttuH.  This  law  forms  the  basis  of  the  mathematical  theory  of 
Elasticity,  and  we  shall  hereafter  consider  its  generalization,  and  its  range  of 
validity  in  the  light  of  modern  experimental  research.  Hooke  dcrg§*Tiot 
appear  to  have  made  any  application  of  it  to  the  consideration  of  Galileo's 
problem.  This  application  was  made  by  Mariotte*,  who  in  1680  enunciated 
the  same  law  independently.  He  remarked  that  the  resistance  of  a  beam 
to  flexure  arises  from  the  extension  and  contraction  of  its  parts,  some  of  its 
longitudinal  filaments  being  extended,  and  others  contracted.  He  assumed 
that  half  are  extended,  and  half  contracted.  His  theory  led  him  to  assign  the 
position  of  the  axis,  required  in  the  solution  of  Galileo's  problem,  at  one-half 
the  height  of  the  section  above  the  base. 

In  the  interval  between  the  discovery  of  Hooke's  law  and  that  of  the 
general  differential  equations  of  Elasticity  by  Navier,  the  attention  of  those 
mathematicians    who    occupied    themselves    with    our    science    was   chiefly 

'  Galileo  Galilei,  Discorsi  e  Dimostrazioni  matematiche,  Leiden,  1638. 
■■'  Eotert  Hooke,  De  Potentia  restitutiva,  London,  1678. 
'  E.  Mariotte,  TraM  da  mouvement  des  eaux,  Paris,  1686. 


HISTORICAL   INTRODUCTION  3 

directed  to  the  solution  and  extension  of  Galileo's  problem,  and  the  related 
theories  of  the  vibrations  of  bars  and  plates,  and  the  stability  of  columns. 
The  first  investigation  of  any  importance  is  that  of  the  elastic  line  or  elastica 
by  James  Bernoulli^  in  1705,  in  which  the  resistance  of  a  bent  rod  is  assumed 
to  arise  from  the  extension  and  contraction  of  its  longitudinal  filamentS;  and 
the  equation  of  the  curve  assumed  by  the  axis  is  formed.  This  equation 
practically  involves  the  result  that  the  resistance  to  bending  is  a  couple 
proportional  to  the  curvature  of  the  rod  when  bent,  a  result  which  was 
assumed  by  Euler  in  his  later  treatment  of  the  problems  of  the  elastica,  and 
of  the  vibrations  of  thin  rods.  As  soon  as  the  notion  of  a  flexural  couple 
proportional  to  the  curvature  was  established  it  could  be  noted  that  the 
work  done  in  bending  a  rod  is  proportional  to  the  square  of  the  curvature. 
Daniel  Bernoulli^  suggested  to  Euler  that  the  differential  equation  of  the 
elastica  could  be  found  by  making  the  integral  of  the  square  of  the  curvature 
taken  along  the  rod  a  minimum ;  and  Euler',  acting  on  this  suggestion,  was 
able  to  obtain  the  differential  equation  of  the  curve  and  to  classify  the 
various  forms  of  it.  One  form  is  a  curve  of  sines  of  small  amplitude,  and 
Euler  pointed  out'  that  in  this  case  the  line  of  thrust  coincides  with  the 
unstrained  axis  of  the  rod,  so  that  the  rod,  if  of  sufficient  length  and  vertical 
when  unstrained,  may  be  bent  by  a  weight  attached  to  its  upper  end.  Further 
investigations*  led  him  to  assign  the  least  length  of  a  column  in  order  that 
it  may  bend  under  its  own  or  an  applied  weight.  Lagrange*  followed  and 
used  his  theory  to  determine  the  strongest  form  of  column.  These  two  writers 
found  a  certain  length  which  a  column  must  attain  to  be  bent  by  its  own 
or  an  applied  weight,  and  they  concluded  that  for  shorter  lengths  it  will 
be  simply  compressed,  while  for  greater  lengths  it  will  be  bent.  These 
researches  are  the  earliest  in  the  region  of  elastic  stability. 

In  Euler's  work  on  the  elastica  the  rod  is  thought  of  as  a  line  of  particles 
which  resists  bending.  The  theory  of  the  flexure  of  beams  of  finite  section 
was  considered  by  Coulomb".  This  author  took  account  of  the  equation  of 
equilibrium  obtained  by  resolving  horizontally  the  forces  which  act  upon 
the  part  of  the  beam  cut  off  by  one  of  its  normal  sections,  as  well  as  of 
the  equation  of  moments.     He  was  thus  enabled  to  obtain  the  true  position 

*  Bernoulli's  memoir  is  entitled,  'Veritable  hypothfese  de  la  resistance  des  solides,  avec  la 
demonstration  de  la  courbure  des  corps  qui  font  ressort,'  and  will  be  found  in  his  collected 
•works,  t.  2,  Geneva,  1744. 

5  See  the  26th  letter  of  Daniel  Bernoulli  to  Euler  (October,  1742)  in  Fuss,  Correspondance 
matMmatique  et  physique,  t.  2,  St  Petersburg,  1843. 

^  See  the  Additamentum  '  De  curvis  elasticis '  in  the  Methodus  inveniendi  lineas  curvas  maximi 
minimive  proprietate  gaudentes,  Lausanne,  1744. 

'  Berlin,  Histoire  de  I'Academie,  t.  13  (1757). 

*  Acta  Acad.  Petropolitants  of  1778,  Pars  prior,  pp.  121 — 193. 
^  Miscellanea  Taurinensia,  t.  5  (1773). 

"  'Essai  sur  une  application  des  regies  de  Maximis  et  Minimis  a  quelques  Probltoes  de 
Statique,  relatifs  h,  1' Architecture,'  Mem.... par  divers  savans,  1776. 
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of  the  "neutral  line,"  or  axis  of  equilibrium,  and  he  also  made  a  correct 
calculation  of  the  moment  of  the  elastic  forces.  His  theory  of  beams  is 
the  most  exact  of  those  which  proceed  on  the  assumption  that  the  stress  in  a 
bent  beam  arises  wholly  from  the  extension  and  contraction  of  its  longitudinal 
filaments,  and  is  deduced  mathematically  from  this  assumption  and  Hooke's 
Law.  Coulomb  was  also  the  first  to  consider  the  resistance  of  thin  fibres 
to  torsion",  and  it  is  his  account  of  the  matter  to  which  Saint-Venant  refers 
under  the  name  I'ancienne  thdorie,  but  his  formula  for  this  resistance  was 
not  deduced  from  any  elastic  theory.  The  formula  makes  the  torsional 
rigidity  of  a  fibre  proportional  to  the  moment  of  inertia  of  the  normal  section 
about  the  axis  of  the  fibre.  Another  matter  to  which  Coulomb  was  the 
first  to  pay  attention  was  the  kind  of  strain  we  now  call  shear,  though  he 
considered  it  in  connexion  with  rupture  only.  His  opinion  appears  to  have 
been  that  rupture '^  takes  place  when  the  shear  of  the  material  is  greater  than 
a  certain  limit.    The  shear  considered  is  a  permanent  set,  not  an  elastic  strain. 

Except  Coulomb's,  the  most  important  work  of  the  period  for  the  general 
mathematical  theory  is  the  physical  discussion  of  elasticity  by  Thomas 
Young.  This  naturalist  (to  adopt  Lord  Kelvin's  name  for  students  of 
natural  science)  besides  defining  bis  modulus  of  elasticity,  was  the  first  to 
consider  shear  as  an  elastic  strain".  He  called  it  "detrusion,"  and  noticed 
that  the  elastic  resistance  of  a  body  to  shear,  and  its  resistance  to  extension 
or  contraction,  are  in  general  different ;  but  he  did  not  introduce  a  distinct 
modulus  of  rigidity  to  express  resistance  to  shear.  He  defined  "  the  modulus 
of  elasticity  of  a  substance""  as  ''a  column  of  the  same  substance  capable  of 
producing  a  pressure  on  its  base  which  is  to  the  weight  causing  a  certain 
degree  of  compression,  as  the  length  of  the  substance  is  to  the  diminution 
of  its  length."  What  we  now  call  "Young's  modulus"  is  the  weight  of  this 
column  per  unit  of  area  of  its  base.  This  introduction  of  a  definite  physical 
concept,  associated  with  the  coefficient  of  elasticity  which  descends,  as  it  were 
from  a  clear  sky,  on  the  reader  of  mathematical  memoirs,  marks  an  epoch  in 
the  history  of  the  science. 

Side  by  side  with  the  statical  developments  of  Galileo's  enquiry  there  were 
discussions  of  the  vibrations  of  solid  bodies.     Euler*  and  Daniel  Bernoulli" 

"  Histoire  de  V Academic  for  1784,  pp.  229—269,  Paris,  1787. 

^2  See  the  introduction  to  the  memoir  first  quoted,  Mim....par  divers  savans,  1776. 

"  A  Course  of  Lectures  on  Natural  Philosophy  and  the  Mechanical  Aits,  Loudon,  1807, 
Lecture  xiii.     It  is  in  Kelland's  later  edition  (1845)  on  pp.  105  et  seq. 

"  Loc.  cit.  (footnote  13).  The  definition  was  given  in  Section  ix  of  Vol.  2  of  the  -first 
edition,  and  omitted  in  Kelland's  edition,  but  it  is  reproduced  in  the  Miscellaneous  Works  of 
Dr  Young. 

"  'De  vibrationibus...laminarum  elasticarum...,'  and  'De  sonis  multifariis  quos  laminae 
elasticae...edunt...'  published  in  Commentarii  Academiee  Scientiarum  Imperialis  Petropolitana; 
t.  13  (1751).  The  reader  must  be  cautioned  that  in  writings  of  the  18th  century  a  "  lamina '' 
means  a  straight  rod  or  curved  bar,  supposed  to  be  cut  out  from  a  thin  plate  or  cylindrical 
shell  by  two  normal  sections  near  together.     This  usage  lingers  in  many  books. 
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obtained  the  differential  equation  of  the  lateral  vibrations  of  bars  by  variation 
of  the  function  by  which  they  had  previously  expressed  the  work  done  in 
bending".  They  determined  the  forms  of  the  functions  which  we  should 
now  call  the  "normal  functions,"  and  the  equation  which  we  should  now  call 
the  "period  equation,"  in  the  six  cases  of  terminal  conditions  which  arise 
according  as  the  ends  are  free,  clamped  or  simply  supported.  Chladni" 
investigated  these  modes  of  vibration  experimentally,  and  also  the  longi- 
tudinal and  torsional  vibrations  of  bars. 

The  success  of  theories  of  thin  rods,  founded  on  special  hypotheses,  appears 
to  have  given  rise  to  hopes  that  a  theory  might  be  developed  in  the  same  way 
for  plates  and  shells,  so  that  the  modes  of  vibration  of  a  bell  might  be 
deduced  from  its  form  and  the  manner  in  which  it  is  supported.  The  first 
to  attack  this  problem  was  Euler.  He  had  already  proposed  a  theory  of  the 
resistance  of  a  curved  bar  to  bending,  in  which  the  change  of  curvature 
played  the  same  part  as  the  curvature  does  in  the  theory  of  a  naturally 
straight  bar".  In  a  note  "De  Sono  Campanarum''"  he  proposed  to  regard 
a  bell  as  divided  into  thin  annuli,  each  of  which  behaves  as  a  curved  bar. 
This  method  leaves  out  of  account  the  change  of  curvature  in  sections  through 
the  axis  of  the  bell.  James  Bernoulli"''  (the  younger)  followed.  He  assumed 
the  shell  to  consist  of  a  kind  of  double  sheet  of  curved  bars,  the  bars  in 
one  sheet  being  at  right  angles  to  those  in  the  other.  Reducing  the  shell 
to  a  plane  plate  he  found  an  equation  of  vibration  which  we  now  know  to 
be  incorrect. 

James  Bernoulli's  attempt  appears  to  have  been  made  with  the  view  of 
discovering  a  theoretical  basis  for  the  experimental  results  of  Chladni  con- 
cerning the  nodal  figures  of  vibrating  plates'".  These  results  were  still 
unexplained  when  in  1809  the  French  Institut  proposed  as  a  subject  for 
a  prize  the  investigation  of  the  tones  of  a  vibrating  plate.  After  several 
attempts  the  prize  was  adjudged  in  1815  to  Mdlle  Sophie  Germain,  and  her 
work  was  published  in  1821^1  She  assumed  that  the  sum  of  the  principal 
curvatures  of  the  plate  when  bent  would  play  the  same  part  in  the  theory  of 
plates  as  the  curvature  of  the  elastic  central-line  does  in  the  theory  of  rods, 
and  she  proposed  to  regard  the  work  done  in  bending  as  proportional  to  the 

'«  The  form  of  the  energy-function  and  the  notion  of  obtaining  the  differential  equation  by 
varying  it  are  due  to  D.  Bernoulli.  The  process  was  carried  out  by  Euler,  and  the  normal 
functions  and  the  period  equations  were  determined  by  him. 

"  E.  F.  F.  Chladni,  Die  Akustik,  Leipzig,  1802.  The  author  gives  an  account  of  the  history 
of  his  own  experimental  researches  with  the  dates  of  first  publication. 

18  In  the  Methodus  inveniendi...  p.  274.  See  also  his  later  writing  '  Genuina  principia... 
de  statu  sequilibrii  et  motu  oorporum...,'  Nov.  Comm.  Acad.  Petropolitanai,  t.  15  (1771). 

^'  Nov.  Comm.  Acad.  PetropoUtance,  t.  10  (1766). 

'">  'Essai  th^orique  sur  les  vibrations  des  plaques  ^lastiques...,'  Nov.  Acta  Petropolitana, 
t.  5  (1789). 

21  First  published  at  Leipzig  in  1787.     See  Die  Akustik,  p.  vii. 

'^^  Recherches  sur  la  theorie  des  surfaces  elastiques.    Paris,  1821. 
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integral  of  the  square  of  the  sum  of  the  principal  curvatures  taken  over 
the  surface.  From  this  assumption  and  the  principle  of  virtual  work  she 
deduced  the  equation  of  flexural  vibration  in  the  form  now  generally  admitted. 
Later  investigations  have  shown  that  the  formula  assumed  for  the  work 
done  in  bending  was  incorrect. 

During  the  first  period  in  the  history  of  our  science  (1638—1820)  while 
these  various  investigations  of  special  problems  were  being  made,  there  was 
a  cause  at  work  which  was  to  lead  to  wide  generalizations.  This  cause  was 
physical  speculation  concerning  the  constitution  of  bodies.  In  the  eighteenth 
century  the  Newtonian  conception  of  material  bodies,  as  made  up  of  small 
parts  which  act  upon  each  other  by  means  of  central  forces,  displaced  the 
Cartesian  conception  of  a  plenum  pervaded  by  "  vortices."  Newton  regarded 
his  "  molecules "  as  possessed  of  finite  sizes  and  definite  shapes^  but  his 
successors  gradually  simplified  them  into  material  points.  The  most  definite 
speculation  of  this  kind  is  that  of  Boscovich^  for  whom  the  material  points 
were  nothing  but  persistent  centres  of  force.  To  this  order  of  ideas  belong 
Laplace's  theory  of  capillarity'"  and  Poisson's  first  investigation  of  the  equi- 
librium of  an  "elastic  surface'',"  but  for  a  long  time  no  attempt  seems  to 
have  been  made  to  obtain  general  equations  of  motion  and  equilibrium  of 
elastic  solid  bodies.  At  the  end  of  the  year  1820  the  fruit  of  all  the  ingenuity 
expended  on  elastic  problems  might  be  summed  up  as — an  inadequate  theory 
of  flexure,  an  erroneous  theory  of  torsion,  an  unproved  theory  of  the  vibrations 
of  bars  and  plates,  and  the  definition  of  Young's  modulus.  But  such  an 
estimate  would  give  a  very  wrong  impression  of  the  value  of  the  older 
researches.  The  recognition  of  the  distinction  between  shear  and  extension 
was  a  preliminary  to  a  general  theory  of  strain ;  the  recognition  of  forces 
across  the  elements  of  a  section  of  a  beam,  producing  a  resultant,  was  a 
step  towards  a  theory  of  stress;  the  use  of  differential  equations  for  the 
deflexion  of  a  bent  beam  and  the  vibrations  of  bars  and  plates,  was  a  fore- 
shadowing of  the  employment  of  differential  equations  of  displacement ;  the 
Newtonian  conception  of  the  constitution  of  bodies,  combined  with  Hooke's 
Law,  offered  means  for  the  formation  of  such  equations ;  and  the  generalization 
of  the  principle  of  virtual  work  in  the  MScanique  Analytique  threw  open  a 
broad  path  to  discovery  in  this  as  in  every  other  branch  of  mathematical 
physics.  Physical  Science  had  emerged  from  its  incipient  stages  with  definite 
methods  of  hypothesis  and  induction  and  of  observation  and  deduction,  with 
the  clear  aim  to  discover  the  laws  by  which  phenomena  are  connected  with 
each  other,  and  with  a  fund  of  analytical  processes  of  investigation.  This  was 
the  hour  for  the  production  of  general  theories,  and  the  men  were  not  wanting. 

^  See,  in  particular,  Newton,  Opticks,  2nd  Edition,  London,  1717,  the  31st  Query. 

^  R.  J.  Boscovich,  Theoria  Philoiophice  Naturalis  redacta  ad  unieam  legem  virium  in  natura 
existentium,  Venice,  1743. 

^  Mecanique  Celeste,  Supplement  au  10"  Livre,  Paris,  1806. 

-'^  Paris,  Mim.  de  VInstitut,  1814. 
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Navier''^  was  the  first  to  investigate  the  general  equations  of  equilibrium 
and  vibration  of  elastic  solids.  He  set  out  from  the  Newtonian  conception 
of  the  constitution  of  bodies,  and  assumed  that  the  elastic  reactions  arise 
from  variations  in  the  intermolecular  forces  which  result  from  changes  in  the 
molecular  configuration.  He  regarded  the  molecules  as  material  points,  and 
assumed  that  the  force  between  two  molecules,  whose  distance  is  slightly 
increased,  is  proportional  to  the  product  of  the  increment  of  the  distance  and 
some  function  of  the  initial  distance.  His  method  consists  in  forming  an 
expression  for  the  component  in  any  direction  of  all  the  forces  that  act  upon 
a  displaced  molecule,  and  thence  the  equations  of  motion  of  the  molecule. 
The  equations  are  thus  obtained  in  terms  of  the  displacements  of  the  molecule. 
The  material  is  assumed  to  be  isotropic,  and  the  equations  of  equilibrium  and 
vibration  contain  a  single  constant  of  the  same  nature  as  Young's  modulus. 
Navier  next  formed  an  expression  for  the  work  done  in  a  small  relative  dis- 
placement by  all  the  forces  which  act  upon  a  molecule ;  this  he  described  as 
the  sum  of  the  moments  (in  the  sense  of  the  Mecanique  Analytique)  of  the 
forces  exerted  by  all  the  other  molecules  on  a  particular  molecule.  He 
deduced,  by  an  application  of  the  Calculus  of  Variations,  not  only  the 
differential  equations  previously  obtained,  but  also  the  boundary  conditions 
that  hold  at  the  surface  of  the  body.  This  memoir  is  very  important  as  the 
firat  general  investigation  of  its  kind,  but  its  arguments  have  not  met  with 
general  acceptance.  Objection  has  been  raised  against  Navier's  expression 
for  the  force  between  two  "  molecules,"  and  to  his  method  of  simplifying  the 
expressions  for  the  forces  acting  on  a  single  "  molecule."  These  expressions 
involve  triple  summations,  which  Navier  replaced  by  integrations,  and  the 
validity  of  this  procedure  has  been  disputed^^. 

In  the  same  year,  1821,  in  which  Navier's  memoir  was  read  to  the 
Academy  the  study  of  elasticity  received  a  powerful  impulse  from  an  un- 
expected quarter.  Fresnel  announced  his  conclusion  that  the  observed  facts 
in  regard  to  the  interference  of  polarised  light  could  be  explained  only  by 
the    hypothesis    of   transverse    vibrations^^      He    showed    how   a   medium 

^  Paris,  Mini.  Acad.  Sciences,  t.  7  (1827).    The  memoir  was  read  in  May,  1821. 

^  For  criticisms  of  Navier's  memoir  and  an  account  of  the  discussions  to  which  it  gave  rise, 
see  Todhunter  and  Pearson,  History  of  the  Theoi-y  of  Elasticity ,  vol.  1,  Cambridge,  1886,  pp.  139, 
221,  277 :  and  cf.  the  account  given  by  H.  Burkhardt  in  his  Keport  on  '  Entwiokelungen 
nach  osciUirendeu  Functionen'  published  in  the  Jahresbericht  der  Deutschen  Mathematiker- 
Vereinigung,  Bd.  10,  Heft  2,  Lieferung  3  (1903).  It  may  not  be  superfluous  to  remark  that  the 
conception  of  molecules  as  material  points  at  rest  in  a  state  of  stable  equilibrium  under  their 
mutual  forces  of  attraction  and  repulsion,  and  held  in  slightly  displaced  positions  by  external 
forces,  is  quite  difiereut  from  the  conception  of  molecules  with  which  modern  Thermodynamics 
has  made  us  familiar.  The  "molecular"  theories  of  Navier,  Poisson  and  Cauchy  have  no 
very  intimate  relation  to  modern  notions  about  molecules. 

29  See  E.  Verdet,  (Euvres  computes  d'Augustin  Fresnel,  t.  1,  Paris,  1866,  p.  Ixxxvi,  also 
pp.  629  et  seq.  Verdet  points  out  that  Fresnel  arrived  at  his  hypothesis  of  transverse  vibrations 
in  1816  {loc.'cit.  pp.  lv,  385,  394).  Thomas  Young  in  his  Article  'Chromatics'  {Encycl.  Brit. 
Supplement,  1817)  regarded  the  luminous  vibrations  as  having  relatively  feeble  transverse  com- 
ponents. 
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consisting  of  "  molecules "  connected  by  central  forces  might  be  expected  to 
execute  such  vibrations  and  to  transmit  waves  of  the  required  type.     Before 
the  time  of  Young  and  Fresnel  such  examples  of  transverse  waves  as  were 
known— waves  on  water,  transverse  vibrations  of  strings,  bars,  membranes  and 
plates — were  in  no  case  examples  of  waves  transmitted  through  a  medium ; 
and  neither  the  supporters  nor  the  opponents  of  the  undulatory  theory  of 
light  appear  to  have  conceived   of  light  waves  otherwise  than  as  "longi- 
tudinal "  waves  of  condensation  and  rarefaction,  of  the  type  rendered  familiar 
by  the  transmission  of  sound.     The  theory  of  elasticity,  and,  in  particular, 
the  problem  of  the  transmission  of  waves  through  an  elastic  medium  now 
attracted  the  attention  of  two  mathematicians  of  the  highest  order  :  Cauchy^" 
and  Poisson'' — the  former  a  discriminating  supporter,  the  latter  a  sceptical  critic 
of  Fresnel's  ideas.     In  the  future  the  developments  of  the  theory  of  elasticity 
were  to  be  closely  associated  with  the  question  of  the  propagation  of  light,  and 
these  developments  arose  in  great  part  from  the  labours  of  these  two  savants. 
By  the  Autumn  of  1822  Cauchy"'  had  discovered  most  of  the  elements 
of  the  pure  theory  of  elasticity.     He  had  introduced  the  notion  of  stress  at 
a  point  determined  by  the  tractions  per  unit  of  area  across  all  plane  elements 
through    the   point.     For  this  purpose    he  had   generalized  the    notion   of 
hydrostatic  pressure,  and   he  had  shown  that  the  stress  is  expressible  by 
means  of  six  component  stresses,  and  also  by  means  of  three  purely  normal 
tractions  across  a  certain  triad  of  planes  which  cut  each  other  at  right  angles — 
the  "principal  planes  of  stress."     He  had  shown  also  how  the  differential 
coefficients  of  the  three  components  of  displacement  can  be  used  to  estimate 
the  extension  of  every  linear  element  of  the  material,  and  had  expressed  the 
state  of  strain  near  a  point  in  terms  of  six  components  of  strain,  and  also  in 
terms  of  the  extensions  of  a  certain  triad  of  lines  which  are  at  right  angles 
to  each   other — the  "  principal  axes  of  strain."      He  had   determined    the 
equations  of  motion  (or  equilibrium)  by  which  the  stress-components  are 
connected  with  the  forces  that  are  distributed  through  the  volume  and  with 
the  kinetic  reactions.     By  means  of  relations  between  stress-components  and 
strain-components,  he  had  eliminated  the  stress-components  from  the  equa- 
tions of  motion  and  equilibrium,  and  had  arrived  at  equations  in  terms  of  the 
displacements.     In  the  later  published  version  of  this  investigation  Cauchy 

*"  Cauchy'B  studies  in  Elasticity  were  first  prompted  by  his  being  a  member  of  the  Commission 
appointed  to  report  upon  a  memoir  by  Navier  on  elastic  plates  which  was  presented  to  the  Paris 
Academy  in  August,  1820. 

'^  We  have  noted  that  Poisson  had  already  written  on  elastic  plates  in  1814. 

'-  Cauchy's  memoir  was  communicated  to  the  Paris  Academy  in  September  1822,  but  it 
was  not  pubUshed.  An  abstract  was  inserted  in  the  Bulletin  des  Sciences  a  la  Soci&U  philo- 
mathique,  1823,  and  the  contents  of  the  memoir  were  given  in  later  publications,  viz.  in  two 
Articles  in  the  volume  for  1827  of  Cauchy's  Exercices  de  mathdmatique  and  an  Article  in  the 
volume  for  1828.  The  titles  of  these  Articles  are  (i)  '  De  la  pression  ou  tension  dans  uu  corps 
solide,'  (ii)  '  Sur  la  condensation  et  la  dilatation  des  corps  solides,'  (iii)  'Sur  les  Equations  qui 
expriment  les  conditions  d'^quiUbre  ou  les  lois  de  mouvement  iut^rieur  d'un  corps  solide.' 
The  last  of  these  contains  the  correct  equations  of  Elasticity. 
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obtained  his  stress-strain  relations  for  isotropic  materials  by  means  of  two 
assumptions,  viz. :  (1)  that  the  relations  in  question  are  linear,  (2)  that  the 
principal  planes  of  stress  are  normal  to  the  principal  axes  of  strain.  The 
experimental  basis  on  which  these  assumptions  can  be  made  to  rest  is  the 
same  as  that  on  which  Hooke's  Law  rests,  but  Cauchy  did  not  refer  to  it. 
The  equations  obtained  are  those  which  are  now  admitted  for  isotropic  solid 
bodies.  The  methods  used  in  these  investigations  are  quite  different  from 
those  of  Navier's  memoir.  In  particular,  no  use  is  made  of  the  hypothesis 
of  material  points  and  central  forces.  The  resulting  equations  differ  from 
Navier's  in  one  important  respect,  viz. :  Navier's  equations  contain  a  single 
constant  to  express  the  elastic  behaviour  of  a  body,  while  Cauchy's  contain 
two  such  constants. 

At  a  later  date  Cauchy  extended  his  theory  to  the  case  of  crystalline 
bodies,  and  he  then  made  use  of  the  hypothesis  of  material  points  between 
which  there  are  forces  of  attraction  or  repulsion.  The  force  between  a  pair 
of  points  was  taken  to  act  in  the  line  joining  the  points,  and  to  be  a  function 
of  the  distance  between  them ;  and  the  assemblage  of  points  was  taken  to  be 
homogeneous  in  the  sense  that,  if  A,  B,  C  are  any  three  of  the  points,  there 
is  a  point  D  of  the  assemblage  which  is  situated  so  that  the  line  GB  is 
equal  and  parallel  to  AB,  and  the  sense  from  (7  to  D  is  the  same  as  the  sense 
from  A  to  B.  It  was  assumed  further  that  when  the  system  is  displaced 
tbe  relative  displacement  of  two  of  the  material  points,  which  are  within  each 
other's  ranges  of  activity,  is  small  compared  with  the  distance  between  them. 
In  the  first  memoir^  in  which  Cauchy  made  use  of  this  hypothesis  he  formed 
an  expression  for  the  forces  that  act  upon  a  single  material  point  in  the 
system,  and  deduced  differential  equations  of  motion  and  equilibrium.  In 
the  case  of  isotropy,  the  equations  contained  two  constants.  In  the  second 
memoir**  expressions  were  formed  for  the  tractions  across  any  plane  drawn  in 
the  body.  If  the  initial  state  is  one  of  zero  stress,  and  the  material  is  isotropic, 
the  stress  is  expressed  in  terms  of  the  strain  by  means  of  a  single  constant, 
and  one  of  the  constants  of  the  preceding  memoir  must  vanish.  The  equations 
"are  then  identical  with  those  of  Navier.  In  like  manner,  in  the  general  case 
of  seolotropy,  Cauchy  found  21  independent  constants.  Of  these  15  are  true 
"  elastic  constants,"  and  the  remaining  6  express  the  initial  stress  and  vanish 
identically  if  the  initial  state  is  one  of  zero  stress.  These  matters  were  not 
fully  explained  by  Cauchy.     Clausius^',  however,  has  shown  that  this  is  the 

^  Exercices  de  mathematique,  1828,  '  Sur  I'^quilibre  et  le  mouvement  d'un  syst^me  de  points 
mat^riels  soUicit^s  par  des  forces  d'attraetion  ou  de  repulsion  mutuelle. '  This  memoir  follows 
immediately  after  that  last  quoted  and  immediately  precedes  that  next  quoted. 

^*  Exercices  de  mathematique,  1828,  '  De  la  pression  ou  tension  dans  un  syst^me  de  points 
materials.' 

35  '  Ueber  die  Verauderungen,  welche  in  den  bisher  gebrauchlichen  Pormeln  fiir  das  Gleiohge- 
wioht  und  die  Bewegung  elastischer  fester  Korper  durch  ueuere  Beobaohtungen  nothwendig 
geworden  sind,'  Ann.  Phys.  Chem.  (Poggendorff),  Bd.  76  (1849). 
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meaning  of  his  work.  Clausius  criticized  the  restrictive  conditions  which 
Cauchy  imposed  upon  the  arrangement  of  his  material  points,  but  he  argued 
that  these  conditions  are  not  necessary  for  the  deduction  of  Cauchy 's  equations. 
The  first  memoir  by  Poisson'"  relating  to  the  same  subject  was  read 
before  the  Paris  Academy  in  April,  1828.  The  memoir  is  very  remarkable 
for  its  numerous  applications  of  the  general  theory  to  special  problems.  In 
his  investigation  of  the  general  equations  Poisson,  like  Cauchy,  first  obtains 
the  equations  of  equilibrium  in  terms  of  stress-components,  and  then  estimates 
the  traction  across  any  plane  resulting  from  the  "  intermolecular "  forces. 
The  expressions  for  the  stresses  in  terms  of  the  strains  involve  summations 
with  respect  to  all  the  "molecules,"  situated  within  the  region  of  "molecular" 
activity  of  a  given  one.  Poisson  decides  .against  replacing  all  the  summations 
by  integrations,  but  he  assumes  that  this  can  be  done  for  the  summations 
with  respect  to  angular  space  about  the  given  "  molecule,"  but  not  for  the 
summations  with  respect  to  distance  from  this  "  molecule."  The  equations  of 
equilibrium  and  motion  of  isotropic  elastic  solids  which  were  thus  obtained 
are  identical  with  Navier's.  The  principle,  on  which  summations  may  be 
replaced  by  integrations,  has  been  explained  as  follows  by  Cauchy '^ — The 
number  of  molecules  in  any  volume,  which  contains  a  very  large  number  of 
molecules,  and  whose  dimensions  are  at  the  same  time  small  compared  with 
the  radius  of  the  sphere  of  sensible  molecular  activity,  may  be  taken  to  be 
proportional  to  the  volume.  If,  then,  we  make  abstraction  of  the  molecules 
in  the  immediate  neighbourhood  of  the  one  considered,  the  actions  of  all  the 
others,  contained  in  any  one  of  the  small  volumes  referred  to,  will  be  equiva- 
lent to  a  force,  acting  in  a  line  through  the  centroid  of  this  volume,  which 
will  be  proportional  to  the  volume  and  to  a  function  of  the  distance  of  this 
particular  molecule  from  the  centroid  of  the  volume.  The  action  of  the 
remoter  molecules  is  said  to  be  "  regular,"  and  the  action  of  the  nearer  ones, 
"  irregular  ' ;  and  thus  Poisson  assumed  that  the  irregular  action  of  the 
nearer  molecules  may  be  neglected,  in  comparison  with  the  action  of  the 
remoter  ones,  which  is  regular.  This  assumption  is  the  text  upon  which 
Stokes^'  afterwards  founded  his  criticism  of  Poisson.  As  we  have  seen, 
Cauchy  arrived  at  Poisson's  results  by  the  aid  of  a  different  assumption's. 
Clausius^'  held  that  both  Poisson's  and  Cauchy's  methods  could  be  presented 
in  unexceptionable  forms. 

36  'M6moire  sur  I'equilibre  et  le  mouvement  des  corps  61astiques,'  Mem.  Paris  Acad.,  t.  8 
(1829). 

'■"  'On  the  Theories  of  the... Equilibrium  and  Motion  of  Elastic  Solids,'  Cambridge  Phil. 
Soc.  Trans,  vol.  8  (1845). 

38  In  a  later  memoir  presented  to  the  Academy  in  1829  and  published  in  J.  de  I'^cole  poly- 
technique,  t.  13  (1831),  Poisson  adopted  a  method  quite  similar  to  that  of  Cauchy  (footnote  34). 
Poisson  extended  his  theory  to  seolotropic  bodies  in  his  '  M^moire  sur  l'6quilibre  et  le  mouve- 
ment des  corps  cristallistes,'  read  to  the  Paris  Academy  in  1839  and  published  after  his  death  in 
Mim.  de  I'Acad.  t.  18  (1842). 


HISTORICAL  INTRODUCTION  1] 

The  theory  of  elasticity  established  by  Poisson  and  Cauchy  on  the  then 
accepted  basis  of  material  points  and  central  forces  was  applied  by  them 
and  also  by  Lam^  and  Clapeyron''  to  numerous  problems  of  vibrations  and 
of  statical  elasticity,  and  thus  means  were  provided  for  testing  its  con- 
sequences experimentally,  but  it  was  a  long  time  before  adequate  experi- 
ments were  made  to  test  it.  Poisson  used  it  to  investigate  the  propagation 
of  waves  through  an  isotropic  elastic  solid  medium.  He  found  two  types  of 
■vvaves  which,  at  great  distances  from  the  sources  of  disturbance,  are  practically 
"  longitudinal "  and  "  transverse,"  and  it  was  a  consequence  of  his  theory  that 
the  ratio  of  the  velocities  of  waves  of  the  two  types  is  ^3  :  1"°.  Cauchy" 
applied  his  equations  to  the  question  of  the  propagation  of  light  in  crystalline 
as  well  as  in  isotropic  media.  The  theory  was  challenged  first  in  its  application 
to  optics  by  Green *^  and  afterwards  on  its  statical  side  by  Stokes''.  Green 
was  dissatisfied  with  the  hypothesis  on  which  the  theory  was  based,  and 
he  sought  a  new  foundation ;  Stokes's  criticisms  were  directed  rather  against 
the  process  of  deduction  and  some  of  the  particular  results. 

The  revolution  which  Green  effected  in  the  elements  of  the  theory  is 
comparable  in  importance  with  that  produced  by  Navier's  discovery  of  the 
general  equations.  Starting  from  what  is  now  called  the  Principle  of  the 
Conservation  of  Energy  he  propounded  a  new  method  of  obtaining  these 
equations.  He  himself  stated  his  principle  and  method  in  the  following 
words : — 

"In  whatever  way  the  elements  of  any  material  system  may  act  upon 
"  each  other,  if  all  the  internal  forces  exerted  be  multiplied  by  the  elements 
"  of  their  respective  directions,  the  total  sum  for  any  assigned  portion  of  the 
"  mass  will  always  be  the  exact  differential  of  some  function.  But  this 
"function  being  known,  we  can  immediately  apply  the  general  method 
"  given  in  the  Mdcanique  Analytique,  and  which  appears  to  be  more  especially 
"applicable  to  problems  that  relate  to  the  motions  of  systems  composed 
"  of  an  immense  number  of  particles  mutually  acting  upon  each  other.  One 
"of  the  advantages  of  this  method,  of  great  importance,  is  that  we  are 
"  necessarily  led  by  the  mere  process  of  the  calculation,  and  with  little  care 
"on  our  part,  to  all  the  equations  and  conditions  which  are  requisite  and 
"sufficient  for  the  complete  solution  of  any  problem  to  which  it  may  be 
"  applied." 

39  'M^moire  sur  I'lquilibre  int^rieur  des  corps  solides  homogenes,'  Paris,  Mem.  par  -divers 
savants,  t.  4  (1833).  The  memoir  was  published  also  in  J.  f.  Math.  {Grelle),  Bd.  7  (1831) ;  it 
had  been  presented  to  the  Paris  Academy,  and  the  report  on  it  by  Poinsot  and  Navier  is  dated 
1828.     In  regard  to  the  general  theory  the  method  adopted  was  that  of  Navier. 

*"  See  the  addition,  of  date  November  1828,  to  the  memoir  quoted  in  footnote  36.  Cauchy 
recorded  the  same  result  in  the  Exercices  de  matliematique,  1830. 

*^  Exercices  de  Mathematique,  1830. 

42  '  On  the  laws  of  reflexion  and  refraction  of  light  at  the  common  surface  of  two  uou- 
crystallized  media,'  Cambridge  Phil.  Soc.  Trans,  vol.  7  (1839).  The  date  of  the  memoir  is  1837. 
It  is  reprinted  in  Mathematical  Papers  of  the  late  George  Green,  London,  1871,  p.  249. 
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The  function  here  spoken  of,  with  its  sign  changed,  is  the  potential 
energy  of  the  strained  elastic  body  per  unit  of  volume,  expressed  in  terms 
of  the  components  of  strain;  and  the  differential  coefficients  of  the  function, 
with  respect  to  the  components  of  strain,  are  the  components  of  stress. 
Green  supposed  the  function  to  be  capable  of  being  expanded  in  powers  and 
products  of  the  components  of  strain.  He  therefore  arranged  it  as  a  sum  of 
homogeneous  functions  of  these  quantities  of  the  first,  second  and  higher 
degrees.  Of  these  terms,  the  first  must  be  absent,  as  the  potential  energy 
must  be  a  true  minimum  when  the  body  is  unstrained ;  and,  as  the  strains 
are  all  small,  the  second  term  alone  will  be  of  importance.  From  this 
principle  Green  deduced  the  equations  of  Elasticity,  containing  in  the  general 
case  21  constants.  In  the  case  of  isotropy  there  are  two  constants,  and  the 
equations  are  the  same  as  those  of  Cauchy's  first  memoir'^. 

Lord  Kelvin*'  has  based  the  argument  for  the  existence  of  Green's  strain- 
energy-function  on  the  First  and  Second  Laws  of  Thermodynamics.  From 
these  laws  he  deduced  the  result  that,  when  a  solid  body  is  strained  without 
alteration  of  temperature,  the  components  of  stress  are  the  differential 
coefficients  of  a  function  of  the  components  of  strain  with  respect  to  these 
components  severally.  The  same  result  can  be  proved  to  hold  when  the  strain 
is  effected  so  quickly  that  no  heat  is  gained  or  lost  by  any  part  of  the  body. 

Poisson's  theory  leads  to  the  conclusions  that  the  resistance  of  a  body  to 
compression  by  pressure  uniform  all  round  it  is  two-thirds  of  the  Young's 
modulus  of  the  material,  and  that  the  resistance  to  shearing  is  two-fifths 
of  the  Young's  modulus.  He  noted  a  result  equivalent  to  the  first  of  these**, 
and  the  second  is  virtually  contained  in  his  theory  of  the  torsional  vibrations 
of  a  bar*>.  The  observation  that  resistance  to  compression  and  resistance  to 
shearmg  are  the  two  fundamental  kinds  of  elastic  resistance  in  isotropic 
bodies  was  made  by  Stokes^,  and  he  introduced  definitely  the  two  principal 
moduluses  of  elasticity  by  which  these  resistances  are  expressed— the 
"  modulus  of  compression  "  and  the  "  rigidity,''  as  they  are  now  called.  From 
Hooke's  Law  and  from  considerations  of  symmetry  he  concluded  that  pressure 
equal  in  all  directions  round  a  point  is  attended  by  a  proportional  compression 
without  shear,  and  that  shearing  stress  is  attended  by  a  corresponding 
proportional  shearing  strain.  As  an  experimental  basis  for  Hooke's  Law 
he  cited  the  fact  that  bodies  admit  of  being  thrown  into  states  of  isochronous 
vibration.  By  a  method  analogous  to  that  of  Cauchy's  first  memoir^^  but 
resting  on  the  above-stated  experimental  basis,  he  deduced  the  equations 

«  Sir  W.  Thomson,  Quart.  J.  of  Math.  vol.  5  (1855),  reprinted  in  Phil.  Mag.  (Ser.  5),  vol.  5 
(1878),  and  also  in  Mathematical  and  Physical  Papers  by  Sir  William  Thomson,  vol.  1,  Cambridge, 
1882,  p.  291. 

**  Annales  de  Chimie  et  de  Physique,  t.  36  (1827). 
*'  This  theory  is  given  in  the  memoir  cited  in  footnote  36. 

*«  See  footnote  37.  The  distinction  between  the  two  kinds  of  elasticity  had  been  noted  by 
Poncelet,  Introduction  a  la  MScanique  industrielle,  physique  et  expgrimentaU,  Metz,  1839. 
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with  two  constants  which  had  been  given  by  Cauchy  and  Green.  Having 
regard  to  the  varying  degrees  in  which  different  classes  of  bodies — liquids, 
soft  solids,  hard  solids — resist  compression  and  distortion,  he  refused  to 
accept  the  conclusion  from  Poisson's  theory  that  the  modulus  of  compression 
has  to  the  rigidity  the  ratio  5  :  3.  He  pointed  out  that,  if  the  ratio  of  these 
moduluses  could  be  regarded  as  infinite,  the  ratio  of  the  velocities  of  "  longi- 
tudinal "  and  "  transverse  "  waves  would  also  be  infinite,  and  then,  as  Green 
had  already  shown,  the  application  of  the  theory  to  optics  would  be  facilitated. 
The  methods  of  Navier,  of  Poisson,  and  of  Cauchy's  later  memoirs  lead  to 
equations  of  motion  containing  fewer  constants  than  occur  in  the  equations 
obtained  by  the  methods  of  Green,  of  Stokes,  and  of  Cauchy's  first  memoir. 
The  importance  of  the  discrepancy  was  first  emphasized  by  Stokes.  The 
questions  in  dispute  are  these — Is  elastic  seolotropy  to  be  characterized 
by  21  constants  or  by  15,  and  is  elastic  isotropy  to  be  characterized  by  two 
constants  or  one?  The  two  theories  are  styled  by  Pearson"  the  "  multi-con- 
stant "  theory  and  the  "  rari-constant "  theory  respectively,  and  the  controversy 
concerning  them  has  lasted  almost  down  to  the  present  time.  It  is  to  be 
understood  that  the  rari-constant  equations  can  be  included  in  the  multi- 
constant  ones  by  equating  certain  pairs  of  the  coefficients,  but  that  the 
rari-constant  equations  rest  upon  a  particular  hypothesis  concerning  the 
constitution  of  matter,  while  the  adoption  of  multi-constancy  has  been 
held  to  imply  denial  of  this  hypothesis.  Discrepancies  between  the  results 
of  the  two  theories  can  be  submitted  to  the  test  of  experiment,  and  it 
might  be  thought  that  the  verdict  would  be  final,  but  the  difficulty  of  being 
certain  that  the  tested  material  is  isotropic  has  diminished  the  credit  of  many 
experimental  investigations,  and  the  tendency  of  the  multi-constant  elasticians 
to  rely  on  experiments  on  such  bodies  as  cork,  jelly  and  india-rubber  has 
weakened  their  arguments.  Much  of  the  discussion  has  turned  upon  the  value 
of  the  ratio  of  lateral  contraction  to  longitudinal  extension  of  a  bar  under 
terminal  tractive  load.  This  ratio  is  often  called  "  Poisson's  ratio."  Poisson ^^ 
deduced  from  his  theory  the  result  that  this  ratio  must  be  J.  The  experi- 
ments of  Wertheim  on  glass  and  brass  did  not  support  this  result,  and 
Wertheim^  proposed  to  take  the  ratio  to  be  ^ — a  value  which  has  no 
theoretical  foundation.  The  experimental  evidence  led  Lam^  in  his  treatise-^ 
to  adopt  the  multi-constant  equations,  and  after  the  publication  of  this 
book  they  were  generally  employed.  Saint- Venant,  though  a  firm  believer 
in  rari-constancy,  expressed  the  results  of  his  researches  on  torsion  and 
flexure  and  on  the  distribution  of  elasticities  round  a  point^"  in  terms  of  the 

«  Todhnnter  and  Pearson,  History  of  the  Theory  of  Elasticity,  vol.  1,  Cambridge,  1886,  p.  496. 

^  Annales  de  Chimie,  t.  23  (1848). 

■*'  Lefons  sur  la  theorie  mathematique  de  I'elasticiti  des  corps  solides,  Paris,  1852. 

6»  The  memoir  on  torsion  is  in  Mem.  des  Savants  strangers,  t.  14  (1855),  that  on  flexure  is  in 
J.  de  Math.  {Liouville),  (S6r.  2),  t.  1  (1856),  and  that  on  the  distribution  of  elasticities  is  in  J.  de 
Math.  {Liouville),  (S^r.  2),  t.  8  (1863). 


14  HISTORICAL   INTBODUCTION 

multi-constant  theory.  Kirchhoff"  adopted  the  same  theory  in  his  in- 
vestigations of  thin  rods  and  plates,  and  supported  it  by  experiments  on 
the  torsion  and  flexure  of  steel  bars^'' ;  and  Clebsch  in  his  treatise"  used  the 
language  of  bi-eonstant  isotropy.  Kelvin  and  Tait^*  dismissed  the  controversy 
in  a  few  words  and  adopted  the  views  of  Stokes.  The  best  modern  experi- 
ments support  the  conclusion  that  Poisson's  ratio  can  differ  sensibly  from  the 
value  J  in  materials  which  may  without  cavil  be  treated  as  isotropic  and 
homogeneous.  But  perhaps  the  most  striking  experimental  evidence  is  that 
which  Voigf®  has  derived  from  his  study  of  the  elasticity  of  crystals.  The 
absence  of  guarantees  for  the  isotropy  of  the  tested  materials  ceased  to  be  a 
diflSculty  when  he  had  the  courage  to  undertake  experiments  on  materials 
which  have  known  kinds  of  aeolotropy'°.  The  point  to  be  settled  is,  however, 
more  remote.  According  to  Green  there  exist,  for  a  material  of  the  most 
generally  seolotropic  character,  21  independent  elastic  constants.  The  mole- 
cular hypothesis,  as  worked  out  by  Cauchy  and  supported  by  Saint- Venant, 
leads  to  15  constants,  so  that,  if  the  rari-constant  theory  is  correct,  there  must 
be  6  independent  relations  among  Green's  21  coefficients.  These  relations 
I  call  Cauchy 's  relations".  Now  Voigt's  experiments  were  made  on  the 
torsion  and  flexure  of  prisms  of  various  crystals,  for  most  of  which  Saint- 
Venant's  formulae  for  aeolotropic  rods  hold  good,  for  the  others  he  supplied 
the  required  formulae.  In  the  cases  of  beryl  and  rocksalt  only  were  Cauchy 's 
relations  even  approximately  verified;  in  the  seven  other  kinds  of  crystals 
examined  there  were  very  considerable  differences  between  the  coefficients 
which  these  relations  would  require  to  be  equal. 

Independently  of  the  experimental  evidence  the  rari-constant  theory  has 
lost  ground  through  the  widening  of  our  views  concerning  the  constitution 
of  matter.  The  hypothesis  of  material  points  and  central  forces  does  not 
now  hold  the  field.  This  change  in  the  tendency  of  physical  speculation  is 
due  to  many  causes,  among  which  the  disagreement  of  the  rari-constant 
theory  of  plasticity  with  the  results  of  experiment  holds  a  rather  subordinate 
position.  Of  much  greater  importance  have  been  the  development  of  the 
atomic  theory  in  Chemistry  and  of  statistical  molecular  theories  in  Physics, 
the  growth  of  the  doctrine  of  energy,  the  discovery  of  electric  radiation. 
It  is  now  recognized  that  a  theory  of  atoms  must  be  part  of  a  theory  of  the 
aBther,  and  that  the  confidence  which  was  once  felt  in  the  hypothesis  of  central 

^  J.  f.  Math.  (Crelle),  Bd.  40  (1850),  and  Bd.  56  (1859). 

"  Ann.  Phyx.  Ghem.  (Poggendorff) ,  Bd.  108  (1859). 

*'  Theorie  del- Elasticitat  fester  Korpei;  Leipzig,  1862. 

"  Thomson  and  Tait,  Natural  Philosophy,  1st  edition  Oxford  1867,  2nd  edition  Cambridge 
1879—1883. 

'■>'•  W.  Voigt,  Ann.  Phys.  Cheni.  [Wiedemann),  Bde  31  (1887),  34  and  35  (1888),  38  (1889). 

'^  A  certain  assumption,  first  made  by  F.  E.  Neumann,  is  involved  in  the  statement  that 
the  seolotropy  of  a  crystal  as  regards  elasticity  is  known  from  the  crystallographio  form. 

"  They  appear  to  have  been  first  stated  explicitly  by  Saint-Venant  in  the  memoir  on 
torsion  of  1855.     (See  footnote  50.) 
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forces  between  material  points  was  premature.  To  determine  the  laws  of 
the  elasticity  of  solid  bodies  without  knowing  the  nature  of  the  sethereal 
medium  or  the  nature  of  the  atoms,  we  can  only  invoke  the  known  laws  of 
energy  as  was  done  by  Green  and  Lord  Kelvin;  and  we  may  place  the 
theory  on  a  firm  basis  if  we  appeal  to  experiment  to  support  the  statement 
that,  within  a  certain  range  of  strain,  the  strain-energy-function  is  a  quad- 
ratic function  of  the  components  of  strain,  instead  of  relying,  as  Green  did, 
upon  an  expansion  of  the  function  in  series. 

The  problem  of  determining  the  state  of  stress  and  strain  within  a 
solid  body  which  is  subjected  to  given  forces  acting  through  its  volume 
and  to  given  tractions  across  its  surface,  or  is  held  by  surface  tractions  so 
that  its  surface  is  deformed  into  a  prescribed  figure,  is  reducible  to  the 
analytical  problem  of  finding  functions  to  represent  the  components  of  dis- 
placement. These  functions  must  satisfy  the  differential  equations  of  equi- 
librium at  all  points  within  the  surface  of  the  body  and  must  also  satisfy 
certain  special  conditions  at  this  surface.  The  methods  which  have  been 
devised  for  integrating  the  equations  fall  into  two  classes.  In  one  class  of 
methods  a  special  solution  is  sought  and  the  boundary  conditions  are  satisfied 
by  a  solution  in  the  form  of  a  series,  which  may  be  infinite,  of  special  solu- 
tions. The  special  solutions  are  generally  expressible  in  terms  of  harmonic 
functions.  This  class  of  solutions  may  be  regarded  as  constituting  an 
extension  of  the  methods  of  expansion  in  spherical  harmonics  and  in 
trigonometrical  series.  In  the  other  class  of  methods  the  quantities  to  be 
determined  are  expressed  by  definite  integrals,  the  elements  of  the  integrals 
representing  the  effects  of  singularities  distributed  over  the  surface  or 
through  the  volume.  This  class  of  solutions  constitutes  an  extension  of  the 
methods  introduced  by  Green  in  the  Theory  of  the  Potential.  At  the 
time  of  the  discovery  of  the  general  equations  of  Elasticity  the  method  of 
series  had  already  been  applied  to  astronomical  problems,  to  acoustical 
problems  and  to  problems  of  the  conduction  of  heat"' ;  the  method  of  singu- 
larities had  not  been  invented"'.  The  application  of  the  method  of  series  to 
problems  of  equilibrium  of  elastic  solid  bodies  was  initiated  by  Lam^  and 
Clapeyron^'.  They  considered  the  case  of  a  body  bounded  by  an  unlimited 
plane  to  which  pressure  is  applied  according  to  an  arbitrary  law.  Lame™ 
later  considered  the  problem  of  a  body  bounded  by  a  spherical  surface  and 
deformed  by  given  surface  tractions.  The  problem  of  the  plane  is  essentially 
that  of  the  transmission  into  a  solid  body  of  force  applied  locally  to  a 
small  part  of  its  surface.     The  problem  of  the  sphere  has  been  developed 

^  See  Burkhardt,  ' Entwickelungen  naoh  oscillirenden  Vanotioneo,'  Jahreshenchtder Deiitscken 
Mathematiker-Vereinigimg,  Bd.  10,  Heft  2. 

^^  It  was  invented  by  Green,  An  Essay  on  the  Application  of  Mathematical  Analysis  to  the 
Theories  of  Electricity  and  Magnetism,  Nottingham,  1828.  Eeprinted  in  Mathematical  Papers 
of  the  late  George  Green,  London,  1871. 

6»  J.  de  Math.  {Liouville),  t.  19  (1854). 
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by  Lord  Kelvin^,  who  sought  to  utilize  it  for  the  purpose  of  investigating 
the  rigidity  of  the  Earth  ^,  and  by  G.  H.  Darwin  in  connexion  with  other 
problems  of  cosmical  physics^.     The  serial  solutions  employed  are  expressed 
in  terms  of  spherical  harmonics.     Solutions  of  the  equations  in  cylindrical 
coordinates  can  be  expressed  in  terms  of  Bessel's  functions",  but,  except  for 
spheres  and  cylinders,  the  method  of  series  has  not  been  employed  very 
successfully.     The  method  of  singularities  was  first  applied  to  the  theory  of 
Elasticity  by  E.  Betti"',  who  set  out  from  a  certain  reciprocal  theorem  of  the 
type  that  is  now  familiar  in  many  branches  of  mathematical  physics.     From 
this  theorem  he  deduced  incidentally  a  formula  for  determining  the  average 
strain  of  any  type  that  is  produced  in  a  body  by  given  forces.     The  method 
of  singularities  has  been  developed  chiefly  by  the  elasticians  of  the  Italian 
school.      It  has   proved  more  effective  than  the  method    of  series  in  the 
solution  of  the  problem  of  transmission  of  force.     The  fundamental  particular 
solution  which  expresses  the  displacement  due  to  force  at  a  point  in  an  in- 
definitely extended  solid  was  given  by  Lord  Kelvin'"'.     It  was  found  at  a 
later  date  by  J.  Boussinesq'"'  along  with  other  particular  solutions,  which  can, 
as  a  matter  of  fact,  be  derived  by  synthesis  from  it.     Boussinesq's  results 
led  him  to  a  solution  of  the  problem  of  the  plane,  and  to  a  theory  of  "  local 
perturbations,"  according  to  which  the  effect  of  force  applied  in  the  neigh- 
bourhood of  any  point  of  a  body  falls  off  very  rapidly  as  the  distance  from 
the  point  increases,  and  the  application  of  an  equilibrating  system  of  forces 
to  a  small  part  of  a  body  produces  an  effect  which  is  negligible  at  a  con- 
siderable distance  from    the   part.     To  estimate   the   effect  produced  at  a 
distance  by  forces  applied  near  a  point,  it  is  not  necessary  to   take  into 
account  the  mode  of  application  of  the  forces  but  only  the  statical  resultant 
and  moment.    The  direct  method  of  integration  founded  upon  Betti's  reciprocal 
theorem  was  applied  to  the  problem  of  the  plane  by  V.  Cerruti**.     Some 
of  the  results  were  found  independently  by  Hertz,  and  led  in  his  hands  to  a 
theory  of  impact  and  a  theory  of  hardness™. 

A  different  method  for  determining  the  state  of  stress  in  a  body  has 

«i  Phil  Trans.  Boy.  Soc,  vol.  153  (1863).  See  also  Math,  and  Phys.  Papers,  vol.  3  (Cambridge, 
1890),  p.  351,  and  Kelvin  and  Tait,  Nat.  Phil.,  Part  2. 

"2  Brit.  Assoc.  Rep.  1876,  Math,  and  Phys.  Papers,  vol.  3,  p.  312. 

«5  Phil.  Trans.  Roy.  Soc.,  vol.  170  (1879),  and  vol.  173  (1882). 

"  L.  Pocbhammer,  J.f.  Math.  (Crelle),  Bd.  81  (1876),  p.  33. 

«  /;  Nuovo  Cimento  (Ser.  2),  tt.  6—10  (1872  et  seq.). 

88  Sir  W.  Thomson,  Cambridge  and  Dublin  Math.  J.,  1848,  reprinted  in  Math,  and  Phys. 
Papers,  vol.  1,  p.  97. 

^  For  Bouesinesq's  earlier  researches  in  regard  to  simple  solutions,  see  Paris,  G.  R.,  tt.  86—88 
(1878-1879)  and  tt.  93—96  (1881—1883).  A  more  complete  account  is  given  in  his  book,  Appli- 
cations des  potentiels  a  I'gtude  de  Vequilibre  et  du  mouvement  des  solides  elastiques,  Paris,  1885. 

"'  Rome,  Ace.  Lincei,  Mem.  fis.  mat. ,  1882. 

•^  J.  /.  Math.  (Crelle),  Bd.  92  (1882),  and  Verhandlungen  des  Vereins  zur  Beforderung 
des  Gewerbefleisses,  Berlin,  1882.  The  memoirs  are  reprinted  in  Get.  Werke  von  Heinrich 
Hertz,  Bd.  1,  Leipzig,  1895,  pp.  155  and  174. 
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been  developed  from  a  result  noted  by  G.  B.  Airy'".  He  observed  that, 
in  the  case  of  two  dimensions,  the  equations  of  equilibrium  of  a  body 
deformed  by  surface  tractions  show  that  the  stress-components  can  be 
expressed  as  partial  differential  coefficients  of  the  second  order  of  a  single 
function.  Maxwell"  extended  the  result  to  three  dimensions,  in  which  case 
three  such  "stress-functions"  are  required.  It  appeared  later  that  these 
functions  are  connected  by  a  rather  complicated  system  of  differential 
equations'^.  The  stress-components  must  in  fact  be  connected  with  the 
strain-components  by  the  stress-strain  relations,  and  the  strain-components 
are  not  independent ;  but  the  second  differential  coefficients  of  the  strain- 
components  with  respect  to  the  coordinates  are  connected  by  a  system  of 
linear  equations,  which  are  the  conditions  necessary  to  secure  that  the  strain- 
components  shall  correspond  with  a  displacement,  in  accordance  with  the 
ordinary  formulae  connecting  strain  and  displacement'*  It  is  possible  by 
taking  account  of  these  relations  to  obtain  a  complete  system  of  equations 
■which  must  be  satisfied  by  stress-components,  and  thus  the  way  is  open 
for  a  direct  determination  of  stress  without  the  intermediate  steps  of  forming 
and  solving  differential  equations  to  determine  the  components  of  displace- 
ment". In  the  case  of  two  dimensions  the  resulting  equations  are'  of  a  simple 
character,  and  many  interesting  solutions  can  be  obtained. 

The  theory  of  the  free  vibrations  of  solid  bodies  requires  the  integration 
of  the  equations  of  vibratory  motion  in  accordance  with  prescribed  boundary 
conditions  of  stress  or  displacement.  Poisson'^  gave  the  solution  of  the 
problem  of  free  radial  vibrations  of  a  solid  sphere,  and  Clebsch''  founded  the 
general  theory  on  the  model  of  Poisson's  solution.  This  theory  included  the 
extension  of  the  notion  of  "principal  coordinates"  to  systems  with  an  infinite 
number  of  degrees  of  freedom,  the  introduction  of  the  corresponding  "  normal 
functions,"  and  the  proof  of  those  properties  of  these  functions  upon  which 
the  expansions  of  arbitrary  functions  depend.  The  discussions  which  had 
taken  place  before  and  during  the  time  of  Poisson  concerning  the  vibrations 
of  strings,  bars,  membranes  and  plates  had  prepared  the  way  for  Clebsch's 
generalizations.  Before  the  publication  of  Clebsch's  treatise  a  different  theory 
had  been  propounded  by  Lame*'.  Acquainted  with  Poisson's  discovery  of  two 
types  of  waves,  he  concluded  that  the  vibrations  of  any  solid  body  must  fall 
into  two  corresponding  classes,  and  he  investigated  the  vibrations  of  various 
bodies  on  this  assumption.  The  fact  that  his  solutions  do  not  satisfy  the 
conditions  which  hold  at  the  boundaries  of  bodies  free  from  surface  traction 

■   70  Brit.  Assoc.  Bep.  1862,  and  Phil.  Trans.  Roy.  Soc,  vol.  153  (1863),  p.  49. 

'^  Edinburgh  Boy.  Soc.  Trans.,  vol.  26  {1S70)  =  Scientific  Papers,  vol.  2,  p.  161. 

'2  W.  J.  Ibbetson,  An  Elementary  Treatise  on  the  Mathematical  Theory  of  perfectly  Elastic 
Solids,  London,  1887. 

'3  Saint- Venant  gave  the  identical  relations  between  strain-components  in  his  edition  of 
JSfavier's  Besume  des  Legons  sur  VappUcation  de  la  Mecanique,  Paris,  1864,  'Appendice  8.' 

7*  J.  H.  Miohell,  London  Math.  Soc.  Proc.  vol.  81  (1900),  p.  100. 
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is  a  sufficient  disproof  of  his  theory;  but  it  was  finally  disposed  of  when 
all  the  modes  of  free  vibration  of  a  homogeneous  isotropic  sphere  were  deter- 
mined, and  it  was  proved  that  the  classes  into  which  they  fall  do  not  verify 
Lame's  supposition.  The  analysis  of  the  general  problem  of  the  vibrations 
of  a  sphere  was  first  completely  given  by  P.  Jaerisch",  who  showed  that  the 
solution  could  be  expressed  by  means  of  spherical  harmonics  and  certain 
functions  of  the  distance  from  the  centre  of  the  sphere,  which  are  practically 
Bessel's  functions  of  order  integer +  i.  This  result  was  obtained  indepen- 
dently by  H.  Lamb'",  who  gave  an  account  of  the  simpler  modes  of  vibration 
and  of  the  nature  of  the  nodal  division  of  the  sphere  which  occurs  when  any 
normal  vibration  is  executed.  He  also  calculated  the  more  important  roots 
of  the  frequency  equation.  L.  Pochhammer"  has  applied  the  method  of 
normal  functions  to  the  vibrations  of  cylinders,  and  has  found  modes  of 
vibration  analogous  to  the  known  types  of  vibration  of  bars. 

The  problem  of  tracing,  by  means  of  the  equations  of  vibratory  motion, 
the  propagation  of  waves  through  an  elastic  solid  medium  requires  investi- 
gations of  a  different  character  from  those  concerned  with  normal  modes  of 
vibration.  In  the  case  of  an  isotropic  medium  Poisson''  and  Ostrogradsky™ 
adopted  methods  which  involve  a  synthesis  of  solutions  of  simple  harmonic 
type,  and  obtained  a  solution  expressing  the  displacement  at  any  time  in 
terms  of  the  initial  distribution  of  displacement  and  velocity.  The  investi- 
gation was  afterwards  conducted  in  a  different  fashion  by  Stokes*",  who 
showed  that  Poisson's  two  waves  are  waves  of  irrotational  dilatation  and 
waves  of  equivoluminal  distortion,  the  latter  involving  rotation  of  the 
elements  of  the  medium.  Cauchy"  and  Green''  discussed  the  propagation 
of  plane  waves  through  a  crystalline  medium,  and  obtained  -equations  for 
the  velocity  of  propagation  in  terms  of  the  direction  of  the  normal  to  the 
wave-front.  In  general  the  wave-surface  has  three  sheets ;  when  the  medium 
is  isotropic  all  the  sheets  are  spheres,  and  two  of  them  are  coincident. 
Blanchet*''  extended  Poisson's  results  to  the  case  of  a  crystalline  medium. 
Christoffel*'  discussed  the  advance  through  the  medium  of  a  surface  of 
discontinuity.  At  any  instant,  the  surface  separates  two  portions  of  the 
medium  in  which  the  displacements  are  expressed  by  different  formulae ; 
and  Christoffel  showed  that  the  surface  moves   normally  to    itself  with    a 

"  J.f.  Math.  (Crelle),  Bd.  88  (1880). 

'"  Loudon  Math.  Soc.  Proc,  vol.  13  (1882). 

■'  .7.  /.  Math.  (Crelle),  Bd.  81  (1876),  p.  324. 

'«  Paris,  M^m.  de  I'Acad.,  t.  10  (1831). 

■»  St  Petersburg,  Mim.  de  I'Acad.,  t.  1  (1831). 

"'  'On  the  Djuamical  Theory  of  Diffraction,'  Cambridge  Phil.  Soc.  Trans.,  vol.  9  (1849). 
Reprinted  in  Stokes's  Math,  and  Phys.  Papers,  vol.  2  (Cambridge,  1883). 

SI  Cambridge  Phil.  Soc.  Trans.,  vol.  7  (1839).  Reprinted  in  Green's  Mathematical  Papers^ 
p.  293. 

»2  J.  de  Math.  {Liouville),  t.  5  (1840),  t.  7  (1842). 

<»  Ann.  <li  Mat.  (Ser.  2),  t.  8  (1877). 
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velocity  which  is  determined,  at  any  point,  by  the  direction  of  the  normal  to 
the  surface,  according  to  the  same  law  as  holds  for  plane  waves  propagated 
in  that  direction.  Besides  the  waves  of  dilatation  and  distortion  which  can 
be  propagated  through  an  isotropic  solid  body  Lord  Rayleigh^^  has  investi- 
gated a  third  type  which  can  be  propagated  over  the  surface.  The  velocity 
of  waves  of  this  type  is  less  than  that  of  either  of  the  other  two. 

Before  the  discovery  of  the  general  equations  there  existed  theories  of 
the  torsion  and  flexure  of  beams  starting  from  Galileo's  enquiry  and  a 
suggestion  of  Coulomb's.  The  problems  thus  proposed  are  among  the  most 
important  for  practical  applications,  as  most  problems  that  have  to  be  dealt 
with  by  engineers  can,  at  any  rate  for  the  purpose  of  a  rough  approximation, 
be  reduced  to  questions  of  the  resistance  of  beams.  Cauchy  was  the  first 
to  attempt  to  apply  the  general  equations  to  this  class  of  problems,  and  his 
investigation  of  the  torsion  of  a  rectangular  prism^^  though  not  correct,  is 
historically  important,  as  he  recognized  that  the  normal  sections  do  not 
remain  plane.  His  result  had  little  influence  on  practice.  The  practical 
treatises  of  the  earlier  half  of  the  last  century  contain  a  theory  of  torsion 
with  a  result  that  we  have  already  attributed  to  Coulomb,  viz.,  that  the 
resistance  to  torsion  is  the  product  of  an  elastic  constant,  the  amount  of 
the  twist,  and  the  moment  of  inertia  of  the  cross-section.  Again,  in  regard 
to  flexure,  the  practical  treatises  of  the  time  followed  the  Bernoulli- 
Eulerian  (really  Coulomb's)  theory,  attributing  the  resistance  to  flexure 
entirely  to  extension  and  contraction  of  longitudinal  filaments.  To 
Saint- Venant  belongs  the  credit  of  bringing  the  problems  of  the  torsion 
and  flexure  of  beams  under  the  general  theory.  Seeing  the  difiiculty  of 
obtaining  general  solutions,  the  pressing  need  for  practical  purposes  of  some 
theory  that  could  be  applied  to  the  strength  of  structures,  and  the  im- 
probability of  the  precise  mode  of  application  of  the  load  to  the  parts  of  any 
apparatus  being  known,  he  was  led  to  reflect  on  the  methods  used  for  the 
solution  of  special  problems  before  the  formulation  of  the  general  equations. 
These  reflexions  led  him  to  the  invention  of  the  semi-inverse  method  of 
solution  which  bears  his  name.  Some  of  the  habitual  assumptions,  or  some 
of  the  results  commonly  deduced  from  them,  may  be  true,  at  least  in  a  large 
majority  of  cases;  and  it  may  be  possible  by  retaining  some  of  these 
assumptions  or  results  to  simplify  the  equations,  and  thus  to  obtain  solutions 
— not  indeed  such  as  satisfy  arbitrary  surface  conditions,  but  such  as  satisfy 
practically  important  types  of  surface  conditions. 

The  first  problem  to  which  Saint-Venant  applied  his  method  was  that 
of  the  torsion  of  prisms,  the  theory  of  which  he  gave  in  the  famous  memoir 
on  torsion  of  1855™.  For  this  application  he  assumed  the  state  of  strain 
to  consist  of  a  simple  twist  about  the  axis  of  the  prism,  such  as  is  implied 

81  London  Math.  Soc.  Froc,  vol.  17  [ISai]  =  Scientific  Papers,  vol.  2,  Cambridge,  1900,  p.  441. 
8^  Exercices  de  mathematiques,  4rQe  Ann^e,  1829. 
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in  Coulomb's  theory,  combined  with  the  kind  of  strain  that  is  implied  by  a 
longitudinal  displacement  variable  over  the  cross-section  of  the  prism.  The 
effect  of  the  latter  displacement  is  manifested  in  a  distortion  of  the  sections 
into  curved  surfaces.  He  showed  that  a  state  of  strain  having  this  character 
can  be  maintained  in  the  prism  by  forces  applied  at  its  ends  only,  and  that 
the  forces  which  must  be  applied  to  the  ends  are  statically  equivalent  to 
a  couple  about  the  axis  of  the  prism.  The  magnitude  of  the  couple  can 
be  expressed  as  the  product  of  the  twist,  the  rigidity  of  the  material,  the 
square  of  the  area  of  the  cross-section  and  a  numerical  factor  which  depends 
upon  the  shape  of  the  cross-section.  For  a  large  class  of  sections  this 
numerical  factor  is  very  nearly  proportional  to  the  ratio  of  the  area  of  the 
section  to  the  square  of  its  radius  of  gyration  about  the  axis  of  the  prism. 
Subsequent  investigations  have  shown  that  the  analysis  of  the  problem  is 
identical  with  that  of  two  distinct  problems  in  hydrodynamics,  viz.,  the  flow 
of  viscous  liquid  in  a  narrow  pipe  of  the  same  form  as  the  prism^',  and  the 
motion  produced  in  frictionless  liquid  filling  a  vessel  of  the  same  form  as  the 
prism  when  the  vessel  is  rotated  about  its  axis*'.  These  hydrodynamical 
analogies  have  resulted  in  a  considerable  simplification  of  the  analysis  of 
the  problem. 

The  old  theories  of  flexure  involved  two  contradictory  assumptions : 
(1)  that  the  strain  consists  of  extensions  and  contractions  of  longitudinal 
filaments,  (2)  that  the  stress  consists  of  tension  in  the  extended  fila- 
ments (on  the  side  remote  from  the  centre  of  curvature)  and  pressure 
along  the  contracted  filaments  (on  the  side  nearer  the  centre  of  curvature). 
If  the  stress  is  correctly  given  by  the  second  assumption  there  must  be 
lateral  contractions  accompanying  the  longitudinal  extensions  and  also 
lateral  extensions  accompanying  the  longitudinal  contractions.  Again,  the 
resultant  of  the  tractions  across  any  normal  section  of  the  bent  beam,  as 
given  by  the  old  theories,  vanishes,  and  these  tractions  are  statically  equi- 
valent to  a  couple  about  an  axis  at  right  angles  to  the  plane  of  bending. 
Hence  the  theories  are  inapplicable  to  any  case  of  bending  by  a  transverse 
load.  Saint- Venant^  adopted  from  the  older  theories  two  assumptions.  He 
assumed  that  the  extensions  and  contractions  of  the  longitudinal  filaments 
are  proportional  to  their  distances  from  the  plane  which  is  drawn  through 
the  line  of  centroids  of  the  normal  sections  (the  "  central-line  ")  and  at  right 
angles  to  the  plane  of  bending.  He  assumed  also  that  there  is  no  normal 
traction  across  any  plane  drawn  parallel  to  the  central-line.  The  states  of 
stress  and  strain  which  satisfy  these  conditions  in  a  prismatic  body  can  be 
mamtained  by  forces  and  couples  applied  at  the  ends  only,  and  include  two 
cases.    One  case  is  that  of  uniform  bending  of  a  bar  by  couples  applied  at  its 

™  .1.  BousBinesq,  J.  de  Math.  (Liouville),  (S&.  2),  t.  16  (1871). 

«>  Kelvin  and  Tait,  Nat.  Phil.,  Part  2,  p.  242. 

**  See  the  memoirs  of  1855  and  1856  cited  in  footnote  50. 
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ends.  In  this  case  the  stress  is  correctly  given  by  the  older  theories  and  the 
curvature  of  the  central-line  is  proportional  to  the  bending  couple,  as  in  those 
theories;  but  the  lateral  contractions  and  extensions  have  the  effect  of 
distorting  those  longitudinal  sections  which  are  at  right  angles  to  the  plane 
of  bending  into  anticlastic  surfaces.  The  second  case  of  bending  which  i& 
included  in  Saint- Venant's  theory  is  that  of  a  cantilever,  or  beam  fixed  in  a 
horizontal  position  at  one  end,  and  bent  by  a  vertical  load  applied  at  the 
other  end.  In  this  case  the  stress  given  by  the  older  theories  requires  to 
be  corrected  by  the  addition  of  shearing  stresses.  The  normal  tractions 
across  any  normal  section  are  statically  equivalent  to  a  couple,  which  is 
proportional  to  the  curvature  of  the  central-line  at  the  section,  as  in  the 
theory  of  simple  bending.  The  tangential  tractions  across  any  normal  section 
are  statically  equivalent  to  the  terminal  load,  but  the  magnitude  and 
direction  of  the  tangential  traction  at  any  point  are  entirely  determinate  and 
follow  rather  complex  laws.  The  strain  given  by  the  older  theories  requires 
to  be  corrected  by  the  addition  of  lateral  contractions  and  extensions,  as  in 
the  theoiy  of  simple  bending,  and  also  by  shearing  strains  corresponding 
with  the  shearing  stresses. 

In  Saint-Venant's  theories  of  torsion  and  flexure  the  couples  and  forces 
applied  to  produce  twisting  and  bending  are  the  resultants  of  tractions 
exerted  across  the  terminal  sections,  and  these  tractions  are  distributed  in 
perfectly  definite  ways.  The  forces  and  couples  that  are  applied  to  actual 
structures  are  seldom  distributed  in  these  ways.  The  application  of  the 
theories  to  practical  problems  rests  upon  a  principle  introduced  by  Saint- 
Venant  which  has  been  called  the  "  principle  of  the  elastic  equivalence  of 
statically  equipollent  systems  of  load."  According  to  this  principle  the 
effects  produced  by  deviations  from  the  assigned  laws  of  loading  are  un- 
important except  near  the  ends  of  the  bent  beam  or  twisted  bar,  and  near 
the  ends  they  produce  merely  "  local  perturbations."  The  condition  for 
the  validity  of  the  results  in  practice  is  that  the  length  of  the  beam  should 
be  a  considerable  multiple  of  the  greatest  diameter  of  its  cross-section. 

Later  researches  by  A.  Clebsch*^  and  W.  Voigt^  have  resulted  in  con- 
siderable simplifications  of  Saint-Venant's  analysis.  Clebsch  showed  that 
the  single  assumption  that  there  is  no  normal  traction  across  any  plane 
parallel  to  the  central-line  leads  to  four  cases  of  equilibrium  of  a  prismatic 
body,  viz.,  (1)  simple  extension  under  terminal  tractive  load,  (2)  simple 
bending  by  couples,  (3)  torsion,  (4)  bending  of  a  cantilever  by  terminal 
transverse  load.  Voigt  showed  that  the  single  assumption  that  the  stress 
at  any  point  is  independent  of  the  coordinate  measured  along  the  bar  led 
to  the  first  three  cases,  and  that  the  assumption  that  the  stress  is  a  linear 
function  of  that  coordinate  leads  to  the  fourth  case.  When  a  quadratic 
function  is  taken  instead  of  a  linear  one,  the  case  of  a  beam  supported  at 

M  '  Theoretische  Studien  iiber  die  ElastioitatsverhSltnisse  der  Krystalle,'  Gdttingen  Abhand- 
lungen,  Bd.  34  (1887). 
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the  ends  and  bent  by  a  load  which  is  distributed  uniformly  along  its  length 
can  be  included*".  The  case  where  the  load  is  not  uniform  but  is  applied 
by  means  of  surface  tractions  which,  so  far  as  they  depend  on  the  coordinate 
measured  along  the  beam,  are  rational  integral  functions,  can  be  reduced  to 
the  case  where  the  load  is  uniform"'.  It  appears  from  these  theories  that, 
%vhen  lateral  forces  are  applied  to  the  beam,  the  relation  of  proportionality 
•between  the  curvature  of  the  central-line  and  the  bending  moment,  verified 
in  Saint- Venant's  theory,  is  no  longer  exact"''.  Unless  the  conditions  of 
loading  are  rather  unusual,  the  modification  that  ought  to  be  made  in  this 
relation  is,  however,  of  little  practical  importance. 

Saint- Venant's  theories  of  torsion  and  of  simple  bending  have  found 
their  way  into  technical  treatises,  but  in  most  current  books  on  applied 
Mechanics  the  theory  of  bending  by  transverse  load  is  treated  by  a  method 
invented  by  Jouravski'^  and  Rankine"*,  and  subsequently  developed  by 
Grashof'.  The  components  of  stress  determined  by  this  method  do  not 
satisfy  the  conditions  which  are  necessary  to  secure  that  they  shall  cor- 
respond with  any  possible  displacement".  The  distribution  of  stress  that  is 
found  by  this  method  is,  however,  approximately  correct  in  the  case  of  a 
beam  of  which  the  breadth  is  but  a  small  fraction  of  the  depth*'. 

The  most  important  practical  application  of  the  theory  of  flexure  is  that 
which  was  made  by  Navier"'  to  the  bending  of  a  beam  resting  on  supports. 
The  load  may  consist  of  the  weight  of  the  beam  and  of  weights  attached  to 
the  beam.  Young's  modulus  is  usually  determined  by  observing  the  deflexion 
of  a  bar  supported  at  its  ends  and  loaded  at  the  middle.  All  such  applications 
of  the  theory  depend  upon  the  proportionality  of  the  curvature  to  the 
bending  moment.  The  problem  of  a  continuous  beam  resting  on  several 
supports  was  at  first  very  difiicult,  as  a  solution  had  to  be  obtained  for  each 
span  by  Navier's  method,  and  the  solutions  compared  in  order  to  determine 
the  constants  of  integration.  The  analytical  complexity  was  very  much 
diminished  when  Clapeyron**  noticed  that  the  bending  moments  at  three 
consecutive  supports  are  connected  by  an  invariable  relation,  but  in  many 
particular   cases    the  analysis  is   still  formidable.     A  method    of  graphical 

*>  .J.  H.  Michell,  Quart.  J.  of  Math.,  vol.  32  (1901). 

"'  E.  Almansi,  Eonie,  Ace.  Lincei  Rend.  (Ser.  6),  t.  10  (1901),  pp.  333,  400.  In  the  second  of 
these  papers  a  solution  of  the  problem  of  bending  by  uniform  load  is  obtained  by  a  method  which 
differs  from  that  used  by  Michell  in  the  paper  just  cited. 

»-  This  result  was  first  noted  by  K.  Pearson,  Quart.  J.  of  Math.,  vol.  24  (1889),  in  con- 
nexion with  a  particular  law  for  the  distribution  of  the  load  over  the  cross-section. 

"^  Ann.  des  ponts  et  chaimsies,  1856. 

^  Applied  Mechanics,  1st  edition,  London,  1858.  The  method  has  been  retained  in  later 
editions. 

»=  Elasticitfit  und  Festigkeit,  2nd  edition,  Berlin,  1878.  Grashof  gives  Saint- Venant's 
theory  as  well. 

"«  Saint-Venant  noted  this  result  in  his  edition  of  Navier's  Legons,  p.  394. 

^  In  the  second  edition  of  his  Lemons  (1833). 

"8  Paris,  C.  R.,  t.  45  (1857).  The  history  of  Clapeyron's  theorem  is  given  by  J.  M.  Heppel, 
Ptoc.  Roy.  Soc,  London,  vol.  19  (1871). 


HISTORICAL  INTRODUCTION  23 

solution  has,  however,  been  invented  by  Mohr"",  and  it  has,  to  a  great 
extent,  superseded  the  calculations  that  were  formerly  conducted  by  means  of 
Clapeyron's  "  Theorem  of  Three  Moments."  Many  other  applications  of  the 
theory  of  flexure  to  problems  of  frameworks  will  be  found  in  such  books  as 
Mtiller-Breslau's  Die  Neueren  Methoden  der  Festigkeitslehre  (Leipzig,  1886), 
Weyrauch's  Theorie  Elastischer  Korper  (Leipzig,  1884),  Ritter's  Anwend- 
ungen  der  graphischen  Statik  (Zurich,  1888).  A  considerable  literature  has 
sprung  up  in  this  subject,  but  the  use  made  of  the  Theory  of  Elasticity  is 
small. 

The  theory  of  the  bending  and  twisting  of  thin  rods  and  wires — in- 
cluding the  theory  of  spiral  springs — was  for  a  long  time  developed, 
independently  of  the  general  equations  of  Elasticity,  by  methods  akin  to 
those  employed  by  Euler.  At  first  it  was  supposed  that  the  flexural  couple 
must  be  in  the  osculating  plane  of  the  curve  formed  by  the  central-line ; 
and,  when  the  equation  of  moments  about  the  tangent  was  introduced 
by  Binet"",  Poisson'"  concluded  from  it  that  the  moment  of  torsion  was 
constant.  It  was  only  by  slow  degrees  that  the  notion  of  two  flexural 
couples  in  the  two  principal  planes  sprang  up,  and  that  the  measure  of 
twist  came  to  be  understood.  When  these  elements  of  the  theory  were  made 
out  it  could  be  seen  that  a  knowledge  of  the  expressions  for  the  tiexural  and 
torsional  couples  in  terms  of  the  curvature  and  twist  ""^  would  be  sufiicient, 
when  combined  with  the  ordinary  conditions  of  equilibrium,  to  determine 
the  form  of  the  curve  assumed  by  the  central-line,  the  twist  of  the  wire 
around  that  line,  and  the  tension  and  shearing  forces  across  any  section.  The 
flexural  and  torsional  couples,  as  well  as  the  resultant  forces  across  a  section, 
must  arise  from  tractions  exerted  across  the  elements  of  the  section,  and 
the  correct  expressions  for  them  must  be  sought  by  means  of  the  general 
theory.  But  here  a  difficulty  arises  from  the  fact  that  the  general  equations 
are  applicable  to  small  displacements  only,  while  the  displacements  in  such 
a  body  as  a  spiral  spring  are  by  no  means  small.  Kirchhoff^"^  was  the  first 
to  face  this  difficulty.  He  pointed  out  that  the  general  equations  are  strictly 
applicable  to  any  small  portion  of  a  thin  rod  if  all  the  linear  dimensions  of 
the  portion  are  of  the  same  order  of  magnitude  as  the  diameters  of  the  cross- 
sections.     He  held  that  the  equations  of  equilibrium  or  motion  of  such  a 

99  'Beitrag  zur  Theorie  des  Faohwerks,'  Zeitschrift  des  Architekten-  und  Ingenieur-Vereins 
zu  Hannover,  1874.  This  is  the  reference  given  by  Muller-Breslau.  L6vy  gives  an  account  of  the 
method  in  his  Statique  Oraphique,  t.  2,  and  attributes  it  to  Mohr.  A  slightly  different  account 
is  given  by  Canevazzi  in  Memorie  dell'  Accadeniia  di  Bologna  (Ser.  4),  t.  1  (1880).  The  method 
has  been  extended  by  Culman,  Die  graphische  Statik,  Bd.  1,  Zurich,  1875.  See  also  Bitter,  Die 
elastische  Linie  und  ihre  Anwendung  auf  den  continuirlichen  Balken,  Ziirioh,  1883. 

i»"  J.  de  I'Ecole  polytechnique,  t.  10  (1815). 

101  Correspondance  sur  I'Ecole  polytechnique,  t.  3  (1816). 

i»2  They  are  due  to  Saint-Venaut,  Paris,  G.  R.,  tt.  17,  19  (1843,  1844). 

ins  'tjber  das  Gleichgewicht  und  die  Bewegung  eines  uuendlich  diinnen  elastisohen  Stabes,' 
J.  f.  Math.  (Crelle),  Bd,  56  (1859).  The  theory  is  also  given  in  Kirohhofi's  Vorlesungen  ilber  math. 
Physik,  Mechanik  (3rd  edition,  Leipzig,  1883). 
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portion  could  be  simplified,  for  a  first  approximation,  by  the  omission  of 
kinetic  reactions  and  forces  distributed  through  the  volume.  The  process 
by  which  Kirchhoff  developed  his  theory  was,  to  a  great  extent,  kine- 
matical.  When  a  thin  rod  is  bent  and  twisted,  every  element  of  it 
undergoes  a  strain  analogous  to  that  in  one  of  Saint-Venant's  prisms,  but 
neighbouring  elements  must  continue  to  fit.  To  express  this  kind  of  con- 
tinuity certain  conditions  are  necessary,  and  these  conditions  take  the  form 
of  differential  equations  connecting  the  relative  displacements  of  points 
within  a  small  portion  of  the  rod  with  the  relative  coordinates  of  the  points, 
and  with  the  quantities  that  define  the  position  of  the  portion  relative  to  the 
rod  as  a  whole.  From  these  differential  equations  Kirchhoff  deduced  an 
approximate  account  of  the  strain  in  an  element  of  the  rod,  and  thence 
an  expression  for  the  potential  energy  per  unit  of  length,  in  terms  of  the 
extension,  the  components  of  curvature  and  the  twist.  He  obtained  the 
equations  of  equilibrium  and  vibration  by  varying  the  energy-function.  In 
the  case  of  a  thin  rod  subjected  to  terminal  forces  only  he  showed  that  the 
equations  by  which  the  form  of  the  central-line  is  determined  are  identical 
with  the  equations  of  motion  of  a  heavy  rigid  body  about  a  fixed  point.  This 
theorem  is  known  as  "  Kirchhoff's  kinetic  analogue." 

Kirchhoff's  theory  has  given  rise  to  much  discussion.  Clebsch"'  proposed 
to  replace  that  part  of  it  by  which  the  flexural  and  torsional  couples  can  be 
evaluated  by  an  appeal  to  the  results  of  Saint-Venant's  theories  of  flexure 
and  torsion.  Kelvin  and  Tait"  proposed  to  establish  Kirchhoff's  formula 
for  the  potential  energy  by  general  reasoning.  J.  Boussinesq"*  proposed  to 
obtam  by  the  same  kind  of  reasoning  Kirchhoff's  approximate  expression 
for  the  extension  of  a  longitudinal  filament.  Clebsch'^  gave  the  modified 
formulas  for  the  flexural  and  torsional  couples  when  the  central-line  of  the 
rod  in  the  unstressed  state  is  curved,  and  his  results  have  been  confirmed 
by  later  independent  investigations.  The  discussions  which  have  taken 
place  have  cleared  up  many  difficulties,  and  the  results  of  the  theory,  as 
distinguished  from  the  methods  by  which  they  were  obtained,  have  been 
confirmed  by  the  later  writers"^ 

The  applications  of  Kirchhoff's  theory  of  thin  rods  include  the  theory 
of  the  elastica  which  has  been  investigated  in  detail  by  means  of  the  theorem 
of  the  kinetic  analogue"",  the  theory  of  spiral  springs  worked  out  in  detail  by 
Kelvm  and  Tait«,  and  various  problems  of  elastic  stability.  Among  the 
latter  we  may  mention  the  problem  of  the  buckling  of  an  elastic  ring  sub- 
jected to  pressure  directed  radially  inwards  and  the  same  at  all  points  of  the 
circumference'"'. 

"•■  J.  de  Math.  {Liouville),  (Ser.  2),  t.  16  (1871). 

"»  See,  for  example,  A.  B.  Basset,  Loruhn  Math.  Soc.  Proc,  vol.  23  (1892),  and  Amer.  J  of 
Math     vol.  17  (1895),  and  J.  H.  Michell,  London  Math.  Soc.  Proc,  vol.  31  (1900),  p    130 

'"»  W.  Hess,  Math.  Ann.,  Bde.  23  (1884)  and  25  (1885). 

"'This  problem  appears  to  have  been  discussed  first  by  Bresse,  Corns  de  mecanique  appliqu^e. 
Premiere  partie,  Paris,  1859.  ri    i       , 
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The  theory  of  the  vibrations  of  thin  rods  was  brought  under  the  general 
equations  of  vibratory  motion  of  elastic  solid  bodies  by  Poisson=«.  He 
regarded  the  rod  as  a  circular  cylinder  of  small  section,  and  expanded  all 
the  quantities  that  occur  in  powers  of  the  distance  of  a  particle  from  the 
axis  of  the  cylinder.  When  terms  above  a  certain  order  (the  fourth  power 
of  the  radius)  are  neglected,  the  equations  for  flexural  vibrations  are 
identical  with  Euler's  equations  of  lateral  vibration.  The  equation  found 
for  the  longitudinal  yibrations  had  been  obtained  by  Navier"^.  The  equation 
for  the  torsional  vibrations  was  obtained  first  by  Poisson^^  The  chief  point 
of  novelty  in  Poisson's  results  in  regard  to  the  vibrations  of  rods  is  that  the 
coefficients  on  which  the  frequencies  depend  are  expressed  in  terms  of  the 
constants  that  occur  in  the  general  equations;  but  the  deduction  of  the 
generally  admitted  special  differential  equations,  by  which  these  modes  of 
vibration  are  governed,  from  the  general  equations  of  Elasticity  constituted 
an  advance  in  method.  Reference  has  already  been  made  to  L.  Pochhammer's 
more  complete  investigation "".  Poisson's  theory  is  verified  as  an  approxi- 
mate theory  by  an  application  of  Kirchhoff 's  results.  This  application  has 
been  extended  to  the  vibrations  of  curved  bars,  the  first  problem  to  be 
solved  being  that  of  the  flexural  vibrations  of  a  circular  ring  which  vibrates 
in  its  own  plane'™. 

An  important  problem  arising  in  connexion  with  the  theory  of  longitudinal 
vibrations  is  the  problem  of  impact.  When  two  bodies  collide  each  is  thrown 
into  a  -state  of  internal  vibration,  and  it  appears  to  have  been  hoped  that 
a  solution  of  the  problem  of  the  vibrations  set  up  in  two  bars  which  impinge 
longitudinally  would  throw  light  on  the  laws  of  impact.  Poisson""  was  the 
first  to  attempt  a  solution  of  the  problem  from  this  point  of  view.  His 
method  of  integration  in  trigonometric  series  vastly  increases  the  difficulty 
of  deducing  general  results,  and,  by  an  unfortunate  error  in  the  analysis,  he 
arrived  at  the  paradoxical  conclusion  that,  when  the  bars  are  of  the  same 
material  and  section,  they  never  separate  unless  they  are  equal  in  length. 
Saint-Venant"'  treated  the  problem  by  means  of  the  solution  of  the  equation 
of  vibration  in  terms  of  arbitrary  functions,  and  arrived  at  certain  results, 
of  which  the  most  important  relate  to  the  duration  of  impact,  and  to  the 
existence  of  an  apparent  "  coefficient  of  restitution "  for  perfectly  elastic 
bodies"^-  This  theory  is  not  confirmed  by  experiment.  A  correction  sug- 
gested by  Voigt"',  when  worked  out,  led  to  little  better  agreement,  and  it 

'"8  Bulletin  des  Sciences  a  la  Society philomathique,  1824. 

'09  E.  Hoppe,  J.f.  Math.  [Crelle),  Bd.  73  (1871). 

""  In  his  Traite  de  Mecanique,  1833. 

"1  'Sur  le  choc  longitudinal  de  deux  ba.rxes&la,atiques...,' J.  de  Math.  [Liouville),  {S&i.  2),  t.  12 

(1867). 

112  Cf.  Hopkinson,  Messenger  of  Mathematics,  vol.  4,  1874. 

"3  Ann.  Fhys.  Ghem.  (Wiedemann),  Bd.  19  (1882).     See   also  Hausmaninger  in  the  same 
Annalen,  Bd.  25  (1885). 
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thus  appears  that  the  attempt  to  trace  the  phenomena  of  impact  to  vibra- 
tions must  be  abandoned.     Much  more  successful  was  the  theory  of  Hertz"*, 
obtained  from  a  solution  of  the  problem  which  we  have  named  the  problem 
of  the  transmission  of  force.     Hertz  made  an  independent  investigation  of 
a  particular  case  of  this  problem— that  of  two  bodies  pressed  together.     He 
proposed  to  regard  the  strain  produced  in  each  by  impact  as  a  local  statical 
effect,  produced  gradually  and  subsiding  gradually ;  and  he  found  means  to 
determine  the  duration  of  impact  and  the  size  and  shape  of  the  parts  that  come 
into  contact.     The  theory  yielded  a  satisfactory  comparison  with  experiment. 
The  theory  of  vibrations  can  be  applied  to  problems  concerning  various 
kinds  of  shocks  and  the  effects  of   moving  loads.     The  inertia  as  well  as 
the  elastic  reactions  of  bodies  come  into  play  in  the  resistances  to  strain 
under  rapidly  changing  conditions,  and  the   resistances  called   into  action 
are  sometimes  described  as  "dynamical  resistances."     The  special  problem 
of  the  longitudinal  impact  of  a  massive  body  upon  one  end  of  a  rod  was 
discussed  by  Sebert  and  Hugoniot"^  and  by  Boussinesq"«.     The  conclusions 
which  they  arrived  at  are  tabulated  and  illustrated  graphically  by  Saint- 
Venant"'.     But  problems  of  dynamical  resistance  under  impulses  that  tend 
to  produce  flexure  are  perhaps  practically  of  more  importance.     When  a 
body  strikes  a  rod  perpendicularly  the  rod  will  be  thrown  into  vibration, 
and,  if  the   body  moves  with  the  rod,  the  ordinary  solution  in   terms    of 
the    normal    functions  for  the  vibrations  of  the  rod  becomes  inapplicable. 
Solutions  of  several  problems  of  this  kind,  expressed  in  terms  of  the  normal 
functions  for  the  compound  system  consisting  of  the  rod  and  the  striking 
body,  were  given  by  Saint- Venant"^ 

Among  problems  of  dynamical  resistance  we  must  note  especially  Willis's 
problem  of  the  travelling  load.  When  a  train  crosses  a  bridge,  the  strain  is 
not  identical  with  the  statical  strain  which  is  produced  when  the  same  train 
is  standing  on  the  bridge.  To  illustrate  the  problem  thus  presented  Willis"" 
proposed  to  consider  the  bridge  as  a  straight  wire  and  the  train  as  a  heavy 
particle  deflecting  it.  Neglecting  the  inertia  of  the  wire  he  obtained  a 
certain  differential  equation,  which  was  subsequently  solved  by  Stokes^'^" 
Later  writers  have  shown  that  the  effects  of  the  neglected  inertia  are  very 

"■■  'Ueber  die  Beriihrung  fester  elastisoher  Korper,'  J.  f.  Math.  (Crelle),  Bd.  92  (1882). 

"'  Paris,  C.  R.,  t.  95  (1882). 

"'  Applicatiovs  des  Potentiek...,  Paris,  1885.  The  results  were  given  in  a  note  in  Paris  C.  B., 
t.  97  (1883). 

""  In  papers  in  Paris,  C.  R.,  t.  97  (1883),  reprinted  as  an  appendix  to  his  Translation 
of  Clebsch's  Treatise  (Paris,  1883). 

"*  In  the  'Annotated  Clebsch'  just  cited,  Note  du  §  61.  Of.  Lord  Eayleigh,  Theory  of  Sound, 
Chapter  VIII. 

""  Appendix  to  the  Report  of  the  Commissioners .. .to  enquire  into  the  Application  of  Iron  to 
Railway  Structures  (1849). 

™  Cambridge,  Phil.  Soc.  Trans.,  vol.  8  (1849)  =  Stokes,  Math,  and  Phys.  Papers,  vol.  2 
(Cambridge,  1883),  p.  178. 
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important.  A  more  complete  solution  has  been  obtained  by  M.  Phillipsi^' 
and  Saint- Venant'''^  and  an  admirable  pr4cis  of  their  results  may  be  read  in 
the  second  volume  of  Todhunter  and  Pearson's  History  (Articles  373  et  seq.). 

We  have  seen  already  how  problems  of  the  equilibrium  and  vibrations  of 
plane  plates  and  curved  shells  were  attempted  before  the  discovery  of  the 
general  equations  of  Elasticity,  and  how  these  problems  were  among  those 
which  led  to  the  investigation  of  such  equations.  After  the  equations  had 
been  formulated  little  advance  seems  to  have  been  made  in  the  treatment 
of  the  problem  of  shells  for  many  years,  but  the  more  special  problem  of 
plates  attracted  much  attention.  Poisson'^  and  Cauchy^^^  both  treated  this 
problem,  proceeding  from  the  general  equations  of  Elasticity,  and  supposing 
that  all  the  quantities  which  occur  can  be  expanded  in  powers  of  the 
distance  from  the  middle-surface.  The  equations  of  equilibrium  and  free 
vibration  which  hold  when  the  displacement  is  directed  at  right  angles  to 
the  plane  of  the  plate  were  deduced.  Much  controversy  has  arisen  con- 
cerning Poisson's  boundary  conditions.  These  expressed  that  the  resultant 
forces  and  couples  applied  at  the  edge  must  be  equal  to  the  forces  and 
■couples  arising  from  the  strain.  In  a  famous  memoir  Kirchho£f^'«  showed 
that  these  conditions  are  too  numerous  and  cannot  in  general  be  satisfied. 
His  method  rests  on  two  assumptions :  (1)  that  linear  filaments  of  the  plate 
initially  normal  to  the  middle-surface  remain  straight  and  normal  to  the 
middle-surface  after  strain,  and  (2)  that  all  the  elements  of  the  middle- 
surface  remain  unstretched.  These  assumptions  enabled  him  to  express  the 
potential  energy  of  the  bent  plate  in  terms  of  the  curvatures  produced  in  its 
middle-surface.  The  equations  of  motion  and  boundary  conditions  were  then 
•deduced  by  the  principle  of  virtual  work,  and  they  were  applied  to  the 
problem  of  the  flexural  vibrations  of  a  circular  plate. 

The  problem  of  plates  can  be  attacked  by  means  of  considerations  of  the 
same  kind  as  those  which  were  used  by  Kirchhoff  in  his  theory  of  thin  rods. 
An  investigation  of  the  problem  by  this  method  was  made  by  Gehring'^"  and 
was  afterwards  adopted  in  an  improved  form  by  Kirchhoff  i^.  The  work  is 
very  similar  in  detail  to  that  in  Kirchhoff's  theory  of  thin  rods,  and  it  leads  to 
an  expression  for  the  potential  energy  per  unit  of  area  of  the  middle-surface 

121  Paris,  Ann.  des  Mines,  t.  7  (1855). 

122  In  the  'Annotated  Clebsch,'  Note  du  §  61. 

12S  In  the  memoir  of  1828.  A  large  part  of  the  investigation  is  reproduced  in  Todhunter 
and  Pearson's  History. 

i^"*  In  an  Article  'Sur  I'fiquilibre  et  le  mouvement  d'une  plaque  solide'  in  the  Exercices  de 
mathematiques,  vol.  3  (1828).     Most  of  this  Article  also  is  reproduced  by  Todhunter  and  Pearson. 

125  J.  f.  Math.  (Crelle),  Bd.  40  (1850). 

126  'De  jEquationibus  differentialibus  quibus  sequilibrium  et  motus  laminae  crystallinsB 
definiuntur'  (Diss.),  Berlin,  1860.  The  analysis  may  be  read  in  Kirchhoff's  VorUsungen  liber 
math.  Phys.,  Mechanik,  and  parts  of  it  also  iu  Clebsch's  Treatise. 

127  Vorlesungen  fiber  math.  Phys.,  Mechanik. 
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of  the  plate.  This  expression  consists  of  two  parts :  one  a  quadratic  function 
of  the  quantities  defining  the  extension  of  the  middle-surface  with  a  coefficient 
proportional  to  the  thickness  of  the  plate,  and  the  other  a  quadratic  function 
of  the  quantities  defining  the  flexure  of  the  middle-surface  with  a  coefficient 
proportional  to  the  cube  of  the  thickness.  The  equations  of  small  motion 
are  deduced  by  an  application  of  the  principle  of  virtual  work.  When  the 
displacement  of  a  point  on  the  middle-surface  is  very  small  the  flexure 
depends  only  on  displacements  directed  at  right  angles  to  the  plane  of  the 
plate,  and  the  extension  only  on  displacements  directed  parallel  to  the  plane 
of  the  plate,  and  the  equations  fall  into  two  sets.  The  equation  of  normal 
vibration  and  the  boundary  conditions  are  those  previously  found  and  dis- 
cussed by  KirchhofT^. 

As  in  the  theory  of  rods,  so  also  in  that  of  plates,  attention  is  directed 
rather   to  tensions,  shearing  forces   and   flexural   couples,  reckoned   across 
the  whole  thickness,  than  to  the  tractions  across  elements  of  area  which 
give  rise  to  such  forces  and  couples.     To  fix  ideas  we  may  think  of  the  plate 
as  horizontal,  and  consider  the  actions  exerted  across  an  imagined  vertical 
dividing  plane,  and  on   this  plane  we  may  mark  out  a  small  area  by  two 
vertical  lines  near  together.     The  distance  between  these  lines  may  be  called 
the  "  breadth  "  of  the  area.     The  tractions  across  the  elements  of  this  area 
are  statically  equivalent  to  a  force  at  the  centroid  of  the  area  and  a  couple. 
When  the  "  breadth  "  is  very  small,  the  magnitudes  of  the  force  and  couple 
are  proportional  to  the  breadth,  and  we  estimate  them  as  so  much  per  unit 
of  length  of  the  line  in  which  our  vertical  dividing  plane  cuts  the  middle 
plane  of  the  plate.     The  components  of  the  force  and  couple  thus  estimated 
we  call  the  "stress-resultants"  and  the  "stress-couples."    The  stress-resultants 
consist  of  a  tension  at  right  angles  to  the  plane  of  the  area,  a  horizontal 
shearing  force  and   a  vertical   shearing   force.     The  stress-couples  have  a 
component  about  the  normal  to  the  dividing  plane  which  we  shall  call  the 
"  torsional  couple,"  and  a  component  in  the  vertical  plane  containing  this 
normal  which  we  shall  call  the  "flexural  couple."     The  stress-resultants  and 
stress-couples  depend  upon  the  direction  of  the  dividing  plane,  but  they 
are  known  for  all  such  diretjtions  when  they  are  known  for  two  of  them. 
Clebsch"^  adopted  from  the  Kirchhoff-Gehring  theory  the  approximate  account 
of  the  strain  and  stress  in  a  small  portion  of  the  plate  bounded  by  vertical 
dividing  planes,  and  he  formed  equations  of  equilibrium  of  the  plate  in  terms 
of  stress-resultants  and  stress-couples.     His  equations  fall  into  two  sets,  one 
set  involving  the  tensions  and  horizontal  shearing  forces,  and  the  other  set 
involving  the  stress-couples  and  the  vertical   shearing  forces.     The  latter 
set  of  equations  are  those  which  relate  to  the  bending  of  the  plate,  and  they 
have  such  forms  that,  when  the  expressions  for  the  stress-couples  are  known 
in  terms  of  the  deformation  of  the  middle  plane,  the  vertical  shearing  forces 
can  be  determined,  and  an  equation  can  be  formed  for  the  deflexion  of  the 
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plate.  The  expressions  for  the  couples  can  be  obtained  from  KirchhofF's 
theory.  Clebsch  solved  his  equation  for  the  deflexion  of  a  circular  plate 
clamped  at  the  edge  and  loaded  in  an  arbitrary  manner. 

All  the  theory  of  the  equations  of  equilibrium  in  terms  of  stress-resultants 
and  stress-couples  was  placed  beyond  the  reach  of  criticism  by  Kelvin  and 
Tait".  These  authors  noticed  also,  that,  in  the  case  of  imiform  bending, 
the  expressions  for  the  stress-couples  could  be  deduced  from  Saint-Venant's 
theory  of  the  anticlastic  flexure  of  a  bar ;  and  they  explained  the  union  of 
two  of  Poisson's  boundary  conditions  in  one  of  Kirchhoff's  as  an  example 
of  the  principle  of  the  elastic  equivalence  of  statically  equipollent  systems  of 
load.  More  recent  researches  have  assisted  in  removing  the  difficulties  which 
had  been  felt  in  respect  of  Kirchhoff's  theory^^-  One  obstacle  to  progress 
has  been  the  lack  of  exact  solutions  of  problems  of  the  bending  of  plates 
analogous  to  those  found  by  Saint-Venant  for  beams.  The  few  solutions 
of  this  kind  which  have  been  obtained '''"  tend  to  confirm  the  main  result 
of  the  theory  which  has  not  been  proved  rigorously,  viz.  the  approximate 
expression  of  the  stress-couples  in  terms  of  the  curvature  of  the  middle- 
surface. 

The  problem  of  curved  plates  or  shells  was  first  attacked  from  the  point 
of  view  of  the  general  equations  of  Elasticity  by  H.  Aron''"-  He  expressed 
the  geometry  of  the  middle-surface  by  means  of  two  parameters  after  the 
manner  of  Gauss,  and  he  adapted  to  the  problem  the  method  which  Clebsch 
had  used  for  plates.  He  arrived  at  an  expression  for  the  potential  energy  of 
the  strained  shell  which  is  of  the  same  form  as  that  obtained  by  Kirchhoff 
for  plates,  but  the  quantities  that  define  the  curvature  of  the  middle-surface 
were  replaced  by  the  differences  of  their  values  in  the  strained  and  unstrained 
states.  E.  Mathieu'^^  adapted  to  the  problem  the  method  which  Poisson  had 
used  for  plates.  He  observed  that  the  modes  of  vibration  possible  to  a  shell 
do  not  fall  into  classes  characterized  respectively  by  normal  and  tangential 
displacements,  and  he  adopted  equations  of  motion  that  could  be  deduced 
from  Aron's  formula  for  the  potential  energy  by  retaining  the  terms  that 
depend  on  the  stretching  of  the  middle-surface  only.  Lord  Rayleigh'^'' 
proposed  a  different  theory.  He  concluded  from  physical  reasoning  that 
the  middle-surface  of  a  vibrating  shell  remains  unstretched,  and  determined 
the  character  of  the  displacement  of  a  point  of  the  middle-surface  in  accord- 
ance with  this  condition.     The  direct  application  of  the  Kirchhoff-Gehring 

128  See,  for  example,  J.  Boussinesq,  J.  de  Math.  (Liouville),  (S6r.  2),  t.  16  (1871)  and 
(S6r.  3),  t.  5  (1879 ) ;  H.  Lamb,  London  Math.  Soc.  Proc,  vol.  21  (1890) ;  J.  H.  Michell,  London 
Math.  Soc.  Proc,  vol.  31  (1900),  p.  121  ;   J.  Hadamard,  Trans.  Amer.  Math.  See,  vol.  3  (1902). 

129  Some  solutions  were  given  by  Saint-Venant  in  the  'Annotated  Clebsch,'  pp.  337  et  seq. 
Others  will  be  found  in  Chapter  XXn  of  this  book. 

"0  j.f^  Math.  (Grelle),  Bd.  78  (1874). 

i»i  /.  de  Vllcole  poly  technique,  t.  51  (1883). 

"2  London  Math.  Soc.  Proc,  vol.  13  (1882). 
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method'*"  led  to  a  formula  for  the  potential  energy  of  the  same  form  as 
Aron's  and  to  equations  of  motion  and  boundarj'  conditions  which  were 
difficult  to  reconcile  with  Lord  Kayleigh's  theory.  Later  investigations  have 
shown  that  the  extensional  strain  which  was  thus  proved  to  be  a  necessary 
concomitant  of  the  vibrations  may  be  practically  confined  to  a  narrow  region 
near  the  edge  of  the  shell,  but  that,  in  this  region,  it  may  be  so  adjusted  as 
to  secure  the  satisfaction  of  the  boundary  conditions  while  the  greater  part 
of  the  shell  vibrates  according  to  Lord  Rayleigh's  type. 

Whenever  very  thin  rods  or  plates  are  employed  in  constructions  it 
becomes  necessary  to  consider  the  possibility  of  buckling,  and  thus  there 
arises  the  general  problem  of  elastic  stability.  We  have  already  seen  that 
the  first  investigations  of  problems  of  this  kind  were  made  by  Euler  and 
Lagrange.  A  number  of  isolated  problems  have  been  solved.  In  all  of  them 
two  modes  of  equilibrium  with  the  same  type  of  external  forces  are  possible, 
and  the  ordinary  proof'**  of  the  determinacy  of  the  solution  of  the  equations 
of  Elasticity  is  defective.  A  general  theory  of  elastic  stability  has  been 
proposed  by  G.  H.  Bryan'^.  He  arrived  at  the  result  that  the  theorem  of 
determinacy  cannot  fail  except  in  cases  where  large  relative  displacements 
can  be  accompanied  by  very  small  strains,  as  in  thin  rods  and  plates,  and  in 
cases  where  displacements  differing  but  slightly  from  such  as  are  possible 
in  a  rigid  body  can  take  place,  as  when  a  sphere  is  compressed  within  a 
circular  ring  of  slightly  smaller  diameter.  In  all  cases  where  two  modes  of 
equilibrium  are  possible  the  criterion  for  determining  the  mode  that  will  be 
adopted  is  given  by  the  condition  that  the  energy  must  be  a  minimum. 

The  history  of  the  mathematical  theory  of  Elasticity  shows  clearly  that 
the  development  of  the  theory  has  not  been  guided  exclusively  by  con- 
siderations of  its  utility  for  technical  Mechanics.  Most  of  the  men  by  whose 
researches  it  has  been  founded  and  shaped  have  been  more  interested  in 
Natural  Philosophy  than  in  material  progress,  in  trying  to  understand  the 
world  than  in  trying  to  make  it  more  comfortable.  From  this  attitude  of 
mind  it  may  possibly  have  resulted  that  the  theory  has  contributed  less  to 
the  material  advance  of  mankind  than  it  might  otherwise  have  done.  Be 
this  as  it  may,  the  intellectual  gain  which  has  accrued  from  the  work  of  these 
men  must  be  estimated  very  highly.  The  discussions  that  have  taken  place 
concerning  the  number  and  meaning  of  the  elastic  constants  have  thrown 
light  on  most  recondite  questions  concerning  the  nature  of  molecules  and 
the  mode  of  their  interaction.  The  efforts  that  have  been  made  to  explain 
optical  phenomena  by  means  of  the  hypothesis  of  a  medium  having  the  same 
physical  character  as  an  elastic  solid  body  led,  in  the  first  instance,  to  the 
understanding   of  a   concrete  example  of   a  medium    which  can    transmit 

'*"  A.  E.  H.  Love,  Phil.  Trails.  Roy.  Soc.  (Ser.  A),  vol.  179  (1888). 
"'  Kirchhoff,  Yorlemngen  Uber  math.  Phys.,  Mechanik. 
'»  Cambridge  Phil.  Soc.  Proc,  vol.  6  (1889),  p.  199. 
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transverse  vibrations,  and,  at  a  later  stage,  to  the  definite  conclusion  that 
the  luminiferous  medium  has  not  the  physical  character  assumed  in  the 
hypothesis.  They  have  thus  issued  in  an  essential  widening  of  our  ideas 
concerning  the  nature  of  the  aether  and  the  nature  of  luminous  vibrations. 
The  methods  that  have  been  devised  for  solving  the  equations  of  equilibrium 
of  an  isotropic  solid  body  form  part  of  an  analytical  theory  which  is  of  great 
importance  in  pure  mathematics.  The  application  of  these  methods  to  the 
problem  of  the  internal  constitution  of  the  Earth  has  led  to  results  which 
must  influence  profoundly  the- course  of  speculative  thought  both  in  Geology 
and  in  cosmical  Physics.  Even  in  the  moi'e  technical  problems,  such  as  the 
transmission  of  force  and  the  resistance  of  bars  and  plates,  attention  has  been 
directed,  for  the  most  part,  rather  to  theoretical  than  to  practical  aspects  of 
the  questions.  To  get  insight  into  what  goes  on  in  impact,  to  bring  the 
theory  of  the  behaviour  of  thin  bars  and  plates  into  accord  with  the  general 
equations — these  and  such-like  aims  have  been  more  attractive  to  most  of 
the  men  to  whom  we  owe  the  theory  than  endeavours  to  devise  means  for 
efifecting  economies  in  engineering  constructions  or  to  ascertain  the  conditions 
in  which  structures  become  unsafe.  The  fact  that  much  material  progress  is 
the  indirect  outcome  of  work  done  in  this  spirit  is  not  without  significance. 
►  The  equally  significant  fact  that  most  great  advances  in  Natural  Philosophy 
have  been  made  by  men  who  had  a  first-hand  acquaintance  with  practical 
needs  and  experimental  methods  has  often  been  emphasized ;  and,  although 
the  names  of  Green,  Poisson,  Cauchy  show  that  the  rule  is  not  without 
important  exceptions,  yet  it  is  exemplified  well  in  the  history  of  our  science. 


CHAPTER  I. 


ANALYSIS  OF  STRAIN. 


1 .     Extension. 

Whenever,  owing  to  any  cause,  changes  take  place  in  the  relative 
positions  of  the  parts  of  a  body  the  body  is  said  to  be  "  strained."  A  very 
simple  example  of  a  strained  body  is  a  stretched  bar.  Consider  a  bar  of 
square  section  suspended  vertically  and  loaded  with  a  weight  at  its  lower 
end.  Let  a  line  be  traced  on  the  bar  in  the  direction  of  its  length,  let 
two  points  of  the  line  be  marked,  and  let  the  distance  between  these  points, 
be  measured.  When  the  weight  is  attached  the  distance  in  question  is 
a  little  greater  than  it  was  before  the  weight  was  attached.  Let  l^  be  the 
length  before  stretching,  and  I  the  length  when  stretched.  Then  {l  —  Q/h 
is  a  number  (generally  a  very  small  fraction)  which  is  called  the  extension  of 
the  line  in  question.  If  this  number  is  the  same  for  all  lines  parallel  to  the 
length  of  the  bar,  it  may  be  called  "  the  extension  of  the  bar."  A  steel 
bar  of  sectional  area  1  square  inch  (=  6"4515  cm.^)  loaded  with  1  ton 
(=  1016"05  kilogrammes)  will  undergo  an  extension  of  about  7  x  10~°.  It 
is  clear  that  for  the  measurement  of  such  small  quantities  as  this  rather 
elaborate  apparatus  and  refined  methods  of  observation  are  required*. 
Without  attending  to  methods  of  measurement  we  may  consider  a  little 
more  in  detail  the  state  of  strain  in  the  stretched  bar.  Let  e  denote  the 
extension  of  the  bar,  so  that  its  length  is  increased  in  the  ratio  1  +  e  :  1,  and 
consider  the  volume  of  the  portion  of  the  bar  contained  between  any  two 
marked  sections.  This  volume  is  increased  by  stretching  the  bar,  but  not 
in  the  ratio  1  +  e  :  1.  When  the  bar  is  stretched  longitudinally  it  contracts 
laterally.  If  the  linear  lateral  contraction  is  e,  the  sectional  area  is  dimi- 
nished in  the  ratio  (1  — e')^:l,  and  the  volume  in  question  is  increased 
in  the  ratio  (1  +  e)  (1  —  e'f  :  1.  In  the  case  of  a  bar  under  tension  e'  is  a 
certain  multiple  of  e,  say  ere,  and  <r  is  about  ^  or  ^  for  very  many  materials. 
If  e  is  very  small  and  e^  is  neglected,  the  areal  contraction  is  2a-e,  and  the 
cubical  dilatation  is  (1  —  2a)  e. 

*  See,  for  example,  Ewing,  Strength  of  Materials  (Cambridge,  1899),  pp.  73  et  seq. 
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For  the  analytical  description  of  the  state  of  strain  in  the  bar  we  should 
take  an  origin  of  coordinates  x,  y,  z  on  the  axis,  and  measure  the  coordinate  z 
along  the  length  of  the  bar.  Any  particle  of  the  bar  which  has  the  co- 
ordinates X,  y,  z  when  the  weight  is  not  attached  will  move  after  the 
attachment  of  the  weight  into  a  new  position.  Let  the  particle  which  was 
at  the  origin  move  through  a  distance  z^,  then  the  particle  which  was  at 
{x,  y,  z)  moves  to  the  point  of  which  the  coordinates  are 
x{\-<re),      y{l-a-e),      z^  +  {z  -  z^)  (I  +  e). 

The  state  of  strain  is  not  very  simple.  If  lateral  forces  could  be  applied 
to  the  bar  to  prevent  the  lateral  contraction  the  state  of  strain  would  be 
very  much  simplified.     It  would  then  be  described  as  a  "  simple  extension." 

2.  Pure  shear. 

As  a  second  example  of  strain  let  us  suppose  that  lateral  forces  are 
applied  to  the  bar  so  as  to  produce  extension  of  amount  e,  of  lines  parallel 
to  the  axis  of  x  and  extension  of  amount  e^  of  lines  parallel  to  the  axis  of  y, 
and  that  longitudinal  forces  are  applied,  if  any  are  required,  to  prevent 
any  extension  or  contraction  parallel  to  the  axis  of  z.  The  particle  which 
was  at  (x,  y,  z),  will  move  to  (x  +  e^x,  y  +  e^,  z)  and  the  area  of  the  section 
will  be  increased  in  the  ratio  (1  +  e,)  (1  +  ej  :  1.  If  e^  and  e^  are  related 
so  that  this  ratio  is  equal  to  unity  there  will  be  no  change  in  the  area 
of  the  section  or  in  the  volume  of  any  portion  of  the  bar,  but  the  shape 
of  the  section  will  be  distorted.  Either  e,  or  e^  is  then  negative,  or  there 
is  contraction  of  the  corresponding  set  of  lines.  The  strain  set  up  in  the 
bar  is  called  "pure  shear."  Fig.  1  below  shows  a  square  ABGD  distorted 
by  pure  shear  into  a  rhombus  A'B'G'D'  of  the  same  area. 

3.  Simple  shear. 

As  a  third  example  of  strain  let  us  suppose  that  the  bar  after  being 
distorted  by  pure  shear  is  turned  bodily  about  its  axis.  We  suppose  that 
the  axis  of  x  is  the  direction  in  which  contraction  takes  place,  and  we  put 

62  —  61  =  2  tan  a. 
Then  we  can  show  that,  if  the  rotation  is  of  amount  a  in  the  sense  from 
y  to  X,  the  position  reached  by  any  particle  is  one  that  could  have  been 
reached  by  the  sliding  of  all  the  particles  in  the  direction  of  a  certain  line 
through  distances  proportional  to  the  distances  of  the  particles  from  a  certain 
plane  containing  this  line. 

Since  (1+  fj)  (1  +  e^  =  1,  and  eg  -  €1  =  2  tan  a,  we  have 

l  +  ej  =  sec  a  — tan  a,     l+€2=seca  +  tan  a. 
By  the  pure  shear,  the  particle  which  was  at  {x,  y)  is  moved  to  {x^,  y^,  where 

Xi=x  (sec  a—  tan  a),    yi=y  (sec  a+tan  a) ; 
and  by  the  rotation  it  is  moved  again  to  {x^,  y^),  where 

^2 = ■»!  cos  a  +yi  sin  a,    yi=  - x^  sin  a  +yi  cos  a ; 

L.    E.  3 
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so  that  we  have 


3;2=a:  +  ta,na  {-a;cos  a+y  (1+sina)}, 


and  that 


i/^=y  +  ta.ua{  —  x(l—sma)+ycoaa}. 

'Sow,  writing  0  for  ^jt  — a,  we  have 

.r2=:j;+2  tan  acoa^^{-x  sin  -J/S+y  cos  i/3), 
y2=i/  +  2tanasini^(-^sin||3+ycos|/3)  ; 

and  we  can  obsen^e  that 

-  X2  sin  ^/3+y2  cos^/3=  -^  sin  ^0+y  cos  J/S, 

a.'2  cos  i/3+y2  siu  i^=x  cos  J^+y  sin  ^/3+2  tan  a  ( -  a-  sin  ^/3  +y  cos  |/3). 

Hence,  taking  axes  of  X  and  Y  which  are  obtained  from  those  of  on 
and  y  by  a  rotation  through  ^tt  —  ^a  in  the  sense  from  x  towards  y,  we  see 
that  the  particle  which  was  at  {X,  Y)  is  moved  by  the  pure  shear  followed 
by  the  rotation  to  the  point  (Xj,  Y^),  where 

Zj  =  X  +  2  tan  a .  Y,  Y,  =  F. 
Thus  every  plane  of  the  material  which  is  parallel  to  the  plane  of  {X,  z) 
slides  along  itself  in  the  direction  of  the  axis  of  X  through  a  distance 
proportional  to  the  distance  of  the  plane  from  the  plane  of  (X,  z).  The 
kind  of  strain  just  described  is  called  a  "  simple  shear,"  the  angle  a  is  the 
"  angle  of  the  shear,"  and  2  tan  a  is  the  "  amount  of  the  shear." 


Fig.  1. 
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Fig.  1  shows  a  square  ABGD  distorted  by  pure  shear  into  a  rhombus 
A'B'G'jy  of  the  same  area,  which  is  then  rotated  into  the  position  J. "5" CD". 
The  angle  of  the  shear  is  A'OA",  and  the  angle  AOX  is  half  the  complement 
of  this  angle.  The  lines  AA",  BB",  GO",  BD"  are  parallel  to  OX  and  propor- 
tional to  their  distances  from  it. 

We  shall  find  that  all  kinds  of  strain  can  be  described  in  terms  of 
simple  extension  and  simple  shear,  but  for  the  discussion  of  complex  states 
of  strain  and  for  the  expression  of  them  by  means  of  simpler  strains  we 
require  a  general  kinematical  theory*. 

4.  Displacement. 

"We  have,  in  every  case,  to  distinguish  two  states  of  a  body — a  first 
state,  and  a  second  state.  The  particles  of  the  body  pass  from  their 
positions  in  the  first  state  to  their  positions  in  the  second  state  by  a  displace- 
ment. The  displacement  may  be  such  that  the  line  joining  any  two  particles 
of  the  body  has  the  same  length  in  the  second  state  as  it  has  in  the  first ; 
the  displacement  is  then  one  which  would  be  possible  in  a  rigid  body. 
If  the  displacement  alters  the  length  of  any  line,  the  second  state  of  the 
body  is  described  as  a  "  strained  state,''  and  then  the  first  state  is  described 
as  the  "  unstrained  state." 

In  what  follows  we  shall  denote  the  coordinates  of  the  point  occupied 
by  a  particle,  in  the  unstrained  state  of  the  body,  by  x,  y,  z,  and  the  co- 
ordinates of  the  point  occupied  by  the  same  particle  in  the  strained  state 
by  x+u,  y  +  v,  z  +  w.  Then  u,  v,  w  are  the  projections  on  the  axes  of 
a  vector  quantity — the  displacement.  We  must  take  u,  v,  w  to  be  con- 
tinuous functions  of  x,  y,  z,  and  we  shall  in  general  assume  that  they  are 
analytic  functions. 

It  is  clear  that,  if  the  displacement  (u,  v,  w)  is  given,  the  strained  state 
is  entirely  determined;  in  particular,  the  length  of  the  line  joining  any 
two  particles  can  be  determined. 

5.  Displacement  in  simple  extension  and  simple  shear. 

The  displacement  in  a  simple  extension  parallel  to  the  axis  of  x  is  given  by  the 

equations 

u  =  ex,    v  =  0,    w=0, 

where  e  is  the  amount  of  the  extension.     If  e  is  negative  there  is  contraction. 

The  displacement  in  a  simple  shear  of  amount  s(=2tana),  by  which  lines  parallel  to 
the  axis  of  a:  slide  along  themselves,  and  particles  in  any  plane  parallel  to  the  plane  of 
(x,  If)  remain  in  that  plane,  is  given  by  the  equations 

u—iy,    j'=0,    w=0. 

*  The  greater  part  of  the  theory  ia  due  to  Cauohy  (See  Introduction).  Some  improvements 
were  made  by  Clebsch  in  his  treatise  of  1862,  and  others  were  made  by  Kelvin  and  Tait,  Hat.  Phil. 
Part  I. 
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In  Fig.  2,  AB  is  a  segment  of  a  line  parallel  to  the  axis  of  x,  which  subtends  an  angle 
2a  at  0  and  is  bisected  by  Ot/.  By  the  simple  shear  particles  lying  on  the  line  OA  are 
displaced  so  as  to  lie  on  OB.  The  particle  at  any  point  P  on  ^  B  is  displaced  to  Q  on  AB 
so  that  PQ=  AB,  and  the  particles  on  OP  are  displaced  to  points  on  OQ.  A  parallelogram 
such  as  OPNM  becomes  a  parallelogram  such  as  OQKM. 


Fig.  2. 


If  the  angle  xOP=  6  we  may  prove  that 
2  tan  a  tan^  6 


tan  POQ= 


ta,n  xOQ  = 


tan  6 


1  +  2  tan  a  tan  d 


"sec2e  +  2tanatand' 

In  particular,  if  6=i-n-,  cot  xOQ  =  s,  so  that,  if  s  is  small,  it  is  the  complement  of  the 
angle  in  the  strained  state  between  two  lines  of  particles  which,  in  the  unstrained  state> 
were  at  right  angles  to  each  other. 

6.     Homogeneous  strain. 

Id  the  cases  of  simple  extension  and  simple  shear,  the  component  dis- 
placements are  expressed  as  linear  functions  of  the  coordinates.  In  general, 
if  a  body  is  strained  so  that  the  component  displacements  can  be  expressed 
in  this  way,  the  strain   is  said  to  be  homogeneous. 

Let  the  displacement  corresponding  with  a  homogeneous  strain  be  given 
by  the  equations 

u^OraX^-a^^y  +  a-isZ,       v  =  a^x  +  a^y -\- a^z,      w  =  Os^x  +  a^^y  +  a^z. 

Since  x,  y,  z  are  changed  into  x  +  u,  y  +  v,  z  +  w,  that  is,  are  transformed 
by  a  linear  substitution,  any  plane  is  transformed  into  a  plane,  and  any 
ellipsoid  is  transformed,  in  general,  into  an  ellipsoid.  We  infer  at  once 
the  following  characteristics  of  homogeneous  strain : — (i)  Straight  lines 
remain  straight,  (ii)  Parallel  straight  lines  remain  parallel.  (iii)  All 
straight  lines  in  the  same  direction  are  extended,  or  contracted,  in  the 
same  ratio,  (iv)  A  sphere  is  transformed  into  an  ellipsoid,  and  any  three 
orthogonal  diameters  of  the  sphere  are  transformed  into  three  conjugate 
diameters  of  the  ellipsoid.  (v)  Any  ellipsoid  of  a  certain  shape  and 
orientation  is  transformed  into  a  sphere,  and  any  set  of  conjugate  diameters. 
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of  the  ellipsoid  is  transformed  into  a  set  of  orthogonal  diameters  of  the 
sphere,  (vi)  There  is  one  set  of  three  orthogonal  lines  in  the  unstrained 
state  which  remain  orthogonal  after  the  strain ;  the  directions  of  these  lines 
are  in  general  altered  by  the  strain.  In  the  unstrained  state  they  are  the 
principal  axes  of  the  ellipsoid  referred  to  in  (v) ;  in  the  strained  state,  they 
are  the  principal  axes  of  the  ellipsoid  referred  to  in  (iv). 

The  ellipsoid  referred  to  in  (iv)  is  called  the  strain  ellipsoid;  it  has 
the  property  that  the  ratio  of  the  length  of  a  line,  which  has  a  given 
direction  in  the  strained  state,  to  the  length  of  the  corresponding  line  in 
the  unstrained  state,  is  proportional  to  the  central  radius  vector  of  the 
surface  drawn  in  the  given  direction.  The  ellipsoid  referred  to  in  (v)  may 
be  called  the  reciprocal  strain  ellipsoid  ;  it  has  the  property  that  the  length 
of  a  line,  which  has  a  given  direction  in  the  unstrained  state,  is  increased 
by  the  strain  in  a  ratio  inversely  proportional  to  the  central  radius  vector 
of  the  surface  drawn  in  the  given  direction. 

The  principal  axes  of  the  reciprocal  strain  ellipsoid  are  called  the 
principal  axes  of  the  strain.  The  extensions  of  lines  drawn  in  these 
directions,  in  the  unstrained  state,  are  stationary  for  small  variations  of 
direction.     One  of  them  is  the  greatest  extension,  and  another  the  smallest. 

7.     Relative  displacement. 

Proceeding  now  to  the  general  case,  in  which  the  strain  is  not  necessarily 
homogeneous,  we  take  {x  +  x,  y  +  y,  z  +  z)  to  be  a  point  near  to  (x,  y,  z), 
and  (m  +  u,  «  +  v,  w  +  w)  to  be  the  corresponding  displacement.  There 
will  be  expressions  for  the  components  u,  v,  w  of  the  relative  displacement 
as  series  in  powers  of  x,  y,  z,  viz.  we  have 


•(I)' 


_     9m  9m  9m 

dx  dy  dz 

dv  dv  dv 

dx  dy  dz      '" 

_     dw  dw  dw 

dx  dy  dz       "    ' 

where  the  terms  that  are  riot  written  contain  powers  of  x,  y,  z  above  the 
first.  When  x,  y,  z  are  sufficiently  small,  the  latter  terms  may  be  neglected. 
The  quantities  u,  v,  w  are  the  displacements  of  a  particle  which,  in  the 
unstrained  state,  is  at  (x  +  x,  y+y,  z  +  z),  relative  to  the  pai'ticle  which, 
in  the  same  state,  is  at  (x,  y,  z).  We  may  accordingly  say  that,  in  a 
sufficiently  small  neighbourhood  of  any  point,  the  relative  displacements 
are  linear  functions  of  the  relative  coordinates.  In  other  words,  the  strain 
ahout  any  point  is  sensibly  homogeneous.  All  that  we  have  said  about  the 
effects  of  homogeneous  strain  upon  straight  lines  will  remain  true  for  linear 
elements  going  out  from  a  point.     In  particular,  there  will  be  one  set  of 
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three  orthogonal  linear  elements,  in  the  unstrained  state,  which  remain 
orthogonal  after  the  strain,  but  the  directions  of  these  lines  are  in  general 
altered  by  the  strain.  The  directions,  in  the  unstrained  state,  of  these  linear 
elements  at  any  point  are  the  "  principal  axes  of  the  strain  "  at  the  point. 

8.     Analysis  of  the  relative  displacement*. 

In  the  discussion  of  the  formulae  (1)  we  shall  confine  our  attention  to 
the  displacement  near  a  point,  and  shall  neglect  terms  in  x,  y,  z  above  the 
first.     It  is  convenient  to  introduce  the  following  notations : — 


du 
^'^'di 

dv 

dw 

dw      dv 
^y'~dy^dz  ' 

du     dw 
^'^'dz^dx' 

dv      du 
^''^'dx^dy' 

dw     dv 

„         du     dw 

^"^"^dz'd^' 

„          dv      die 
'     dx      dy  '■ 

.(2) 


The  formulae  (1)  may  then  be  written 

u  =    e^acX  +  \exyj  +  \exz^  -  ■^zY  +  -^y^,  I 

v=|ea;j,x+   e^y  +  ^gy^z  -  ■nra;Z  +  CT^x,  ^    (3) 

w  =  |ea;jX  +  \ey^-Y  +    e^^z  -  ts^  +  OT^y. ) 

The  relative  displacement  is  thus  represented  as  the  resultant  of  two 
displacements,  expressed  respectively  by  such  forms  as  exxX  +  ^exy7  +  -^exzZ 
and  —  ra-^y  +  ■sTyZ ;  and  there  is  a  fundamental  kinematical  distinction  be- 
tween the  cases  in  which  the  latter  displacement  vanishes  and  the  cases  in 
which  it  does  not  vanish.  When  it  vanishes,  that  is  when  ■ar^,  OTj,,  t^z  vanish, 
the  component  displacements  are  the  partial  differential  coefficients,  with 
respect  to  the  coordinates,  of  a  single  function  cj),  so  that 

deb  dd)  deb 

""^dx'  '^^'         ""^dz' 

and  the  line-integral  of  the  tangential  component  of  the  displacement  taken 
round  any  closed  curve  vanishes,  provided  that  the  curve  can  be  contracted 
to  a  point  without  passing  out  of  the  space  occupied  by  the  body.  Such  a 
function  as  <b  would  be  called  a  "displacement-potential."  Through  each 
point  (x,  y,  z)  there  passes  one  quadric  surface  of  the  family 

e^x^  -\- Byyj'^  +  ez^z''  -^  eyzyz  +  ezxXx.  +  e^yXy  =  const (4) 

and  the  displacement  that  is  derived,  as  above,  from  a  displacement-potential, 
is,  at  each  point,  directed  along  the  normal  to  that  surface  of  the  family  (4) 
which  passes  through  the  point.  The  linear  elements  that  lie  along  the 
principal  axes  of  these  quadrics  in  the  unstrained  state  continue  to  do  so  in 
the  strained  state,  or  the  three  orthogonal  linear  elements  which  remain 
orthogonal  retain  their  primitive  directions.  The  strain  involved  in  such 
*  Stokes,  Cambridge  Phil.  Soc.  Trans,  vol.  8  (1845),  Math,  and  Phijg.  Papers,  vol.  1,  p.  75. 
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displacements  is  described  as  a  "pure  strain."  We  learn  that  the  relative 
displacement  is  always  compounded  of  a  displacement  involving  a  pure 
strain  and  a  displacement  represented  by  such  expressions  as  — 'sr^y  +  THyZ. 
The  line-integral  of  the  latter  displacement  taken  round  a  closed  curve  does 
not  vanish  (cf.  Article  15,  infra).  If  the  quantities  -sr^,  OT,y,  ■stj  are  small,  the 
terms  such  as  —  iir^y  +  vTyZ  represent  a  displacement  that  would  be  possible 
in  a  rigid  body,  viz.  a  small  rotation  of  amount  \/(OTa;^  +  OTj,^  +  ■sr/)  about  an  axis 
in  direction  {zr^ :  ■u^y  :  '^^.  For  this  reason  the  displacement  corresponding 
with  a  pure  strain  is  often  described  as  "  irrotational." 

9.     Strain  corresponding  with  small  displacement*. 

It  is  clear  that  the  changes  of  size  and  shape  of  all  parts  of  a  body  will 
be  determined  when  the  length,  in  the  strained  state,  of  every  line  is  known. 
Let  I,  TO,  n  be  the  direction  cosines  of  a  line  going  out  from  the  point 
{x,  y,  z).  Take  a  very  short  length  r  along  this  line,  so  that  the  coordinates 
of  a  neighbouring  point  on  the  line  are  x  +  Ir,  y  +  mr,  z  +  nr.  After  strain 
the  particle  that  was  at  (a?,  y,  z)  comes  to  {x+u,  y  +  v,  z  +  w),  and  the 
particle  that  was  at  the  neighbouring  point  comes  to  the  point  of  which  the 
coordinates  are 

,  /,3m  du        9m" 

x+  Ir  +u  +  r  [l^  -t-m^+n^- 

V  dx  By         oz. 

,  dv  dv         dv 


y  +  m,r  +  v+r{l^^+m^y+n^^),        (5) 


f^dw  dw  .     dw 

z  +  nr  +w+r  [It^  +  m-i^  +n 
\  dx  ay 

provided  r  is  so  small  that  we  may  neglect  its  square.     Let  r^  be  the  length 
after  strain  which  corresponds  with  r  before  strain.     Then  we  have 

du\         du         du] '      i,dv  ,       f^   ,   dv\  ,  ^  dvY 


r'  =  r' 


■f,/,      du\         du  ,      du]\    {jdv  ,       /.   ,   ^v\,„ov 
(,dw  ,       9w  ,      /i   ,  SwN 


(6) 

When  the  relative  displacements  are  very  small,  and  squares  and  products  of 
such  quantities  as  5^,  •••  can  be  neglected,  this  formula  passes  over  into 

ri  =  r  [1  +  e^t'  +  eyyiri'  +  e^^n""  +  ey^mn  +  e^^^nl  +  e^ylm] (7) 

where  the  notation  is  the  same  as  that  in  equations  (2). 

*  In  the  applications  of  the  theory  to  strains  in  elastic  solid  bodies,  the  displacements  that 
have  to  be  considered  are  in  general  so  small  that  squares  and  products  of  first  differential 
coefficients  of  u,  v,  to  with  respect  to  x,  y,  z  can  be  neglected  in  comparison  with  their  first  powers. 
The  more  general  theory  in  which  this  simplification  is  not  made  will  be  discussed  in  the  Appendix 
to  this  Chapter. 
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10.     Components  of  strain*. 

By  the  formula  (7)  we  know  the  length  r^  of  a  line  which,  in  the  un- 
strained state,  has  an  assigned  short  length  r  and  an  assigned  direction 
{I,  m,  n),  as  soon  as  we  know  the  values  of  the  six  quantities  Bxx,  Syy,  e^z,  Byz, 
e^x,  Sxy  These  six  quantities  are  called  the  "  components  of  strain."  In  the 
case  of  homogeneous  strain  they  are  constants ;  in  the  more  general  case 
they  are  variable  from  point  to  point  of  a  body. 

The  extension  e  of  the  short  line  in  direction  (I,  m,  n)  is  given  at  once 
by  (7)  in  the  form 

e  =  exxl'  +  ByyVi^  +  e^zn?  +  eyzmn  +  ez^nl  +  exylm,  (8) 

so  that  the  three  quantities  e^x,  Syy,  e^^  are  extensions  of  linear  elements 
which,  in  the  unstrained  state,  are  parallel  to  axes  of  coordinates. 

Again  let  (l^,  m^,  n^  be  the  direction  in  the  strained  state  of  a  linear 
element  which,  in  the  unstrained  state,  has  the  direction  {I,  m,  n),  and  let  e 
be  the  corresponding  extension,  and  let  the  same  letters  with  accents  refer 
to  a  second  linear  element  and  its  extension.  From  the  formulae  (-5)  it 
appears  that 

with  similar  expressions  for  mj,  jij.  The  cosine  of  the  angle  between  the 
two  elements  in  the  strained  state  is  easily  found  in  the  form 

Ilk'  +  miwii'  +  nifii  =  {W  +  mm'  +  nn')  (1  -  e  -  e')  +  2  {exxW  +  Byymm'  +  Bann) 

+  Byz  {mn'  +  m'n)  +  e^^  {nV  +  n'l)  +  e^y  (Im'  +  I'm) (9) 

If  the  two  lines  in  the  unstrained  state  are  the  axes  of  a;  and  y  the  cosine 
of  the  angle  between  the  corresponding  lines  in  the  strained  state  is  e^y.  In 
like  manner  Cyz  and  e^x  are  the  cosines  of  the  angles,  in  the  strained  state, 
between  pairs  of  lines  which,  in  the  unstrained  state,  are  parallel  to  pairs  of 
axes  of  coordinates. 

Another  interpretation  of  the  strain-components  of  type  e^y  is  afforded 
immediately  by  such  equations  as 

dv      du 

dx     By 

from  which  it  appears  that  e^  is  made  up  of  two  simple  shears.  In  one  of 
these  simple  shears  planes  of  the  material  which  are  at  right  angles  to  the 

When  the  relative  displacement  is  not  small  the  strain  is  not  specified  completely  by  the 
quantities  e^,  ...  e^^,  ... .  This  matter  is  considered  in  the  Appendix  to  this  Chapter.  Lord  Kelvin 
has  called  attention  to  the  unsymmetrical  character  of  the  strain-components  here  specified. 
Three  of  them,  in  fact,  are  extensions  and  the  remaining  three  are  shearing  strains.  He  has 
worked  out  a  symmetrical  system  of  strain-components  which  would  be  the  extensions  of  lines 
parallel  to  the  edges  of  a  tetrahedron.  See  Edinburgh,  Proc.  Roy.  Soc,  vol.  24  (1902),  and 
Phil.  Mag.  (Ser.  6),  vol.  3  (1902),  pp.  95  and  444. 
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axis  of  x  slide  in  the  direction  of  the  axis  of  y,  while  in  the  other  these  axes 
are  interchanged.  The  strain  denoted  by  e^  will  be  called  the  "  shearing 
strain  corresponding  with  the  directions  of  the  axes  of  x.  and  y" 

The  change  of  volume  of  any  small  portion  of  the  body  can  be  expressed 
in  terms  of  the  components  of  strain.  The  ratio  of  corresponding  very  small 
volumes  in  the  strained  and  unstrained  states  is  expressed  by  the  functional 
determinant 

^      3m  3m  3m 

dx'  dy'  dz 

dv       ^      dv  dv 

dx'  dy'  dz 

dw  dw       ^      dw 

dx '  dy'  dz 

and,  when  squares  and  products  of  du/dx,...  are  neglected,  this  becomes 

^  ^  ^ 

1  +  g^  +  r-  +  g- ,  or  say  1  +  A.     The  quantity  A  which  is  defined  by  the 

equation 

A  ,         ,  du     dv      dw  ,,„. 

A=e..    +    e,,    +    e^=g-+,-     +     g^  (10) 

is  the  increment  of  volume  per  unit  of  volume,  or  the  "  cubical  dilatation," 
often  called  the  "dilatation." 

With  the  introduction  of  the  components  of  strain,  the  interpretation  of 
these  components  and  the  expression  of  the  cubical  dilatation  in  terms 
of  them,  we  have  achieved  a  general  kinematical  theory  of  the  strains  that 
accompany  small  displacements.  The  rest  of  this  Chapter  will  be  devoted 
to  theorems  and  methods  relating  to  small  strains  which  will  be  useful  in  the 
development  of  the  theory  .of  Elasticity. 

11.     The  Strain  Quadric. 

Through  any  point  in  the  neighbourhood  of  (x,  y,  z)  there  passes  one, 
and  only  one,  quadric  surface  of  the  family 

e-raX^  +  SyyS'^  +  ejjZ^  +  e^syz  +  e^zx  +  e^xy  =  const (4  bis) 

Any  one  of  these  quadrics  is  called  a  strain  quadric ;  such  a  surface  has 
the  property  that  the  reciprocal  of  the  square  of  its  central  radius  vector  in 
any  direction  is  proportional  to  the  extension  of  a  line  in  that  direction. 

If  the  quadric  is  an  ellipsoid,  all  lines  issuing  from  the  point  (x,  y,  z)  are 
extended,  or  else  all  are  contracted ;  if  the  quadric  is  an  hyperboloid,  some 
lines  are  extended  and  others  contracted ;  and  these  sets  of  lines  are 
separated  by  the  common  asymptotic  cone  of  the  surfaces.  Lines  which 
undergo  no  extension  or  contraction  are  generators  of  this  cone. 

The  directions  of  lines,  in  the  unstrained  state,  for  which  the  extension 
is  a  maximum  or  a  minimum,  or  is  stationary  without  being  a  true  maximum 
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or  minimum,  are  the  principal  axes  of  the  quadrics  (4).  These  axes  are 
therefore  the  principal  axes  of  the  strain  (Article  7),  and  the  extensions 
in  the  directions  of  these  axes  are  the  "  principal  extensions."  When  the- 
quadrics  are' referred  to  their  principal  axes,  the  left-hand  member  of  (4). 
takes  the  form 

wherein  the  coefficients  e^,  e^,  e^  are  the  values  of  the  principal  extensions. 

We  now  see  that,  in  order  to  specify  completely  a  state  of  strain,  we- 
require  to  know  the  directions  of  the  principal  axes  of  the  strain,  and  the- 
magnitudes  of  the  principal  extensions  at  each  point  of  the  body.  With 
the  point  we  may  associate  a  certain  quadric  surface  which  enables  us  to- 
express  the  strain  at  the  point. 

The  directions  of  the  principal  axes  of  the  strain  are  determined  as  follows : — let  I,  m,  n 
be  the  direction  cosines  of  one  of  these  axes,  then  we  have 

I  m  n,  ' 

and,  if  e  is  written  for  either  of  these  three  quantities,  the  three  possible  values  of  e  are-' 
the  roots  of  the  equation 

'Z^xy  ^yy  ~  ^  2^yz  .     ^^ "  j 

2^xz  2^yz  ^zz  ~-  ^ 

these  roots  are  real,  and  they  are  the  values  of  the  principal  extensions  e^,  e^,  e^. 

12.     Transformation  of  the  components  of  strain. 

The  same  state  of  strain  may  be  specified  by  means  of  its  components  ' 
referred  to  any  system  of  rectangular  axes ;  and  the  components  referred  to 
any  one  system  must  therefore  be  determinate  when  the  components  referred 
to  some  other  system,  and  the  relative  situation  of  the  two  systems,  are 
known.  The  determination  can  be  made  at  once  by  using  the  property  of 
the  strain  quadric,  viz.  that  the  reciprocal  of  the  square  of  the  radius  vector 
in  any  direction  is  proportional  to  the  extension  of  a  line  in  that  direction.. 
We  shall  take  the  coordinates  of  a  point  referred  to  the  first  system  of  axes 
to  be,  as  before,  x,  y,  z,  and  those  of  the  same  point  referred  to  the  second! 
system  of  axes  to  be  x' ,  y' ,  z\  and  we  shall  suppose  the  second  system  to  be- 
connected  with  the  first  by  the  orthogonal  scheme 
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Further  we  shall  suppose  that   the  determinant  of  the  transformation   is. 
1  (not  - 1),  so  that  the  second  system  can  be  derived  from  the  first  by  an 
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operation  of  rotation*.     We  shall  write  e^-^.,  ey^y,  e^^,  e^y,  e^^,  e^y  for  the 
components  of  strain  referred  to  the  second  system. 

The  relative  coordinates  of  points  in  the  neighbourhood  of  a,  given  point 
may  be  denoted  by  x,  y,  z  in  the  first  system  and  x-,  y',  z'  in  the  second 
system.  These  quantities  are  transformed  by  the  same  substitutions  as 
(c,  y,  z  and  «',  y\  z'. 

When  the  form 

e^x^  +  eyyj''  +  ezzZ""  +  ey^jz  +  e^x'xx.  +  e^y-xs 
is  transformed  by  the  above  substitution,  it  becomes 

e^vx'"  +  eyyY'^  +  e/j-z"*  +  ej,'/y'z'  +  s^^%'-x:  +  ea,yx'y'. 
It  follows  that 

endtd  =  exx^^  +  eyyvn,^  +  e^in-i  +  Byz'TihUi  +  ei^n^-^  +  e^syl-jn-^ ,' 

eyif  =  2exxi2ls  +  ^eyyTti^m^  +  lean^n^  +  eyz  {nhn^  +  m^n^     r   (H) 

These  are  the  formulae  of  transformation  of  strain-components. 

13.     Additional  methods  and  results. 

(a)  The  formulse  (11)  might  have  been  inferred  from  the  interpretation  of  e^'x'  as  the 
extension  of  a  linear  element  parallel  to  the  axis  Of  a/,  and  of  e^v  as  the  cosine  of  the  angle 
between  the  positions  after  strain  of  the  linear  elements  which  before  strain  are  parallel  to 
the  axes  of  i/'  and  z". 

(b)  The  formulae  (11)  might  also  have  been  obtained  by  introducing  the  displacement 

(m',  v',  v/)  referred  to  the  axes  of  {xf,  y',  2'),  and  forming  du'fdx' The  displacement  being 

a  vector,  u,  v,  w  are  cogredient  with  x,  y,  ^,  and  we  have  for  example 

e^tv = 9^  =  9^  (^i*' + wii" + %«>) = (^^1  g^ +%  g^ + %  g^ j  (?!« + mil) + Tiiw) 

,  ,3m  ,      „  3i;  ,      ,.3io  ,  Chw  ,  3«)\  ,      -  (hi,  ,  'bw\  ,  ,       /3«  ,  3m\ 

=^1  3^+'"'  3^+'*'   3?+'"i'^i  \jy  +  3-J  +"i^'  fe  +  3^j  +  ^^'"i  ^  +  ^  " 

This  method  may  be  applied  to  the  transformation  of  ■m^,  ■siy,  ra-^.     We  should  find  for 

example 

nrj..  =  Zit<rj;  +  TOicrj,+%crj, (12) 

and  we  might  hence  infer  the  vectorial  character  of  {m^,  '^y,  ■^z)-     The  same  inference 
might  be  drawn  from  the  interpretation  of  th^,  Cj,  'i^z  as  components  of  rotation. 

(c)  According  to  a  well  known  theorem  t  poncerning  the  transformation  of  quadratic 
expressions,  the  following  quantities  are  invariant  in  respect  of  transformations  from  one 
set  of  rectangular  axes  to  another  : 

^xx'T'^vy'^zz: 


y^ez'T ^3e^xx'T  ^xx ^yi 


^  +  V). 


')■   I 


.(13) 


«xt «»!/  fiii. + i  («!/2  ««;  «x»  -  ^xx  ^yz  -  f'yy  "oT  "  "zz'^xy  . 

The  first  of  these  invariants  is  the  expression  for  the  cubical  dilatation. 

*  This  restriction  makes  no  difference  to  the  relations  between  the  components  of  strain 
referred  to  the  two  systems.     It  affects  the  components  of  rotation  Wx,  ^y,  w^. 

t  Salmon,  Geometry  of  three  dimensions,  4th  ed.,  Dublin,  1882,  p.  66. 
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(d)  It  may  be  shown  directly  that  the  following  quantities  are  invariants  : — 

(i)      tzr,2  +  tir,2+=rA 

and  the  direct  verification  may  serve  as  an  exercise  for  the  student.     These  invariants 
could  be  inferred  from  the  fact  that  Wx,  vTy,  otj  are  cogredient  with  x,  y,  z. 

(e)  It  may  be  shown  also  that  the  following  quantities  are  invariants*  :— 

■dx)' 
(iv)    ej  +  V  +  ej  +  J  (e„,2  +  ej  +  e^/)  +  2  (lir^^  +  ^^2  +  ^^2). 

(/)     It  may  be  shown  +  also  that,  in  the  notation  of  Article  7,  the  invariant  (iv)  is 
equal  to 

f  f  f  (u2+v2+w2)c?xc?yrfz 


....     /dwcv     divdv^      /dudw     diidw\      /dv  dti  _^dv  i^. 
^"'^     \b~yWz~  Tzd^)'^\dzdi~didi)^\^dy~dy?^-'' 


///' 


where  the  integrations  are  taken  through  a  very  small  sphere  with  its  centre  at  the  point 

(•^,  y.  2)- 

Ijg)  The  following  result  is  of  some  importance  +  : — If  the  strain  can  be  expressed  by 
shears  «j.j,  e^,  only,  the  remaining  components  being  zero,  then  the  strain  is  a  shearing 
strain  e^' ;  and  the  magnitude  of  this  shear,  and  the  direction  of  the  axis  3/  in  the  plane 
of  X,  y,  are  to  be  found  from  e^,  and  ey,  by  treating  these  quantities  as  the  projections  of  a 
vector  on  the  axes  of  x  and  y. 

14.     Types  of  strain. 

(a)     Uniform  dilatation. 

When  the  strain  quadric  i.s  a  sphere,  the  principal  axes  of  the  strain  are  indeterminate, 
and  the  extension  (or  contraction)  of  all  linear  elements  issuing  from  a  point  is  the  same ; 
or  we  have 

where  A  is  the  cubical  dilatation,  and  the  axes  of  x,  y,  z  are  any  three  orthogonal  lines. 
In  thi.s  case  the  linear  extension  in  any  direction  is  one-third  of  the  cubical  dilatation — 
a  result  which  does  not  hold  in  general. 

(6)     Simple  extension. 

We  may  exemplify  the  use  of  the  methods  and  formulae  of  Article  12  by  finding  the 
components,  referred  to  the  axes  of  x,  y,  z,  of  a  strain  which  is  a  simple  extension,  of 
amount  e,  parallel  to  the  direction  (l,  m,  n).  If  this  direction  were  that  of  the  axis  of  of 
the  form  (4)  would  be  ex'^ ;  and  we  have  therefore 


.  =  el\ 


e„„  =  em2,      e„  =  eH\ 


ey^  =  2emn,     e^  =  2enl,     exy  =  2elm. 

A  .simple   extension   is   accordingly  equivalent   to  a  strain  specified  by  these  six   com- 
ponents. 

It  has  been  proposed  §  to  call  any  kind  of  quantity,  related  to  directions,  which  is- 
equivalent  to  components  in  the  same  way  as  a  simple  exten.'iion,  a  tensor.    Any  strain  is, 

*  The  invariant  (iii)  will  be  useful  in  a  subsequent  investigation  (Chapter  VII.). 
t  E.  Betti,  II  Nuovo  Cimento  (Ser.  2),  t.  7  (1872). 
t  Cf.  Chapter  XIV.  infra. 

§  W.  Voigt,  Gottingeu  Nachr.  (1900),  p.  117.     Cf.  M.  Abraham  in  Ency.  d.  math.  Wiss.  Bd.  i, 
Art.  14. 
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as  we  have  already  seen,  equivalent  to  three  simple  extensions  parallel  to  the  principal 
axes  of  the  sti-ain.  It  has  heen  proposed  to  call  any  kind  of  quantity,  related  to  directions, 
which  is  equivalent  to  components  in  the  same  way  as  a  strain,  a  tensor-triad.  The 
discussion  in  Articles  12  and  13  (6)  brings  out  cleai-ly  the  distinction  between  tensoi-s  and 
vectors. 

(e)     Shearing  strain. 

The  strain  denoted  by  e^„  is  called  "  the  shearing  strain  corresponding  with  the  direc- 
tions of  the  axes  of  x  and  y."  We  have  ah-eady  observed  that  it  is  equal  to  the  cosine  of 
the  angle,  in  the  strained  state,  between  two  linear  elements  which,  in  the  unstrained 
state,  are  parallel  to  these  axes,  and  that  it  is  equivalent  to  two  simple  shears,  consisting 
of  the  relative  sliding,  parallel  to  each  of  these  directions,  of  planes  at  right  angles  to  the 
other.  The  "  shearing  strain  "  is  measiu-ed  by  the  smn  of  the  two  simple  shears  and  is  inde- 
pendent of  their  ratio.  The  change  in  the  length  of  any  Une  and  the  change  in  the  angle 
between  any  two  lines  depend  upon  the  sum  of  the  two  simple  shears  and  not  on  the  ratio 
of  their  amoimts. 

The  components  of  a  strain,  which  is  a  shearing  strain  corresponding  with  the  direc- 
tions of  the  axes  of  y  and  y ,  are  given  by  the  equations 

«ix=*^^2,  ejj,=*»iini2,  e^^snyii.,, 

'!ri=s(m^n^+m.,nj),     e^=s{n^l2+n.Jj),     ex,=s{lim.,+l.ym-^), 

where  s  is  the  amount  of  the  shearing  strain.     The  strain  involves  no  cubical  dilatation. 

If  we  take  the  axes  of  ^'  and  y  to  be  in  the  plane  of  x,  y,  and  suppose  that  the  axes  of 
J-,  y,  z  are  parallel  to  the  principal  axes  of  the  strain,  we  find  that  e^  vanishes,  or  there  is 
no  extension  at  right  angles  to  the  plane  of  the  two  directions  concerned.  In  this  case  we 
have  the  form  siB^  equivalent  to  the  form  e^a^+e^yy^.  It  follows  that  e^=—e„=  +\s, 
and  that  the  principal  axes  of  the  strain  bisect  the  angles  between  the  two  directions 
concerned.  In  other  words  equal  extension  and  contraction  of  two  linear  elements  at 
right  angles  to  each  other  are  equivalent  to  shearing  strain,  which  is  numerically  equal  to 
twice  the  extension  or  contraction,  and  corresponds  vrith  directions  bisecting  the  angles 
between  the  elements. 

We  may  enquire  how  to  choose  two  directions  so  that  the  shearing  strain  corresponding 
with  them  may  be  as  great  as  possible.  It  may  be  shown  that  the  greatest  shearing  strain 
is  equal  to  the  difference  between  the  algebraically  greatest  and  least  principal  extensions, 
and  that  the  corresponding  directions  bisect  the  angles  between  those  principal  axes  of 
the  strain  for  which  the  extensions  are  the  maximum  and  minimum  extensions*. 

{d)    Plane  straiii. 

A  more  general  type,  which  includes  simple  extension  and  shearing  strain  as  particular 
cases,  is  obtained  by  assuming  that  cme  of  the  principal  extensions  is  zero.  If  the  corre- 
sponding principal  axis  is  the  afis  of  z,  the  strain  quadric  becomes  a  cylinder,  standing 
on  a  conic  in  the  plane  of  x,  y,  which  may  be  called  the  strain  conic ;  and  its  equation  can 

be  written 

f ixX*  ■\-eyyy^+ e^  xy = const. ; 

so  that  the  shearing  strains  e^^  and  e^  vanish,  as  well  as  the  extension  e^^.  In  the 
jiarticular  case  of  simple  extension,  the  conic  consists  of  two  parallel  lines ;  in  the  case  of 
shearing  strain,  it  is  a  i-ectangulai-  hyperbola.  If  it  is  a  circle,  there  is  extension  or  con- 
traction, of  the  same  amount,  of  all  linear  elements  issuing  fix>m  the  point  {x,  y,  z)  in 
directions  at  right  angles  to  the  axis  of  z. 

*  The  theorem  here  stated  is  due  to  W.  Hopkins,  Cambridge  Phil.  Soc.  Trans.,  voL  8  (1849). 
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The  relative  displacement  corresponding  with  plane  strain  is  parallel  to  the  plane 
of  the  strain;  or  we  have  w= const.,  while  u  and  v  are  functions  of  x  and  y  only. 
The  axis  of  the  resultant  rotation  is  normal  to  the  plane  of  the  strain.  The  cubical 
dilatation,  A,  and  the  rotation,  c;,  are  connected  with  the  displacement  by  the  equations 

_dii     dv  _dv     du 

~dx     dy'  dx      dy' 

We  can  have  states  of  plane  strain  for  which  both  A  and  cr  vanish  ;  the  strain  is  pure 
shear,  i.e.  shearing  strain  combined  with  such  a  rotation  that  the  principal  axes  of  the 
strain  retain  their  primitive  directions.  In  any  such  state  the  displacement  components 
V,  u  are  conjugate  functions  of  x  and  y,  or  v+iti  is  a,  function  of  the  complex  variable  a;  +  ly. 

15.     Relations  connecting  the  dilatation,  the  rotation  and  the  dis- 
placement. 

The  cubical  dilatation  A  is  connected  with  the  displacement  («,  v,  w)  by  the  equation 

_du     dv      dw 
dx     dy      dz 

A  scalar  quantity  derived  from  a  vector  by  means  of  this  formula  is  described  as  the 
divergence  of  the  vector.     We  write 

A  =  div.  (m,  V,  w) (14) 

This  relation  is  independent  of  coordinates,  and  may  be  expressed  as  follows ; — Let  any 
closed  surface  S  be  drawn  in  the  field  of  the  vector,  and  let  N  denote  the  projection  of  the 
vector  on  the  normal  drawn  outwards  at  any  point  on  S,  also  let  dr  denote  any  element  of 
volume  within  S,  then 


j  j  J^dS=  j  I  j  Adr,    (15) 


the  integration  on  the  right-hand  side  being  taken  through  the  volume  within  S,  and  that 
on  the  left  being  taken  over  the  surface  S*. 

The  rotation  {■sr^,  ■my,  -m^)  is  connected  with  the  displacement  {u,  v,  w)  by  the  equations 

dw     dv  du     dw       ^         dv      du 

^=''==s^-&'    2°^^=&-a^'    ^^^=3^-3^- 

A  vector  quantity  derived  from  another  vector  by  the  process  here  indicated  is  described 
as  the  curl  of  the  other  vector.     We  write 

2(t<7j;,  vTy,  ■ai^—c\a\{u,  v,  w) (16) 

This  relation  is  independent  of  coordinates  t,  and  may  be  expressed  as  follows  : — Let 
any  closed  curve  s  be  drawn  in  the  field  of  the  vector,  and  let  any  surface  S  be  described 
so  as  to  have  the  curve  s  for  an  edge ;  let  T  be  the  resolved  part  of  the  vector  («,  v,  w) 
along  the  tangent  at  any  point  of  «,  and  let  2c7„  be  the  projection  of  the  vector  2  (ot,;  ,  nr^ ,  ■m^) 
on  the  normal  at  any  point  of  S,  then 


I  Tds==[  J2'srrdS, (17) 


*  The  result  is  a  particular  case  of  the  theorem  known  as  '  Green's  theorem.'  See  Ency.  d. 
math.  Wiss.  ii.  A  2,  Nos.  45 — 47. 

t  It  is  assumed  that  the  axes  of  x,  y,  z  form  a  right-handed  system.  If  a  transformation  to 
a  left-handed  system  is  admitted  a  convention  must  be  made  as  to  the  sign  of  the  curl  of  a  vector. 
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the  integration  on  the  right  being  taken  over  the  surface  S,  and  that  on  the  left  being 
taken  along  the  curve  s*. 

16.      Resolution  of  any  strain  into  dilatation  and  shearing  strains. 

When  the  strain  iavolves  no  cubical  dilatation  the  invariant  exx  +  Syy  +  e^^ 
vanishes,  and  it  is  possible  to  choose  rectangular  axes  of  x',  y',  z  so  that  the 
form 

e^x"  +  Byyy^  +  eziz''  +  Byzyz  +  e^^zx  +  e^yxy 

is  transformed  into  the  form 

ey'iiy'z'  +  e/a//a;'  +  e^y'x'y', 

in  which  there  are  no  terms  in  x'^,  y'^,  z'^.     The  strain  is  then  equivalent  to 
shearing  strains  corresponding  with  the  pairs  of  directions 

{y',z'),     (z',x'),     {x',y'). 

When  the  strain  involves  cubical  dilatation  the  displacement  can  be 
analysed  into  tvFO  constituent  displacements,  in  such  a  way  that  the  cubical 
dilatation  corresponding  with  one  of  them  is  zero;  the  strains  derived  from 
this  constituent  are  shearing  strains  only,  when  the  axes  of  reference  are 
■chosen  suitably.  The  displacement  which  gives  rise  to  the  cubical  dilatation 
is  the  gradient!  of  a  scalar  potential  (^),  and  the  remaining  part  of  the 
■displacement  is  the  curl  of  a  vector  potential  (F,  G,  H),  of  which  the 
divergence  vanishes.  To  prove  this  statement  we  have  to  show  that  any 
vector  (m,  v,  w)  can  be  expressed  in  the  form 

(w,  v,w)  =  gradient  of  ^  + curl  (2?*,  Q,  H), (18) 

involving  the  three  equations  of  the  type 

in  which  F,  G,  H  satisfy  the  equation 

dF^dGm^^ (20) 

dx      dy      oz 

In  the  case  of  displacement  in  a  body  this  resolution  must  be  valid  at  all 
points  within  the  surface  bounding  the  body. 

There  are  many  different  ways  of  effecting  this  resolution  of  (u,  v,  w)|. 

*  The  result  is  generally  attributed  to  Stokes.     Cf.  Ency.  d.  math.  Wiss.  ii.  A  2,  No.  46.    It 

implies  that  there  is  a  certain  relation  between  the  sense  in  which  the  integration  along  ds  is 

taken  and  that  in  which  the  normal  v  is  drawn.     This  relation  is  the  same  as  the  relation  of 

rotation  to  translation  in  a  right-handed  screw. 

.    .,  .      /3d.     dtp     d(t>\ 

t  The  gradient  of  (p  is  the  vector  (  g^  ,    g-  ,    gj  1 . 

+  See,  e.g.,  E.  Betti,  II  Nuovo  Gimento  (Ser.  2),  t.  7  (1872),  or  P.  Duhem,  J.  de  Math. 
(LiouvilU),  (S6r.  5),  t.  6  (1900).  The  resolution  was  first  effected  by  Stokes  in  his  memoir  on 
Diffraction.     (See  Introduction,  footnote  80.) 
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We  observe  that  if  it  is  effected  the  dilatation  and  rotation  will  be  expressed 
in  the  forms 

A  =  V2^,     2=7^  =  -^^,     ^■^y=-V'Q,     2'ST,  =  -V'-H, (21) 

the  last  three  holding  good  because  dF/dx  +  dG/dy  +  dHjdz  =  0.  Now  solu- 
tions of  (21)  can  be  written  in  the  forms 

where  r  is  the  distance  between  the  point  {x',  y',  z)  and  the  point  {x,  y,  z) 
at  which  <^,  F,...  are  estimated,  A'  and  {vrj,  TSy ,  in-^')  are  the  values  of  A 
and  {tsx,  '^y,  ^z)  at  the  point  {x,  y',  z'),  atid  the  integration  extends  through 
the  body.  But  the  solutions  given  in  (22)  do  not  always  satisfy  the  equation 
div  {F,  G,H)  =  0.  A  case  in  which  they  do  satisfy  this  equation  is  presented 
when  the  body  extends  indefinitely  in  all  directions,  and  the  displacements 
at  infinite  distances  tend  to  zero  in  the  order  r~^  at  least.  To  see  this  we 
take  the  body  to  be  bounded  by  a  surface  S,  and  write  the  first  of  equations 
(22),  viz. 

'''  =  -^.11]  [d^'  +  By'  +  97  j  r  ^^^y^'^ 
in  the  equivalent  form 

<^  =  —  T-  1 1  -  (m'  cos  i^x,  v)  +  v'  cos(y,  v)  +  w'  cos  (z,  v)}  dS 
1    [ff{  ,dr-'  ,    ,dr-'        ,dr- 


and  omit  the   surface-integral   when  S  is  infinitely  distant.     In   the  same 
case  we  may  put 

or,  since  dr-'/dx' =  -dr-^jdx,  ...  we  have 

with  similar  forms  for  G  and  H.     From  these  forms  it  is  clear  that 

div  (F,  6,  H)  =  0. 

The  expressions  into  which  the  right-hand  members  of  equations  (22) 
have  been  transformed  in  the  special  case  are  possible  forms  for  ^,  F,  G,  H 
m  every  case,  that  is  to  say  one  mode  of  resolution  is  always  given  by  the 
equations 
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ir  = 


(23) 


where  the  integration  extends  throughout  the  body;   for  it  is  clear  that 
these  make  div  (F,  (?,  If )  =  0  and  also  make 

dd)     dH      dG  1  _,  fffu'      ,,  ,,  , 


17.     Identical  relations  between  components  of  strain*. 

The  values  of  the  components  of  strain  e^x,  ■•■  Syz, ...  as  functions  of  x,  y,  z 
cannot  be  given  arbitrarily;  they  must  be  subject  to  such  relations  as  will 
secure  that  there  shall  be  functions  u,  v,  w,  which  are  connected  with  them 
by  the  six  equations 


9m 


dw     dv 


e^~^^:...     ey,-^y+-^^, 


.(24) 


The  relations  in  question  may  be  obtained  by  taking  account  of  the  three 
equations 

„  dw     dv 

Oy      dz 

for  all  the  differential  coefficients  of  u,  v,  w  can  be  expressed  in  terms  of 
Cxx,  •••  Syz, ...  zjx, We  have  in  fact  three  pairs  of  equations  such  as 

du  _  .  9z)  _  , 

and  the  conditions  that  these  may  be  compatible  with  the  three  equations 
such  as  dujda)  =  exx,  are  nine  equations  of  the  type 

9e^^l  9^_9ot2 
By       2  doo       dx  ' 

and  these  equations  express  the  first  differential  coefficients  of  t^x,  '^y,  ^z  in 
terms  of  those  of  Sxx,  ■■■  ^yz,  ••••     If  we  write  down  for  example  the  three 


*  These  relations  were  given  by  Saint- Venant  in  his  edition  of  Navier's  Legons,  Appendix  iii. 
The  proof  there  indicated  was  developed  by  Kirchhoff,  Mechanik,  Vorlesung  27.  The  proof  in  the 
text  is  due  to  Beltrami,  Paris,  G.  R.,  t.  108  (1889),  cf.  Koenigs,  Legons  de  Cinematique,  Paris 
1897,  p.  411. 

h.  E.  4 
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equations  that  contain  v^x  we  can  see  at  once  how  to  obtain  the  conditions 
that  they  may  be  compatible.     These  three  equations  are 


dx 

_  de^z     dexy 
dy       dz 

^dt^x 

dey;,            J,   deyy 

-  dy          dz' 

^dz- 

^  de^z     deyz 
~  "  3«       dz  ' 

and  from  the  set  of  nine  equations  of  this  type  we  can  eliminate  ■iB-a,,  -stj^,  ■st, 
and  obtain  the  six  identical  relations  between  the  components  of  strain. 
They  are 


d^Byy     d'^Czz  _  d-Byz  Jd''e^x^_d_(d^d^dexy 

~d^      dy''  ~  dydz  '■  dydz  ~  dx\     dx       dy       dz 

d'^Ba  ,  d'^e^x  _  cl^e^z         „  d\jy  _  d   (    dey^      de^x  ,  de^ 


.    "  "XX  _  "  "xz  Q  -^  "yy  _    "    i       -■-«<■       --'■"  i    ---».  i     V      .(25) 

dx"        dz"       dzdx '  dzdx      dy\      dx       dy        dz  '  '  ^ 

d'exx     d\y  ^  d^Bxy  d%z  ^^  (    9eyz     de^x     dexy\ 

dy''        dx'  ~  dxdy '  dxdy     dz  \     dx       dy        dz  )  ' , 

18.     Displacement  corresponding  with  given  strain*- 

When  the  components  of  strain  are  given  functions,  which  satisfy  the 
identical  relations  of  the  last  Article,  the  components  of  displacement  are  to 
be  deduced  by  solving  the  equations  (24)  as  differential  equations  for  u,  v,  w. 
These  equations  are  linear,  and  the  complete  solutions  of  them  are  compounded 
of  (1)  any  set  of  particular  solutions,  (2)  complementary  solutions  containing 
arbitrary  constants.     The  complementary  solutions  satisfy  the  equations 

du  _dv  _dw  _  dw     dv  _  dii     dw  _dv      9^  _  r,  /n/^x 

dx     dy      dz      dy      dz     dz      dx      dx     dy        

If  we  dififerentiate  the  left-hand  members  of  these  equations  with  respect 
to  X,  y,  z  we  shall  obtain  eighteen  linear  equations  connecting  the  eighteen 
second  differential  coefficients  of  u,  v,  w,  from  which  it  follows  that  all  these 
second  differential  coefficients  vanish.  Hence  the  complementary  u,  v,  w  are 
linear  functions  of  x,  y,  z,  and,  in  virtue  of  equations  (26),  they  must  be 
expressed  by  equations  of  the  forms 

u  =  Uo  —  ry  +  qz,     v  =  Vo—pz  +  rx,     w  =  w,,  —  qx  +  py (27) 

which  are  the  formulae  for  the  displacement  of  a  rigid  body  by  a  translation 
(mo.  "Oil,  Wo)  and  a  small  rotation  (p,  q,  r). 

In  the  complementary  solutions  thus  obtained,  the  constants  p,  q,  r  must 
be  small  quantities  of  the  same  order  of  magnitude  as  the  given  functions 
e-cx,  •••)  as  otherwise  the  equations  (6)  of  Art.  9  show  that  these  functions 

*  Cf.  Eirchhoff,  Mechanik,  Vorlesung  27. 
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would  not  express  the  strain  in  the  body  correctly,  and  the  terms  of  (27)  that 
contain  p,  q,  r  would  not  represent  a  displacement  possible  in  a  rigid  body. 
Bearing  this  restriction  in  mind,  we  conclude  that,  if  the  six  components  of 
strain  are  given,  the  corresponding  displacement  is  arbitrary  to  the  extent  of 
an  additional  displacement  of  the  type  expressed  by  (27) ;  but,  if  we  impose 
six  independent  conditions,  such  as  that,  at  the  origin,  the  displacement 
(u,  V,  w)  and  the  rotation  (■sj-a;,  ro-y,  -sr^)  vanish,  or  again  that,  at  the  same 
point 

.  =  0,.=  0,.  =  0,    1  =  0,1  =  0,^=0,      (28) 

the  expression  for  the  displacement  with  given  strains  will  be  unique.  The 
particular  set  of  equations  (28)  indicate  that  one  point  of  the  body  (the 
origin),  one  linear  element  of  the  body  (that  along  the  axis  of  z  issuing 
from  the  origin)  and  one  plane-element  of  the  body  (that  in  the  plane  of  z,  x 
containing  the  origin)  retain  their  positions  after  the  strain.  It  is  mani- 
festly possible,  after  straining  a  body  in  any  way,  to  bring  it  back  by  trans- 
lation and  rotation  so  that  a  given  point,  a  given  linear  element  through 
the  point  and  a  given  plane-element  through  the  line  shall  recover  their 
primitive  positions. 

19.     Curvilinear  orthogonal  coordinates*. 

For  many  problems  it  is  convenient  to  use  systems  of  curvilinear  co- 
ordinates instead  of  the  ordinary  Cartesian  coordinates.  These  may  be 
introduced  as  follows  : — Let  f{x,  y,  z)  =  a,  some  constant,  be  the  equation 
of  a  surface.  If  a  is  allowed  to  vary  we  obtain  a  family  of  surfaces.  In 
general  one  surface  of  the  family  will  pass  through  a  chosen  point,  and  a 
neighbouring  point  will  in  general  lie  on  a  neighbouring  surface  of  the 
family,  so  that  a  is  a  function  of  x,  y,  z,  viz.,  the  function  denoted  by/.  If. 
a  +  da.  is  the  parameter  of  that  surface  of  the  family  which  passes  through 
{x  -f  dx,  y  +  dy,  z  +  dz),  we  have 

da=  ^dx  +  :^ dy  +  4-  dz  =  ^  dx  +  ^  dy  +  jr-  dz. 
ox         ay  dz         ox         oy         dz 

If  we  have  three  independent  families  of  surfaces  given  by  the  equations 

fi{a:,y,z)'r=a,      f^{x,y,z)  =  ^,      fs(x,y,z)  =  ry, 

so  that  in  general  one  surface  of  each  family  passes  through  a  chosen  point, 
then  a  point  may  be  determined  by  the  values  of  a,  yS,  7  which  belong 
to  the  surfaces  that  pass  through  it"f,  and  a  neighbouring  point  will  be 

*  The  theory  is  due  to  Lam6.     See  his  Legons  sur  les  coordonnees  curvilignes,  Paris,  1859. 

t  The  determination  of  the  point  may  not  be  free  from  ambiguity,  e.g.,  in  elliptic  coordinates, 
a,n  ellipsoid  and  two  confocal  hyperboloids  pass  through  any  point,  and  they  meet  in  seven  other 
points.  The  ambiguity  is  removed  if  the  region  of  space  considered  is  suitably  limited,  e.g.,  in 
the  case  of  elliptic  coordinates,  if  it  is  an  octant  bounded  by  principal  planes. 

4—2 
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determined  by  the  neighbouriug  values  a.  +  da,  ^  +  d^,  y  +  dy.  Such  quan- 
tities as  a,  yS,  7  are  called  "  curvilinear  coordinates  "  of  the  point. 

The  most  convenient  systems  of  curvilinear  coordinates  for  applications 
to  the  theory  of  Elasticity  are  determined  by  families  of  surfaces  which  cut 
each  other  everywhere  at  right  angles.  In  such  a  case  we  have  a  triply- 
orthogonal  family  of  surfaces.  It  is  well  known  that  there  exists  an  infinite 
number  of  sets  of  such  surfaces,  and,  according  to  a  celebrated  theorem  due 
to  Dupin,  the  line  of  intersection  of  two  surfaces  belonging  to  different 
families  of  such  a  set  is  a  line  of  curvature  on  each*.  In  what  follows  we 
shall  take  a,  /S,  7  to  be  the  parameters  of  such  a  set  of  surfaces,  so  that  the 
following  relations  hold : 

dx  dx     dy  dy     dz  dz        ' 

dy  da      dy  da      dy  da  _  ^ 
dx  dx      dy  dy      dz  dz        ' 

d_adj^     ^_«.d0     dad_^^Q 
dx  dx      dy  dy      dz  dz 

The  length  of  the  normal,  dn^,  to  a  surface  of  the  family  a  intercepted 
between  the  surfaces  a  and  a  +  da  is  determined  by  the  observation  that 
the  direction-cosines  of  the  normal  to  a  at  the  point  (x,  y,  z)  are 

1  3a          1  3a          1  3a  ,„„, 

h,di'       Kdy'       Kdz'  ^     ' 

where  h^  is  expressed  by  the  first  of  equations  (31)  below.  For,  by  projecting 
the  line  joining  two  neighbouring  points  on  the  normal  to  a,  we  obtain  the 
equation 

'^"^  =  ^(|l^*  +  |'^y  +  l^")  =  t (^^> 

In  like  manner  the  elements  dn^,  dn^  of  the  normals  to  /8  and  7  are  d^jh^ 
and  dy/h,,  where 

The  distance  between  two  neighbouring  points  being  (dni^+ dn^^^  dn^^f,  we 
have  the  expression  for  the  "  line-element,"  ds,  i.e.  the  distance  between  the 
points  (a,  ^,  7)  and  (a  +  da,/3  +  d^,  y  +  dy),  in  the  form 

{dsy  =  {da/h,y  +  (d^/h,y  +  (dy/h,y (32) , 

In  general  h^,  fi^,  h^  are  regarded  as  functions  of  a,  /3,  7. 

*  Salmon,  Geometry  of  three  dimensions,  4th  ed.,  y.  269. 


/daV   ' 
\dz)  ' 

3z)'} 

dz)  ■  ^ 
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20.  Components  of  strain  referred  to  curvilinear  orthogonal  co- 
ordinates*. 

The  length  in  the  unstrained  state  of  the  line  joining  the  points  (a,  /3, 7) 
and  (a  +  da,  0+d^,  y+dy)  is  given  by  (32);  we  seek  the  length  in  the  strained 
state  of  the  line  joining  the  same  pair  of  particles.  Let  «»,  u^,  Uy  be  the 
projections  of  the  displacement  of  any  particle  on  the  normals  to  the  surfaces 
a,  ^,  y  that  pass  through  its  position  in  the  unstrained  state.  When  the 
displacement  is  small  the  coordinates  of  the  point  occupied  by  a  particle  are 
changed  from  a,  /3,  7  to  a  +  ^m,,  ^  +  h^u^ ,  y  +  \uy.  The  a-coordinate  (a  +  da) 
of  a  neighbouring  point  is  changed  into 

and  similar  changes  are  made  in  the  /3-  and  7-coordinates  {^  +  d^  and 
7  +  ^7).  Again,  the  values  of  h^,  ...  at  a  displaced  particle  differ  from  those 
at  its  undisplaced  position.     For  example,  l/Aj  is  changed  into 

It  follows  that  dajh^  must  be  replaced  by 


'^«  {1  +  I,  (Aa)  ]+d^Y^  Qhu.)  +  dy^  ih,u^)j 


^  +  hu.  I  {}-\  +  Ku,  ^  Q  +  ku,  I  (i) 


and,  when  products  of  quantities  of  the  order  m„  are  neglected,  this  is 


<^«  ,  J    f9«a     ,        d  fl\      ,       d  (I 


+  d^^^ (fhu^)  +  '^7^1,  (fhu.) (33) 

Similar  changes  must  be  made  in  d^jfh  and  dy/hs.  The  length  of  the  line 
joining  two  particles  in  the  strained  state  is  found  by  forming  the  square 
root  of  the  sum  of  the  squares  of  the  three  expressions  of  the  type  (33). 
Let  ds  be  the  length  of  the  linear  element  in  the  unstrained  state,  and  let 
I,  m,  n  be  the  direction-cosines  of  it  referred  to  the  normals  to  the  surfaces 
a,  /8,  7  at  a  point,  so  that  dajhi  =  Ids, ....  Also  let  ds (1  -t- e)  be  the  length 
of  the  corresponding  linear  element  in  the  strained  state.  Then  e  is  given 
by  the  equation 

^^Ta+ ^^^""^  h  ©  ^  ^^'"'^  h  © 


{\+ef  = 


fin       0       /  J  \  iIq      C       /  7  \ 


+  ...  + (34) 


*  The  method  here  given  is  due  to  Borohardt,  J.  f.  Math.  (Crelle),  Bd.  76  (1873).     Another 
method  is  given  in  the  '  Note  on  applications  of  moving  axes '  at  the  end  of  this  book. 
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.(36) 


Neglecting  squares  and  products  of  lu,  u^,  Uy,  we  may  write  the  result  in 

the  form 

e  =  e^J^  +  e^^nf  +  e„n^  +  e^ymn  +  eyaul  +  e^^lm,    (35) 

in  which 

The  quantities  e„a,  •••  e^y,  ...  are  the  six  components  of  strain  referred  to 
the  orthogonal  coordinates.  In  fact  e^a  is  the  extension  of  a  linear  element 
which,  in  the  unstrained  state,  lies  along  the  normal  to  the  surface  a ;  and 
e^y  is  the  cosine  of  the  angle  between  the  linear  elements  which,  in  the 
unstrained  state,  lie  along  the  normals  to  the  surfaces  /3  and  7. 

21.  Dilatation  and  Rotation  referred  to  curvilinear  orthogonal 
coordinates. 

The  results  of  Art.  15  can  be  utilized  to  express  the  cubical  dilatation  A,  and  the 
component  rotations  nra,  t<rp,  cr-y  about  the  normals  to  the  three  surfaces,  in  terms  of  the 
components  Ma,  't/Sj  Uy  of  the  displacement. 

To  obtain  the  expression  for  A  we  form  the  surface  integral  of  the  normal  component  of 
the  displacement*  over  the  surface  of  an  element  of  the  body  bounded  by  the  three  pairs  of 
surfaces  (a,  a+da),  (/3,  ^+c?/3),  (7,  y  +  dy),  the  normal  being  drawn  away  from  the  interior 
of  the  element.  The  contributions  of  the  faces  of  the  element  can  be  put  down  in  such 
forms  as 


contribution  of 


d^dy 


°-  h^  A3  • 


.    ,  dB  dy  ,    ,    d  /      dB  dy 

and,  on  adding  the  six  contributions,  wc  obtain 

''^^^"y  {a^  (ySs)  "^1(5)  +  ^  (5.)} '' 

this  must  be  the  same  as  Adadpdylhih2hg.     We  therefore  have 

-'.'Ag(5;)-l(5;)-|(a)) <-> 

This  result  is  the  .same  as  would  be  found  by  adding  the  expressions  for  eaa,  «/3p,  «w 
in  (.36). 

*  This  method  is  due  to  Lord  Kelvin.     (Sir  W.  Thomson,  Math,  and  Phys.  Papers,  Vol.  1, 
p.  25.     The  date  of  the  investigation  is  1843.) 
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To  obtain  the  expression  for  'i.'Wy  we  form  the  line  integral  of  the  tangential  component 
of  the  displacement  along  the  edge  of  the  element  in  the  face  y  +  c^.  The  contributions 
of  the  four  portions  of  the  edge  can  be  written  down  by  help  of  Fig.  3  as  follows  ;— 


contribution  of  RP=     Ua, 


da 


R'Q=-Ua-^-( 


(     dd 


Fig.  3. 


On  adding  these  contributions,  we  obtain 


This  must  be  the  same  as  'i'mydad^\h-Ji^,  and  we  have  thus  an  expression  for  ■m-^  which 
is  given  in  the  third  of  equations  (38) ;  the  other  equations  of  this  set  can  be  obtained  in 
the  same  way.     The  formulse*  are 


.(38) 


*  The  formulse  (38),  as  also  (36)  and  (37),  are  due  to  Lam6.  The  method  here  used  to 
obtain  (38),  and  used  also  iu  a  slightly  more  analytical  form  by  CesAro,  Introduzione  alia  teoria 
matematica  della  Elasticita,  (Turin,  1894),  p.  193,  is  familiar  in  Electrodynamics.  Of.  H.  Lamb, 
Phil.  Trans.  Roy.  Soc,  vol.  178  (1888),  p.  150,  or  J.  J.  Thomson,  Recent  Researches  in  Electricity 
and  Magnetism,  Oxford,  1893,  p.  367.  The  underlying  physical  notion  is,  of  course,  identical 
with  the  relation  of  '  circulation '  to  '  vortex  strength '  brought  to  light  in  Lord  Kelvin's  memoir 
'On  Vortex  Motion,'  Edinburgh,  Roy.  Soc.  Trans.,  vol.  25  (1869). 
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22.     Cylindrical  and  polar  coordinates. 

In  the  case  of  cyliiidncal  coordinates  r,  6,  z  we  have  the  Uiie-element 

{{drf-Vr>'{def^{diff, 

and  the  displacements  h,.,  «tj,  u^.     The  general  formulae  take  the  followiug  forms  : 

(1)     for  the  strains 


1  ?Mj     f  Wfl  JbUr^Zvj  _oue     ug      13m,. 

(2)    for  the  cubical  dilatation 


*'~ra?"^w     ^■"&"^a^'    '•«~a;^~7"''^  ?5 


r  cr  ^     ^'     r  d6        tiz  ' 
(.3)     for  the  components  of  rotation 

1  3m,     dug 

„         13,      ^1  du,. 


In  the  case  oi polar  coordinates  r,  6,  <{>,  we  have  the  line-element 
{{dry  +  r2  (c?5)2  +  »-2  sin2  6  {d(j>ff, 
and  the  displacements  «,,  ms,  m,/,.     The  general  formulae  take  the  following  forms  :— 

(1)  for  the  strains 

,.     -^r         „     _ldue       Ur  1        3m*,M9       ,.,Mr 

CI  r  oe       r        ^^    rsmd  d(j)      r  r  ' 

r\rd       *         J^rsined(t>'    "*'    rsin530+ar       r'       '■'"  ^^  ~  7" +  r  M  ' 

(2)  for  the  cubical  dilatation 

""=^^^^6  {dr  ('■'"'•  "^'^  ^) +1  ('•''«  «'n  ^) +^  (™«)}  ; 

(3)  for  the  components  of  rotation 


n  1  f3M_         3    ,  1 

^°''=riI^W-37(~*^"^)}' 


The  verification  of  these  formulas  may  serve  as  exercises  for  the  student. 
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GENERAL  THEORY  OF  STRAIN. 

23.  The  preceding  part  of  this  Chapter  contains  all  the  results,  relating 
to  strains,  which  are  of  importance  in  the  mathematical  theory  of  Elasticity, 
as  at  present  developed.  The  discussion  of  strains  that  correspond  with 
displacements  in  general,  as  opposed  to  small  displacements,  is  an  interest- 
ing branch  of  kinematics;  and  some  account  of  it  will  now  be  given*  It 
may  be  premised  that  the  developments  here  described  will  not  be  required 
in  the  remainder  of  this  treatise. 

It  is  customary,  in  recent  books  on  Kinematics,  to  base  the  theory  of 
strains  in  general  on  the  result,  stated  in  Article  7,  that  the  strain  about  a 
point  is  sensibly  homogeneous,  and  to  develop  the  theory  of  finite  strain  in 
the  case  of  homogeneous  strain  only.  Frcrm  the  point  of  view  of  a  rigorous 
analysis,  it  appears  to  be  desirable  to  establish  the  theory  of  strains  in 
general  on  an  independent  basis.  We  shall  begin  with  an  account  of  the 
theory  of  the  strain  corresponding  with  any  displacement,  and  shall  after- 
wards investigate  homogeneous  strain  in  some  detail. 

24.  Strain  corresponding  with  any  displacement. 

We  consider  the  effect  of  the  displacement  on  aggregates  of  particles 
forming  given  curves  in  the  unstrained  state.  Any  chosen  particle  occupies, 
in  the  unstrained  state,  a  point  {x,  y,  z).  The  same  particle  occupies,  in  the 
strained  state,  a  point  {x-\-u,y->r'o,z-V  w).  The  particles  which  lie  on  a 
given  curve  in  the  first  state  lie  in  general  on  a  different  curve  in  the  second 
state.  If  ds  is  the  differential  element  of  arc  of  a  curve  in  the  first 
state,  the  direction-cosines  of  the  tangent  to  this  curve  at  any  point  are 

(IjOD         fill         Cm  Z 

^- ,    -^ ,    T-.     If  ds.  is  the  differential  element  of  arc  of  the  corresponding 
ds      ds      ds 

*  Eeference  may  be  made  to  Cauchy,  Exercices  de  mathematiques,  Annee  1827,  the  Article 
'  Sur  la  condensation  et  la  dilatation  des  corps  solides ' ;  Green's  memoir  on  the  reflexion  of 
light  quoted  in  the  Introduction  (footnote  42) ;  Saint-Venant,  'M^moire  sur  I'^quilibre  des  corps 
solides.. .quaud  les  d6placements...ne  sont  pas  tris  petits,'  Paris,  G.  B.,t  24  (1847) ;  Kelvin  and 
Tait,  Nat.  Phil,  Part  i.  pp.  115—144 ;  Todhunter  and  Pearson,  History,  vol.  1,  Articles  1619— 
1622  ;  J.  Hadamard,  Legons  sur  la  propagation  des  ondes,  Paris  1903,  Chapter  vi. 
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curve   in   the  second  state,  the  direction-cosines   of  the   tangent   to   this 
curve  are 


— ,    —-^ ,  , .     Herein,   for   example, 

ds,  dsi  dsi  ^ 


■(1) 


d  {x  +  u)  _ds  fdx     dit  dx     du  dy     du  dz 
dsi  dsi  yds     dx  ds     dy  ds     dz  i 

with  similar  formulae  for  the  other  two. 

Let  I,  m,  n  be  the  direction-cosines  of  a  line  in  the  unstrained  state, 
I,,  /»i,  «!  the  direction-cosines  of  the  corresponding  line  in  the  strained 
state,  ds,  dsi  the  differential  elements  of  arc  of  corresponding  curves  having 
these  lines  respectively  as  tangents.     In  the  notation  used  above 


1  = 


dx 


ds' 

J  _d(x  +  u) 


dy 


''  =  ds' 


mi  = 


d{y->rv) 


dz 
ds' 

d{z  +  w) 


dsi 


and  the  equations  of  type  (1)  may  be  written  in  such  forms  as 
,       ds  f,  /,      du\         du        L.., 


•(2) 


On  squaring  and  adding  the  right-hand  and  left-hand  members,  and  re- 
membering the  equations 

l'  +  7ri'+n''=  1,   li'  +  m,2  -|-  Wi^  =  1, 

■we  find  an  equation  vfhich  can  be  written 

fdsA 


y^,j  =  (1  +  26.^)  l'+il+  26yy)  m?  +  (1  -f-  2e^,)  n^  +  ley,  mn  +  1e,^  nl  +  2e^y  Im, 

(3) 


are  given  by  the  formulae 

_du 
ox 


■m 


'     ,    (^JY        /SWN^ 


dx, 


dv   .   ,   UduY  .   /ByNs 
[d-y, 


-^=S-*-M©+(ai) 


diu      , 


dy 
duy 


duV      fdv\ 
dz)  +  [dzj 


dx 

dw\^' 
dy. 
dw 

di 

^dw  dv     djidu     3w  Su     dw  dw 

'"'     dy  dz'^dyd'z'^dydz^d^jdi 

_du  dv)^      du  du     dv  dv      dw  dvi 

^'^~dz  dx^dzWx'^dzdx^d^dx 

_dv  du     du  du     dv  dv      dw  dw 


.(4) 


dx 


dy      dx  dy      dx  dy      dx  dy '     ' 
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The  state  of  strain  is  entirely  determined  when  we  know  the  lengths  in 
the  strained  and  unstrained  states  of  corresponding  lines*.     The  quantity 

-f-'  —  1  is  the  extension  of  the  linear  element  ds.  This  is  determined  by  the 
as 

formula  (3).     We  observe  that  the  extensions  of  linear  elements  which,  in 

the  unstrained  st^te,  are  parallel  to  the  axes  of  coordinates  are  respectively 

V(l  +  2e^)-l,    V(l  +  26,,)-l,    V(l+26«)-l, 

where  the  positive  values  of  the  square  roots  are  taken.  We  thus  obtain  an 
interpretation  of  the  quantities  e^x,  Syy,  e^j.  We  shall  presently  obtain  an 
interpretation  of  the  quantities  6y^,  e^e,  exy,  in 'terms  of  the  angles,  in  the 
strained  state,  between  linear  elements,  which,  in  the  unstrained  state,  are 
parallel  to  the  axes  of  coordinates.  In  the  meantime,  we  observe  that  the 
strain  at  any  point  is  entirely  determined  by  the  six  quantities  e^ac,  eyy,  e^^, 
Syz,  e^,  exy  These  quantities  will  be  called  the  components  of  strain.  The 
quantities  e^x,  ■■■  which  were  called  "components  of  strain''  in  previous 
Articles  are  sufficiently  exact  equivalents  of  e^x,  ■■•  when  the  squares  and 
products  of  such  quantities  as  du/doc  are  neglected. 

25.     Cubical  Dilatation. 

The  ratio  of  a  differential  element  of  volume  in  the  strained  state  to  the 
corresponding  differential  element  of  volume  in  the  unstrained  state  is 
equal  to  the  functional  determinant 

diso  +u,   y  +  v,   z  +  w) 


or  it  is 


9  («,  y,  z) 


1  + 


du 

du 

dy' 

d2 

dv 
dz 

dw 
9^' 

dz 

du 

dx  ' 

dv 
dx' 

dw 
dx' 

This  will  be  denoted  by  1  +  A. 

unit  volume  at   a  point,   or  it 

e^^  +  eyy  +  e^,  is  a  sufficiently  exact  equivalent  of  A  when  the  displacement 

is  small. 

We  may  express  A  in  terms  of  the  components  of  strain.     We  find  by 
the  process  of  squaring  the  determinant  that 

(1  +  A)^  =  (1  +  2exx)  (1  +  2eyy)  (1  +  2e,,)  +  ^ey^e^e^y  -  (1  +  2exx)  ey/ 

-(l  +  26yy)6,^»-(l+26,,)6V (5) 


Then  A  is  the  increment  of  volume  per 
is   the   cubical  dilatation.      The   quantity 


*  Lord  Kelvin's  method  (Article  10,  footnote)  is  applicable,  as  he  points  out,  to  strains  of 
unrestricted  magnitude. 
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26.     Reciprocal  strain  ellipsoid. 

The  ratio  ds, :  ds,  on  which  the  extension  of  a  linear  element  issuing 
from  a  point  depends,  is  expressed  in  the  formula  (3)  in  terms  of  the 
direction-cosines  of  the  element,  in  the  unstrained  state,  and  the  components 
of  strain  at  the  point.  The  formula  shows  that,  for  any  direction,  the  ratio 
in  question  is  inversely  proportional  to  the  central  radius  vector,  in  that 
direction,  of  an  ellipsoid  which  is  given  by  the  equation 

(1  +  2e^^)  x'  +  {l  +  2eyy)  2/'  +  (1  +  2e^2)  z''  +  ^Sy,  yz  +  2ej^  zx  +  2e^  ocy  =  const. 

(6) 

This  is  the  reciprocal  strain  ellipsoid  already  defined  (Article  6)  in  the  case 
of  homogeneous  strains.  Its  axes  are  called  the  principal  axes  of  the  strain ; 
they  are  in  the  directions  of  those  linear  elements  in  the  unstrained  state 
which  undergo  stationary  (maximum  or  minimum  or  minimax)  extension. 
The  extensions  of  linear  elements  in  these  directions  are  called  the  principal 
extensions,  e,,  e^,  e^.  The  values  of  1  +  6i,  l+ea,  1  +  63  are  the  positive 
square  roots  of  the  three  values  of  k,  which  satisfy  the  equation 


1  +  2ea;a;  -  K,  e^, 


=  0 (7) 


^XZ  I  %2>  1  +  26^2  —  K 

The  invariant  relation  of  the  reciprocal  strain  ellipsoid  to  the  state  of 
strain  may  be  utilized  for  the  purpose  of  transforming  the  components 
of  strain  from  one  set  of  rectangular  axes  to  another,  in  the  same  way  as  the 
strain  quadric  was  transformed  in  Article  12.  It  would  thus  appear  that 
the  quantities  e^^;,  ...e^^  are  components  of  a  "tensor  triad."  Three  in- 
variants would  thus  be  found,  viz. : 

exx  +  eyy  +  e^,     Syye^i,  +  €22e3:x  +  e^xSyy  —  l{e\^  +  6%^  +  e'xy)>\         /q\ 

exxSyye^i  +  J  {Sy^e^x^xy  —  ^xx^^yz  —  ^yy^zx  —  ^zz^^xy)-  > 

27.     Angle  between  two  curves  altered  by  strain. 

The  effect  of  the  strain  on  the  angle  between  any  two  linear  elements, 
issuing  from  the  point  {x,  y,  z),  can  be  calculated.  Let  I,  m,  n  and  I',  m',  n' 
be  the  direction-cosines  of  the  two  lines  in  the  unstrained  state,  and  0  the 
angle  between  them;  let  li,m^,n^  and  I,',  m/,  <  be  the  direction-cosines  of 
the  corresponding  lines  in  the  strained  state,  and  0,  the  angle  between 
them.     From  the  formula  such  as  (2)  we  find 

^       ds  ds'  ,       -,     „  , 
*^°^    '  ^  ds,  ds^  ^^°^  "^  +  ^  ^^^^^^  +  ^vv'f^'^'  +  ezznn')  +  ey,  (mn'  +  m'n) 

+  ezx  {riV  4-  n'l)  +  e^  (Im'  +  I'm)} , (9) 

where  dsjds  and  ds,'/ds'  are  the  ratios   of  the   lengths,  after  and  before 
strain,  of  corresponding  linear  elements  in  the  two  directions. 
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We  observe  that,  if  the  two  given  directions  are  the  positive  directions  of 
the  axes  of  y  and  z,  the  formula  becomes 

e!/^=\/Kl  +  2e^a=)(l  +  26j,y))cos^i,  (10) 

and  we  thus  obtain  an  interpretation  of  the  quantity  e^z-  Similar  inter- 
pretations can  be  found  for  e^^  and  e^.  From  the  above  formula  it  appears 
also  that,  if  the  axes  of  x,  y,  z  are  parallel  to  the  principal  axes  of  the  strain 
at  a  point,  linear  elements,  issuing  from  the  point,  in  the  directions  of  these 
axes  continue  to  cut  each  other  at  right  angles  after  the  strain. 

We  may  show  that,  in  general,  this  is  the  only  set  of  three  orthogonal 
linear  elements,  issuing  from  a  point,  which  remain  orthogonal  after  the 
strain.  For  the  condition  that  linear  elements  which  cut  at  right  angles  in 
the  unstrained  state  should  also  cut  at  right  angles  in  the  strained  state  is 
obtained  by  putting  cos  Q  and  cos  Q^  both  equal  to  zero  in  equation  (9).  We 
thus  find  the  equation 


{(1  +  2eaa;)  I  +  eatyvn,  +  e^zV^  V  +  {ea^i  +  (1  +  26j,y)  m  +  eyz?i}  m' 

+  {e«2^  +  ^yzin  +  (1  +  26zg)n}n'  = 


0. 


wherein  W  +  mm' +  nn' =  0.  This  equation  shows  that  each  of  two  such 
linear  elements,  (besides  being  at  right  angles  to  the  other),  is  parallel  to 
the  plane  which  is  conjugate  to  the  other  with  respect  to  the  reciprocal 
strain  ellipsoid.  Any  set  of  three  such  elements  must  therefore,  (besides 
being  at  right  angles  to  each  other),  be  parallel  to  conjugate  diameters 
of  this  ellipsoid. 

The  formulae  so  far  obtained  may  be  interpreted  in  the  sense  that  a 
small  element  of  the  body,  which  has,  in  the  unstrained  state,  the  shape  and 
orientation  of  the  reciprocal  strain  ellipsoid,  corresponding  with  that  point 
which  is  at  the  centre  of  the  element,  will,  after  strain,  have  the  shape  of  a 
sphere,  and  tliat  any  set  of  conjugate  diameters  of  the  ellipsoid  will  become 
three  orthogonal  diameters  of  the  sphere. 

28.     Strain  ellipsoid. 

We  might  express  the  ratio  dsi :  ds  in  terms  of  the  direction  of  the  linear 
element  in  the  strained  state  instead  of  the  unstrained.  If  we  solved  the 
equations  of  type  (2)  for  I,  m,  n  we  should  find  that  these  are  linear  functions 
of  li,  mi,  Wj  with  coefficients  containing  ds^/ds  as  a  factor;  and,  on  squaring 
and  adding  and  replacing  I-  +  m''  +  n^  by  unity,  we  should  find  an  equation 
of  the  form 


=  (ojZi  +  biTtij  +  CiiiiY  +  (a^li  +  b^mi  +  C2?ii)- +  (agli  +  bsmi  +  Csii^f, 

,  ^  ,      ,  du    du        dw 

where  a,,  ...  depend  only  on  ^,  ^,...^. 
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The  ellipsoid  represented  by  the  equation 

{a^x  +  b^y  +  CiZf  +  {a-^x  +  hy  +  c^zf  +  {a^x  +  h-^y  +  Cszf  =  const, 
would  have  the  property  that  its  central  radius  vector,  in  any  direction,  is 
proportional  to  the  ratio  ds^ :  ds  for  the  linear  element  which,  in  the  strained 
state,  lies  along  that  direction.  This  ellipsoid  is  called  the  strain  ellipsoid. 
The  lengths  of  the  principal  axes  of  this  ellipsoid  and  of  the  reciprocal 
strain  ellipsoid  are  inverse  to  each  other,  so  that,  as  regards  shape,  the 
ellipsoids  are  reciprocal  to  each  other;  but  their  principal  axes  are  not  in 
general  in  the  same  directions.  In  fact  the  principal  axes  of  the  strain 
ellipsoid  are  in  the  directions  of  those  linear  elements  in  the  strained  state 
which  have  undergone  stationary  (maximum  or  minimum  or  minimax) 
extension.  The  simplest  way  of  finding  these  directions  is  to  observe  that 
the  corresponding  linear  elements  in  the  unstrained  state  are  parallel  to  the 
principal  axes  of  the  strain,  so  that  their  directions  are  known.  The  formulae 
of  type  (2)  express  the  direction-cosines,  in  the  strained  state,  of  any  linear 
element  of  which  the  direction-cosines,  in  the  unstrained  state,  are  given. 
The  direction-cosines  of  the  principal  axes  of  the  strain  ellipsoid  can  thus  be 
found  from  these  formulae. 

29.     Alteration  of  direction  by  the  strain. 

The  correspondence  of  directions  of  linear  elements  in  the  strained  and 
unstrained  states  can  be  made  clearer  by  reference  to  the  principal  axes  of 
the  strain.  When  the  axes  of  coordinates  are  parallel  to  the  principal  axes, 
the  equation  of  the  reciprocal  strain  ellipsoid  is  of  the  form 

(1  -f  ei)'«'  +  (1  +  e.Yy^  +  (l+  e,y-z^  =  const. 
where  e,,  e,,   e^  are  the  principal  extensions.     In  the  formula  (9)  for  the 
cosine  of  the  angle  between  the  strained  positions  of  two  linear  elements  we 
have  to  put 

1  +  26^,  =  (1  +  eO\    1  +  26^,j  =  (1  +  6,)^    1  -H  2e,,  =  (1  +  e,f,    6y,  =  e,^  =  e^y  =  0. 

Let  the  line  {I',  m',  n')  of  the  formula  (9)  take  successively  the  positions 
of  the  three  principal  axes,  and  let  the  line  {I,  in,  n)  be  any  chosen  line  in 
the  unstrained  state. 

We  have  to  equate  ds'jds^'  in  turn  to  (1  -|-  e,)-',  (1  +  e,)-i,  (1  -i-  e^)-\  and  we 
have  to  put  for  dsjdsi  the  expression 

[(1  -t-  e,y  P  +  {1+  e,ym^  +  (1  +  €,yn']-i. 

The  formula  then  gives  the  cosines  of  the  angles  which  the  corresponding 
Imear  element  in  the  strained  state  makes  with  the  principal  axes  of  the 
strain  ellipsoid.     Denoting  these  cosines  by  X,  ^,  v,  we  find 

(X,  fx,  v)  =  [(1  +  e,y  l'+il  +  e,ym^  +  (1  +  e^fiv^yi  {(1  +  e,)  I,  (1  +  e,)  m,  (l+e,)n}. 

(11) 
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By  solving  these  for  I,  m,  n  we  find 


"  -     l....(12) 


Here  I,  m,  n,  are  the  direction-cosines  of  a  line  in  the  unstrained  state 
referred  to  the  principal  axes  of  the  strain,  and  X,  /a,  v  are  the  direction- 
cosines  of  the  corresponding  line  in  the  strained  state  referred  to  the 
principal  axes  of  the  strain  ellipsoid.  The  operation  of  deriving  the  second 
of  these  directions  from  the  first  may  therefore  be  made  in  two  steps.  The 
first  step*  is  the  operation  of  deriving  a  set  of  direction-cosines  (X,  jx,  v) 
from  the  set  (Z,  m,  n) ;  and  the  second  step  is  a  rotation  of  the  principal  axes 
of  the  strain  into  the  positions  of  the  principal  axes  of  the  strain  ellipsoid. 

The  formuliB  also  admit  of  interpretation  in  the  sense  that  any  small 
element  of  the  body,  which  is  spherical  in  the  unstrained  state,  and  has 
a  given  point  as  centre,  assumes  after  strain  the  shape  and  orientation  of  the 
strain  ellipsoid  with  its  centre  at  the  corresponding  point,  and  any  set  of 
three  orthogonal  diameters  of  the  sphere  becomes  a  set  of  conjugate 
diameters  of  the  ellipsoid. 

30.  Application  to  cartography. 

The  methods  of  this  Chapter  would  admit  of  application  to  the  problem  of  constructing 
maps.  The  surface  to  be  mapped  and  the  plane  map  of  it  are  the  analogues  of  a  body  in 
the  unstrained  and  strained  states.  The  theorem  that  the  strain  about  any  point  is 
sensibly  homogeneous  is  the  theorem  that  any  small  portion  of  the  map  is  similar  to  one 
of  the  orthographic  projections  of  the  corresponding  portion  of  the  original  surface.  The 
analogue  of  the  properties  of  the  strain-ellipsoid  is  found  in  the  theorem  that  with  any 
small  circle  on  the  original  surface  there  corresponds  a  small  ellipse  on  the  map ;  the 
dimensions  and  orientation  of  the  ellipse,  with  its  centre  at  any  point,  being  known,  the 
scale  of  the  map  near  the  point,  and  all  distortions  of  length,  area  and  angle  are  deter- 
minate. These  theorems  form  the  foundation  of  the  theory  of  cartography.  [Of.  Tissot, 
Memoire  sur  la  representation  des  surfaces  et  les  projections  des  cartes  g^ographiques,  Paris, 
1881.] 

31.  Conditions  satisfied  by  the  displacement. 

The  components  of  displacement  u,  v,  w  are  not  absolutely  arbitrary 
functions  of  x,  y,  z.  In  the  foregoing  discussion  it  has  been  assumed  that 
they  are  subject  to  such  conditions  of  differentiability  and  continuity  as  will 
secure  the  validity  of  the  "theorem  of  the  total  differential+."  For  our 
purpose  this  theorem  is  expressed  by  such  equations  as 

du     du  dx     du  dy     du  dz 
ds  ~  dx  ds     dy  ds     dz  ds ' 

Besides  this  analytical  restriction,  there  are  others  imposed  by  the 
assumed  condition  that  the  displacement  must  be  such  as  can  be  conceived 
to  take  place  in  a  continuous  body.     Thus,  for  example,  a  displacement,  by 

*  This  operation  is  one  of  homogeneous  pure  strain.     See  Article  33,  infra. 
+  Cf.  Harnack,  Introduction  to  the  Calculus,  London,  1891,  p.  92. 
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which  every  point  is  replaced  by  its  optical  image  in  a  plane,  would  be 
excluded.  The  expression  of  any  component  displacement  by  functions, 
which  become  infinite  at  any  point  within  the  region  of  space  occupied  by 
the  body,  is  also  excluded.  Any  analytically  possible  displacement,  by  which 
the  length  of  any  line  would  be  reduced  to  zero,  is  also  to  be  excluded.  We 
are  thus  concerned  with  real  transformations  which,  within  a  certain  region 
of  space,  have  the  following  properties  :  (i)  The  new  coordinates 

(x  +  u,  y  +  V,  z  +  w) 
are  continuous  functions  of  the  old   coordinates  (x,  y,  z)  which  obey  the 
theorem  of  the  total  differential,      (ii)  The  real  functions  u,  v,  w  are  such 
that  the  quadratic  function 

(1  +  2e^a;)  ^'  +  (1  +  ^eyy)  m-  +  (1  +  2e„)  n'  +  2eyimn  +  2e^^nl  4-  2e^ylm 
is  definite  and  positive,     (iii)  The  functional  determinant  denoted  by  1  +  A 
is  positive  and  does  not  vanish. 

The  condition  (iii)  secures  that  the  strained  state  is  such  as  can  be 
produced  from  the  unstrained  state,  by  a  continuous  series  of  small  real 
displacements.  It  can  be  shown  that  it  includes  the  condition  (ii)  when  the 
transformation  is  real.  From  a  geometrical  point  of  view,  this  amounts  to 
the  observation  that,  if  the  volume  of  a  variable  tetrahedron  is  never  reduced 
to  zero,  none  of  its  edges  can  ever  be  reduced  to  zero. 

In  the  particular  case  of  homogeneous  strain,  the  displacements  are  linear 
functions  of  the  coordinates.  Thus  all  homogeneous  strains  are  included 
among  linear  homogeneous  transformations.  The  condition  (iii)  then  ex- 
cludes such  transformations  as  involve  the  operation  of  reflexion  in  a  plane 
in  addition  to  transformations  which  can  be  produced  by  a  continuous  series 
of  small  displacements.  Some  linear  homogeneous  transformations,  which 
obey  the  condition  (iii),  express  rotations  about  axes  passing  through  the 
origin.  All  others  involve  the  strain  of  some  line.  In  discussing  homogeneous 
strains  and  rotations  it  will  be  convenient  to  replace  (a;  +  w,  y  +  v,  z  +w)  by 

32.     Finite  homogeneous  strain. 

We  shall  take  the  equations  by  which  the  coordinates  in  the  strained 
state  are  connected  with  the  coordinates  in  the  unstrained  state  to  be 

«,=(!  +  ttii)  !e  +  a^^y  +  a^^z, 

yi  =  a2ix+(l  +  a^)y  +  a^z,  -  (13) 

Zi  =  UaiX  +  a<ay  +  (1  +  ajs)  z. 

J 

The  corresponding  components  of  strain  are  given  by  the  equations 


Syz  —  0.32  +  023  +  O'n'^ll  +  0^220^23  +  ^32C*28 


.(14) 
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The  quantities  exx,  ■■■,  defined  in  Article  8,  do  not  lose  their  importance 
when  the  displacements  are  not  small.  The  notation  used  here  may  be 
identified  with  that  of  Article  8  by  writing,  for  the  expressions 

^llJ    ^22>   '^SSJ    ^23  "r~  ^32>   ^31  ~r  ^13 »   ^2  ~r  ^Sll   *^32  ^^23*   *^3  ^^31)   ^21  ^^12  J 

the  expressions         exx,  Syy,  e^,  e^z,  e^x,  ex,,,  'i^x,  ^'^y,  ^'^z- 
Denoting  the  radius  vector  from  the  origin  to  any  point  P,  or  (x,  y,  z),  by  r,  we 
may  resolve  the  displacement  of  P  in  the  direction  of  r,  and  consider  the  ratio 
of  the  component  displacement  to  the  length  r.    Let  E  be  this  ratio.    We  may 
define  E  to  be  the  elongation  of  the  material  in  the  direction  of  r.     We  find 

^  =  Jf(^i-^)^  +  (2/i-2/)f  +  (^'-^)^};  : (15) 

and  this  is  the  same  as 

Er'  =  exxoy"  +  Byyy^  +  Czj^'  +  Oy^yz  +  e^xza;  +  e^^xy (16) 

A  quadric  surface  obtained  by  equating  the  right-hand  member  of  this 
equation  to  a  constant  may  be  called  an  elongation  quadric.  It  has  the 
property  that  the  elongation  in  any  direction  is  inversely  proportional  to 
the  (central  radius  vector} in  that  direction.  In  the  case  of  very  small  dis- 
placements, the  elongation  quadric  becomes  the  strain  quadric  previously 
discussed  (Article  11).  The  invariant  expressions  noted  in  Article  13  (c)  do 
not  cease  to  be  invariant  when  the  displacements  are  not  small. 

The  displacement  expressed  by  (13)  can  be  analysed  into  two  constituent 
displacements.  One  constituent  is  derived  from  a  potential,  equal  to  half 
the  rit^ht-hand  member  of  (16);  this  displacement  is  directed,  at  each  point, 
along  the  normal  to  the  elongation  quadric  which  passes  through  the  point. 
The  other  constituent  may  be  derived  from  a  vector  potential 

-iK(2/'  +  n     ^y{z'  +  «>%    ^,(«^  +  2/^)]  (17) 

by  the  operation  curl. 

33.     Homogeneous  pure  strain. 

The  direction  of  a  line  passing  through  the  origin  is  unaltered  by  the 
strain  if  the  coordinates  x,  y,  z  of  any  point  on  the  line  satisfy  the  equations 

(1  -V  a„)  X  -f  Oi^y  4-  OmZ     «2i^  +  (1  +  a22)  y  +  ^i^^ 
X  y 

asvX-^a^y-^{\-Va^z /jg^ 

~  z 

If  each  of  these  quantities  is  put  equal  to  X,  then  X,  is  a  root  of  the  cubic 

equation 


1  -|-  ttii  —  X  ai2  (^13 

fflji  1  -1-  ct22  —  X  a^ 

ttsi  ^32  1  +  ^33  —  ^ 


=  0 (19) 


L.   B. 
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The  cubic  has  always  one  real  root,  so  that  there  is  always  one  line  of  which 
the  direction  is  unaltered  by  the  strain,  and  if  the  root  is  positive  the  sense 
of  the  line  also  is  unaltered.  When  there  are  three  such  lines,  they  are  not 
necessarily  orthogonal ;  but,  if  they  are  orthogonal,  they  are  by  definition  the 
principal  axes  of  the  strain.  In  this  case  the  strain  is  said  to  be  pure.  It 
is  worth  while  to  give  a  formal  definition,  as  follows  : — Pure  strain  is  such 
that  the  set  of  three  orthogonal  lines  which  remain  orthogonal  retain  their 
directions  and  senses. 

We  maj''  prove  that  the  sufficient  and  necessary  conditions  that  the  strain 
corresponding  with  the  equations  (13),  may  be  pure,  are  (i)  that  the  quad- 
ratic form  on  the  left-hand  side  of  (20)  below  is  definite  and  positive,  (ii)  that 
■sTx,  ■^y,  •sTz  vanish.  That  these  conditions  are  sufficient  may  be  proved  as 
follows :— When  -stx,  ^y,  '^z  vanish,  or  aii  =  a^,  ...,  the  equation  (19)  is  the 
discriminating  cubic  of  the  quadric 

(1  4-  Oil)  a;^  -t-  (1  -I-  0,22)  2/^  -f  (1  -I-  ^33)  z^  +  la^^yz  4-  ^a^^zx  +  ^a^^xy  =  const. ;    (20) 
the  left-hand  member  being  positive,  the  cubic  has  three  real  positive  roots, 
which  determine  three  real  directions  according  to  equations  (18) ;  and  these 
directions  are  orthogonal  for  they  are  the  directions  of  the  principal  axes  of 
the  surface  (20).    Further  they  are  the  principal  axes  of  the  elongation  quadric 

0,1  ar*  -F  a^iy"^  -|-  ajj^^  -f-  'ia^yz  +  1a^  zx  ■\-  ^a^^xy  =  const.,     (21) 

for  this  surface  and  (20)  have  their  principal  axes  in  the  same  directions. 

The  vanishing  of  iHx,  '^y  and  •nr^  are  necessary  conditions  in  order  that  the 
strain  may  be  pure.  To  prove  this  we  suppose  that  equations  (13)  represent 
a  pure  strain,  and  that  the  principal  axes  of  the  strain  are  a  set  of  axes  of 
coordinates  ^,  ■>],  f.  The  effect  of  the  strain  is  to  transform  any  point  (^,  rj,  ^) 
into  (fi,  Tji,  f,)  in  such  a  way  that  when,  for  example,  77  and  f  vanish,  771  and  ^'i 
also  vanish.  Referred  to  principal  axes,  the  equations  (13)  must  be  equivalent 
to  three  equations  of  the  form 

fi  =  (l+Oe     Vi  =  {l  +  e,)v.      ?:  =  (l  +  e3)?,     (22) 

where  €i,  62,  e,  are  the  principal  extensions.  We  may  express  the  coordinates 
f  r),  f  in  terms  of  x,  y,  z  by  means  of  an  orthogonal  scheme  of  substitution. 
We  take  this  scheme  to  be 


. 

y 

z 

^ 

k 

»'i 

»i     1 

1 

h 

"'2 

M2 

( 

h 

ma 

»3 

Then  we  have 

«i  =  ^ifi  +  ^2% +  4^1 

=  (1  +  d)  4  ilix  -I-  m,2/  -f-  n^z)  -t-  (1  -|-  65)  l^  {kx  +  m„_y  -|-  n^z) 

+  (1  +  f.O  h  ik!"  +  msy  +  n^z). 
Hence  Ch2  =  (1  -t-  e^)  km,  +  (1  +  e^)  l,m^  +  (1  +  e,)  km,. 
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We  should  find  the  same  expression  for  a^,  and  in  the  same  way  we  should 
find  identical  expressions  for  the  pairs  of  coefiScients  a^,  asi  and  a^,  ais. 

It  appears  from  this  discussion  that  a  homogeneous  pure  strain  is 
equivalent  to  three  simple  extensions,  in  three  directions  mutually  at  right 
angles.     These  directions  are  those  of  the  principal  axes  of  the  strain. 

34.  Analysis  of  any  homogeneous  strain  into  a  pure  strain  and  a 
rotation. 

It  is  geometrically  obvious  that  any  homogeneous  strain  may  be  produced 
in  a  body  by  a  suitable  pure  strain  followed  by  a  suitable  rotation.  To 
determine  these  we  may  proceed  as  follows: — When  we  have  found  the 
strain-components  corresponding  with  the  given  strain,  we  can  find  the 
equation  of  the  reciprocal  strain  ellipsoid.  The  lengths  of  the  principal  axes 
determine  the  principal  extensions,  and  the  directions  of  these  axes  are  those 
of  the  principal  axes  of  the  strain.  The  required  pure  stiain  has  these 
principal  extensions  and  principal  axes,-  and  it  is  therefore  completely 
determined.  The  required  rotation  is  that  by  which  the  principal  axes  of 
the  given  strain  are  brought  into  coincidence  with  the  principal  axes  of 
the  strain  ellipsoid.  According  to  Article  28,  this  rotation  turns  three 
orthogonal  lines  of  known  position  respectively  into  three  other  orthogonal 
lines  of  known  position.  The  required  angle  and  axis  of  rotation  can  there- 
fore be  determined  by  a  well-known  geometrical  construction.  [Cf  Kelvin 
and  Tait,  Nat.  Phil.  Part  i.  p.  69.] 

35.  Rotation*. 

When  the  components  of  strain  vanish,  the  displacement  expressed  by  (13)  of  Article 
32  is  a  rotation  about  an  axis  passing  through  the 
origin.  We  shall  take  6  to  be  the  angle  of  rotation 
and  shall  suppose  the  direction-cosines  I,  m,  n  of 
the  axis  to  be  taken  so  that  the -rotation  is  right- 
handed.  Any  point  P,  or  {x,  y,  z),  moves  on  a  circle 
having  its  centre  ((7)  on  the  axis,  and  comes  into  a 
position  Pj,  or  (^i,  y-^,  %).  Let  X,  fi,  »  be  the  direc- 
tion-cosines of  CP  in  the  sense  from  G  to  P,  and  let 
Xj,  ^1,  i^i  be  those  of  CP^  in  the  sense  from  C  to  Pi- 
From  Pi  let  fall  Pj^  perpendicular  to  CP.  The  di- 
rection-cosines of  iVPi  in  the  sense  from  iVto  Pj  aret 
mi/  —  «/i,    n\  —  Iv,    l\i.  —  mX. 

Let  I,  i;,  f  be  the  coordinates  of  C.    Then  these 
satisfy  the  equations 

so  that  ^=l{l30+m,y-\-nz)  with  similar  expressions  for  rj,  f. 

*  Cf.  Kelvin  and  Tait,  Nat.  Phil.  Part  i.  p.  69,  and  Minchin,  Statics,  Third  Edu.,  Oxford 
1886,  vol.  2,  p.  103. 

t  The  coordinate  axes  are  taken  to  be  a  right-handed  system. 

5—2 
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The  cooi'diuntes  of  Pj  are  obtained  by  equating  the  projection  of  CP-^  on  any  coordinate 
axis  t(p  the  sums  of  the  projections  of  CiVand  NP-^^.  Projecting  on  the  axis  of  x  we  find, 
taking  p  for  the  length  of  CP  or  GP^^, 

Xj  p  =  Xp  cos  5  +  (tok  —  w/i)  p  sin  d, 
or  a,-i-|  =  (^-|)oos5+{m(2-f)-ra(y-i?)}sin5, 

or  x^  =  x  +  {mz-ny)!im6-  {x-l{lx  +  my+m)}  {l-Gos6) (23) 

Similar  expressions  for  y^  and  z^  can  be  written  down  by  symmetry. 
The  coefficients  of  the  linear  transformation  (13)  become  in  this  case 
raii=-(l-Z2)(i-cosfl), 
u.j2=  -rasin  d  +  lm  (1-cos  6), 
a]3  =     m  sin  6+ In  {I  —  cos  d), 


.(24) 


and  it  appears,  on  calculation,  that  the  components  of  strain  vanish,  as  they  ought  to  do. 

36.  Simple  extension. 

In  the  example  of  simple  extension  given  by  the  equations 
Xi=={l+e)x,    yi=y,    z^  =  z, 
the  components  of  strain,  with  the  exception  of  t^.^  vanish,  and 

The  invariant  property  of  the  reciprocal  strain  ellipsoid  may  be  applied  to  find  the 
comi^onents  of  a  strain  which  is  a  simple  extension  of  amount  e  and  direction  I,  m,  n. 
A\^e  .shoxdd  find 

f  =  ...  =  . ..  =  -^=. ..  =  ... =e+^e\ 

The  same  property  may  be  applied  to  determine  the  conditions  that  a  strain  specified  by 
six  components  may  be  a  simple  extension.     These  conditions  are  that  the  invariants 

'Vi/f22+-..  +  ...-i(fV+ •••  +  ■•■), 

^xi'Vl/'iz  +  i  \^vi^2x^xy~  ^xx^  yi~  ■■■  —  •••) 

vanish.  The  amount  of  the  extension  is  expressed  in  terms  of  the  remaining  invariant 
by  the  formula  ^/{l  +  2  {fxx  +  fw+Uz)}-'^,  the  positive  value  of  the  square  root  being  taken. 
Two  roots  of  the  cubic  in  .;,  (7)  of  Article  26,  are  equal  to  unity,  and  the  third  is  equal 
to  l+2(f;c;,  +  €j,j,  +  e„).  The  direction  of  the  extension  is  the  direction  {I,  m,  n)  that  is. 
given  by  the  equations 

^^xJ-  +  (xy'm  +  ^^,n     f  ^^  +  2f  y^OT + f  „,K  ^  I J + f^^m + %^,,n 

n  2m  '    2n  -^xx  +  ^w  +  Uz- 

37.  Simple  shear. 

In  the  example  of  simple  shear  given  by  the  equations 
x^=x->rsy,     y^=y,     z^^z, 
the  components  of  strain  are  given  by  the  equations 

By  puttmg  s  =  2  tana  we  may  prove  that  the  two  principal  extensions  which  are  not  zero, 
are  given,  as  in  Article  3,  by  the  equations 

l  +  ei  =  8eca-tana,     1  + f  j  =  sec  a  +  tan  a. 
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We  may  prove  that  the  area  of  a  figure  in  the  plane  of  ^,  y  is  unaltered  by  the  shear  and 
that  the  difference  of  the  two  principal  extensions  is  equal  to  the  amount  of  the  shear. 
Further  we  may  show  that  the  directions  of  the  principal  axes  of  the  strain  are  the 
bisectors  of  the  angle  AOx  in  Fig.  2  of  Article  5,  and  that  the  angle  through  which  the 
principal  axes  are  turned  is  the  angle  a.  So  that  the  simple  shear  is  equivalent  to  a  "  pure 
shear  "  followed  by  a  rotation  through  an  angle  a,  as  was  explained  before. 

By  using  the  invariants  noted  in  Article  26,  we  may  prove  that  the  conditions  that 
a  strain  with  given  components  f^^,  ...  may  be  a  shearing  strain  are 

2  (fra  +  fjff  +  O  +  4  (fwf«  +  fj3era  +  fra^!,!,)-(fV  +  f^2x  +  e\j,)=0, 
^^xx^y]l^zz'T^yz^2!X.^xy~  ^xn^  yz~  fyyC  ot~  ^3Z^  xj/^^j 

and  that  the  amount  of  the  shear  is  ^{2  {fxx+fn  +  fzz)}- 

38.  Additional  results  relating  to  shear. 

A  good  example  of  shear*  is  presented  by  a  sphere  built  up  of  circular  cards  in  parallel 
planes.  If  each  card  is  shifted  in  its  own  plane,  so  that  the  line  of  centres  becomes  a 
straight  line  inclined  obliquely  to  the  planes  of  the  cards,  the  sphere  becomes  an  ellipsoid, 
and  the  cards  coincide  with  one  set  of  circular  sections  of  the  ellipsoid.  It  is  an  instructive 
exercise  to  determine  the  principal  axes  of  the  strain  and  the  principal  extensions. 

We  may  notice  the  following  methods  t  of  producing  any  homogeneous  strain  by  a 
sequence  of  operations  : — 

(a)  Any  such  strain  can  be  produced  by  a  simple  shear  parallel  to  one  axis  of  planes 
perpendicular  to  another,  a  simple  extension  in  the  direction  at  right  angles  to  both  axes, 
an  uniform  dilatation  and  a  rotation. 

(b)  Any  such  strain  can  be  produced  by  three  simple  shears  each  of  which  is  a  shear 
parallel  to  one  axis  of  planes  at  right  angles  to  another,  the  three  axes  being  at  right  angles 
to  each  other,  an  uniform  dilatation  and  a  rotation. 

39.  Composition  of  strains. 

After  a  body  has  been  subjected  to  a  homogeneous  strain,  it  may  again  be 
subjected  to  a  homogeneous  strain ;  and  the  result  is  a  displacement  of  the 
body,  which,  in  general,  could  be  effected  by  a  single  homogeneous  strain. 
More  generally,  when  any  aggregate  of  points  is  transformed  by  two  homo- 
geneous linear  transformations  successively,  the  resulting  displacement  is 
equivalent  to  the  effect  of  a  single  linear  homogeneous  transformation.  This 
statement  may  be  expressed  by  saying  that  linear  homogeneous  transforma- 
tions form  a  group.  The  particular  linear  homogeneous  transformations  with 
which  we  are  concerned  are  subjected  to  the  conditions  stated  in  Article  31, 
and  they  form  a  continuous  group.  The  transformations  of  rotation,  described 
in  Article  35,  also  form  a  group ;  and  this  group  is  a  sub-group  included  in 
the  linear  homogeneous  group.  The  latter  group  also  includes  all  homo- 
geneous strains;  but  these  do  not  by  themselves  form  a  group,  for  two 
successive  homogeneous  strains^:  may  be  equivalent  to  a  rotation. 

*  Suggested  by  Mr  E.  B.  Webb.     Of.  Kelvin  and  Tait,  Nat.  Phil.  Part  i.  p.  122. 

t  Of.  Kelvin  and  Tait,  Nat.  Phil.  Part  i.  §§  178  et  seq. 

J  A  transformation  such  as  (13)  of  Article  32,  supposed  to  satisfy  condition  (iii)  of  Article  31, 
expresses  a  rotation  if  all  the  components  of  strain  (14)  vanish.  In  any  other  case  it  expresses  a 
homogeneous  strain. 
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The  result  of  two  successive  linear  homogeneous  transformations  may  be 
expressed  conveniently  in  the  notation  of  matrices.  In  this  notation  the 
equations  of  transformation  (13)  would  be  written 

{.r,,  y„  z,)  =  il  +  au    a,,        a,,      ){x,y,z) (25) 

aa  1+022         tl23 

Osi  ^32         1  +  ^33     I 

and  the  equations  of  a  second  such  transformation  could  in  the  same  way  be 
written 

{x,,  y„  z,)  =  {l  +  hn     6i2        &13      )  (a^i.  2/1.  ^i) \^^i 

1         fcjl  1   +  &'22       ^23 

I         631  ^32  1  +  ^3i 

By  the  first  transformation  a  point  {x,  y,  z)  is  replaced  by  {x^,  y^,  Zi),  and  by 
the  second  (x„  y„  z,)  is  replaced  by  {x,.,  y„  z,).  The  result  of  the  two 
operations  is  that  (x,  y,  z)  is  replaced  by  {x^,  y^,  z^\  and  we  have 

(.r.,  2/2,  ^2)  =  (  1  +  Ci,      C12        c,3      ){^,y>z\ (27) 

C21      1  +  C22     C23 
C31         C32       1  +  C33 


where 


Cii  =  611  +  an  +  6uaii  +  i!'i2a.2i  +  ^13031, 

C12  =  612  +  ^12  +  &11O12  +   ''12022  +  &i3a32, 


.(28) 


In  regard  to  this  result,  we  notice  (i)  that  the  transformations  are  not  in 
general  commutative  ;  (ii)  that  the  result  of  two  successive  pure  strains  is 
not  in  general  a  pure  strain ;  (iii)  that  the  result  of  two  successive  trans- 
formations, involving  very  small  displacements,  is  obtained  by  simple  super- 
position, that  is  by  the  addition  of  corresponding  coefficients.  The  result 
(ii)  may  be  otherwise  expressed  by  the  statement  that  pure  strains  do  not 
form  a  group. 

40.     Additional  results  relating  to  the  composition  of  strains. 

WhcD  the  transformation  (26)  is  equivalent  to  a  rotation  about  an  axis,  so  that  its 
coefficients  are  those  given  in  Article  35,  we  may  show  that  the  components  of  strain 
corresponding  with  the  transformation  (27)  are  the  same  as  those  corresponding  with  the 
transformation  (25),  as  it  is  geometrically  evident  they  ought  to  be. 

In  the  particular  case  where  the  transformation  (25)  is  a  pure  strain  referred  to  its 
principal  axes,  [so  that  rtjj  =  ej,  a^^=(^^  «33=f3>  and  the  remaining  coefficients  vanish],  and 
the  transformation  (26)  is  a  rotation  about  an  axis,  [so  that  its  coefficients  are  those  given 
in  Article  35],  the  coefficients  of  the  resultant  strain  are  given  by  such  equations  as 

H-c„  =  (14-e,){l-(l-Z2)(i_cos5)}, 

Cj2  =  (l-l-f2){-wsin  B  +  lmi^  -cos 5)}, 
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The  quantities  137 j,,  ■aiy,  OTj,  corresponding  with  this  strain  are  not  components  of  rotation, 
the  displacement  not  being  small.    We  should  find  for  example 

2ra-j.  =  C32  -  C23  =  2Z  sin  fl  +  (fj + ^3)  Z  sin  fl  +  (eg  -  £3)  mn{l-  cos  6). 

We  may  deduce  the  result  that,  if  the  components  of  strain  corresponding  with  the 
transformation  (27)  vanish,  and  the  condition  (iii)  of  Article  31  is  satisfied,  the  rotation 
expressed  by  (27)  is  of  amount  6  about  an  axis  {I,  m,  n)  determined  by  the  equations 

%  _  ''is  ~  "^31  _  '^a  ~  'hi  _  2  gin  0 


I 
We  may  show  that  the  transformation  expressed  by  the  equations 

represents  a  homogeneous  strain  compounded  of  uniform  extension  of  all  lines  which  are 
at  right  angles  to  the  direction  (ys^  :  ■wy  :  nr^)  and  rotation  about  a  line  in  this  direction. 
The  amount  of  the  extension  is  iJil  +  w^^+TSy^+'urJ^)  —  !,  and  the  tangent  of  the  angle  of 
rotation  is  ^(ra-^  +  io-j^  +  cj'/). 

In  the  general  case  of  the  composition  of  strains,  we  may  seek  expressions  for  the 
resultant  strain-components  in  terms  of  the  strain-components  of  the  constituent  strains 
and  the  coefficients  of  the  transformations.  If  we  denote  the  components  of  strain 
corresponding  with  (25),  (26),  (27)  respectively  by  {fxx)<i>  •■■  ^x,x,,  ■■■  {^xx)c>  ••• ,  'we  find  suoH 
formulae  as 

{(xx)c  =  {fxx)a +{i+anf^xtx,+ a%i  f »,»,  +  «^3i  ^nzi 

+  a21*31«!(is.  +  (1  +%l)  %l^zn:.  +(1  +«n)  «2lfa:.!/ii 
(Oo=(fi/2)a  +  2<J!l2«13%»;i  +  2  (1  +a22)  «23fm!n  +  2  (l+«33)  «32fJi2i 

+  {(1  +«22)  (1  +«33)  +  «23a32}  fi/,J,+  {(1  +"33)  ai2  +  «32«13}^^i=:i  +  {(^  +"22)  «13  +  «12«23}  ^xiv,- 


CHAPTEE  II. 


ANALYSIS  OF  STRESS. 


41.  The  notion  of  stress  in  general  is  simply  that  of  balancing  internal 
action  and  reaction  between  two  parts  of-  a  body,  the  force  which  either  part 
exerts  on  the  other  being  one  aspect  of  a  stress*.  A  familiar  example  is  that 
of  tension  in  a  bar;  the  part  of  the  bar  on  one  side  of  any  normal  section 
exerts  tension  on  the  other  part  across  the  section.  Another  familiar  example 
is  that  of  hydrostatic  pressure.  At  any  point  within  a  fluid,  pressure  is 
exerted  across  any  plane  drawn  through  the  point,  and  this  pressure  is 
estimated  as  a  force  per  unit  of  area.  For  the  complete  specification  of  the 
stress  at  any  point  of  a  body  we  should  require  to  know  the  force  per  unit  of 
area  across  every  plane  drawn  through  the  point,  and  the  direction  of  the 
force  as  well  as  its  magnitude  would  be  part  of  the  specification.  For  a 
complete  specification  of  the  state  of  stress  within  a  body  we  should  require 
to  know  the  stress  at  every  point  of  the  body.  The  object  of  an  analysis  of 
stress  is  to  determine  the  nature  of  the  quantities  by  which  the  stress  at 
a  point  can  be  specified  f.  In  this  Chapter  we  shall  develope  also  those 
consequences  in  regard  to  the  theory  of  the  equilibrium  and  motion  of 
a  body  which  follow  directly  from  the  analysis  of  stress. 

42.  Traction  across  a  plane  at  a  point. 

We  consider  any  area  S  in  a  given  plane,  and  containing  a  point  0  within 
a  body.  We  denote  the  normal  to  the  plane  drawn  in  a  specified  sense  by  v, 
and  we  think  of  the  portion  of  the  body,  which  is  on  the  side  of  the  plane 
towards  which  v  is  drawn,  as  exerting  force  on  the  remaining  portion  across 
the  plane,  this  force  being  one  aspect  of  a  stress.  We  suppose  that  the 
force,  which  is  thus  exerted  across  the  particular  area  S,  is  statically  equi- 
valent to  a  force  R,  acting  at  0  in  a  definite  direction,  and  a  couple  6?,  about 
a  definite  axis.    If  we  contract  the  area  8  by  any  continuous  process,  keeping 

*  For  a  discussion  of  the  notion  of  stress  from  the  point  of  view  of  Bational  Mechanics, 
see  Note  B.  at  the  end  of  this  book. 

+  The  theory  of  the  specification  of  stress  was  given  by  Cauehy  in  the  Article  '  De  la  pression 
ou  tension  dans  un  corps  solide '  in  the  volume  for  1827  of  the  Exercices  de  rmtMviatiques. 
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the  point  0  always  within  it,  the  force  R  and  the  couple  G  tend  towards  zero 
limits,  and  the  direction  of  the  force  tends  to  a  limiting  direction  (l,  m,  n). 
We  assume  that  the  number  obtained  by  dividing  the  number  of  units  of 
force  in  the  force  R  by  the  number  of  units  of  area  in  the  area  S  (say  R/S) 
tends  to  a  limit  F,  which  is  not  zero,  and  that  on  the  other  hand  G/S  tends 
to  zero  as  a  limit.  We  define  a  vector  quantity  by  the  direction  (I,  m,  n),  the 
numerical  measure  F,  and  the  dimension  symbol 

(mass)  (length)-!  (time)-l 

This  quantity  is  a  force  per  unit  of  area ;  we  call  it  the  traction  across  the 
plane  r  at  the  point  0.  We  write  X^,  F„,  Z„  for  the  projections  of  this  vector 
on  the  axes  of  coordinates.     The  projection  on  the  normal  v  is 

X^  cos  (x,  v)  +  T„  cos  (y,  v)  +  Z^  cos  {z,  v). 

If  this  component  traction  is  positive  it  is  a  tension ;  if  it  is  negative  it  is  a 
pressure.  If  dS  is  a  very  small  area  of  the  plane  normal  to  v  at  the  point  0, 
the  portion  of  the  body,  which  is  on  the  side  of  the  plane  towards  which  v  is 
drawn,  acts  upon  the  portion  on  the  other  side  with  a  force  at  the  point  0, 
specified  by 

{X^dS,  Y^dS,  Z^dS) ; 

this  is  the  traction  upon  the  element  of  area  dS. 

In  the  case  of  pressure  in  a  fluid  at  rest,  the  direction  (I,  m,  n)  of  the 
vector  {X^,  Y,,  Z,)  is  always  exactly  opposite  to  the  direction  v.  In  the  cases 
of  viscous  fluids  in  motion  and  elastic  solids,  this  direction  is  in  general 
obliquely  inclined  to  v. 

43.     Surface  Tractions  and  Body  Forces. 

When  two  bodies  are  in  contact,  the  nature  of  the  action  between  them 
over  the  surfaces  in  contact  is  assumed  to  be  the  same  as  the  nature  of  the 
action  between  two  portions  of  the  same  body,  separated  by  an  imagined 
surface.  If  we  begin  with  any  point  0  within  a  body,  and  any  direction 
for  V,  and  allow  0  to  move  up  to  a  point  0'  on  the  bounding  surface,  and 
V  to  coincide  with  the  outward  drawn  normal  to  this  surface  at  0',  then 
X^,  Y^,  Z,  tend  to  limiting  values,  which  are  the  components  of  the  surface- 
traction  at  0' ;  and  X^S8,  Y^SS,  Z^BS  are  the  forces  exerted  across  the 
element  SS  of  the  bounding  surface  by  some  other  body  having  contact 
with  the  body  in  question  in  the  neighbourhood  of  the  point  0'. 

In  general  other  forces  act  upon  a  body,  or  upon  each  part  of  the  body,  in 
addition  to  the  tractions  on  its  surface.  The  type  of  such  forces  is  the  force 
of  gravitation,  and  such  forces  are  in  general  proportional  to  the  masses  of 
particles  on  which  they  act,  and,  further,  they  are  determined  as  to  magnitude 
and  direction  by  the  positions  of  these  particles  in  the  field  of  force.  If 
X,  Y,  Z  are  the  components  of  the  intensity  of  the  field  at  any  point,  m  the 
mass  of  a  particle  at  the  point,  then  mX,  mY,  mZ  are  the  forces  of  the  field 
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that  act  on  the  particle.  The  forces  of  the  field  may  arise  from  the  action  of 
particles  forming  part  of  the  body,  as  in  the  case  of  a  body  subject  to  its  own 
gravitation,  or  of  particles  outside  the  body,  as  in  the  case  of  a  body  subject 
to  the  gravitational  attraction  of  another  body.  In  either  case  we  call  them 
body  forces. 

44.     Equations  of  Motion. 

The  body  forces,  applied  to  any  portion  of  a  body,  are  statically  equi- 
valent to  a  single  force,  applied  at  one  point,  together  with  a  couple.  The 
components,  parallel  to  the  axes,  of  the  single  force  are 

jljpXdxdydz,     IjipYdxdydz,     \UpZdxdydz, 

where  p  is  the  density  of  the  body  at  the  point  {x,  y,  z),  and  the  integration 
is  taken  through  the  volume  of  the  portion  of  the  body.  In  like  manner,  the 
tractions  on  the  elements  of  area  of  the  surface  of  the  portion  are  equivalent 
to  a  resultant  force  and  a  couple,  and  the  components  of  the  former  are 


ilxjS,    jJY^dS,    jjz^dS, 


where  the  integration  is  taken  over  the  surface  of  the  portion.  The  centre  of 
mass  of  the  portion  moves  like  a  particle  under  the  action  of  these  two  sets 
of  forces,  for  they  are  all  the  external  forces  acting  on  the  portion.  If  then 
(fx,  fy,  fz)  is  the  acceleration  of  the  particle  which  is  at  the  point  {x,  y,  z) 
at  time  t,  the  equations  of  motion  of  the  portion  are  three  of  the  type* 

[llpfxdxdydz=  JlJpXdxdydz+IJx.dS, (1) 

where  the  volume-integrations  are  taken  through  the  volume  of  the  portion, 
and  the  surface-integration  is  taken  over  its  surface. 

Again  the  equations,  which  determine  the  changes  of  moment  of  momentum 
of  the  portion  of  the  body,  are  three  of  the  type 

jjjp{yA-^fy)dxdydz  =  jjjp{yZ-zY)dxdydz+jj(yZ^-zY^)  dS; 

(2) 

and,  in  acct)rdance  with  the  theorem  f  of  the  independence  of  the  motion  of 
the  centre  of  mass  and  the  motion  relative  to  the  centre  of  mass,  the  origin 
of  the  coordinates  x,  y,  z  may  be  taken  to  be  at  the  centre  of  mass  of  the 
portion. 

The  above  equations  (1)  and  (2)  are  the  types  of  the  general  equations  of 
motion  uf  all  bodies  for  which  the  notion  of  stress  is  valid. 

*  The  equation  (1)  is  the  form  assumed  by  the  equations  of  the  type  2mi'  =  SZ,  of  my 
Theoretical  Mechanics,  Chapter  VI. ;  and  the  equation  (2)  is  the  form  assumed  by  the  equations 
of  the  type  2m  {ijz  -  zy)  =  S  (yZ  -  zY)  of  the  same  Chapter. 

+  Theoretical  Mechanics,  Chapter  VI. 
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45.     Equilibrium. 

When  a  body  is  at  rest  under  the  action  of  body  forces  and  surface  tractions,  these  are 
subject  to  the  conditions  of  equilibrium,  which  are  obtained  from  equations  (1)  and  (2)  by 
omission  of  the  terms  containing  f^,  fy,  f^.  We  have  thus  six  equations,  viz. :  three 
of  the  type 

\\Lxda:dydz+  Ux,dS=0,   (3) 

and  three  of  the  type 

j   jpQ/Z-!:F)dxdydz+[ l(j/Z,-zr,)dS=0 (4) 

It  follows  that  if  the  body  forces  and  surface  tractions  are  given  arbitrarily,  there  will 
not  be  equilibrium. 

In  the  particular  case  where  there  are  no  body  forces,  equihbrium  cannot  be  maintained 
unless  the  surface  tractions  satisfy  six  equations  of  the  types 


\\X,dS=^0,     and  j j (yZy-zn)dS=0. 


46.  Law  of  Equilibrium  of  surface  tractions  on  small  volumes. 

From  the  forms  alone  of  equations  (1)  and  (2)  we  can  deduce  a  result  of 
great  importance.  Let  the  volume  of  integration  be  very  small  in  all  its 
dimensions,  and  let  l"  denote  this  volume.  If  we  divide  both  members  of 
equation  (1)  by  I',  and  then  pass  to  a  limit  by  diminishing  I  indefinitely,  we 
iind  the  equation 

lim.  1-' If  X,dS  =  0. 

1=0 

Again,  if  we  take  the  origin  within  the  volume  of  integration,  we  obtain  by  a 
similar  process  from  (2)  the  equation 

lim.  l-'f!(yZ,  -  zY,)  dS  =  0. 

1=0 

The  equations  of  which  these  are  types  can  be  interpreted  in  the  statement : 

The  tractions  on  the  elements  of  area  of  the  surface  of  any  portion  of  a  body, 
which  is  very  small  in  all  its  dimensions,  are  ultimately,  to  a  first  approxima- 
tion, a  system  offerees  in  equilibrium. 

47.  Specification  of  stress  at  a  point. 

Through  any  point  0  in  a  body,  there  passes  a  doubly  infinite  system  of 
planes,  and  the  complete  specification  of  the  stress  at  0  involves  the  know- 
ledge of  the  traction  at  0  across  all  these  planes.  We  may  use  the  results 
obtained  in  the  last  Article  to  express  all  these  tractions  in  terms  of  the 
component  tractions  across  planes  parallel  to  the  coordinate  planes,  and  to 
obtain  relations  between  these  components.  We  denote  the  traction  across 
a  plane  a;  =  const,  by  its  vector  components  {X^,  Y^,  Z^  and  use  a  similar 
notation  for  the  tractions  across  planes  y  =  const,  and  z  =  const.  The  capital 
letters  show  the  directions  of  the  component  tractions,  and  the  suffixes  the 
planes  across  which  they  act.  The  sense  is  such  that  X^  is  positive  when  it 
is  a  tension,  negative  when  it  is  a  pressure.     If  the  axis  of  x  is  supposed 
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Fig.  5. 


drawn  upwards  from  the  paper  (cf.  Fig.  5),  and  the  paper  is  placed  so  as  to 
pass  through  0,  the  traction  in  question  is  exerted  by  the  part  of  the  body 
above  the  paper  upon  the  part  below. 

We  consider  the  equilibrium  of  a  tetrahedral  portion  of  the  body,  having 
one  vertex  at  0,  and  the  three  edges  that  meet  at  this  vertex  parallel  to  the 
axes  of  coordinates.     The  remaining  vertices  are  the  intersections  of  these 

edges  with  a  plane  near  to  0.  We  denote 
the  direction  of  the  normal  to  this  plane, 
drawn  away  from  the  interior  of  the  tetra- 
hedron, by  V,  so  that  its  direction  cosines 
are  cos  {x,  v),  cos  (y,  v),  cos  {z,  v).  Let  A 
be  the  area  of  the  face  of  the  tetrahedron 
that  is  in  this  plane ;  the  areas  of  the 
remaining  faces  are 

A  cos  {x,  v),  A  cos  {y,  v),  A  cos  {z,  v). 
For  a  first  approximation,  when  all  the 
edges  of  the  tetrahedron  are  small,  we  may 
take  the  resultant  tractions  across  the  face 
V  to  be  -3r„A,  ...,  and  those  on  the  remain- 
ing faces  to  be  —  Xa;Acos(a;,  v) The 

sum  of  the  tractions  parallel  to  x  on  all  the  faces  of  the  tetrahedron  can  be 
taken  to  be 

X^A  —  Xx^  cos  {x,  v)  —  Xy^  cos  {y,  i/)  —  Xz  A  cos  {z,  v). 

By  dividing  by  A,  in  accordance  with  the  process  of  the  last  Article,  we 
obtain  the  first  of  equations  (5),  and  the  other  equations  of  this  set  are 
obtained  by  similar  processes;    we  thus  find  the  three  equations 

X„  =  Xx  cos  {x,  v)  +  Xy  cos  {y,  v)  +  X^  cos  {z,  v),  \ 

F„=  F^cos(«,  v)+  7yCos(y,  v)+  Y^cos(z,  v),  I  (5) 

Z^  =  Zx  cos  (x,  v)  -I-  Zy  cos  {y,  v)-^  Z^  cos  {z,  v).  I 

By  these  equations  the  traction  across  any  plane  through  0  is  expressed  in 
terms  of  the  tractions  across  planes  parallel  to  the  coordinate  planes.  By  these 
equations  also  the  component  tractions  across  planes,  parallel  to  the  coordinate 
planes,  at  any  point  on  the  bounding  surface  of  a  body,  are  connected  with 
the  tractions  exerted  upon  the  body,  across  the  surface,  by  any  other  body  in 
contact  with  it. 

Again,  consider  a  very  small  cube  (Fig.  6)  of  the  material  with  its  edges 
parallel  to  the  coordinate  axes.  To  a  first  approximation,  the  resultant 
tractions  exerted  upon  the  cube  across  the  faces  perpendicular  to  the  axis 
of  a:  are  AX^,  AFa;,AZt,  for  the  face  for  which  x  is  greater,  and  -AZ,;, 
—^^x,  -^Zx,  for  the  opposite  face,  A  being  the  area  of  any  face.  Similar 
expressions  hold  for  the  other  faces.     The  value  oi  fJ(yZ,-zY,)dS  for  the 
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cube  can  be  taken  to  be  ^A  (Zy  -  Y^,  where  I  is  the  length  of  any  edge.  By 
the  process  of  the  last  Article  we  obtain  the  first  of  equations  (6),  and  the 
other  equations  of  this  set  are  obtained  by  similar  processes ;  we  thus  find 
the  three  equations 


Y,-*^ 


Fig.  6. 

By  equations  (6)  the  number  of  quantities  which  must  be  specified,  in 
order  that  the  stress  at  a  point  may  be  determined,  is  reduced  to  six,  viz. 
three  normal  component  tractions  X^,  Yy,  Z.,,  and  three  tangential  tractions 
Fz,  Z^,  Xy.  These  six  quantities  are  called  the  components  of  stress*  at  the 
point. 

The  six  components  of  stress  are  sometimes  written  xx,yy,'zz,  yz,  zx,  xy. 
A  notation  of  this  kind  is  especially  convenient  when  use  is  made  of  the 
orthogonal  curvilinear  coordinates  of  Article  19.  The  six  components  of 
stress  referred  to  the  normals  to  the  surfaces  a,  ^,  7  at  a  point  will  hereafter 
be  denoted  by  aa,  j^$,  77,  ^j,  7a,  ayS. 

48.     Measure  of  stress. 

The  state  of  stress  within  a  body  is  determined  when  we  know  the  values 
at  each  point  of  the  six  components  of  stress.  Each  of  these  stress-components 
is  a  traction  of  the  kind  described  in  Article  42,  so  that  it  is  measured  as  a 
force  per  unit  area.   The  dimension  symbol  of  any  stress-component  is  ML-^T-^. 

*  A  symmetrical  method  of  specifying  the  stress  is  worked  out  by  Lord  Kelvin  (Article  10  foot- 
note). The  method  is  equivalent  to  taking  as  the  six  components  of  stress  at  a  point  the  tensions 
per  unit  of  area  across  six  planes  which  are  perpendicular  respectively  to  the  six  edges  of  a 
chosen  tetrahedron. 
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A  stress  may  accordingly  be  measured  as  so  many  "  tons  per  square  inch/' 
or  so  many  "  dynes  per  square  centimetre,"  or  more  generally,  as  so  many 
units  of  force  per  unit  of  area.  [One  ton  per  square  inch  =  1'545  x  10^  dynes 
per  square  centimetre.] 

For  example,  the  pressure  of  the  atmosphere  is  about  10°  dynes  per  square 
centimetre.  As  exemplifying  the  stresses  which  have  to  be  allowed  for  by 
engineers  we  may  note  the  statement  of  W.  C.  Unwin*  that  the  Conway 
bridge  is  daily  subjected  to  stresses  reaching  7  tons  per  square  inch. 

49.     Transformation  of  Stress-components. 

Since  the  traction  at  a  given  point  across  any  plane  is  determined  when 
the  six  components  of  stress  at  the  point  are  given,  it  must  be  possible  to 
express  the  six  components  of  stress,  referred  to  any  system  of  axes,  in  terms 
of  those  referred  to  another  system.  Let  the  components  of  stress  referred 
to  axes  of  a;',  y ,  z'  be  denoted  by  XV,  ■  ■  ■ ;  and  let  the  new  coordinates  be  given 
in  terms  of  the  old  by  the  orthogonal  scheme  of  transformation 


X 

y 

Z 

x' 

h 

OTl 

1\ 

y 

h 

OTj 

■n-2 
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h 

OTg 

n., 

•(7) 


Then  equations  (5)  show  that  the  component  tractions  across  the  plane  x 
(in  the  directions  of  the  axes  of  a;,  y,  z)  are  given  by  the  equations 

X^  =  l^X-c  +  'miXy  +  n^X^,  \ 

Y^'  =  hY^  +  m,Yy  +  n,Y„  [•     

Z^  =  l^Z^  +  m^Zy  +  n^Z^.  ) 
Also,  since  the  traction  across  any  plane  is  a  vector,  we  have  the  equations 

Z  V  =  l^X^  +  «(i  Fa/  +  ?li  Z^,    j 

Y'^  =  kX^  +  m^Y^  +  n^Z^,  \ (8) 

Z'^  =  l^X^  +  ma  Yoii  +  ihZ^.  ) 

On  substituting  from  (7)  in  (8),  and  taking  account  of  (6),  we  find  formulae  of 
the  type 

XV  =  k^X^  +  m^^Yy  +  n,%  +  Im^nJ'^  +  ^-n^kZ^  +  n^m^Xy, 

X'y-  =  li l^Xx  +  m^vi^Yy  +  n^n^Z^  +  (rriyn^  +  m^n^)  Yz 

+  (wjZa  +  n^li)  Zx  +  {km^  +  kmi)  Xy. 

These  are  the  formulae  for  the  transformation  of  stress-components. 

*  The  Testing  of  Materials  of  Comtruction,  London  1888,  p.  9. 
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50.     The  stress  quadric. 

The  formulae  (9)  show  that,  if  the  equation  of  the  quadric  surface 

X^x"  +  Yyy-"  +  Z^z^  +  2  Y^yz  +  2Z^zx  +  2Xyxy  =  const (10) 

is  transformed  by  an  orthogonal  substitution  so  that  the  left-hand  member 
becomes  a  function  of  «',  y',  /,  the  coefficients  of  x"',  ...  '2y'z',  ...  in  the  left- 
hand  member  are  X'-c-,  ■  • .  Y'^, 

The  quadric  surface  (10)  is  called  the  stress  quadric.  It  has  the  property 
that  the  normal  stress  across  any  plane  through  its  centre  is  inversely  pro- 
portional to  the  square  of  that  radius  vector  of  the  quadric  which  is  normal 
to  the  plane.  If  the  quadric  were  referred  to  its  principal  axes,  the  tangential 
tractions  across  the  coordinate  planes  would  vanish.  The  normal  tractions 
across  these  planes  are  called  principal  stresses.  We  learn  that  there  exist, 
at  any  point  of  a  body,  three  orthogonal  planes,  across  each  of  which 
the  traction  is  purely  normal.  These  are  called  the  principal  planes  of 
stress.  We  also  learn  that  to  specify  completely  the  state  of  stress  at  any 
point  of  a  body  we  require  to  know  the  directions  of  the  principal  planes  of 
stress,  and  the  magnitudes  of  the  principal  stresses ;  and  that  we  may  then 
obtain  the  six  components  of  stress,  referred  to  any  set  of  orthogonal 
planes,  by  the  process  of  transforming  the  equation  of  a  quadric  surface  from 
one  set  of  axes  to  another.  The  stress  at  a  point  may  be  regarded  as  a 
single  quantity  related  to  directions ;  this  quantity  is  not  a  vector,  but  has 
six  components  in  much  the  same  way  as  a  strain*. 

51.     Types  of  stress. 

(a)     Purely  normal  stress. 

If  the  traction  across  every  plane  at  a  point  is  normal  to  the  plane,  the  terms  contain- 
ing products  yz,  zx,  xy  are  always  absent  from  the  equation  of  the  stress  quadric,  however 
the  rectangular  axes  of  coordinates  may  be  chosen.  In  this  case  any  set  of  orthogonal 
lines  passing  through  the  point  can  be  taken  to  be  the  principal  axes  of  the  quadric.  It 
follows  that  the  quadric  is  a  sphere,  and  thence  that  the  normal  stress-components  are  all 
equal  in  magnitude  and  have  the  same  sign.  If  they  are  positive  the  stress  is  a  tension, 
the  same  in  all  directions  round  the  point.  If  they  are  negative  the  stress  is  pressure, 
with  the  like  property  of  equality  in  all  directionst. 
(6)     Simple  tension  or  pressure. 

A  simple  tension  or  pressure  is  a  state  of  stress  at  a  point,  which  is  such  that  the 
traction  across  one  plane  through  the  point  is  normal  to  the  plane,  and  the  traction  across 
any  perpendicular  plane  vanishes.  The  equation  of  the  stress  quadric  referred  to  its 
principal  axes  would  be  of  the  form 

so  that  the  quadric  consists  of  a  pair  of  planes  normal  to  the  direction  of  the  tension,^ 
or  pressure.     The  components  of  stress  referred  to  arbitrary  axes  of  x,  y,  z  would  be 

X^  =  X':^l\     Yy  =  X'^m\    Z,=  X^.n\     Y,=X\,mn,    Z^=X'^nl,     Xy  =  X'^,lm, 
where  il,  m,  n)  is  the  direction  of  the  tension,  or  pressure,  and  X'^,  is  its  magnitude.    If  the 
stress  is  tension  ZV  is  positive  ;   if  the  stress  is  pressure  X'^  is  negative. 

*  In  the  language  of  Voigt  it  is  a  tensor-triad.     Cf.  Article  14  (6)  supra. 
t  This  is  a  fundamental  theorem  of  rational  Hydrodynamics,  cf.  Lamb,  Hydrodynamics,  p.  2. 
It  was  proved  first  by  Cauohy,  see  Ency.  d.  math.  Wiss.,  Bd.  4,  Art.  15,  p.  52. 
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(c)     Sheanng  Stress. 

The  result  expressed  by  equations  (6)  is  independent  of  the  directions  of 
the  axes  of  coordinates,  and  may  be  stated  as  follows: — The  tangential 
traction,  parallel  to  a  line  I,  across  a  plane  at  right  angles  to  a  line  I',  the 
two  lines  being  at  right  angles  to  each  other,  is  equal  to  the  tangential 
traction,  parallel  to  I',  across  a  plane  at  right  angles  to  I.  It  follows  that  the 
existence  of  tangential  traction  across  any  plane  implies  the  existence  of 
tangential  traction  across  a  perpendicular  plane.  The  term  shearing  stress  is 
used  to  express  the  stress  at  a  point  specified  by  a  pair  of  equal  tangential 
tractions  on  two  perpendicular  planes. 

We  may  use  the  analysis  of  Article  49  to  determine  the  corresponding  principal 
stresses  and  principal  planes  of  stress.  Let  the  stress  quadric  be  2A''j,yy=const.,  so 
that  there  is  tangential  traction  parallel  to  the  axis  x'  on  a  plane  ^'  =  const.,  and  equal 
tangential  traction  parallel  to  the  axis  y'  on  a  plane  x'  =  const.  Let  the  axes  of  x,  y,  z  be 
the  principal  axes  of  the  stress.     The  form  iX'y'o/y'  is  the  same  as 


and  this  ought  to  be  the  same  as 


:Am 


n/2  )r 


X,x^+  Yy,f+Z,ZK 

We  therefore  have  ■2ij=0,     X^=  -  Yy  =  X'y, ; 

and  we  find  that  the  shearing  stress  is  equivalent  to  tension  across  one  of  the  planes,  that 
bisect  the  angles  between  the  two  perpendicular  planes  concerned,  and  pressure  across  the 
other  of  these  planes.  The  tension  and  the  pressure  are  equal  in  absolute  magnitude,  and 
each  of  them  is  equal  to  either  tangential  traction  of  the  shearing  stress. 


t'l'VYiil-t-l'l 


y 


Fig.  7. 


The  diagram  (Fig.  7),  illustrates  the  equivalence  of  the  shearing  stress  and  the  principal 
stresses.  Shearing  stress  equivalent  to  such  principal  stresses  as  those  shown  in  the 
left-hand  figure  may  be  expected  to  ijroduce  shearing  strains  in  which  planes  of  the  material 
that  are  perpendicular  to  the  axis  of  y'  before  the  ajiplication  of  the  stress  slide  in  a 
direction  parallel  to  the  axis  of  y,  and  planes  ijerpendicular  to  the  axis  of  a/  slide  in  a 
direction  parallel  to  the  axis  of  y'.  Thus  shearing  stress  of  the  type  Xy  may  be  expected 
to  produce  shearing  strain  of  the  type  p^y.     (See  Article  14  (c).) 
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(d)  Plane  Stress. 
A  more  general  type  of  stress,  whioli  includes  simple  tension  and  shearing  stress  as 
particular  cases,  is  obtained  by  assuming  that  one  principal  stress  is  zero.  The  stress 
quadric  is  then  a  cylinder  standing  on  a  conic  as  base,  and  the  latter  may  be  called  the 
stress  conic  ;  its  plane  contains  the  directions  of  the  two  principal  stresses  which  do  not 
vanish.  Taking  this  plane  to  be  at  right  angles  to  the  axis  of  z,  the  equation  of  the  stress 
conic  is  of  the  form 

X^x^+  ryf  + 2XyXy=conat. 

and  the  shearing  stresses  Zx  and  F^  are  zero,  as  well  as  the  tension  Z^.  In  the  particular 
case  of  simple  tension  the  stress  conic  consists  of  a  pair  of  parallel  lines,  in  the  case  of 
shearing  stress  it  is  a  rectangular  hyperbola.  If  it  is  a  circle  there  is  tension  or  pressure 
the  same  in  all  directions  in  the  plane  of  the  circle. 

52.  Resolution  of  any  stress-system  into  uniform  tension  and 
shearing  stress. 

The  quantity  Xx  +  Yy  +  Zg  is  invariant  as  regards  transformations  from 
one  set  of  rectangular  a.xes  to  another.  When  the  stress-system  is  uniform 
normal  pressure  of  amount  p,  this  quantity  is  —  2p.  In  general,  we  may  call 
the  quantity  ^ (X^  +  Ty  +  Z^)  the  "mean  tension  at  a  point " ;  and  we  may 
resolve  the  stress-system  into  components  characterised  respectively  by  the 
existence  and  non-existence  of  mean  tension.  For  this  purpose  we  may 
put 

X^  =  i{Xx  +  Yy  +  Z,)  +  IXx-i(Yy  +  Z,). 


Then  the  stress-system  expressed  hy  fXx  —  ^{Ty  +  Zi),  ...  involves  no  mean 
tension.  This  system  has  the  property  that  the  sum  of  the  principal  stresses 
vanishes ;  and  it  is  possible  to  choose  rectangular  axes  of  coordinates  x',  y ,  z 
in  such  a  way  that  the  normal  tractions  X' ^,  Y'^,  Z'^,  corresponding  with 
these  axes,  vanish.  Accordingly,  stress-systems,  which  involve  no  mean 
tension  at  a  point,  are  equivalent  to  shearing  stresses  only,  in  the  sense  that 
three  orthogonal  planes  can  be  found  across  which  the  tractions  are  purely 
tangential.  It  follows  that  any  stress-system  at  a  point  is  equivalent  to 
tension  (or  pressure),  the  same  in  all  directions  round  the  point,  together 
with  tangential  tractions  across  three  planes  which  cut  each  other  at  right 
angles. 

53.     Additional  results. 

The  proofs  of  the  following  results*  may  serve  as  exercises  for  the  student : 

(i)     The  quantities 

x,+  r„+^„    Y,z,+z,Xx^x,T,- rj'-zj^-x/, 
X,  Y,z,+i  Y.ZxXy  -  Xx  i7 -  ryZx' -  2z-^y' 

are  invariant  as  regards  orthogonal  transformations  of  coordinates. 

*  The  results  (i)— (v)  are  due  to  Cauchy  and  Lam^, 
L.  E.  6 
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(ii)  If  J.'i,  Vy,  Z,  are  principal  stresses,  the  traction  across  any  plane  is  proportional 
to  the  central  perpendicular  on  the  parallel  tangent  plane  of  the  ellipsoid 

^2/AV  +2,2/  J7  +  22/Z,2  =  C0nst. 

This  is  Lamp's  stress-ellipsoid.  The  reciprocal  surface  was  discussed  by  Cauchy ;  its 
central  radius  vector  in  any  direction  is  inversely  proportional  to  the  traction  across  the 
plane  at  right  angles  to  that  direction. 

(iii)  The  quadric  surface  3^IXx+2/^/l''y  +  z^/Zi  =  const.  (in  which  X^,  ...  are  principal 
stresses),  called  Lamp's  stress-director  quadric,  is  the  reciprocal  of  the  stress  quadric  with 
respect  to  its  centre ;  the  radius  vector  from  the  centre  to  any  point  of  the  surface  is  in  the 
direction  of  the  traction  across  a  plane  parallel  to  the  tangent  plane  at  the  point. 

(iv)  The  planes  across  which  there  is  no  normal  traction  at  a  point  envelope  a  cone  of 
the  second  degree  which  is  the  reciprocal  of  the  asymptotic  cone  of  the  stress  quadric  at 
the  point.  The  former  cone  is  Lamp's  cone  of  shearing  stress.  When  it  is  real,  it  separates 
the  planes  across  which  the  normal  traction  is  tension  from  those  across  which  it  is  pressure ; 
when  it  is  imaginary  the  normal  traction  across  all  planes  is  tension  or  pressure  according 
as  the  mean  tension  J (A'i+  Yy-^-Z^)  is  positive  or  negative. 

(v)  If  any  two  lines  x  and  x'  are  drawn  from  any  point  of  a  body  in  a  state  of  stress, 
and  planes  at  right  angles  to  them  are  drawn  at  the  point,  the  component  parallel  to  x'  of 
the  traction  across  the  plane  perpendicular  to  x  is  equal  to  the  component  parallel  to  x  of 
the  traction  across  the  plane  perpendicular  to  x'. 

This  theorem,  which  may  be  expressed  by  the  equation  x\=x^,  is  a  generalization  of 
the  results  (6)  of  Article  47. 

(vi)     Maxwell's  electrostatic  stress-system*. 

Let  V  be  the  potential  of  a  system  of  electric  charges,  and  let  a  stress-system  be 
determined  by  the  equations 


Y  =~  — — 

'    477  Sy  'dz  ' 

J_  dVdV 
"'An  32   dx' 


^  1_3F3F 
'     4rr  dx  di/' 

It  may  be  shown,  by  taking  the  axis  of  x  to  be  parallel  to  the  normal  at  (x,  y,  z)  to  the 
equipotential  surface  at  the  point,  that  one  principal  plane  of  the  stress  at  any  point  is  the 
tangent  plane  to  the  equipotential  surface  at  the  point,  and  that  the  traction  across  this 
plane  is  tension  of  amount  IP/8n,  while  the  traction  across  any  perpendicular  plane  is 
pressure  of  the  same  amount,  R  being  the  resultant  electric  force  at  the  point  so  that 

(vii)    If  u,  V,  w  are  the  components  of  any  vector  quantity,  and  X„  . . .  are  the  components 
of  any  stress,  the  three  quantities 

A':,u  +  XyV-i-Z^w,     XyU-hYyV-hr.w,     Z^uJrY^vJrZ^w 

are  the  components  of  a  vector,  i.e.  they  are  transformed  from  one  set  of  rectangular  axes 
to  another  by  the  same  substitution  as  u,  v,  w. 

54.     The  stress-equations  of  motion  and  of  equilibrium. 

Ill  the  equations  of  the  type  (1)  of  Article  44,  we  substitute  for  X„,  ... 

*  Maxwell,  Electricity  and  Magnetism,  2nd  Edn.,  Oxford,  1881,  vol.  1,  ch.  5. 
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from  equations  (5).     We  then  have,  as  the  equation  obtained  by  resolving  all 
the  forces  parallel  to  the  axis  of  x. 


1 1  jpfxdxdydz  =  i  I  \pXdxdydz 


+  1 1  {Xx  cos  («,  i;)  +  Zj,  cos  {y,  v)  +  X^cos  {z,  v)]  dS.  . .  .(11) 

We  apply  Green's  transformation*  to  the  surface-integral,  and  transpose,  thus 
obtaining  the  equation 

///C-&+'|-^+S^+^^-^/^)^^^^^=« (12) 

In  this  equation  the  integration  may  be  taken  through  any  volume  within 
the  body,  and  it  follows  that  the  equation  cannot  be  satisfied  unless  the 
subject  of  integration  vanishes  at  every  point  within  the  body.  Similar 
results  would  follow  by  transforming  the  equations  obtained  by  resolving  all 
the  forces  parallel  to  the  axes  of  y  and  s.  We  thus  obtain  three  equations  of 
motion  of  the  type 


.(13) 


dXx     dXy     dXi 
dx        dy        dz 

If  the  body  is  held  in  equilibrium,  f%,fy,fz  are  zero,  and  the  equations  of 
equilibrium  are 


.(14) 


dX:,  ^  dXy  ^  dZ^  ^  pX=^0 
dx        dy        dz       ^  ' 

9^^+^  +  ^^  +  pF=0, 
dx        dy        dz 

Mb  +  ^Z?  +  Ml  +  pZ  =0 
dx        dy         dz       "  ' 

wherein  Y^,  Z^,  Xy  have  been  written  for  the  equivalent  Zy,  X^,  Y^. 

If  the  body  moves  so  that  the  displacement  (u,  v,  w)  of  any  particle  is 
always  very  small,  we  may  put 

dhi    d^    d^ 
a^'  dp'  df 

instead  oi  f^,  fy,  ft,  the  time  being  denoted  by  t\   the  equations  of  small 
motion  are  therefore 

dX.dXydZ.     „     a»M    ^ 
-^^'di^-di^P^=PW 


dx 

dZ, 


dy 

dY, 


dz 
dZ, 


„       d'w 
dx  +17+17 +'''^  =  P^ 


8f'    f 
dt 


.(15) 


*  The  transformation  is  that  expressed  by  the  equation 

[|{f  COS {x,v)+'n cos (y, ,-)  +  f cos {z,  v)} dS=jjj(^^  +  8^  +  8j)  '*'' ^-^ ^'^ 
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Other  forms  of  equations  of  equilibrium  and  of  motion,  containing  fewer 
unknown  quantities,  will  be  given  hereafter.  We  distinguish  the  above 
forms  (14)  and  (15)  as  the  stress-equations. 

55.     Uniform  stress  and  uniformly  varying  stress. 

We  observe  that  the  stress-equations  of  equilibrium  (14)  hold  within  a  body,  and 
equations  (5)  hold  at  its  boundary,  provided  that,  in  the  latter  equations,  v  is  the  direction 
of  the  normal  to  the  bounding  surface  drawn  outwards  and  A'^,  ...  are  the  surface  tractions. 
The  equations  may  be  used  to  determine  the  forces  that  must  be  applied  to  a  body  to 
maintain  a  given  state  of  stress. 

When  the  components  of  stress  are  independent  of  the  coordinates,  or  the  stress  is  the 
same  at  all  points  of  the  body,  the  body  forces  vanish.  In  other  words,  any  state  of 
uniform  stress  can  be  maintained  by  surface  tractions  only. 

We  shall  consider  two  cases  : 

(a)  Uniform  pressure.     In  this  case  we  have 

where  p  is  the  pressure,  supposed  to  be  the  same  at  all  points  and  in  all  directions  round 
each  point.  The  surface  tractions  are  equal  to  the  components  of  a  pressure  p  exerted 
across  the  surface  of  the  body,  whatever  the  shape  of  the  body  may  be.  We  may  conclude 
that,  when  a  body  is  subjected  to  constant  pressure  p,  the  same  at  all  points  of  its  surface, 
and  is  free  from  the  action  of  body  forces,  the  state  of  stress  in  the  interior  can  be  a  state 
of  mean  pressure,  equal  to  p  at  each  point,  unaccompanied  by  any  shearing  stress. 

(b)  Simple  tension.  Let  T  be  the  amount  of  the  tension,  and  the  axis  of  x  its  direction. 
Then  we  have  X^  =  T,  and  the  remaining  stress-components  vanish.  We  take  T  to  be  the 
same  at  all  points.  The  surface  traction  at  any  point  is  directed  parallel  to  the  axis  of  x; 
and  its  amount  is  7'cos(^,  v).  If  the  body  is  in  the  shape  of  a  cylinder  or  prism,  of  any 
form  of  section,  with  its  length  in  the  direction  of  the  axis  of  ,r,  there  will  be  tensions  on 
its  ends  of  amount  T  per  unit  area,  and  there  will  be  no  tractions  across  its  cylindrical 
surface.  We  may  conclude  that  when  a  bar  is  subjected  to  equal  and  opposite  uniform 
normal  tensions  over  its  ends,  and  is  free  from  the  action  of  any  other  forces,  the  state  of 
stress  in  the  interior  can  be  a  state  of  tension  across  the  normal  sections,  of  the  same 
amount  ^at  all  points. 

Uniform  traction  across  a  plane  area  is  statically  equivalent  to  a  force  at  the  centroid 
of  the  area.  The  force  has  the  same  direction  as  the  traction,  and  its  magnitude  is 
measured  by  the  product  of  the  measures  of  the  area  and  of  the  magnitude  of  the  traction. 

If  the  traction  acro-ss  an  area  is  uniform  as  regards  direction  and,  as  regards  magnitude, 
is  proportional  to  distance,  measured  in  a  definite  sense,  from  a  definite  line  in  the  plane 
of  the  area,  we  have  an  example  of  uniformly/  varying  stress.  The  traction  across  the  area 
is  statically  equivalent  to  a  single  force  acting  at  a  certain  point  of  the  plane,  which  is 
identical  with  the  "  centre  of  pressure  "  investigated  in  treatises  on  Hydrostatics.  There 
is  an  exceptional  case,  in  which  the  line  of  zero  traction  passes  through  the  centroid  of  the 
area ;  the  traction  across  the  area  is  then  statically  equivalent  to  a  couple.  When  the  line 
of  zero  traction  does  not  intersect  the  boundary  of  the  area,  the  traction  has  the  same  sign 
at  all  points  of  the  area  ;  and  the  centre  of  pressure  must  then  lie  within  a  certain  curve 
surrounding  the  centroid.  If  the  area  is  of  rectangular  shape,  and  the  line  of  zero  traction 
is  parallel  to  one  side,  the  greatest  distance  of  the  centre  of  pressure  from  the  centroid 
is  ^th  of  that  side.     This  result  is  the  engineers'  "  rule  of  the  middle  third*." 

*  Ewing,  Strength  of  Materials,  p.  104. 
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56.     Observations  concerning  the  stress-equations. 

(a)    The  equations  of  type  (13)  may  be  obtained  by  applying  the  equations  of  type  (1) 
[Article  44]  to  a  small  parallelepiped  bounded  by  planes  parallel  to  the  coordinate  planes. 

The  contributions  of  the  faces  .«;  and  a; + dx  to  |  |  X„  dS  can  be  taken  tohe-X^di/ dz  and 

{Xx  +  (fiJ^x/^'>!)dx}d^dz,  and  similar  expressions  for  the  contributions  of  the  remaining 
pairs  of  faces  can  be  written  down. 

(6)     The  equations  of  moments  of  type  (2)  are  already  satisfied  in  consequence  of 
equations  (6).     In  fact  (2)  may  be  written 

=  \\L{yZ~zY)da!dydz 

+  I  I  [y{^»cos(i!;,  v)+Zyaos{y,  v)  +  Z^co&{z,  v)} 

—  z{Yx cos  {x,  v)  +  Yy cos  (y,  v)  +  Y^ cos  {z,  v)}]  dS, 
by  substituting  for  f^,  ...  from  the  eqiiations  of  type  (13),  and  for  Y„,  Zy  from  (5).     By 
help  of  Green's  transformation,  this  equation  becomes 


/// 


{Zy-Y^)dxdydz==0; 


and  thus  the  equations  of  moments  are  satisfied  identically  in  virtue  of  equations  (6).  It 
will  be  observed  that,  equations  (6)  might  be  proved  by  the  above  analysis  instead  of  that 
in  Article  47. 

(c)  When  the  equations  (14)  are  satisfied  at  all  points  of  a  body,  the  conditions  of 
equilibrium  of  the  body  as  a  whole  (Article  45)  are  necessarily  satisfied,  and  the  resultant 
of  all  the  body  forces,  acting  upon  elements  of  volume  of  the  body,  is  balanced  by  the 
resultant  of  all  the  tractions,  acting  upon  elements  of  its  surface.  The  like  statement  is 
true  of  the  resultant  moments  of  the  body  forces  and  surface  tractions. 

{d)  An  example  of  the  application  of  this  remark  is  afforded  by  Maxwell's  stress-system 
described  in  (vi)  of  Article  53.     We  should  find  for  example 

dx        dy        dz       ijr  dx       ' 

where  v^  stands  for  ff'/dx^  +  d^ldy^  +  d^jdz^.     It  follows  that,  in  any  region  throughout  which 

^^V=0,  this  stress-system  is  self-equilibrating,  and  that^  in  general,  this  stress-system  is 

1  /dV    dV   dV\ 

in  equilibrium  with  body  force  specified  by  ~t"V^F(^,   -^,  -~-]  per  unit  volume. 

Hence  the  tractions  over  any  closed  surface,  which  would  be  deduced  from  the  formulse  for 

1  /dV     dV     dV\ 

Xx,  ...,  are  statically  equivalent  to  body  forces,  specified  by^-V^l^l^,    ^  ,   -k~j  per 

unit  volume  of  the  volume  within  the  surface. 

(e)    Stress-functions. 

In  the  development  of  the  theory  we  shall  be  much  occupied  with  bodies  in  equilibrium 
under  forces  applied  over  their  surfaces  only.  In  this  case  there  are  no  body  forces  and 
no  accelerations,  and  the  equations  of  equilibrium  are 

dX  djy  dZ^  dXy  dYy  dY,  ^A    +    ^^+^A^^Q'  (16) 

while  the  surface  tractions  are  equal  to  the  values  of  (X„,  Y^,  Zv)  at  the  surface  of  the  body. 
The  differential  equations  (16)  are  three  independent  relations  between  the  six  components 
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of  stress  at  any  point ;  by  means  of  them  we  might  express  these  six  quantities  in  terms  of 
three  independent  functions  of  position.  Such  functions  would  be  called  "stress-functions." 
So  long  as  we  have  no  information  about  the  state  of  the  body,  besides  that  contained  in 
equations  (16),  such  functions  are  arbitrary  functions. 

One  way  of  expressing  the  stress-components  in  terms  of  stress-functions  is  to  assume* 

r-_?!2fi     7-_^     r-_?!2(3 
'^      dydz'      "'     dzdx'       ""     dxdy' 

and  then  it  is  clear  that  the  equations  (16)  are  satisfied  if 
Another  way  is  to  assume  t 


^     dydz'        "     dzdx'       '~dxh/' 
^dx\      dx  ^  dy  '^  dz  ) '        ='"      -idyydx       ay        30, 


'  "        2dz\dx^  dy       dzj' 
These  formulae  may  be  readily  verified.     It  will  be  observed  that  the  relations  between 
the  X  functions  and  the  \Ja  functions  are  the  same  as  those  between  the  quantities  e^x,  •■• 
and  the  quantities  e^^,  ...  in  Article  17. 

57.     Graphic  representation  of  stress. 

States  of  stress  may  be  illustrated  in  various  ways  by  means  of  diagrams,  but  complete 
diagrammatic  representations  cannot  easily  be  found.  There  are  cases  in  which  the 
magnitude  and  direction  of  the  stress  at  a  point  can  be  determined  by  inspection  of  a 
drawing  of  a  family  of  curves,  just  as  magnetic  force  may  be  found  by  aid  of  a  diagram 
of  lines  of  force.  But  such  oases  are  rare,  the  most  important  being  the  stress  in  a 
twisted  bar. 

In  the  case  of  plane  stress,  in  a  body  held  by  forces  applied  at  its  boundary,  a  complete 
representation  of  the  stress  at  any  point  can  be  obtained  by  using  two  diagrams  |.  The 
stress  is  determined  by  means  of  a  stress-function  x,  so  that 

^'^    dy^'    ^"-3^2'     -^"-'d^'   (") 

the  plane  of  the  stress  being  the  plane  of  a;  y,  and  x  being  a  function  of  a),  y,  z.     If  the 

f' V  py 

curves  g^= const,  and  ^  =  const,  are  traced  for  the  same  value  of  z  and  for  equidiffereut 

values  of  the  constants,  then  the  tractions  at  any  point,  across  planes  parallel  to  the  planes 

of  (x,  z)  and  (y,  z\  are  directed  respectively  along  the  tangents  to  the  curves  |^  =  const,  and 
-,  ox 

Ov 

g^  =  const,  which  pass  through  the  point,  and  their  magnitudes  are  proportional  to  the 
closeness  of  consecutive  curves  of  the  respective  families. 

♦  Maxwell,  Edinburgh  Roy.  Soc.  Trans,  vol.  26  (1810),=  Scientific  Papers,  vol.  2,  p.  161. 
The  particular  case  of  plane  stress  was  discussed  by  G.  B.  Airy,  Brit.  Assoc.  Rep.  1862. 

t  G.  Morera,  Rome,  Ace.  Lincei  Rend.  (Ser.  .5),  t.  1  (1892).  The  relations  between  the  two 
systems  of  stress-functions  were  discussed  by  Beltrami  and  Morera  in  the  same  volume. 

t  J-  H.  Miehell,  London  Uath.  Soc.  Proc,  vol.  32  (1901). 
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Partial  repsesentatious  by  graphic  means  have  sometimes  been  used  in  cases  where  a 
complete  representation  cannot  be  obtained.  Of  this  kind  are  tracings  or  models  of  the 
"lines  of  stress."  These  lines  are  such  that  the  tangent  to  any  one  of  them  at  any  point 
is  normal  to  a  principal  plane  of  stress  at  the  point.  Through  any  point  there  pass  three 
such  lines,  cutting  each  other  at  right  angles.  These  lines  may  determine  a  triply  orthogonal 
set  of  surfaces,  but  in  general  no  such  set  exists.  When  such  surfaces  exist  they  are 
described  as  "isostatic  surfaces*,"  and  from  a  knowledge  of  them  the  directions  of  the 
principal  stresses  at  any  point  can  be  inferred. 

Distributions  of  stress  may  also  be  studied  by  the  aid  of  polarized  light.  The 
method  t  is  based  on  the  experimental  fact  that  an  isotropic  transparent  body,  when 
stressed,  becomes  doubly  refracting,  with  its  optical  principal  axes  at  any  point  in  the 
directions  of  the  principal  axes  of  stress  at  the  point. 

58.     Stress-equations    referred   to    curvilinear    orthogonal   coordi- 

'  nates  j. 

The    required    equations   may  be    obtained   by  finding  the   transformed 

expression  for  \\X^dS  in   the   general  equation  (1)  of  Article  44.      Now 

we  have,  by  equations  (5), 

X„  =  Xa;  cos  («,  v)  -t-  Xy  cos  {y,  v)-\-  X^  cos  (z,  v), 

and  cos  {x,  v)  =  cos  (or,  v)  cos  (x,  a)  +  cos  (/3,  v)  cos  {oc,  /8)  -I-  cos  (7,  v)  cos  (on,  7), 

so  that  Z„  =  {X^  cos  (x,  a)  +  Xy  cos  (3/,  a)  -f  X^  cos  (z,  a)}  cos  (a,  v) 

+  two  similar  expressions 

=  X„  cos  (a,  v)  +  Xp  cos  (/S,  v)  +  Xy  cos  (7,  v), 

where,  for  example,  X^  denotes  the  traction  in  direction  x,  at  a  point  (a,  /3,  7), 
across  the  tangent  plane  at  the  point  to  that  surface  of  the  a  family  which 
passes  through  the  point.  According  to  the  result  (v)  of  Article  53  this  is 
the  same  as  Ox,  the  traction  in  the  direction  of  the  normal  to  the  a  surface  at 
the  point,  exerted  across  the  plane  x  =  const,  which  passes  through  the  point. 
Further  we  have,  by  equations  (5), 

a^  =  aa  cos  (a,  x)  +  a/8  cos  (/3,  x)  +  7a  cos  (7,  x). 

Again,  cos  (a,  v)dS  is  the  projection  of  the  surface  element  dS,  about  any 
point  of  S,  upon  the  tangent  plane  to  the  a  surface  which  passes  through  the 

*  These  surfaces  were  first  discussed  by  Lam6,  J.  de  Math.  {Liouville),  t.  6  (1841),  and  Lemons 
sur  Us  coordonnees  curvilignes.  The  fact  that  they  do  not  in  general  exist  was  pointed  out  by 
Boussinesq,  Paris  C.  R.,  t.  74  (1872).     Of.  Weingarten,  J.  f.  Math.  (Crelle),  Bd.  90  (1881). 

t  The  method  originated  with  D.  Brewster,  Phil.  Trans.  Roy.  Soc,  1816.  It  was  de- 
veloped by  F.  E.  Neumann,  Berlin  Abh.  1841,  and  by  Maxwell,  Edinburgh  Roy.  Soc.  Trans., 
vol.  20  {1S53)  =  Scientific  Papers,  vol.  1,  p.  30.  For  a  more  recent  experimental  investigation,  see 
J.  Kerr,  Phil.  Mag.  (Ser.  5),  vol.  26  (1888).  Reference  may  also  be  made  to  M.  E.  Mascart, 
Traitg  d'Optique,  t.  2  (Paris  1891),  pp.  229  et  seq. 

X  other  methods  of  obtaining  these  equations  will  be  given  in  Chapter  VII.  and  in  the  Note 
on  the  applications  of  moving  axes  at  the  end  of  this  book. 
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point,  and  this  projection  is  d^dy/h^hs.     Hence 

jjx.dS  =  Ijfa  cos  (a,  x)  +  a^  cos  (/3,  «)  +  7a  cos  (7,  «)}  -j-j^ 

4  1 1  {a^  cos  (a,  a;)  +  /3/3  cos  (,8,  x)  +  ^y  cos  (7,  «)}  -jj^ 

f  f  ^--  ^^  ''^       /       M  dad^ 

+  H  {7a  cos  (a,  «)  +  yS7  cos  (^,  x)  +  77  cos  (7,  X)\  -jj^  . 

When  we  apply  Green's  transformation  to  this  expression  we  find 
fjx,dS=fjfdad/3dy 


Lh, 


+  ; 


dtx 
9_ 


{aa  cos  (a,  x)  +  a/3  cos  (0,  x)  +  ya  cos  (7,  x)] 


-J-  [a^  cos  (a,  x)+  /SyS  cos  (/3,  x)  +  ^y  cos  (7,  x)} 


+ 


dy 


h,h, 


\ya.  cos  (a,  x)  +  I3y  cos  (/3,  «)  +  77  cos  (7,  x)] 


and,  since  (hih^h^ydad^dy  is  the  element  of  volume,  we  deduce  from  (1) 
the  equation 


^3/3 


dy 


1  ,-- 


j—f-  {aa  cos  (a,  x)  +  a/3  cos  (/8,  «)  +  72  cos  (7,  a;)) 


"  1 


[oL^  cos(a,  x)  4-/8(8  cos  (/3,  «)+  ^y  cos  (7,  a;)} 


T-v-  {7a  cos  (a,  x)  +  ^87  cos  (/3, «)+  77  cos  (7,  x)] 


.(18) 


The  angles  denoted  by  (a,  x),  ...  are  variable  with  a,  /3,  7  because  the 
normals  to  the  surfaces  0  =  const.,  ...  vary  from  point  to  point.  It  may  be 
shown*  that  for  any  fixed  direction  of  x  the  differential  coefficients  of 
cos  (a,  a;),  ...  are  given  by  nine  equations  of  the  type 

Ya  '"'  ^«'  ^'^  =  -  ^=  |(y  ■  '°'  ^^'  "^  -  '''  ¥y  £)  •  "°'  ^'y'  ^^' 

A  cos  («,  X)  =  K  ~  {£)  .  cos  (/3..  X),    A  cos  («,  ^)  =  /^.  ^  (y  .  cos  (7,  x). 

We  now  take  the  direction  of  the  axis  of  x  to  be  that  of  the  normal  to 
the  surface  a  =  const,  which  passes  through  the  point  (a,  /3,  7).  After  the 
differentiations  have  been  performed  we  put 

cos  (a,  «)  =  1,  cos  (/3,  x)  =  0,  cos  (7,  x)  =  0. 

We  take  /„  for  the  component  acceleration  along  the  normal  to  the  surface 

*  See  the  Note  on  applications  of  moving  axes  at  the  end  of  this  book.    In  the  special  case  of 
cylindrical  coordinates  the  corresponding  equations  can  be  proved  directly  ■without  any  difficulty. 
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a  =  const.,  and  Fa  for  the  component  of  body  force  in  the  same  direction. 
Equation  (18)  then  becomes 


The  two  similar  equations  containing  components  of  acceleration  and  body 
force  in  the  directions  of  the  normals  to  /S  =  const,  and  7  =  const,  can  be 
written  down  by  symmetry. 

59.     Special   cases  of  stress-equations   referred  to  curvilinear  co- 
ordinates. 

(i)     In  the  case  of  cylindrical  coordinates  r,  6,  z  (cf.  Article  22)  the  stress-equations  are 

drr     \dr6     drz     rr-dd       „        , 

¥"  +  r  aT  +  ^  +  —r +p^-=pf^-' 

^  +  7-W+"37  +  ^    +P^(i=p/9. 
drz      Iddz     dzz     rz  ,     „         . 

(ii)  In  the  case  of  plane  stress  referred  to  cylindrical  coordinates,  when  there  is  equi- 
librium under  surface  tractions  only,  the  stress-components,  when  expressed  in  terms  of 
the  stress-function  x  of  equations  (17),  are  given  by  the  equations* 


r^de-^^rdr'     "'^~dr'^'      "~     dr\r  doj ' 


(iii)     In  the  case  of  polar  coordinates  r,  6,  (f>  the  stress-equations  are 
drr      1  drd  1      dr<b      1  ,  .-^     ,-v     ,-^      ^-^  ,        „ 

f+lf^Fire1}-^h(^'-^*^^'^''-^'^^p^^-pfs' 

(iv)     When  the  surfaces  a,  ft  y  are  isostatic  so  that  /3y=ya  =  a/3=0,  the  equations  can 
be  written  in  such  forms  t  as 


,    uau.       aa  —  pp       aa  —  yy         „  , 


3aa      aa  — /3j3      aa  —  yy 
Pis  P12 

where  pjj  and  p^g  are  the  principal  radii  of  curvature  of  the  surface  n  =  const,  which  cor- 
respond respectively  with  the  curves  of  intersection  of  that  surface  and  the  surfaces 
j3  =  const,  and  7  =  const. 

*  J.  H.  Miohell,  London  Math.  Soc.  Pfoc,  vol.  31  (1899),  p.  100. 
t  Lam6,  Coordonnees  curvilignes,  p.  274. 


CHAPTER  III. 


THE  ELASTICITY  OF  SOLID  BODIES. 


60.  In  the  preceding  Chapters  we  have  developed  certain  kinematical 
and  dynamical  notions,  which  are  necessary  for  the  theoretical  discussion 
of  the  physical  behaviour  of  material  bodies  in  general.  We  have  now 
to  explain  how  these  notions  are  adapted  to  elastic  solid  bodies  in  par- 
ticular. 

An  ordinary  solid  body  is  constantly  subjected  to  forces  of  gravitation, 
and,  if  it  is  in  equilibrium,  it  is  supported  by  other  forces.  We  have  no 
experience  of  a  body  which  is  free  from  the  action  of  all  external  forces. 
From  the  equations  of  Article  54  we  know  that  the  application  of  forces  to 
a  body  necessitates  the  existence  of  stress  within  the  body. 

Again,  solid  bodies  are  not  absolutely  rigid.  By  the  application  of  suitable 
forces  they  can  be  made  to  change  both  in  size  and  shape.  When  the 
induced  changes  of  size  and  shape  are  considerable,  the  body  does  not,  in 
general,  return  to  its  original  size  and  shape  after  the  forces  which  induced 
the  change  have  ceased  to  act.  On  the  other  hand,  when  the  changes  are 
not  too  great  the  recovery  may  be  apparently  complete.  The  property  of 
recovery  of  an  original  size  and  shape'  is  the  property  that  is  termed 
elasticity.  The  changes  of  size  and  shape  are  expressed  by  specifying 
strains.  The  "  unstrained  state  "  (Article  4),  with  reference  to  which  strains 
are  specified,  is,  as  it  were,  an  arbitrary  zero  of  reckoning,  and  the  choice  of 
it  is  in  our  power.  When  the  unstrained  state  is  chosen,  and  the  strain  is 
specified,  the  internal  configuration  of  the  body  is  inown. 

We  shall  suppose  that  the  differential  coefficients  of  the  displacement 
(u,  V,  w),  by  which  the  body  could  pass  from  the  unstrained  state  to  the 
strained  state,  are  sufficiently  small  to  admit  of  the  calculation  of  the  strain 
by  the  simplified  methods  of  Article  9 ;  and  we  shall  regard  the  con- 
figuration as  specified  by  this  displacement. 

For  the  complete  specification  of  any  state  of  the  body,  it  is  necessary  to 
know  the  temperature  of  every  part,  as  well  as  the  configuration.  A  change 
of  configuration  may,  or  may  not,  be  accompanied  by  changes  of  temperature. 

61.     Work  and  energy. 

Unless  the  body  is  in  equilibrium  under  the  action  of  the  external  forces. 
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It  will  be  moving  through  the  configuration  that  is  specified  by  the  displace- 
ment, towards  a  new  configuration  which  could  be  specified  by  a  slightly 
different  displacement.  As  the  body  moves  from  one  configuration  to 
another,  the  external  forces  (body  forces  and  surface  tractions)  in  general 
do  some  work ;  and  we  can  estimate  the  quantity  of  work  done  per  unit  of 
time,  that  is  to  say  the  rate  at  which  work  is  done. 

Any  body,  or  any  portion  of  a  body,  can  possess  energy  in  various  ways. 
If  it  is  in  motion,  it  possesses  kinetic  energy,  which  depends  on  the  distri- 
bution of  mass  and  velocity.  In  the  case  of  small  displacements,  to  which 
we  are  restricting  the  discussion,  the  kinetic  energy  per  unit  of  volume  is 
expressed  with  sufficient  approximation  by  the  formula 

in  which  p  denotes  the  density  in  the  unstrained  state.  In  addition  to  the 
molar  kinetic  energy,  possessed  by  the  body  in  bulk,  the  body  possesses 
energy  which  depends  upon  its  state,  i.e.  upon  its  configuration  and  the 
temperatures  of  its  parts.  This  energy  is  called  "intrinsic  energy";  it  is  to 
be  calculated  by  reference  to  a  standard  state  of  chosen  uniform  temperature 
and  zero  displacement.  The  total  energy  of  any  portion  of  the  body  is  the 
sum  of  the  kinetic  energy  of  the  portion  and  the  intrinsic  energy  of  the 
portion.  The  total  energy  of  the  body  is  the  sum  of  the  total  energies  of 
any  parts*,  into  which  it  can  be  imagined  to  be  divided. 

As  the  body  passes  from  one  state  to  another,  the  total  energy,  in  general, 
is  altered ;  but  the  change  in  the  total  energy  is  not,  in  general,  equal  to  the 
work  done  by  the  external  forces.  To  produce  the  change  of  state  it  is, 
in  general,  necessary  that  heat  should  be  supplied  to  the  body  or  with- 
drawn from  it.     The  quantity  of  heat  is  measured  by  its  equivalent  in  work. 

The  First  Law  of  Thermodynamics  states  that  the  increment  of  the 
total  energy  of  the  body  is  equal  to  the  sum  of  the  work  done  by  the 
external  forces  and  the  quantity  of  heat  supplied. 

We  may  calculate  the  rate  at  which  work  is  done  by  the  external  forces. 
The  rate  at  which  work  is  done  by  the  body  forces  is  expressed  by  the  formula 

///'(^l^4+^l)**^'. w 

where  the  integration  is  taken  through  the  volume  of  the  body  in  the 
unstrained  state.  The  rate  at  which  work  is  done  by  the  surface  tractions 
is  expressed  by  the  formula 


//(^-5-^-^^-w)« 


*  For  the  validity  of  the  analysis  of  the  energy  into  molar  kinetic  energy  and  intrinsic  energy 
it  is  necessary  .that  the  dimensions  of  the  parts  in  question  should  be  large  compared  with 
molecular  dimensions. 
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where  the  integration  is  taken  over  the  surface  of  the  body  in  the  unstrained 
state.  This  expression  may  be  transformed  into  an  integral  taken  through 
the  volume  of  the  body,  by  the  use  of  Green's  transformation  and  of  the 
formulae  of  the  type 

X,  =  X^  cos  {x,  v)  +  Xy  cos  {y,v)  +  X^  cos  {z,  v), 


We  use  also  the  results  of  the  type  Y^=  Zy,  and  the  notation  for  strain- 
components  Bxx,  ■■■■  We  find  that  the  rate  at  which  work  is  done  by  the 
surface  tractions  is  expressed  by  the  formula 


dXx     dXy      dZx 
dx        dy        dz 


du  fdXy 
Yt  Vd^ 
dZ., 


+ 


aF„  .  9K\  dv 


+ 


dy 
BY, 


+ 


dz  I  dt 


dx  ^  dy       dz  J  dt_ 


+ 


III 


Xx 


de. 


de„ 


^  +  F„^  +  ^,^+F,^  +  ^, 


de,. 


dxdydz 
de. 


dxdydz.  ...(2) 


dt    •  '^^  '  "'  dt    '  ^'  dt    '""  8i'^    '-'  dt  _ 
We  may  calculate  also  the  rate  at  which  the  kinetic  energy  increases. 
This  rate  is  expressed  with  sufficient  approximation  by  the  formula 


Mi 


dhi  du     d'-v  dv  ,  d'^iu  dw\  ,    ,    ,  /qx 

di+wdi'-m^Ytr'^y'^'' ^^^ 


where  the  integration  is  taken  through  the  volume  of  the  body  in  the 
unstrained  state.  If  we  use  the  equations  of  motion,  (15)  of  Article  54, 
we  can  express  this  in  the  form 

y       dz ) 


III 


'  '^1"         dy 


dx 


dt 


+  ...+ 


. .    dxdydz. 


It  appears  hence  that  the  expression 


/// 


dp    ' 
+^y 


dxdydz (4) 


dt^    "^  dt  ^     '  dt    '     '  dt    '     "  dt    '     "  dt 

represents  the  excess  of  the  rate  at  which  work  is  done  by  the  external  forces 
above  the  rate  of  increase  of  the  kinetic  energy. 


62.     Existence  of  the  strain-energy-function. 

Now  let  BTi  denote  the  increment  of  kinetic  energy  per  unit  of  volume, 
which  is  acquired  in  a  short  interval  of  time  Bt.  Let  SU  he  the  increment  of 
intrinsic  energy  per  unit  of  volume,  which  is  acquired  in  the  same  interval. 
Let  8  Wi  be  the  work  done  by  the  external  forces  in  the  interval,  and  let  8Q  be 
the  mechanical  value  of  the  heat  supplied  in  the  interval.  Then  the  First 
Law  of  Thermodynamics  is  expressed  by  the  formula 

jjj(BT,  +  SU)  dxdydz  =  BW^  +  BQ (5) 
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Now,  according  to  the  final  result  (4)  obtained  in  Article  61,  we  have 

=?  I  n(-X^a;Sea;a;  +  Yy^Byy  +  ZgSe^^  +  T^Seyz  +^3,8633;  +  X yZs^)  dxdydz, . . .(6) 

where  he^x,  •••  represent  the  increments  of  the  components  of  strain  in  the 
interval  of  time  St.     Hence  we  have 

jjjs  Udxdydz  =  SQ  +  jT[(Z^Se^^  + . . .)  dxdydz (7) 

The  differential  quantity  Si7  is  the  differential  of  a  function  U,  which  is  an 
one-valued  function  of  the  temperature  and  the  quantities  that  determine 
the  configuration.  The  value  of  this  function  U,  corresponding  with  any- 
state,  is  the  measure  of  the  intrinsic  energy  in  that  state.  In  the  standard 
state,  the  value  of  U  is  zero. 

If  the  change  of  state  takes  place  adiabatically,  that  is  to  say  in  such 
a  way  that  no  heat  is  gained  or  lost  by  any  element  of  the  body,  SQ  vanishes, 
and  we  have 

,    BU  =  XxBexa:  +  YySeyy  +  ZzSeez  +  TiiSeyz  +  Za;Be2x  +  XyBe^cy (8) 

Thus  the  expression  on  the  right-hand  side  is,  in  this  case,  an  exact 
differential ;  and  there  exists  a  function  W,  which  has  the  properties  ex- 
pressed by  the  equations 

dW                   dW 
X.  =  ^f  ,...   F,  =  ^gf, (9) 

The  function  W  represents  potential  energy,  per  unit  of  volume,  stored  up  in 
the  body  by  the  strain ;  and  its  variations,  when  the  body  is  strained  adiaba- 
tically, are  identical  with  those  of  the  intrinsic  energy  of  the  body.  It  is 
probable  that  the  changes  that  actually  take  place  in  bodies  executing  small 
and  rapid  vibrations  are  practically  adiabatic. 

A  function  which  has  the  properties  expressed  by  equations  (9)  is 
called  a  "strain-energy-function." 

If  the  changes  of  state  take  place  isothermally,  i.e.  so  that  the  temperature 
of  every  element  of  the  body  remains  constant,  a  function  W  having  the 
properties  expressed  by  equations  (9)  exists.  To  prove  this  we  utilise  the 
Second  Law  of  Thermodynamics  in  the  form  that,  in  any  reversible  cycle  of 
changes  of  state  performed  without  variation  of  temperature,  the  sum  of  the 
elements  BQ  vanishes*.  The  sum  of  the  elements  BIJ  also  vanishes;  and  it 
follows  that  the  sum  of  the  elements  expressed  by  the  formula 

S  (XxBe^x  +  YyBeyy  +  Z^Be^z  +  YzBeyz  +  Z^Be^x  +  XyBe^) 

*  Of.  Kelvin,  Math,  and  Phys.  Papers,  vol.  1,  p.  291. 
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also  vanishes  in  a  reversible  cycle  of  changes  of  state  without  variation  of 
temperature.     Hence  the  differential  expression 

^xBe^cx  +  YySeyy  +  ZiBezz  +  Y^Sey^  +  Z^Be^;  +  XyBe^y 
is  an  exact  differential,  and  the  strain-energy-function  W  exists. 

When  a  body  is  strained  slovrly  by  gradual  increase  of  the  load,  and 
is  in  continual  equilibrium  of  temperature  with  surrounding  bodies,  the 
changes  of  state  are  practically  isothermal. 

63.     Indirectness  of  experimental  results. 

The  object  of  experimental  investigations  of  the  behaviour  of  elastic 
bodies  may  be  said  to  be  the  discovery  of  numerical  relations  between  the 
quantities  that  can  be  measured,  which  shall  be  sufficiently  varied  and 
sufficiently  numerous  to  serve  as  a  basis  for  the  inductive  determination  of 
the  form  of  the  intrinsic  energy-function,  viz.  the  function  U  of  Article  62. 
This  object  has  not  been  achieved,  except  in  the  case  of  gases  in  states  that 
are  far  removed  from  critical  states.  In  the  case  of  elastic  solids,  the  con- 
ditions are  much  more  complex,  and  the  results  of  experiment  are  much 
less  complete;  and  the  indications  which  we  have  at  present  are  not 
sufficient  for  the  formation  of  a  theory  of  the  physical  behaviour  of  a  solid 
body  in  any  circumstances  other  than  those  in  which  a  strain-energy-function 
exists. 

When  such  a  function  exists,  and  its  form  is  known,  we  can  deduce  from  it 
the  relations  between  the  components  of  stress  and  the  components  of  strain  ; 
and,  conversely,  if,  from  any  experimental  results,  we  are  able  to  infer  such 
relations,  we  acquire  thereby  data  which  can  serve  for  the  construction  of  the 
function. 

The  components  of  stress  or  of  strain  within  a  solid  body  can  never,  from 
the  nature  of  the  case,  be  measured  directly.  If  their  values  can  be  found, 
it  must  always  be  by  a  process  of  inference  from  measurements  of  quantities 
that  are  not,  in  general,  components  of  stress  or  of  strain. 

Instruments  can  be  devised  for  measuring  average  strains  in  bodies  of 
ordinary  size,  and  others  for  measuring  particular  strains  of  small  superficial 
parts.  For  example,  the  average  cubical  compression  can  be  measured  by 
means  of  a  piezometer;  the  extension  of  a  short  length  of  a  longitudinal 
filament  on  the  outside  of  a  bar  can  be  measured  by  means  of  an  extenso- 
meter.  Sometimes,  as  for  example  in  experiments  on  torsion  and  flexure,  a 
displacement  is  measured. 

External  forces  applied  to  a  body  can  often  be  measured  with  great 
exactness,  e.g.  when  a  bar  is  extended  or  bent  by  hanging  a  weight  at  one 
end.  In  such  cases  it  is  a  resultant  force  that  is  measured  directly,  not 
the  component  tractions  per  unit  of  area  that  are  applied  to  the  surface  of 
the  body.  In  the  case  of  a  body  under  normal  pressure,  as  in  the  experi- 
ments with  the  piezometer,  the  pressure  per  unit  of  area  can  be  measured. 
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In  any  experiment  designed  to  determine  a  relation  between  stress  and 
strain,  some  displacement  is  brought  about,  in  a  body  partially  fixed,  by  the 
application  of  definite  forces  which  can  be  varied  in  amount.  We  call  these 
forces  collectively  "  the  load." 

64.     Hooke's  Law. 

Most  hard  solids  show  the  same  type  of  relation  between  load  and 
measurable  strain.  It  is  found  that,  over  a  wide  range  of  load,  the  measured 
strain  is  proportional  to  the  load.  This  statement  may  be  expressed  more 
fully  by  saying  that 

(1)  when  the  load  increases  the  measured  strain  increases  in  the  same 

ratio, 

(2)  when  the  load  diminishes  the  measured  strain  diminishes  in  the 

same  ratio, 

(3)  when  the  load  is  reduced  to  zero  no  strain  can  be  measured. 

The  most  striking  exception  to  this  statement  is  found  in  the  behaviour  of 
cast  metals.  It  appears  to  be  impossible  to  assign  any  finite  range  of  load, 
within  which  the  measurable  strains  of  such  metals  increase  and  diminish  in 
the  same  proportion  as  the  load. 

The  experimental  results  which  hold  for  most  hard  solids,  other  than  cast 
metals,  lead  by  a  process  of  inductive  reasoning  to  the  Generalized  Hooke's 
Law  of  the  proportionality  of  stress  and  strain.  The  general  form  of  the 
law  is  expressed  by  the  statement : — 

Each  of  the  six  components  of  stress  at  any  point  of  a  body  is  a  linear 
function  of  the  six  components  of  strain  at  the  point. 

It  is  necessary  to  pay  some  attention  to  the  way  in  which  this  law  represents  the 
experimental  results.  In  most  experiments  the  load  that  is  increased,  or  diminished,  or 
reduced  to  zero  consists  of  part  only  of  the  external  forces.  The  weight  of  the  body 
subjected  to  experiment  must  be  balanced ;  and  neither  the  weight,  nor  the  force  employed 
to  balance  it,  is,  in  general,  included  in  the  load.  At  the  beginning  and  end  of  the  experi- 
ment the  body  is  in  a  state  of  stress ;  but  there  is  no  measiired  strain.  For  the  strain  that 
is  measured  is  reckoned  from  the  state  of  the  body  at  the  beginning  of  the  experiment  as 
standard  state.  The  strain  referred  to  in  the  statement  of  the  law  must  be  reckoned  from 
a  different  state  as  standard  or  "unstrained"  state.  This  state  is  that  in  which  the  body 
would  be  if  it  were  freed  from  the  action  of  all  external  forces,  and  if  there  were  no  internal 
stress  at  any  point  of  it.  We  call  this  state  of  the  body  the  "unstressed  state."  Reckoned 
from  this  state  as  standard,  the  body  is  in  a  state  of  strain  at  the  beginning  of  the  experi- 
ment ;  it  is  also  in  a  state  of  stress.  When  the  load  is  applied,  the  stress  is  altered  in 
amount  and  distribution ;  and  the  strain  also  is  altered.  After  the  application  of  the  load, 
the  stress  consists  of  two  stress-systems  :  the  stress-system  in  the  initial  state,  and  a 
stress-system  by  which  the  load  would  be  balanced  all  through  the  body.  The  strain, 
reckoned  from  the  unstressed  state,  is  likewise  compounded  of  two  strains :  the  strain  from 
the  unstressed  state  to  the  initial  state,  and  the  strain  from  the  initial  state  to  the  state 
assumed  under  the  load.  The  only  things,  about  which  the  experiments  can  teU  \is  any- 
thing, are  the  second  stress-system  and  the  second  strain ;   and  it  is  consonant  with  the 
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result  of  the  experiments  to  assume  that  the  law  of  proportionality  holds  for  this  stress 
and  strain.  The  general  statement  of  the  law  of  proportionality  implies  that  the  stress  in 
the  initial  state  also  is  proportional  to  the  strain  in  that  state.  It  also  implies  that  both 
the  initial  state,  and  the  state  assumed  under  the  load,  are  derivable  from  the  unstressed 
state  by  displacements,  of  amount  sufficiently  small  to  admit  of  the  calculation  of  the 
strains  by  the  simpUfied  methods  of  Article  9.  If  this  were  not  the  case,  the  strains  would 
not  be  compounded  by  simple  superposition :  and  the  proportionality  of  load  and  measured 
strain  would  not  imply  the  proportionality  of  stress-components  and  strain-components. 

65.     Form  of  the  strain-energy-function. 

The  experiments  which  lead  to  the  enunciation  of  Hooke's  Law  do  not 
constitute  a  proof  of  the  truth  of  the  law.  The  law  formulates  in  abstract 
terms  the  results  of  many  observations  and  experiments,  but  it  is  much 
more  precise  than  these  results.  The  mathematical  consequences  which  can 
be  deduced  by  assuming  the  law  to  be  true  are  sometimes  capable  of 
experimental  verification ;  and,  whenever  this  verification  can  be  made,  fresh 
evidence  of  the  truth  of  the  law  is  obtained.  We  shall  be  occupied  in  sub- 
sequent chapters  with  the  deduction  of  these  consequences ;  here  we  note 
some  results  which  can  be  deduced  immediately. 

When  a  body  is  slightly  strained  by  gradual  application  of  a  load,  and 
the  temperature  remains  constant,  the  stress-components  are  linear  functions 
of  the  strain-components,  and  they  are  also  partial  differential  coefficients  of 
a  function  (W)  of  the  strain-components.  The  strain-energy-function,  W, 
is  therefore  a  homogeneous  quadratic  function  of  the  strain-components. 

The  known  theory  of  sound  waves*  leads  us  to  expect  that,  when  a  body 
is  executing  small  vibrations,  the  motion  takes  place  too  quickly  for  any 
portion  of  the  body  to  lose  or  gain  any  sensible  quantity  of  heat.  In  this 
case  also  there  is  a  strain-energy-function ;  and,  if  we  assume  that  Hooke's 
Law  holds,  the  function  is  a  homogeneous  quadratic  function  of  the  strain- 
components.  When  the  stress-components  are  eliminated  from  the  equations 
of  motion  (15)  of  Article  54,  these  equations  become  linear  equations  for  the 
determination  of  the  displacement.  The  linearity  of  them,  and  the  way 
in  which  the  time  enters  into  them,  make  it  possible  for  them  to  possess 
solutions  which  represent  isochronous  vibrations.  The  fact  that  all  solid 
bodies  admit  of  being  thrown  into  states  of  isochronous  vibration  has  been 
emphasized  by  Stokesf  as  a  peremptory  proof  of  the  truth  of  Hooke's  Law  for 
the  very  small  strains  involved. 

The  proof  of  the  existence  of  W  given  in  Article  62  points  to  different 
coefficients  for  the  terms  of  W  expressed  as  a  quadratic  function  of  strain-com- 
ponents, in  the  two  cases  of  isothermal  and  adiabatic  changes  of  state.  These 
coefficients  are  the  "  elastic  constants,"  and  discrepancies  have  actually  been 

*  See  Raylelgh,  Theory  of  Sound,  Chapter  XI. 
t  See  Introduction,  footnote  37. 
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found  in  experimental  determinations  of  the  constants  by  statical  methods, 
involving  isothermal  changes  of  state,  and  dynamical  methods,  involving  adia- 
batic  changes  of  state*.     The  discrepancies  are  not,  however,  very  serious. 

To  secure  the  stability  of  the  body  it  is  necessary  that  the  coefficients  of 
the  terms  in  the  homogeneous  quadratic  function  W  should  be  adjusted 
so  that  the  function  is  always  positive  ^f.  This  condition  involves  certain 
relations  of  inequality  among  the  elastic  constants. 

If  Hooke's  Law  is  regarded  as  a  first  approximation,  valid  in  the  case  of 
very  small  strains,  it  is  natural  to  assume  that  the  terms  of  the  second  order 
in  the  strain-energy-function  constitute  likewise  a  first  approximation.  If 
terms  of  higher  order  could  be  taken  into  account  an  extension  of  the  theory 
might  be  made  to  circumstances  which  are  at  present  excluded  from  its 
scope.  Such  extensions  have  been  suggested  and  partially  worked  out  by 
several  writers  j. 

66.     Elastic  constants. 

According  to  the  generalized  Hooke's  Law,  the  six  components  of  stress 
at  any  point  of  an  elastic  solid  body  are  connected  with  the  six  components 
of  strain  at  the  point  by  equations  of  the  form 


y z  ^  CiiCxx  "t"  ^i2^yy  +  ^is^zz  "r  C^fiyz  +  ^is^zx  "r  ^is^ixyt 


.(10) 


The  coefficients  in  these  equations,  Cn,  ...  are  the  elastic  constants  of  the 
substance.  They  are  the  coefficients  of  a  homogeneous  quadratic  function 
2W,  where  W  is  the  strain-energy-function;  and  they  are  therefore  con- 
nected by  the  relations  which  ensure  the  existence  of  the  function.  These 
relations  are  of  the  form 

Crs  =  Csr,      {r,  S  =  1,  2,  ...   6),  (11) 

and  the  number  of  constants  is  reduced  by  these  equations  from  86  to  21. 

*  The  discrepancies  appear  to  have  been  noticed  first  by  P.  Lagerhjelm  in  1827,  see  Todhunter 
and  Pearson's  History,  vol.  1,  p.  189.  They  were  made  the  subject  of  extensive  experiments  by 
G.  Wertheim,  Ann.  de  Chimie,  t.  12  (1844).  Information  concerning  the  results  of  more  recent 
experimental  researches  is  given  by  Lord  Kelvin  (Sir  W.  Thomson)  in  the  Article  '  Elasticity '  in 
Ency.  Brit.,  9th  edition,  reprinted  in  Math,  and  Phys.  Papers,  vol.  3.  See  also  W.  Voigt,  4mra. 
Phys.  Ghem.  (Wiedemann),  Bd.  52  (1894). 

t  Kirchhoff,  Vorlesungen  iXber . .  .Mechanik,  Vorlesung  27.  For  a  discussion  of  the  theory  of 
stabiUty  reference  may  be  made  to  a  paper  by  E.  Lipschitz,  J.  f.  Math.  (Grelle),  Bd.  78  (1874). 

J  Reference  may  be  made,  in  particular,  to  W.  Voigt,  Ann.  Phys.  Ghem.  {Wiedemann),  Bd.  52, 
1894,  p.  536  and  Berlin  Berichte,  1901. 

L.  E.  ' 
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We  write  the  expression  for  2  F"  in  the  form 
2  W  =  c,ie\j;  +  icne^zeyy  +  'ic-aexa.eiz  +  '^c^i^xTi^yz  +  '^c-.^exx^zx  +  -Cwexx^xy 

+  C22^!/!/  +  20236^^622  +  ^C^i^yySyz  +  ^Cl&^yy^zx  +  '•^W^yy^XU 

+  Csse^jz  +  2034622  Syz  +  2036622623:  +  2C36622  6xy 

+      0446^2        "T  ^0456^^2  ^ZX  """  ^0466^263^ 

4"  0556  2!i;  +  ^05062x6/1;^ 

(12) 

The  theory  of  Elasticity  has  sometimes  been  based  on  that  hypothesis; 
concerning  the  constitution  of  matter,  according  to  which  bodies  are  regarded 
as  made  up  of  material  points,  and  these  points  are  supposed  to  act  on  each 
other  at  a  distance,  the  law  of  force  between  a  pair  of  points  being  that  the 
force  is  a  function  of  the  distance  between  the  points,  and  acts  in  the  line 
joining  the  points.  It  is  a  consequence  of  this  hypothesis*  that  the  co- 
efficients in  the  function  W  are  connected  by  six  additional  relations,  whereby 
their  number  is  reduced  to  15.     These  relations  are 


.(13) 


C23  —  O44,    C31  —  O55,    O12  —  0(M, 

0]4  ^^  O56,    C25  =  C4g,    045^039. 

We  shall  refer  to  these  as  "  Cauchy's  relations " ;  but  we  shall  not  assume- 
that  they  hold  good. 

67.     Methods  of  determining  the  stress  in  a  body. 

If  we  wish  to  know  the  state  of  stress  in  a  body  to  which  given  forces  are 
applied,  either  as  body  forces  or  as  surface  tractions,  we  have  to  solve  the 
stress-equations  of  equilibrium  (14)  of  Article  54,  viz. 

?^  +  ?^  +  ^  +  pX=0  \ 
9a;        dy        dz       "  '  j 

dXy     BY      BY,                 I 
Bx  ^  By  ^  Bz  ^P  '  I' ^^*^ 

BZ      BY      BZ 

1^ +"3^ +17  +  ^^  =  0'. 

and  the  solutions  must  be  of  such  forms  that  they  give  rise  to  the  right 
expressions  for  the  surface  tractions,  when  the  latter  are  calculated  from  the, 
formulae  (5)  of  Article  47,  viz. 

X„  =  X^ cos {x,  v)  +  Xy cos {y,v)  +  Z^ cos {z,  v),  ]  ,^,. 
[   (lo)' 

The  equations  (14)  with  the  conditions  (15)  are  not  sufficient  to  determine 
the  stress,  and  a  stress-system  may  satisfy  these  equations  and  conditions- 
and  yet  fail  to  be  the  correct  solution  of  the  problem ;  for  the  stress-compo- 

*  See  Note  B  at  the  end  of  this  book. 
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nents  are  functions  of  the  strain-components,  and  the  latter  satisfy  the  six 
equations  of  compatibility  (25)  of  Article  17,  viz.  three  equations  of  the  type 

dz'       dy"  ~dydz' 
and  three  of  the  type 

dydz     dx  \      dx        dy        dz  ) ' 

When  account  is  taken  of  these  relations,  there  are  sufficient  equations  to 
determine  the  stress. 

Whenever  the  forces  are  such  that  the  stress-components  are  either 
constants  or  linear  functions  of  the  coordinates,  the  same  is  true  of  the 
strain-components,  and  the  equations  of  compatibility  are  satisfied  identically. 
We  shall  consider  such  cases  in  the  sequel. 

In  the  general  case,  the  problem  may  in  various  ways  be  reduced  to  that 
of  solving  certain  systems  of  differential  equations.  One  way  is  to  form,  by 
the  method  described  above,  a  system  of  equations  for  the  stress-components 
in  which  account  is  taken  of  the  identical  relations  between  strain-components. 
Another  way  is  to  eliminate  the  stress-components  and  express  the  strain- 
components  in  terms  of  displacements  by  using  the  formulae 


_du  _dv  _dw 


.(16) 


_dw      dv  du      dw  _  dv      du 

^"''dy^di'    ^'''^di'^d^'    ^""^di'^dy- 

Both  these  methods  will  be  illustrated  in  the  sequel. 

If  the  displacement  can  be  obtained,  the  strain-components  can  be  found 
by  differentiation,  and  the  stress-components  can  be  deduced.  If,  on  the 
other  hand,  the  stress  can  be  determined,  the  strains  can  be  deduced,  and  the 
displacement  can  be  found  by  the  method  indicated  in  Article  18. 

It  will  be  proved  in  Chapter  vii.  that  the  solution  of  any  problem  of 
the  kind  considered  here  is  effectively  unique.  We  shall  assume  for  the 
present  that  any  solution,  which  satisfies  all  the  conditions,  is  the  solution. 

68.     Form  of  the  strain-energy-function  for  isotropic  solids. 

If  we  refer  the  stress-components  and  strain-components  to  a  new  system 
of  axes  of  coordinates  x,  y',  z'  instead  of  x,  y,  z,  the  stress-components  must 
be  transformed  according  to  the  formulae  of  Art.  49,  and  the  strain-components 
must  be  transformed  according  to  the  formulae  of  Article  12.  When  we  substi- 
tute for  Xx, ...  and  e^x, ...  in  the  equations  of  the  types  (10)  we  find  that  the 
stress-components  XV,  •  ■  •  and  the  strain-components  e^,;, . . .  are  connected  by 
linear  equations.  These  may  be  solved  for  the  X'^, . . .  and  the  result  will  be 
that  the  XV,  ■  •  •  are  expressed  as  linear  functions  of  e^^, . . .  with  coefficients, 

7—2 
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which  depend  on  the  coefficients  Cn,  ...  in  the  formula  (12),  and  also  on  the 
quantities  by  which  the  relative  situations  of  the  old  and  new  axes  ai-e 
determined.  The  results  might  be  found  more  rapidly  by  transforming 
the  expression  2W  according  to  the  formulte  of  Article  12.  The  general 
result  is  that  the  elastic  behaviour  of  a  material  has  reference  to  certain 
directions  fixed  relatively  to  the  material.  If,  however,  the  elastic  constants 
are  connected  by  certain  relations,  the  formulae  connecting  stress-components 
with  strain-components  are  independent  of  direction.  The  material  is  then 
said  to  be  isotropic  as  regards  elasticity.  In  this  case  the  function  W  is 
invariant  for  all  transformations  from  one  set  of  orthogonal  axes  to  another. 
If  we  knew  that  there  were  no  invariants  of  the  strain,  of  the  first  or  second 
degrees,  independent  of  the  two  which  were  found  in  Article  13  (c),  we  could 
conclude  that  the  strain-energy- function  for  an  isotropic  solid  must  be  of 
the  form 

We  shall  hereafter  (Chapter  VI.)  perform  the  transfornfiation,  and  verify  that 
this  is  the  actual  form  of  W. 

At  present  we  shall  assume  this  form  and  deduce  some  of  the  simpler 
consequences  of  it.  It  will  be  convenient  to  write  X+ifiin  place  of  A  and 
/Lt  in  place  of  B.  We  shall  suppose  the  material  to  be  homogeneous,  so  that 
X  and  n  are  the  same  at  all  points. 

69.     Elastic  constants  and  moduluses  of  isotropic  solids. 

When  W  is  expressed  by  the  equation 

2W={\+'2.ti,){e^  +  eyy  +  ezzf 

+  M  (eV  +  e^zx  +  e\y  -  ^ByyBzz  -  4^2^  g^j;  -  ^B^xeyy), (IT) 

the  stress-components  are  given  by  the  equations 


(18) 

Yz=/J,eyz  ,     Zx^fi^zx  ,    ^y=  H-^xy  ,    I      " 

where  A  is  written  for  Bxx  +  Syy  +  ezz- 

A  body  of  any  form  subjected  to  the  action  of  a  constant  pressure  p,  the 
same  at  all  points  of  its  surface,  will  be  in  a  certain  state  of  stress.  As  we 
have  seen  in  Article  55,  this  state  will  be  given  by  the  equations 

According  to  equations  (18),  the  body  is  in  a  state  of  strain  such  that 
exa  =  eyy  =  ezz=  -pl{5\  +  2fi), 

&yz  =  ^zx  ^  ^xy^^  ^'• 

The  cubical  compression  is  p/(\  +  |/i). 

We  write  k=^X  +  ^fx (19) 

Then  k  is  the  quantity  obtained  by  dividing  the  measure  of  an   uniform 
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pressure  by  the  measure  of  the  cubical  compression  produced  by  it.     It 
is  called  the  modulus  of  compression. 

Whatever  the  stress-system  may  be,  it  can  be  resolved,  as  in  Article  52, 
into  mean  tension,  or  pressure,  and  shearing  stresses  on  three  orthogonal 
planes.  The  mean  tension  is  measured  by  ^  (X^  +  Fj,  +  Z^).  We  learn 
that  the  quantity  obtained  by  dividing  the  measure  of  the  mean  tension 
at  a  point  by  the  measure  of  the  cubical  dilatation  at  the  point  is  a  constant 
quantity — the  modulus  of  compression. 

A  cylinder  or  prism  of  any  form,  subjected  to  tension  T  which  is  uniform 
over  its  plane  ends,  and  free  from  traction  on  its  lateral  surfaces,  will  be  in 
a  certain  state  of  stress.  As  we  have  seen  in  Article  55  this  state  will  be 
given  by  the  equations 

Xx  =  -L,        Yy  =   ^2  =    J  2   =   Zx  =  Xy   =   0. 

According  to  equations  (18)  the  body  will  be  in  a  state  of  strain  such  that 
TjX  +  fj,)  _     __         \T 


We  write  ^^^i2X+2^)^    _^20) 

X  +  /u. 

^  .(21) 


2(X+  iJ.)' 

Then  E  is  the  quantity  obtained  by  dividing  the  measure  of  a  simple 
longitudinal  tension  by  the  measure  of  the  extension  produced  by  it.  It  is 
known  as  Young's  modulus.  The  number  o-  is  the  ratio  of  lateral  contraction 
to  longitudinal  extension  of  a  bar  under  terminal  tension.  It  is  known  as 
Poisson's  ratio. 

Whatever  the  stress-system  may  be,  the  extensions  in  the  directions  of  the 
axes  and  the  normal  tractions  across  planes  at  right  angles  to  the  axes  are 
connected  by  the  equations 

exx  =  J^-'[Xx-cy{Yy+Z,)],  \ 

eyy  =  I!-'{Yy-a{Z,+Xx)},  I (22) 

e,,=E-'\Z,-aiXx+Yy)}.  ] 
Whatever  the  stress-system  may  be,  the  shearing  strain  corresponding 
with  a  pair  of  rectangular  axes  and  the  shearing  stress  on  the  pair  of  planes 
at  right  angles  to  those  axes  are  connected  by  an  equation  of  the  form 

Xy  =  fiea:y (23) 

This  relation  is  independent  of  the  directions  of  the  axes.  The  quantity  fj,  is 
called  the  rigidity. 

70.     Observations  concerning  the  stress-strain  relations  in  isotropic 

solids. 

(a)     We  may  note  the  relations 

X  =  ; 


Ba  E  , E__  ^24) 


\l  +  o-)(l-2<r)'     ^~2(l  +  <r)'  3(l-2<r) 
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(6)  If  a-  were  >i,  k  would  be  negative,  or  the  material  would  expand  under  pressure. 
If  a  were  <  —  l,fi  would  be  negative,  and  the  function  W  would  not  be  a  positive  quadratic 
function.  We  may  show  that  this  would  also  be  the  case  if  k  were  negative*.  Negative 
values  for  o-  are  not  excluded  by  the  condition  of  stability,  but  such  values  have  not  been 
found  for  any  isotropic  material. 

(c)  The  constant  k  is  usually  determined  by  experiments  on  compression,  the 
constant  E  sometimes  directly  by  experiments  on  stretching,  and  sometimes  by  experi- 
ments on  bending,  the  constant  fi  usually  by  experiments  on  torsion.  The  value  of  the 
constant  n-  is  usually  inferred  from  a  knowledge  of  two  among  the  quantities  B,  k,  /j.t 

(d)  If  Cauohy's  relations  (13)  of  Article  66  are  true,  X  =  fi  and  cr  =  J. 

(e)  Instead  of  assuming  the  form  of  the  strain-energy-function,  we  might  assume 
some  of  the  relations  between  stress-components  and  strain-components  and  deduce  the 
relations  (18).  For  example  |  we  may  assume  (i)  that  the  mean  tension  and  the  cubical 
dilatation  are  connected  by  the  equation  l{Xx+ Ty  +  Z^)=kA,  (ii)  that  the  relation 
X'y-  —  iie^,y,  holds  for  all  pairs  of  rectangular  axes  of  x'  and  y".  From  the  second  assumption 
we  should  find,  by  taking  the  axes  of  x,  y,  z  to  be  the  principal  axes  of  strain,  that  the 
principal  planes  of  stress  are  at  right  angles  to  these  axes.  With  the  same  choice  of  axes 
we  should  then  find,  by  means  of  the  formulae  of  transformation  of  Articles  12  and  49, 
that  the  relation 

holds  for  all  values  of  ?; ,  ...  which  satisfy  the  equation 

^1^2  +  m^m^  -t-  niJij = 0. 
It  follows  that  we  must  have 

X^-2ij.e„=  Yy-'i,xiyy=Z^- 9,1x6^^. 
Then  the  first  assumption  shows  that  each  of  these  quantities  is  equal  to  (Jc-^ii)  A.     The 
relations  (18)  are  thus  found  to  hold  for  principal  axes  of  strain,  and,  by  a  fresh  appUoation 
of  the  formulas  of  transformation,  we  may  prove  that  they  hold  for  any  axes. 

(/)  Instead  of  making  the  assumptions  just  described  we  might  assume  that  the 
principal  planes  of  stress  are  at  right  angles  to  the  principal  axes  of  strain  and  that  the 
relations  (22)  hold  for  principal  axes,  and  we  might  deduce  the  relations  (18)  for  any  axes. 
The  working  out  of  this  assumption  may  serve  as  an  exercise  for  the  student. 

{g)  We  may  show  that,  in  the  problem  of  the  compression  of  a  body  by  pressure 
uniform  over  its  surface  which  was  associated  with  the  definition  of  k,  the  displacement  is 
expressed  by  the  equations  § 

Ii  _'V       w  p 

X     y      z         Zk' 

(A)  We  may  show  that,  in  the  problem  of  the  bar  stretched  by  simple  tension  T 
which  was  associated  with  the  definitions  of  E  and  o-,  the  displacement  is  expressed  by  the 
equations 

M_y_    o-y_        xy  w^y^  (x+/^)y 

^     y  E  2/i(3X-)-2^)'       0~^~^(3X-f2;i)' 

*  2Wraa.y  be  written 

(X  + 1^)  (e^  +  e„  +  e^f  +  f/.  { (e„  -  e,,f  -h  («,, -  e^^f  +  («^ -  eyyY)  +  ^  (e,^=  -i- ej -t- ej). 

t  Experiments  for  the  direct  determination  of  Poisson's  ratio  have  been  made  by  P.  Cardani, 
Phyi.  ZeiUchr.  Bd.  4,  1903,  and  J.  Morrow,  Phil.  Mag.  (Ser.  6),  vol.  6  (1903).  M.  A.  Cornu, 
Paris,  C.R.,  t.  69  (1869),  and  A.  Mallock,  Proc.  Roy.  Soc,  vol.  29  (1879)  determined  o-  by 
experiments  on  bending. 

t  This  is  the  method  of  Stokes.     See  Introduction,  footnote  37. 

§  A  displacement  which  would  be  possible  in  a  rigid  body  may  be  superposed  on  that  given  in 
the  text.    A  like  remark  applies  to  the  Observation  (ft).     Of.  Article  18,  supra. 
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71.    Magnitude  of  elastic  constants  and  moduluses  of  some  isotropic 
solids. 

To  give  an  idea  of  the  order  of  magnitude  of  the  elastic  constants  and 
moduluses  of  some  of  the  materials  in  everyday  use  a  few  of  the  results  of 
experiments  are  tabulated  here.  The  table  gives  the  density  (p)  of  the 
material  as  well  as  the  elastic  constaats,  the  constants  being  expressed  as 
multiples  of  an  unit  stress  of  one  dyne  per  square  centimetre.  Poisson's 
ratio  is  also  given.  The  results  marked  "  E  "  are  taken  from  J.  D.  Everett's 
lUiostrations  of  the  G.G.S.  system  of  units,  London,  1891,  where  the  authorities 
for  them  will  be  found.  Those  marked  "A"  are  reduced  from  results  of  more 
recent  researches  recorded  in  a  paper  by  Amagat  in  the  Journal  de  Physique 
(Sdr.  2),  t.  8  (1889).  It  must  be  understood  that  considerable  differences  are 
found  in  the  elastic  constants  of  different  samples  of  nominally  the  same 
substance,  and  that  such  a  designation  as  "steel,"  for  example,  is  far  from 
being  precise. 


Material 

P 

E 

k 

f^ 

0- 

Reference 

Steel 

7-849 

2-139  X  1012 

1-841  X  1012 

8-19  X 10" 

-310 

E 

)j 

2-041  X  1012 

1-43    X1012 

-268 

A 

Iron  (wrought) 

7-677 

1-963x1012 

1-456  X 1012 

7-69  X  10" 

-275 

E 

Brass  (drawn) 

8-471 

1-075x1012 

3-66  X  10" 

E 

Brass 

1-085  X  1012 

1-05   X1012 

-327 

A 

Copper 

8-843 

1-234x1012 

1-684x1012 

4-47  X  10" 

•378 

E 

)) 

1-215  X  1012 

1-166  X 1012 

•327 

A 

Lead 

1-57    xlO" 

3-62   XlO" 

•428 

A 

Glass 

2-942 

603   xlO" 

4-15    xlO" 

2-40x10" 

•258 

E 

j> 

6-77    XlO" 

4-54    XlO" 

•245 

A 

72.     Elastic  constants  in  general. 

Materials  such  as  natural  crystals  or  wood  which  are  not  isotropic  are 
said  to  be  ceolotropic.  The  analytical  expression  of  Hooke's  Law  in  an 
seolotropic  solid  body  is  effected  by  the  equations  (10)  of  Article  66.  In 
matrix  notation  we  may  write  the  equations 

(Xx,Yy,Z^,Ti.,Z^,Xy)  =  (  Cu    Ci2    Ci3    Cu    Ci5    c^s  ){e^a:,eyy,e^^,eyi,e^^,e^), 

C21         C22         C23         C24         025         ^26  (2^^) 

Csi        C32        Css        C34        C35        Csn 
C4X         C42         C43         C44         C45         C46 

Cei      C52      C53      C54      Css      "5(5 
Cei      Cea      "ss      C^i      Cjs      Cgg 

where  c,.«=  Cg,.,  (r,  s=  1,  2,  ...  6). 
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These  equations  may  be  solved,  so  as  to  express  the  strain-components 
in  terms  of  the  stress-components.  If  11  denotes  the  determinant  of  the 
quantities  Cn,  and  CVs  denotes  the  minor  determinant  that  corresponds  with 
Crs,  so  that 

n  =C„Cn  +  C.r2Cn  +  CnGr3  +  CriG,i-\rCriGr,  +  Cr^Cn,  (26) 

the    equations   that   give    the    strain-components   in    terms    of   the    stress- 
components  can  be  written 

■l-l  \^xx>  ^yyt  ^a>  ^yzt  ^za:>  ^xy) 

=  (  (7ii       (7i2      (7i3       Ci4      L/ij       Uis  )  {Xx,  Yy,  Z2,   I  z,  At.    -^y), 


Ga 


.(27) 


where  Org  =  (7j, (>•,  s=  1,  2,  ...  6). 

The   quantities  ^Cu,  ...  c,2,  ...    are   the   coefficients   of  a  homogeneous 

quadratic  function  of  e^x This  function  is  the  strain-energy-function 

expressed  in  terms  of  strain-components. 

The  quantities  |(7ii/n,  ...  Cis/II, ...  are  the  coefficients  of  a  homogeneous 
quadratic  function  of  X^,  ....  This  function  is  the  strain-energy-function 
expressed  in  terms  of  stress-components. 

73.     Moduluses  of  elasticity. 

We  may  in  various  ways  define  types  of  stress  and  types  of  strain. 
For  example,  simple  tension  [XJ,  shearing  stress  [F2],  mean  tension 
[^  (Xx  -I-  Fy  -I-  Z^y]  are  types  of  stress.  The  corresponding  types  of  strain  are 
simple  extension  [exx],  shearing  strain  [eyz],  cubical  dilatation  {Bxx  +  eyy  +  e J. 
We  may  express  the  strain  of  any  of  these  types  that  accompanies  a  stress 
of  the  corresponding  type,  when  there  is  no  other  stress,  by  an  equation  of  the 
form 

stress  =  M  X  (corresponding  strain). 

Then  M  is  called  a  "  modulus  of  elasticity."     The  quantities  H/Gu,  H/Oj^  are 
examples  of  such  moduluses. 

The  modulus  that  corresponds  with  simple  tension  is  known  as  Young's 
modulus  for  the  direction  of  the  related  tension.  The  modulus  that  corre- 
sponds with  shearing  stress  on  a  pair  of  orthogonal  planes  is  known  as  the 
rigidity  for  the  related  pair  of  directions  (the  normals  to  the  planes).  The 
modulus  that  corresponds  with  mean  tension  or  pressure  is  known  as  the 
modulus  of  compression. 

We  shall  give  some  examples  of  the  calculation  of  moduluses. 

(a)     Modulus  of  compression. 
We  have  to  assume  that  Xx=Ty=Z^,  and  the  remaining  stress-components  vanish; 
the  corresponding  strain  is  cubical  dilatation,  and  we  must  therefore  calculate  e^-YByy+e^^. 
We  find  for  the  modulus  the  erpression 

n/{C'„-|-C32-H(733-|-2C23-|-2C3,-|-2Cj2) (28) 
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As  in  Article  68,  we  see  that  the  cubical  compression  produced  in  a  body  of  any  form  by 
the  application  of  uniform  normal  pressure,  j),  to  its  surface  is  plk^  where  Ic  now  denotes 
the  above  expression  (28). 

(6)     Rigidity. 

We  may  suppose  that  all  the  stress-components  vanish  except  Y^,  and  then  we  have 
'n.ey^=C^^Y2,  so  that  n/C44  is  the  rigidity  corresponding  with  the  pair  of  directions  y,  z. 

If  the  shearing  stress  is  related  to  the  two  orthogonal  directions  (?,  m,  w)  and  (?,  m',  »'), 
the  rigidity  can  be  shown  to  be  expressed  by 

n-r-(Cu,  (722,  ...Ci2,  ...)(2Zf,  2TOm',  2kw',  »i?i'-l-»i'ra,  nl'  +  n'l,  Im' +  l'mf,    ...(29) 
where  the  denominator  is  a  complete  quadratic  function  of  the  six  arguments  W,  . . .  with 
coefficients  Cj],  C221  ••■  • 

(c)     Toung'a  modulus  and  Poisson's  ratio. 

We  may  suppose  that  all  the  stress-components  vanish  except  X^,  and  then  we  have 
nej.j.=  C,jXa.,  so  that  n/Cn  is  the  Young's  modulus  corresponding  with  the  direction  x. 
In  the  same  case  the  Poisson's  ratio  of  the  contraction  in  the  direction  of  the  axis  of  y 
to  the  extension  in  the  direction  of  the  axis  of  ^  is  —  C-i^jC-^^ .  The  value  of  Poisson's  ratio 
depends  on  the  direction -of  the  contracted  transverse  linear  elements  as  well  as  on  that  of 
the  extended  longitudinal  ones. 

In  the  general  case  we  may  take  the  stress  to  be  tension  X'^  across  the  planes  x'  =  const., 
of  which  the  normal  is  in  the  direction  {I,  m,  n).     Then  we  have 

X^  =  l^X'^,       Yy  =  m^X'^.,     Z,=n^X'^,, 

Y^=mnX\,,     Zx=rdX'^,,     Xy=lmX'^, 
and  we  have  also 

«a:'x' =exJP  +  eyyin^  -(-  e^n^  -\-  By^mn  +  e^nl  +  e^ylm ; 

it  follows  that  the  Young's  modulus  E  corresponding  with  this  direction  is 

n-^(C„,  C22,  ...  C12,  ...)(P,  m2,  n\  TO»,  nl,  Imf,     (30) 

where  the  denominator  is  a  complete  quadratic  function  of  the  six  arguments  l^, ...  with 
coefficients  Cjj,  ...  . 

If  {V,  m',  n')  is  any  direction  at  right  angles  to  x',  the  contraction,  -e„'„/,  in  this 
direction  is  given  by  the  equation 

eyy  =  eJl-"^  +  eyym'^  +  «J2«'^  +  ey^m'n' -\-e^n'l'  +  e^l'm', 
and  the  corresponding  Poisson's  ratio  a-  is  expressible  in  the  form 

,=  -ISv^  _M^+^'2    95^  +»'2  i^+^V  ^^  +  n'V^.^  +  l'm'^X  ...(31) 
20  [_     9  (JP)  8  {Trfi)  3  (w2)  g  {mn)  0  {id)  d  (<ot)J       ^     ' 

where  0  is  the  above-mentioned  quadratic  function  of  the  arguments  P,  ...,  and  the 
differential  coefficients  are  formed  as  if  these  arguments  were  independent.  It  may  be 
observed  that  (r/E  is  related  symmetrically  to  the  two  directions  in  which  the  corresponding 
contraction  and  extension  occur. 

If  we  construct  the  surface  of  the  fourth  order  of  which  the  equation  is 

(C„,  C,„  ...  C12,  ...)  (x%  y\  z\  yz,  zx,  ^3/)2=const., (32) 

then  the  radius  vector  of  this  surface  in  any  direction  is  proportional  to  the  positive 
fourth  root  of  the  Young's  moduhis  of  the  material  corresponding  with  that  direction*. 

*  The  result  is  due  to  Cauohy,  Exercices  de  MatMmatiques,  t.  4  (1829),  p.  30. 
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74.     Thenno-elastic  equations. 

The  application  of  the  two  fundamental  laws  of  Thermodynamics  to  the 
problem  of  determining  the  stress  and  strain  in  elastic  solid  bodies  when 
variations  of  temperature  occur  has  been  discussed  by  Lord  Kelvin*.  The 
results  at  which  he  arrived  do  not  permit  of  the  formulation  of  a  system  of 
differential  equations  to  determine  the  state  of  stress  in  the  body  in  the 
manner  explained  in  Article  67. 

At  an  earlier  date  Duhamelf  had  obtained  a  .set  of  equations  of  the 
required  kind  by  developing  the  theory  of  an  elastic  solid  regarded  as  a 
system  of  material  points,  and  F.  E.  Neumann,  starting  from  certain 
assumptions  I ,  had  arrived  at  the  same  system  of  equations.  These 
assumptions  may,  when  the  body  is  isotropic,  be  expressed  in  the  follow- 
ing form : — The  stress-system  at  any  point  of  a  body  strained  by  variation 
of  temperature  consists  of  two  superposed  stress-systems.  One  of  these  is 
equivalent  to  uniform  pressure,  the  same  in  all  directions  round  a  point,  and 
proportional  to  the  change  of  temperature ;  the  oth^r  depends  upon  the 
strain  at  the  point  in  the  same  way  as  it  would  do  if  the  temperature  were 
constant. 

These  assumptions  lead  to  equations  of  the  form 

dXx     dXy      dZ^  dO 

^  +  ^  +  17  +  ^^-^9^'  (^'^) 

where  ;S  is  a  constant  coefficient  and""^  is  the  excess  of  temperature  above 
that  in  the  unstrained  state.  The  stress-system  at  any  point  has  com- 
ponents 

-I3d  +  X^,    -I3e+Yy,   -139+ Z,  I 

-'Z  I  Zx  ,  Xy,  ) 

in  which  X^, ...  are  expressed  in  terms  of  displacements  by  the  formulae  (18) 
of  Article  69.  The  equations  are  adequate  to  determine  the  displacements 
when  6  is  given.  When  6  is  not  given  an  additional  equation  is  required, 
and  this  equation  may  be  deduced  from  the  theory  of  conduction  of  heat,  as 
was  done  by  Duhamel  and  Neumann. 

The  theory  thus  arrived  at  has  not  been  very  much  developed.  Attention 
has  been  directed  especially  to  the  fact  that  a  plate  of  glass  strained  by 
unequal  heating  becomes  doubly  refracting,  and  to  the  explanation  of  this 
effect  by  the  inequaUty  of  the  stresses  in  different  directions.  The  reader  who 
wishes  to  pursue  the  subject  is  referred  to  the  following  memoirs  in  addition 
to    those    already   cited:— C.    W.   Borchardt,   Berlin   Monatsberichte,    1873; 

*  See  Introduction,  footnote  43. 
t  Paris,  Mem.. ..par  divers  savans,  t.  5  (1838). 

t  See  his  Vorlesungen  iiber  die  Theorie  der  Elasticitdt  der  festen  K&rper,  Leipzig,  1885,  and 
ef.  the  memoir  by  Maxwell  cited  in  Article  57  footnote. 
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J.  Hopkinson,  Messenger  of  Math.  vol.  8  (1879) ;  Lord  Rayleigh,  Phil. 
Mag.  (Ser.  6)  vol.  1  {\QQ\)  =  Scientific  Papers,  vol.  4,  p.  502;  E.  Almansi, 
Torino  Atti,  t.  32  (1897);  P.  Alibrandi,  Giomale  di  matem.  t.  38  (1900). 

It  must  be  observed  that  the  elastic  "  constants  "  themselves  are  functions 
of  the  temperature.  In  general,  they  are  diminished  by  a  rise  of  tempera- 
ture; this  result  has  been  established  by  the  experiments  of  Wertheim*, 
Kohlrauschf  and  Macleod  and  Clarke  |. 

75.     Initial  stress. 

The  initial  state  of  a  body  may  be  too  far  removed  from  the  unstressed 
state  to  permit  of  the  stress  and  strain  being  calculated  by  the  principle  of 
superposition  as  explained  in  Article  64.  Such  initial  states  may  be  induced 
by  processes  of  preparation,  or  of  manufacture,  or  by  the  action  of  body 
forces.  In  cast  iron  the  exterior  parts  cool  more  rapidly  than  the  interior, 
and  the  unequal  contractions  that  accompany  the  unequally  rapid  rates  of 
cooling  give  rise  to  considerable  initial  stress  in  the  iron  when  cold.  If  a 
sheet  of  metal  is  rolled  up  into  a  cylinder  and  the  edges  welded  together  the 
body  so  formed  is  in  a  state  of  initial  stress,  and  the  unstressed  state  cannot 
be  attained  without  cutting  the  cylinder  open.  A  body  in  equilibrium 
under  the  mutual  gravitation  of  its  parts  is  in  a  state  of  stress,  and  when 
the  body  is  large  the  stress  may  be  enormous.  The  Earth  is  an  example  of 
a  body  which  must  be  regarded  as  being  in  a  state  of  initial  stress,  for  the 
stress  that  must  exist  in  the  interior  is  much  too  great  to  permit  of  the 
calculation,  by  the  ordinary  methods,  of  strains  reckoned  from  the  unstressed 
state  as  unstrained  state. 

If  a  body  is  given  in  a  state  of  initial  stress,  and  is  subjected  to  forces, 
changes  of  volume  and  shape  will  be  produced  which  can  be  specified  by 
a  displacement  reckoned  from  the  given  initial  state  as  unstrained  state. 
We  may  specify  the  initial  stress  at  a  point  by  the  components 

and  we  may  specify  the  stress  at  the  point  when  the  forces  are  in  action  by 
Za,""  +Xx',....  In  like  manner  we  may  specify  the  density  in  the  initial 
state  by  po  and  that  in  the  strained  state  by  p„  +  p',  and  we  may  specify  the 
body  force  in  the  initial  state  by  (Z„,  ¥„,  Z^)  and  that  in  the  strained  state 
by  (Zo  +  Z',  F„  +  F',  Z„  +  Z').  Then  the  conditions  of  equilibrium  in  the 
initial  state  are  three  equations  of  the  type 

az^^B^^a^^  ^3,) 

dx  dy  oz 

*  Ann.  de  Chimie,  t.  12  {1844). 
t  Ann.  Phys.  Chevi.  (Poggendorff),  Bd.  141  (1870). 

t  A  result  obtained  by  these  writers  is  explained  in  the  sense  stated  in  the  text  by  Lord  Kelvin 
in  the  Article  'Elasticity'  in  Ency.  Brit,  quoted  in  the  footnote  to  Article  65. 
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and  three  boundary  conditions  of  the  type 

X^i»'  cos  (x,  vo)  +  X„<»'  cos  (y,  i/„)  +  ZJ"''  cos{z,vo)=0 (36) 

in  which  v„  denotes  the  direction  of  the  normal  to  the  initial  boundary. 

The  conditions  of  equilibrium  in  the  strained  state  are  three  equations  of 
the  form 

|;(Z.<«'+x;)  +  |(Z/i+x,') 

+  ^(Z,^o)  +  ZJ)+{p,  +  p')(Xo  +  X')  =  0  (37) 

and  three  boundary  conditions  of  the  type 
(Z^'°'  +  X^')  cos  (x,  v)  +  (Zyi«'  +  Xy')  cos  (y,  v) 

+  {Z^^o^+Z^')cos{z,v)  =  X,,  (38) 

in  which  (X^,  Y^,  ZJ)  is  the  surface  traction  at  any  point  of  the  displaced 
boundary.  These  equations  may  be  transformed,  when  the  displacement  is 
small,  by  using  the  results  (35)  and  (36),  so  as  to  become  three  equations  of 
the  type 


dXJ     dXJ  .  dZJ 


+  poX'  +  p'Xa  =  0 


.(39) 


.(40) 


dx     '    dy     '    dz 
and  three  boundary  conditions  of  the  type 

XJ  cos  {x,  v)  +  Xy  cos  {y,  v)  +  Z^  cos  {z,  v) 

=  X^  —  Xa;™  {cos  {x,  v)  —  cos  {x,  V^)] 

-  Zj,!"'  {cos  {y,  v)  -  COS  {y,  v,)] 

-  Z^fo^  {cos  {z,  v)  -  COS  (z,  vo)}. 

If  the  initial  stress  is  not  known  the  equations  (35)  and  conditions  (36) 
are  not  sufficient  to  determine  it,  and  no  progress  can  be  made.  If  the 
initial  stress  is  known  the  determination  of  the  additional  stress  (X/,  ...) 
cannot  be  effected  by  means  of  equations  (39)  and  conditions  (40),  without 
knowledge  of  the  relations  between  these  stress-components  and  the  dis- 
placement. To  obtain  such  knowledge  recourse  must  be  had  either  to  experi- 
ment or  to  some  more  general  theory.  Experimental  evidence  appears  to  be 
entirely  wanting*. 

Cauchyf  worked  out  the  consequences  of  applying  that  theory  of  material 
points  to  which  reference  has  been  made  in  Article  66.  He  found  for  X^',  ... 
expressions  of  the  form 

'du      dv      9w\ 
\dx      dy      dz) 


Y  '  =  X  i»t 


+  2Z/)|  +  2^x'»'|+X/, 


F;=7/>^+Z,<»)g. 


dx 


dx 


dx 


.(41) 


*  Beference  may  be  made  to  a  paper  by  F.  H.  Cilley,  Amer.  J.  of  Science  (Silliman),  (Ser.  4), 
vol.  11  (1901). 

+  See  Introduction  and  cf.  Note  B  at  the  end  of  this  book. 
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where  (u,  v,  w)  is  the  displacement  reckoned  from  the  initial  state,  and 
(Xa;",  ...)  is  a  stress-system  related  to  this  displacement  by  the  same 
equations  as  would  hold  if  there  were  no  initial  stress.  In  the  case  of 
isotropy  these  equations  would  be  (18)  of  Article  69  with  X  put  equal  to  fi. 
It  may  be  observed  that  the  terms  oi XJ, ...  that  contain  Xa,'"', ...  arise  from 
the  changes  in  the  distances  between  Cauchy's  material  points,  and  from 
changes  in  the  directions  of  the  lines  joining  them  in  pairs,  and  these  changes 
are  expressed  by  means  of  the  displacement  {u,  v,  w). 

Saint-Venant*  has  obtained  Cauchy's  result  by  adapting  the  method  of 
Green,  that  is  to  say  by  the  use  of  the  energy-function.  His  deduction  has 
been  criticized  by  K.  Pearson  f,  and  it  cannot  be  accepted  as  valid.  Green's 
original  discussion^  appears  to  be  restricted  to  the  case  of  uniform  initial 
stress  in  an  unlimited  elastic  medium,  and  the  same  restriction  characterizes 
Lord  Kelvin's  discussion  of  Green's  theory  §. 

*  J.  de  Math.  (LiouvilU),  (S6r.  2),  t.  8  (1863). 
t  Todhunter  and  Pearson's  History,  vol.  2,  pp.  84,  85. 
+  See  the  paper  quoted  in  the  Introduction,  footnote  81. 

§  Baltimore  Lectures  on  Molecular  Dynamics  and  the  Wave  Theory  of  Light,  London,  1904, 
pp.  228  et  seq. 


CHAPTER  IV. 


THE  RELATION  BETWEEN  THE  MATHEMATICAL  THEORY  OF 
ELASTICITY  AND  TECHNICAL  MECHANICS. 

76.     Limitations  of  the  mathematical  theory. 

The  object  of  this  Chapter  is  to  present  as  clear  an  idea  as  possible 
of  the  scope  and  limitations  of  the  mathematical  theory  in  its  application 
to  practical  questions.  The  theory  is  worked  out  for  bodies  strained 
gradually  at  a  constant  temperature,  from  an  initial  state  of  no  stress  to 
a  final  state  which  differs  so  little  from  the  unstressed  state  that  squares 
and  products  of  the  displacements  can  be  neglected  ;  and  further  it  is  worked 
out  on  the  basis  of  Hooke's  Law,  as  generalized  in  the  statements  in 
Article  64.  It  is  known  that  many  materials  used  in  engineering  structures, 
e.g.  cast  iron,  building  stone,  cement,  do  not  obey  Hooke's  Law  for  any 
strains  that  are  large  enough  to  be  observed.  It  is  known  also  that  those 
materials  which  do  obey  the  law  for  small  measurable  strains  do  not  obey 
it  for  larger  ones.  The  statement  of  the  law  in  Article  64  included  the 
statement  that  the  strain  disappears  on  removal  of  the  load,  and  this  part 
of  it  is  absolutely  necessary  to  the  mathematical  theory  ;  but  it  is  known 
that  the  limits  of  strain,  or  of  load,  in  which  this  condition  holds  good  are 
relatively  narrow.  Although  there  exists  much  experimental  knowledge* 
in  regard  to  the  behaviour  of  bodies  which  are  not  in  the  conditions  to 
which  the  mathematical  theory  is  applicable,  yet  it  appears  that  the  ap- 
propriate extensions  of  the  theory  which  would  be  needed  in  order  to 
incorporate  such  knowledge  within  it  cannot  be  made  until  much  fuller 
experimental  knowledge  has  been  obtained. 

*  Information  in  regard  to  experimental  results  will  be  found  in  treatises  on  Applied 
Mechanics.  The  following  may  be  mentioned  : — W.  J.  M.  Bankine,  Applied  Mechanics,  Ist 
edition,  London,  1858,  (there  have  been  numerous  later  editions);  W.  C.  Unwin,  The  testing  of 
materiaU  of  construction,  London,  1888;  J.  A.  Ewing,  The  Strength  of  Materials,  Cambridge,  1899; 
Flamant,  Stabilite  des  constructions.  Resistance  des  matgriaux,  Paris,  1896 ;  C.  Bach,  Elasticitat 
und  Festigkeit,  2nd  edition,  Berlin,  1894 ;  A.  Foppl,  Vorlesungen  ilber  technische  Mechanik, 
Bd.  3,  Festigkeitslehre,  Leipzig,  1900.  Very  valuable  experimental  researches  were  made  in 
recent  times  by  J.  Bauschinger  and  recorded  by  him  in  Mittheilungen  aiis  dem  mechanisch- 
teclinischen  Laboratorium...in  MUnchen;  these  researches  have  been  continued  by  A.  Foppl.  New 
facts  in  regard  to  the  nature  of  permanent  set  in  metals,  which  are  likely  to  prove  to  be  very 
important,  have  been  brought  to  light  by  J.  A.  Ewing  and  W.  Eosenhain,  Phil.  Trans.  Roy.  Soc. 
(Ser.  A),  vols.  193,  195,  (1900,  1901). 
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The  restriction  of  the  theory  to  conditions  in  which  the  strain  disappears 
on  removal  of  the  load  is  usually  expressed  by  saying  that  the  body  must 
be  strained  within  the  limits  of  "  perfect  elasticity."  The  restriction  to 
conditions  in  which  the  measurable  strain  is  proportional  to  the  load  is 
sometimes  expressed  by  saying  that  the  body  must  be  strained  within  the 
limits  of  "  linear  elasticity."  The  expression  "  limits  of  elasticity  "  is  used 
sometimes  in  one  of  these  senses  and  sometimes  in  the  other,  and  the  limits 
are  sometimes  specified  by  means  of  a  "  stress  "  or  a  "  traction,"  i.e.  by  a  load 
per  unit  of  area,  and  sometimes  by  the  measurable  strain. 

When  the  strain  does  not  disappear  after  removal  of  the  load,  the  strain 
which  remains  when  the  load  is  removed  is  called  "  set,"  and  the  excess 
of  the  strain  which  occurs  under  the  load  above  the  set  is  called  "elastic 
strain."  The  strain  is  then  compounded  of  set  and  elastic  strain.  A  body 
which  can  be  strained  without  taking  any  set  is  sometimes  said  to  be  in 
a  "state  of  ease"  up  to  the  strain  at  which  set  begins. 

77.     Stress-strain  diagrams. 

One  of  the  greatest  aids  to  scientific  investigation  of  the  properties 
of  matter  subjected  to  stress  is  the  use  of  these  diagrams.  They  are  usually 
constructed  by  taking  the  strain  developed  as  abscissa,  and  the  stress 
producing  it  as  the  corresponding  ordinate.  For  most  materials  the  case 
selected  for  this  kind  of  treatment  is  the  extension  of  bars,  and,  in  the 
diagram,  the  ordinate  represents  the  applied  traction,  and  the  abscissa  the 
extension  of  a  line  traced  on  the  bar  parallel  to  its  length  and  rather  near 
the  middle.  The  extension  is  measured  by  some  kind  of  extensometer*. 
The  load  at  any  instant  is  known,  and  the  traction  is  estimated  by  assuming 
this  load  to  be  distributed  uniformly  over  the  area  of  the  cross-section  of  the 
specimen  in  the  initial  state.  If  any  considerable  contraction  of  the  section 
were  to  occur  the  traction  would  be  underestimated.  The  testing  machine, 
by  means  of  which  the  experiments  are  made,  is  sometimes  fitted  with  an 
automatic  recording  apparatus  f  by  which  the  curve  is  drawn ;  but  this 
cannot  be  done  satisfactorily  with  some  types  of  machine|. 

It  is  clear  that,  in  general,  the  quantities  recorded  by  such  arrangements 
are  the  traction,  estimated  as  stated,  and  the  extension  which  it  produces 
immediately.  Special  methods  of  experimenting  and  observing  are  required 
if  elastic  strain  is  to  be  distinguished  from  set,  and  if  the  various  effects  that 
depend  upon  time  are  to  be  calculated. 

The  general  character  of  the  curve  for  moderately  hard  metals  under 
extension,  is  now  well  known.     It  is  for  a  considerable  range  of  stress  very 

*  Several  kinds  of  extensometers  are  described  by  Ewing  and  TJnwin. 

t  Unwin,  loc.  cit. 

X  Bausohinger,  Mittheilwngen,  xx.  (1891). 
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nearly  straight.  Then  comes  a  stage  in  which  the  curve  is  generally  concave 
downwards,  so  that  the  strain  increases  faster  than  it  would  do  if  it  were 
proportional  to  the  traction ;  in  this  stage  the  strain  is  largely  a  permanent 
set.  As  the  traction  increases  there  comes  a  region  of  well-marked  dis- 
continuity, in  which  a  small  increase  of  traction  produces  a  large  increase 
of  set.  The  traction  at  the  beginning  of  this  region  is  called  the  Yield-Point. 
After  a  further  considerable  increase  of  traction  the  bar  begins  to  thin  down 
at  some  section,  determined  apparently  by  accidental  circumstances,  and  there 
it  ultimately  breaks.  When  this  local  thinning  down  begins  the  load  is 
usually  eased  off  somewhat  before  rupture  occurs,  and  the  bar  breaks  with 
less  than  the  maximum  traction.  The  maximum  traction  before  rupture  is 
called  the  "  breaking  stress "  of  the  material,  sometimes  also  the  "  ultimate 
strength  "  or  "  tenacity." 


Figure  8  shows  the  character  of  the  diagram  for  "  weld  iron."  It  is 
reduced  from  one  of  Bauschinger's  curves.  Similar  diagrams  for  mild  steel 
are  drawn  in  many  books.  A  is  the  limit  of  linear  elasticity  ;  between  A  and 
B  the  strain  increases  rather  faster  than  between  0  and  A  and  at  a  varying 
rate,  B  is  the  yield-point  and  D  represents  the  maximum  traction.  Fig.  9 
is  reduced  from  one  of  Bauschinger's  curves  for  cast  iron.  There  is  no 
sensible  range,  and  so  no  limit,  of  linear  elasticity,  and  no  yield-point. 

Diagrams  may  be  constructed  in  the  same  way  for  thrust  and  contraction, 
but  the  forms  of  them  are  in  general  different  from  the  above,  fe-particular, 
there  is  no  yield-point  under  thrust.  In  the  case  of  cast  iron  it  has  been 
verified  that  the  curve  is  continuous  through  the  origin,  where  there  is  an 
inflexion*. 

*  See  e.g.  Ewing,  loc.  cit.,  p.  31. 
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78.     Elastic  limits. 

The  diagrams  do  not  show  the  limits  of  perfect  elasticity  when  these 
are  different  from  the  limits  of  linear  elasticity.  These  limits  usually  are 
different,  and  the  former  are  lower  than  the  latter*.  The  numerical 
measures  of  the  limits  for  extension  and  contraction  are  usually  different 
for  the  same  specimen.  The  limits  are  not  very  well  defined.  The  limit 
of  perfect  elasticity  for  any  type  of  stress  would  be  determined  by  the 
greatest  traction  which  produces  no  set,  but  all  that  experiment  can  tell  us 
is  the  smallest  traction  for  which  set  can  be  measured  by  means  of  our 
instruments.  The  limits  of  linear  elasticity  are  shown  by  the  diagrams,  but 
they  are  liable  to  the  same  kind  of  uncertainty  as  the  limits  of  perfect 
elasticity,  inasmuch  as  the  determination  of  them  depends  upon  the  degree 
of  accuracy  with  which  the  diagrams  can  be  drawn. 

The  limits  of  linear  elasticity  can  be  raised  by  overstrain +.  If  a  bar  of 
steel,  not  specially  hard,  is  subjected  to  a  load  above  the  elastic  limit,  and 
even  above  the  yield-point,  and  this  load  is  maintained  until  a  permanent 
state  is  reached,  it  is  found  afterwards  to  possess  linear  elasticity  up  to  a 
higher  limit  than  before.  If  the  load  is  removed,  and  the  bar  remains  for 
some  time  unloaded,  the  limit  is  found  to  be  raised  still  further,  and  may  be 
above  the  load  which  produced  the  overstrain. 

On  the  other  hand,  the  limits  of  elasticity  can  be  lowered  by  overstrainj. 
If  a  bar  of  iron  or  mild  steel  is  subjected  to  a  load  above  the  yield-point, 
and  then  unloaded  and  immediately  reloaded,  its  elasticity  is  found  to  be  very 
imperfect,  and  the  limit  of  linear  elasticity  very  low ;  but  if  the  bar  remains 
unloaded  for  a  few  days  it  is  found  to  have  recovered  partially  from  the  effects 
of  the  previous  overstraining,  and  the  longer  the  period  of  rest  the  more  com- 
plete is  the  recovery.     Wrought  iron  recovers  much  more  rapidly  thau  steel. 

In  the  case  of  cast  iron,  not  previously  subjected  to  tests,  any  load  that 
produces  a  measurable  strain  produces  some  set,  and  there  is  no  appreciable 
range  of  linear  elasticity.  After  several  times  loading  and  unloading,  the 
behaviour  of  the  metal  approaches  more  closely  to  that  of  other  metals 
as  exemplified  in  Fig.  8.  These  results  suggest  that  the  set  produced  in 
the  first  tests  consists  in  the  removal  of  a  state  of  initial  stress. 

The  yield-point  also  is  raised  by  overstrain,  if  the  original  load  is  above 
the  original  yield-point,  and  the  amount  by  which  it  is  raised  is  increased 
by  allowing  a  period  of  rest ;  it  is  increased  still  more  by  maintaining  constant 
the  load  which  produced  the  original  overstrain.  This  effect  is  described  as 
"  hardening  by  overstrain." 

*  Bausohinger,  Mittheilungen,  xiii.  (1886). 

t  Ibid. 

t  See  e.g.  Swing,  loc.  cit.,  pp.  33  et  seq.,  and  the  tables  in  Bauschinger's  Mittheilungen,  xin. 
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The  following  table*  gives  some  examples  of  the  limit  of  linear  elasticity 
and  the  yield-point  for  some  kinds  of  iron.  The  results,  given  in  atmospheres, 
are  in  each  case  those  for  a  single  specimen  not  previously  tested. 


Metal 

Elastic  limit 

Yield-point 

Weld-iron 

1410 

1920 

)> 

1830 

2180 

Ingot  iron 

2390 

2780 

:t 

2660 

2960 

Steel  (Bessemer) 

1780 

2650 

79.     Time-effects.     Plasticity. 

The  length  of  time  that  a  body  has  been  subjected  to  considerable  load 
generally  affects  the  strain  produced,  and  the  length  of  time  that  a  strained 
body  has  been  free  from  load  generally  affects  the  extent  of  the  elastic 
recovery.  The  latter  effect  was  discovered  by  W.  Weberf  in  1835  and 
has  been  called  Elastische  Nachwirkung  or  elastic  after-working ;  the  former 
appears  to  have  been  first  noted  by  VicatJ  in  1834.  When  a  body  has  been 
strained  by  a  load  surpassing  the  limit  of  perfect  elasticity,  and  is  set  free, 
the  set  gradually  diminishes.  The  body  never  returns  to  its  primitive 
condition,  and  the  ultimate  deformation  is  the  "permanent  set,"  the  part 
of  the  strain  that  gradually  disappears  is  called  "  elastic  after-strain."  To 
produce  the  effect  noted  by  Vicat  very  considerable  stress  is  generally 
required.  He  found  that  wires  held  stretched,  with  a  tension  equal  to  one 
quarter  of  the  breaking  stress,  retained  the  length  to  which  this  tension 
brought  them  throughout  the  whole  time  of  his  experiments  (33  months), 
while  similar  wires  stretched  with  a  tension  equal  to  half  the  breaking  stress 
exhibited  a  notable  gradual  increase  of  extension.  The  gradual  flow  of 
solids  under  great  stress,  indicated  by  these  experiments,  has  been  made 
the  subject  of  exhaustive  investigation  by  H.  Tre8ca§.  He  found,  in  his 
experiments  on  the  punching  and  crushing  of  metals,  results  which  point 
to  the  conclusion  that  all  solids  when  subjected  to  very  great  pressure 
ultimately  flow,  i.e.  take  a  set  which  increases  with  the  time.     This  capacity 

*  Extracted  from  results  given  by  Bauschinger,  Mittheilungen,  xni.  We  may  take  1000 
atmospheres  =6-56  tons  per  square  inch  =1-0136  x  10»  o.g.s.  units  of  stress. 

t  De  fili  Bombycini  vi  Elastica.  Gottingen,  1841.  An  off-print  of  a  paper  oommnnicated  to 
the  Konigliche  Gesellschaft  der  Wissenschaften  zu  G'ottingen,  1835,  and  practically  translated  in 
Ann.  Phyt.  Chem.  {Poggendorff),  Bde.  34  (1835)  and  54  (1841). 

J  Nole  sur  ValUmgement  progressif  du  fil  de  fer  soumis  a  diverges  tensions.  Annales  des  ponts 
et  ehaussges,  ler  semestre,  1834. 

§  Paris,  Metmires...par  divers  savans,  tt.  18  (1868),  and  20  (1872).  An  account  of  some  of 
Tresca's  experiments  is  given  by  Unwin,  loc.  cit.  pp.  46  et  seq. 


78-80]  VISCOSITY   OF   SOLIDS  115 

of  solids  to  flow  under  great  stress  is  called  plasticity.  A  solid  is  said  to  be 
"  hard  "  when  the  force  required  to  produce  considerable  set  is  great,  "  soft '' 
or  "  plastic  "  when  it  is  small.  A  substance  must  be  termed  "  fluid  "  if  con- 
siderable set  can  be  produced  by  any  force,  however  small,  provided  it  is 
applied  for  a  sufficient  time. 

In  experiments  on  extension  some  plasticity  of  the  material  is  shown 
as  soon  as  the  limit  of  linear  elasticity  is  exceeded*.  If  the  load  exceeding 
this  limit  is  removed  some  set  can  be  observed,  but  this  set  diminishes  at 
a  rate  which  itself  diminishes.  If  the  load  is  maintained  the  strain  gradually 
increases  and  reaches  a  constant  value  after  the  lapse  of  some  time.  If  the 
load  is  removed  and  reapplied  several  times,  both  the  set  and  the  elastic 
strain  increase.  None  of  these  effects  are  observed  when  the  load  is  below 
the  limit  of  linear  elasticity.  The  possibility  of  these  plastic  effects  tends 
to  complicate  the  results  of  testing,  for  if  two  like  specimens  are  loaded  at 
different  rates,  the  one  which  is  loaded  more  rapidly  will  show  a  greater 
breaking  stress  and  a  smaller  ultimate  extension  than  the  other.  Such 
differences  have  in  fact  been  observedf,  but  it  has  been  shown;}:  that 
under  ordinary  conditions  of  testing  the  variations  in  the  rate  of  loading 
do  not  affect  the  results  appreciably. 

80.     Viscosity  of  Solids. 

"  Viscosity  "  is  a  general  term  for  all  those  properties  of  matter  in  virtue 
of  which  the  resistance,  which  a  body  offers  to  any  change,  depends  upon  the 
rate  at  which  the  change  is  effected.  The  existence  of  viscous  resistances 
involves  a  dissipation  of  the  energy  of  the  substance,  the  kinetic  energy  of 
molar  motion  being  transformed,  as  is  generally  supposed,  into  kinetic  energy 
of  molecular  agitation.  The  most  marked  effect  of  this  property,  if  it  exists 
in  the  case  of  elastic  solids,  would  be  the  subsidence  of  vibrations  set  up  in 
the  solid.  Suppose  a  solid  of  any  form  to  be  struck,  or  otherwise  suddenly 
disturbed.  It  will  be  thrown  into  more  or  less  rapid  vibration,  and  the 
stresses  developed  in  it  would,  if  there  is  genuine  viscosity,  depend  partly  on 
the  displacements,  and  partly  on  the  rates  at  which  they  are  effected.  The 
parts  of  the  stresses  depending  on  the  rates  of  change  would  be  viscous 
resistances,  and  they  would  ultimately  destroy  the  vibratory  motion.  Now 
the  vibratory  motion  of  elastic  solid  bodies  is  actually  destroyed,  but  the 
decay  appears  not  to  be  the  effect  of  viscous  resistances  of  the  ordinary  type, 
that  is  to  say  such  as  are  proportional  to  the  rates  of  strain.  It  has  been 
pointed  out  by  Lord  Kelvin§  that,  if  this  type  of  resistance  alone  were 
involved,  the  proportionate  diminution  of  the  amplitude  of  the  oscillations 

*  Bauschinger,  Mittheilungen,  xiii.  (1886). 
t  Cf.  Unwin,  loe.  cit.,  p.  89. 
J  Bauschinger,  Mittheilungen,  xx.  (1891). 

§  Sir  W.   Thomson,  Article  'Elasticity,'  Ency.  Brit,   or  Math,  and  Phys.  Papers,  vol.  3, 
Cambridge,  1890,  p.  27. 
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per  unit  of  time  would  be  inversely  proportional  to  the  square  of  the  period ; 
but  a  series  of  experiments  on  the  torsional  oscillations  of  wires  showed  that 
this  law  does  not  hold  good. 

Lord  Kelvin  pointed  out  that  the  decay  of  vibrations  could  be  accounted 
for  by  supposing  that,  even  for  the  very  small  strains  involved  in  vibratory 
motions,  the  effects  of  elastic  after-working  and  plasticity  are  not  wholly 
absent.  These  effects,  as  well  as  viscous  resistances  of  the  ordinary  type,  are 
included  in  the  class  of  hysteresis  phenomena.  All  of  them  shovf  that  the 
state  of  the  body  concerned  depends  at  any  instant  on  its  previous  states  as 
well  as  on  the  external  conditions  (forces,  temperature,  &c.)  which  obtain  at 
the  instant.  Hysteresis  always  implies  irreversibility  in  the  sequence  of 
states  through  which  a  body  passes,  and  is  generally  traced  to  the  molecular 
structure  of  matter.  Accordingly,  theories  of  molecular  action  have  been 
devised  by  various  investigators*  to  account  for  viscosity  and  elastic  after- 
working. 

81.  .ffiolotropy  induced  by  permanent  set. 

One  of  the  changes  produced  in  a  solid,  which  has  received  a  permanent 
set,  may  be  that  the  material,  previously  isotropic,  becomes  seolotropic.  The 
best  known  example  is  that  of  a  bar  rendered  seolotropic  by  permanent 
torsion.  Warburgf  found  that,  in  a  copper  wire  to  which  a  permanent  twist 
had  been  given,  the  elastic  phenomena  observed  could  all  be  explained 
on  the  supposition  that  the  substance  of  the  wire  was  rendered  seolotropic 
like  a  rhombic  crystal.  When  a  weight  was  hung  on  the  wire  it  produced,  in 
addition  to  extension,  a  small  shear,  equivalent  to  a  partial  untwisting|  of 
the  wire  ;  this  was  an  elastic  strain,  and  disappeared  on  the  removal  of  the 
load.  This  experiment  is  important  as  showing  that  processes  of  manu- 
facture may  induce  considerable  seolotropy  in  materials  which  in  the  un- 
worked  stage  are  isotropic,  and  consequently  that  estimates  of  strength, 
founded  on  the  employment  of  the  equations  of  isotropic  elasticity,  cannot  be 
strictly  interpreted  §. 

82.  Repeated  loading. 

A  body  strained  within  its  elastic  limits  may  be  strained  again  and 
again  without  receiving  any  injury ;  thus  a  watch-spring  may  be  coiled  and 

*  The  following  may  be  mentioned  :— J.  C.  Maxwell,  Article  'Constitution  of  Bodies,'  Enctj. 
Brit,  or  Scientific  Papers,  vol.  2,  Cambridge,  1890;  J.  G.  Butcher,  London  Math.  Soc.  Proc, 
vol.  8  (1877) ;  0.  E.  Meyer,  J.  f.  Math.  (Crelle),  Bd.  78  (1874) ;  L.  Boltzmann,  Ann.  Phys.  Ghent. 
(Poggendorff),  Ergzgsbd.  7  (1878).  For  a  good  account  of  the  theories  the  reader  may  be 
referred  to  the  Article  by  F.  Brann  in  Winkelmann's  Handbuch  der  Physik,  Bd.  1  (Breslau,  1891), 
pp.  321 — 342.  For  a  more  recent  discussion  of  the  viscosity  of  metals  and  crystals,  see  W.  Voigt 
Ann.  Phys.  Chem.  (Wiedemann),  Bd.  47  (1892). 

t  Ann.  Phys.  Chem.  (Wiedemann),  Bd.  10  (1880). 

J  Cf.  Lord  Kelvin,  loc.  cit.,  Math,  and  Phys.  Papers,  vol.  3,  p.  82. 

§  Cf.  Unwin,  loc.  cit.,  p.  25. 
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uncoiled  one  hundred  and  twenty  millions  of  times  a  year  for  several  years 
without  deterioration.  But  it  is  different  when  a  body  is  strained  repeatedly 
by  rapidly  varying  loads  which  exceed  the  limits  of  elasticity.  Wohler's* 
experiments  on  this  point  have  been  held  to  show  that  the  resistance  of 
a  body  to  any  kind  of  deformation  can  be  seriously  diminished,  by  rapidly 
repeated  applications  of  a  load.  The  result  appears  to  point  to  a  gradual 
deteriorationf  of  the  quality  of  the  material  subjected  to  repeated  loading, 
which  can  be  verified  by  the  observation  that  after  a  large  number  of  appli- 
cations and  removals  of  the  load,  bars  may  be  broken  by  a  stress  much 
below  the  statical  breaking  stress. 

BauschingerJ  made  several  independent  series  of  experiments  on  the 
same  subject.  In  these  the  load  was  reversed  100  times  a  minute,  and 
the  specimens  which  endured  so  long  were  submitted  to  some  millions  of 
repetitions  of  alternating  stress.  In  some  cases  these  severe  tests  revealed 
the  existence  of  flaws  in  the  material,  but  the  general  result  obtained  was 
that  the  strength  of  a  piece  is  not  diminished  by  repeated  loading,  provided 
that  the  load  always  lies  within  the  limits  of  linear  elasticity. 

An  analogous  property  of  bodies  is  that  to  which  Lord  Kelvin§  has  called 
attention  under  the  name  "  fatigue  of  elasticity."  He  observed  that  the 
torsional  vibrations  of  wires  subsided  much  more  rapidly  when  the  wires 
had  been  kept  vibrating  for  several  hours  or  days,  than  when,  after  being 
at  rest  for  some  days,  they  were  set  in  vibration  and  immediately  left  to 
themselves. 

Experimental  results  of  this  kind  point  to  the  importance  of  taking  into 
account  the  manner  and  frequency  of  the  application  of  force  to  a  structure 
in  estimating  its  strength. 

83.     Hypotheses  concerning,  the  conditions  of  Rupture. 

Various  hypotheses  have  been  advanced  as  to  the  conditions  under  which 
a  body  is  ruptured,  or  a  structure  becomes  unsafe.  Thus  Lam^]|  supposed  it 
to  be  necessary  that  the  greatest  tension  should  be  less  than  a  certain  limit. 
PonceletlT,  followed  by  Saint-Venant**,  assumed  that  the  greatest  extension 
must  be  less  than  a  certain  limit.  These  measures  of  tendency  to  rupture 
agree  for  a  bar  under  extension,  but  in  general  they  lead  to  different  limits 

*  Ueher  Festigkeitsversuche  mit  Eisen  und  Stahl,  Berlin,  1870.  An  account  of  Wohler's 
experiments  is  given  by  Unwin,  loc.  cit.,  pp.  356  et  seq. 

t  A  different  explanation  has  been  proposed  by  K.  Pearson,  Messenger  of  Math.  vol.  20  (1890). 

X  Mittheilungen,  xx.  (1891)  and  xxv.  (1897)  edited  by  Poppl. 

§  Loc.  cit.,  Math,  and  Phys.  Papers,  vol.  3,  p.  22. 

II  See  e.g.  the  memoir  of  Lam6  and  Clapeyron,  quoted  in  the  Introduction  (footnote  39). 

IT  See  Todhunter  and  Pearson's  History,  vol.  1,  art.  995. 

**  See  especially  the  JSistorique  Abrege  in  Saint-Venant's  edition  of  the  Lggom  de  Navier, 
pp.  excix — eov. 
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of  safe  loading*.  Again,  Tresca  followed  by  G.  H.  Darwinf  makes  the 
maximum  difference  of  the  greatest  and  least  principal  stresses  the  measure 
of  tendency  to  rupture,  and  not  a  very  different  limit  would  be  found  by 
following  Coulomb'st  suggestion,  that  the  greatest  shear  produced  in  the 
material  is  a  measure  of  this  tendency.  An  interesting  modification  of  this 
view  has  been  suggested  and  worked  out  geometrically  by  0.  Mohr§.  It 
would  enable  us  to  take  account  of  the  possible  dependence  of  the  condition 
of  safety  upon  the  nature  of  the  load,  i.e.  upon  the  kind  of  stress  which 
is  developed  within  the  body.  The  manner  and  frequency  of  application  of 
the  load  are  matters  which  ought  also  to  be  taken  into  account.  The  con- 
ditions of  rupture  are  but  vaguely  understood,  and  may  depend  largely  on 
these  and  other  accidental  circumstances.  At  the  same  time  the  question  is 
very  important,  as  a  satisfactory  answer  to  it  might  suggest  in  many  cases 
causes  of  weakness  previously  unsuspected,  and,  in  others,  methods  of  econo- 
mizing material  that  would  be  consistent  with  safety. 

In  all  these  hypotheses  it  is  supposed  that  the  stress  or  strain  actually 
produced  in  a  body  of  given  form,  by  a  given  load,  is  somehow  calculable. 
The  only  known  method  of  calculating  these  effects  is  by  the  use  of  the 
mathematical  theory  of  Elasticity,  or  by  some  more  or  less  rough  and  ready 
rule  obtained  from  some  result  of  this  theory.  Suppose  the  body  to  be 
subject  to  a  given  system  of  load,  and  suppose  that  we  know  how  to  solve  the 
equations  of  elastic  equilibrium  with  the  given  boundary-conditions.  Then 
the  stress  and  strain  at  every  point  of  the  body  can  be  determined, 
and  the  principal  stresses  and  principal  extensions  can  be  found.  Let  T  be 
the  greatest  principal  tension,  S  the  greatest  difference  of  two  principal 
tensions  at  the  same  point,  e  the  greatest  principal  extension.  Let  T^  be  the 
breaking  stress  as  determined  by  tensile  tests.  On  the  greatest  tension 
hypothesis  T  must  not  exceed  a  certain  fraction  of  T„.  On  the  stress- 
difference  hypothesis  S  must  not  exceed  a  certain  fraction  of  T^.  On  the 
greatest  extension  hypothesis  e  must  not  exceed  a  certain  fraction  of  TnjE, 
where  E  is  Young's  modulus  for  the  material.  These  conditions  may  be 
written 

T<  T,l^,    8  <  TJ^,    e  <  T.I^E 

and  the  number  <!>  which  occurs  in  them  is  called  the  "factor  of  safety." 

*  For  examples  see  Todhunter  and  Pearson's  History,  vol.  1,  p.  550  footnote. 

t  'On  the  stresses  produced  in  the  interior  of  the  Earth  by  the. weight  of  Continents  and 
Mountains,'  Phil.  Trans.  Roy.  Soc,  vol.  173  (1882).  The  same  measure  is  adopted  in  the  account 
of  Prof.  Darwin's  work  in  Kelvin  and  Tait's  Nat.  Phil.  Part  ii.  art.  832'. 

J  '  Essai  sur  une  application  des  regies  de  Maximis  &c.,'  MSm.  par  divers  Savans,  1776, 
Introduction. 

§  Zeitschrift  der  Deutschen  Ingenieure,  Bd.  44  (1900).  A  discussion  by  Voigt  of  the  views  of 
Mohr  and  other  writers  will  be  found  in  Ann.  Phys.  (Ser.  4),  Bd.  4  (1901). 
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Most  English  and  American  engineers  adopt  the  first  of  these  hypotheses, 
but  take  <I>  to  depend  on  the  kind  of  strain  to  which  the  body  is  likely  to  be 
subjected  in  use.  A  factor  6  is  allowed  for  boilers,  10  for  pillars,  6  for  axles, 
6  to  10  for  railway-bridges,  and  12  for  screw-propeller-shafts  and  parts  of 
other  machines  subjected  to  sudden  reversals  of  load.  In  France  and 
Germany  the  greatest  extension  hypothesis  is  often  adopted. 

Recently  attempts  have  been  made  to  determine  which  of  these  hypo- 
theses best  represents  the  results  of  experiments.  The  fact  that  short  pillars 
can  be  crushed  by  longitudinal  pressure  excludes  the  greatest  tension  hypo- 
thesis. If  it  were  proposed  to  replace  this  by  a  greatest  stress  hypothesis, 
according  to  which  rupture  would  occur  when  any  principal  stress  (tension 
or  pressure)  exceeds  a  certain  limit,  then  the  experiments  of  A.  Foppl*  on 
bodies  subjected  to  very  great  pressures  uniform  over  their  surfaces  would  be 
very  important,  as  it  appeared  that  rupture  is  not  produced  by  such  pressures 
as  he  could  apply.  These  experiments  would  also  forbid  us  to  replace  the 
greatest  extension  hypothesis  by  a  greatest  strain  hypothesis.  There  remain 
for  examination  the  greatest  extension  hypothesis  and  the  stress-difference 
hypothesis.  Wehage's  experiments"!*  on  specimens  of  wrought  iron  subjected 
to  equal  tensions  (or  pressures)  in  two  directions  at  right  angles  to  each 
other  have  thrown  doubt  on  the  greatest  extension  hypothesis.  From 
experiments  on  metal  tubes  subjected  to  various  systems  of  combined  stress 
J.  J.  GuestJ  has  concluded  that  the  stress-difference  hypothesis  is  the  one 
which  accords  best  with  observed  results.  The  general  tendency  of  modern 
technical  writings  seems  to  be  to  attach  more  importance  to  the  limits 
of  linear  elasticity  and  the  yield-point  than  to  the  limits  of  perfect  elasticity 
and  the  breaking  stress,  and  to  emphasize  the  importance  of  dynamical  tests 
in  addition  to  the  usual  statical  tests  of  tensile  and  bending  strength. 

84.     Scope  of  the  mathematical  theory  of  elasticity. 

Numerical  values  of  the  quantities  that  can  be  involved  in  practical 
problems  may  serve  to  show  the  smallness  of  the  strains  that  occur  in 
structures  which  are  found  to  be  safe.  Examples  of  such  values  have  been 
given  in  Articles  1,  48,  71,  78.  A  piece  of  iron  or  steel  with  a  limit  of  linear 
elasticity  equal  to  10^  tons  per  square  inch,  a  yield-point  equal  to  14  tons 
per  square  inch  and  a  Young's  modulus  equal  to  13000  tons  per  square  inch 
would  take,  under  a  load  of  6  tons  per  square  inch,  an  extension  0'00046. 
Even  if  loaded  nearly  up  to  the  yield-point  the  extension  would  be  small 
enough  to  require  very  refined  means  of  observation.  The  neglect  of  squares 
and  products  of  the  strains  in  iron  and  steel  structures  within  safe  limits  of 
loading  cannot  be  the  cause  of  any  serious  error.    The  fact  that  for  loads  much 

*  Mittheilwngen  (Miinchen),  xxvii.  (1899), 

t  Mittheilungen  der  mechaniseh-technischen  Versitclisanstalt  zu  Berlin,  1888. 

t  Phil.  Mag.  (Ser.  5),  vol.  48  (1900).     Mohr  {loc.  cit.)  has  criticized  Guest. 
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below  the  limit  of  linear  elasticity  the  elasticity  of  metals  is  very  imperfect  may 
perhaps  be  a  more  serious  cause  of  error,  since  set  and  elastic  after-working 
are  unrepresented  in  the  mathematical  theory ;  but  the  sets  that  occur 
within  the  limit  of  linear  elasticity  are  always  extremely  small.  The  effects 
produced  by  unequal  heating,  with  which  the  theory  cannot  deal  satis- 
factorily, are  very  important  in  practice.  Some  examples  of  the  application 
of  the  theory  to  questions  of  strength  may  be  cited  here  : — By  Saint- Venant's 
theory  of  the  torsion  of  prisms,  it  can  be  predicted  that  a  shaft  transmitting 
a  couple  by  torsion  is  seriously  weakened  by  the  existence  of  a  dent  having 
a  curvature  approaching  to  that  in  a  reentrant  angle,  or  by  the  existence  of 
a  flaw  parallel  to  the  axis  of  the  shaft.  By  the  theory  of  equilibrium  of  a 
mass  with  a  spherical  boundary,  it  can  be  predicted  that  the  shear  in  the 
neighbourhood  of  a  flaw  of  spherical  form  may  be  as  great  as  twice  that  at 
a  distance.  The  result  of  such  theories  would  be  that  the  factor  of  safety 
should  be  doubled  for  shafts  transmitting  a  couple  when  such  flaws  may 
occur.  Again  it  can  be  shown  that,  in  certain  cases,  a  load  suddenly  applied 
may  cause  a  strain  twice*  as  great  as  that  produced  by  a  gradual  application 
of  the  same  load,  and  that  a  load  suddenly  reversed  may  cause  a  strain 
three  times  as  great  as  that  produced  by  the  gradual  application  of  the  same 
load.  These  results  lead  us  to  expect  that  additional  factors  of  safety  will  be 
required  for  sudden  applications  and  sudden  reversals,  and  they  suggest  that 
these  extra  factors  may  be  2  and  3.  Again,  a  source  of  weakness  in  structures, 
some  parts  of  which  are  very  thin  bars  or  plates  subjected  to  thrust,  is  a  pos- 
sible buckling  of  the  parts.  The  conditions  of  buckling  can  sometimes  be 
determined  from  the  theory  of  Elastic  Stability,  and  this  theory  can  then  be 
made  to  suggest  some  method  of  supporting  the  parts  by  stays,  and  the  best 
places  for  them,  so  as  to  secure  the  greatest  strength  with  the  least  ex- 
penditure of  materials;  but  the  result,  at  any  rate  in  structures  that  may 
receive  small  permanent  sets,  is  only  a  suggestion  and  requires  to  be  verified 
by  experiment.  Further,  as  has  been  pointed  out  before,  all  calculations  of 
the  strength  of  structures  rest  on  some  result  or  other  deduced  from  the 
mathematical  theory. 

More  precise  indications  as  to  the  behaviour  of  solid  bodies  can  be 
deduced  from  the  theory  when  applied  to  obtain  corrections  to  very  exact 
physical  measurementsf.  For  example,  it  is  customary  to  specify  the  tem- 
perature at  which  standards  of  length  are  correct ;  but  it  appears  that  the 
effects  of  such  changes  of  atmospheric  pressure  as  actually  occur  are  not  too 
small  to  have  a  practical  significance.  As  more  and  more  accurate  instru- 
ments come  to  be  devised  for  measuring  lengths  the  time  is  probably  not  far 

*  This  point  appears  to  have  been  first  expressly  noted  by  Ponoelet  in  his  Introduction  a 
la  Mgcanique  industrielU,  physique  et  experimentale  of  1839,  see  Todhunter  and  Pearson's 
History,  vol.  1,  art.  988. 

t  Of.  C.  Chree,  Phil.  Mag.  (Ser.  6),  vol.  2  (1901). 
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distant  when  the  effects  produced  in  the  length  of  a  standard  by  different 
modes  of  support  will  have  to  be  taken  into  account.  Another  example 
is  afforded  by  the  result  that  the  cubic  capacity  of  a  vessel  intended  to 
contain  liquid  is  increased  when  the  liquid  is  put  into  it  in  consequence 
of  the  excess  of  pressure  in  the  parts  of  the  liquid  near  the  bottom  of  the 
vessel.  Again,  the  bending  of  the  deflexion-bars  of  magnetometers  affects 
the  measurement  of  magnetic  force.  Many  of  the  simpler  results  of  the 
mathematical  theory  are  likely  to  find  important  applications  in  connexion 
with  the  improvement  of  measuring  apparatus. 


CHAPTER  V. 

EQUILIBRIUM  OF  ISOTROPIC  ELASTIC  SOLID  BODIES. 

85.     Recapitulation  of  the  general  theory. 

As  a  preliminary  to  the  further  study  of  the  theory  of  elasticity  some  parts  of  the 
general  theory  will  here  be  recapitulated  briefly. 

(a)  Stress.  The  state  of  stress  at  a  point  of  a  body  is  determined  when  the  traction 
across  every  plane  through  the  point  is  known.  The  traction  is  estimated  as  a  force  per 
unit  of  area.  If  v  denotes  the  direction  of  the  normal  to  a  plane  the  traction  across  the 
plane  is  specified  by  means  of  rectangular  components  X„,  Ty,  Z,  parallel  to  the  axes 
of  coordinates.  The  traction  across  the  plane  that  is  normal  to  v  is  expressed  in  terms  of 
the  tractions  across  planes  that  are  normal  to  the  axes  of  coordinates  by  the  equations 

A'^  =  Xj cos  {x,  v)->r  A' J, cos  (y,  v)-\- X^ cos (z,  v),  "j 

r„=FjCos(.r,  I-)  +  7"„  cos  (y,  i/)+r^cos(z,  v\  \   (1) 

Z„  =Zx  cos  {x,  v)  +  Zy  cos  (y,  v)  +  Z^  cos  (z,  v).  ] 

The  quantities  X^^ ...  are  connected  by  the  equations 

Y,=Zy.     Z,=X„     X„=r, (2) 

The  six  quantities  A'j.,  I'^,  Z^,  T^,  Z^,  Xy  are  the  "components  of  stress."    Their  values 
at  any  point  depend  in  general  upon  the  position  of  the  point. 

(b)  Stress-equations.  In  a  body  in  equilibrium  under  body  forces  and  surface 
tractions  the  components  of  stress  satisfy  the  following  equations  at  every  point  in 
the  body  : — 

dX^     dXy     dZ^       „    _  \ 
^^+^  +  17+"^=°'^ 

ax    31'    ar 

^  +  ^  +  17+"^-^ 

dZ^      dV,     dZ,        ^    ^ 

In  these  equations  p  is  the  density  and  (X,  Y,  Z)  the  body  force  per  unit  of  mass. 

The  components  of  stress  also  satisfy  certain  equations  at  the  surface  of  the  body. 
If  V  denotes  the  direction  of  the  normal  drawn  outwards  from  the  body  at  any  point 
of  its  surface  and  (A'^,  Y^,  Z^)  denotes  the  surface  traction  at  the  point,  the  values  of  the 

components  of  stress  at  the  point  must  satisfy  the  equations  (1),  in  which  Xv,  ...  are 
written  for  X^,  .... 


.(3) 
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(c)  Di^lacement.  Under  the  action  of  the  forces  the  body  is  displaced  from  the 
configuration  that  it  would  have  if  the  stress-components  were  zero  throughout.  If«- 
{x,  y,  z)  denotes  the  position  of  a  point  of  the  body  in  the  unstressed  state,  and  {x  +  u, 
y+v,  z-^w)  denotes  the  position  of  the  same  point  of  the  body  when  under  the  action 
of  the  forces,  {u,  v,  w)  denotes  the  displacement,  and  the  components  of  displacement 
u,  0,  w  are  functions  of  x,  y,  z. 

{d)  Strain.  The  strain  at  a  point  is  determined  when  the  extension  of  every  linear 
element  issuing  from  the  point  is  known.  If  the  relative  displacement  is  small,  the 
extension  of  a  linear  element  in  direction  {I,  m,  n)  is 

^xJ'^+eyv'n'^+eiin^+ey^mn  +  e^nl  +  exylm, (4) 

where  e^x,  ••■  denote  the  following  : — 

_du  _dv  dw  \ 

e«:-g^>  «»-g^>  *»»=gj'  I 

_dw     dv  _du     dw  _dv      du    j 

"'"~d^'^dz'      ^'='~di^dx'    ^'"'~div^dy'> 

The  quantities  e,.^,  ...  ey^  are  the  "  components  of  strain.'' 
The  quantities  ctj.,  Wy,  ■m^  determined  by  the  equations 

dw     dv                  du     dw                 dv      du  , 

^'^''=dy-dz^     ^"^'^dz-Tx'      ^'^'=Tx-dy    • ^^^ 

are  the  components  of  a  vector  quantity,  the  "rotation."    The  quantity  A  determined 

by  the  equation 

3m     9v      dw  .„, 

dx     dy     dz     ^ 

is  the  "dilatation." 

(e)  Stress-strain  relations.  In  an  elastic  solid  slightly  strained  from  the  unstressed 
state  the  components  of  stress  are  linear  functions  of  the  components  of  strain.  When  the 
material  is  isotropic  we  have 

X5=XA  +  2/iea.j.,     rj,  =  XA  +  2fi«„„,     ^a=XA-f-2/iejj,  \ 

V (8) 

T^=liey^,  Zx=iie^,  Xy=fj.exy ;  ] 

and  by  solving  these  we  have 

exx=^{-^x-o-(^v  +  Z^)},     eyy=^{Yy-<T{Z^  +  X^)},     e^=-^{Z,-a-{X^-irYy)},  | 
_2  (!+<.)  2(1  +  .)  JS^l+Ax 

where 


^^(3\  +  2;.)  X  l.r.s 

The  quantity  E  is  "  Young's  modulus,"  the  number  o-  is  "  Poisson's  ratio,''  the  quantity 
^lis  the  "rigidity,"  the  quantity  X+|/i,  =h,  is  the  "modulus  of  compression." 

86.     Uniformly  varying  stress. 

We  considered  some  examples  of  uniform  stress  in  connexion  with  the  definitions  of 
E,  h,  etc.  (Article  69).  The  cases  which  are  next  in  order  of  simplicity  are  those  in  which 
the  stress-components  are  linear  functions  of  the  coordinates.  We  shall  record  the  results 
in  regard  to  some  particular  distributions  of  stress. 
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(a)  Let  the  axis  of  z  be  directed  vertically  upwards,  let  all  the  stress-components 
except  Zg  vanish,  and  let  Z^=gpz,  where  p  is  the  density  of  the  body  and  c/  is  the  acceleration 
due  to  gravity. 

The  stress-equations  of  equilibrium  (3)  are  satisfied  if  X=0,  F=0,  Z=  -g.  Hence  this 
state  of  stress  can  be  maintained  in  a  body  of  any  form  by  its  own  weight  provided  that 
suitable  tractions  are  applied  at  its  surface.  The  traction  applied  at  the  surface  must  be 
of  amount  gpz  cos  (z,  v\  and  it  must  be  directed  vertically  upwards.  If  the  body  is  a 
cylinder  or  prism  of  any  form  of  cross-section,  and  the  origin  is  at  the  lower  end,  the  cylinder 
is  supported  by  tension  uniformly  distributed  over  its  upper  end.  If  I  is  the  length  of  the 
cylinder  this  tension  is  gpl,  and  the  resultant  tension  is  equal  to  the  weight  of  the  cylinder. 
The  lower  end  and  the  curved  surface  are  free  from  traction. 

The  strain  is  given  by  the  equations 


^xx  —  ^yi/ 

evz= 

e^^' 

To  find  the  displacement*  we 

take  first  the 

equation 

dw 

_9P^ 

■  Tz'' 

~  E' 

which  gives 

1 

f^H^o, 

where  vi^  is  a 

function  of  x  and 

I  y.     The  equations  e^j 

,=e«= 

=0 

3k        9w5 

dv 

9m)o 

02          'bx 

'       32~ 

dy' 

and  therefore 

we  must  have 

%-- 

3Wn 

v=  -z 

3y  + 

"o, 

where  u^  and  Vf^  are  functions  of  x  and  y.     The  equations 

3m     3d         crgpz 
dx~  dy~       E 
give 

?!fo_n      ^-n      ?H_£2P       B^wp  _  a-gp 
dx      '      dy       '      dx^~  E  '       dy^  ~  E  ' 

The  equation  e^y  —  Q  gives 

dy      dx       '      dxdy 
The  equations  containing  w^  can  be  satisfied  only  by  an  equation  of  the  form 

^^0=2  ^  {,x'^+y'^)  +  a:x  +  ^'y  +  y, 

where  a,  j3',  y  are  constants.  The  equations  containing  %,  v^  show  that  u^  is  a  function 
of  y,  say  F-^  (y),  and  ii^  is  a  function  of  x,  say  F^  (x),  and  that  these  functions  satisfy  the 
equation 

dF,(^)  ^  dP,{x)  _^ 
dy  dx  ' 

and  this  equation  requires  that  dF^  (y)/9y  and  dF^  {x)ldx  should  be  constants,  y  and  -  y  say. 
Hence  we  have 

FiLv)=y'y+a,    F^{x)=-y'x+^, 

*  The  work  is  given  at  length  as  an  example  of  method. 


86]  UNIFORMLY   VARYING   STRESS  125 

where  a  and  /3  are  constants.  The  complete  expressions  for  the  displacements  are 
therefore 

The  terms  containing  a,  j3,  y,  a',  ^,  y  represent  a  displacement  which  would  be 
possible  in  a  rigid  body.  If  the  cylinder  is  not  displaced  by  rotation  we  may  omit  d,  /3',  y'. 
If  it  is  not  displaced  laterally  we  may  omit  u,  |3.     If  the  point  (0,  0,  I)  is  not  displaced 

vertically,  we  must  have  y=--  ^^.     The  displacement  is  then  given  by  the  equations 

u=-^,  .=-^^  ^=i^(.2+,^2+^._^.) (u) 

Any  cross-section  of  the  cylinder  is  distorted  into  a  paraboloid  of  revolution  about  the 
vertical  axis  of  the  cylinder,  and  the  sections  shrink  laterally  by  amounts  proportional  to 
their  distances  from  the  free  (lower)  end. 

(b)    A  more  general  case*  is  obtained  by  taking 

X^=  Ty=  -p+gp'z,    Z^=  -p+g {p-p') l+gpz, 

This  state  of  stress  can  be  maintained  in  a  cyhnder  or  prism  of  any  form  of  length  21 
suspended  in  fluid  of  density  p'  so  as  to  have  its  axis  vertical  and  the  highest  point  (0,  0,  I) 
of  its  axis  fixed  ;  then  p  is  the  pressure  of  the  fluid  at  the  level  of  the  centre  of  gravity 
of  the  cylinder. 

The  displacement  may  be  shown  to  be  given  by  the  equations 

l=l=-h{l-2,r)p+<rg.{p-p')l+g{,Tp-{l-a)p'}zl  ] 

-I 


.(12) 


w=-^\_{\-%<T)p-g{p-p')i:\+lg{p-2,Tp'){z-^-P) 

(c)     By  putting 

X^=^Yy=Z^=-p+gpz,     Y,=Z^=Xy=0, 

we  obtain  the  state  of  stress  ia  a  body  of  any  form  immersed  in  liquid  of  the  same  density, 
p  being  the  pressure  at  the  level  of  the  origint.  The  displacement  may  be  shown  to 
be  given  by  the  equations 


=  3XT2"^  ( -px+gpza^),    .=3j^^  {-Vy+9P^), 


*  C.  Chree,  Phil.  Mag.  (Ser.  6),  vol.  2  (1901). 
t  E.  and  F.  Cosserat,  Pans  C.  R.,  t.  133  (1901). 


.(13) 
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{d)     Let  all  the  stress-components  except  F^  and  Z.^  vanish,  and  let  these  be  given 

by  the  equations 

1-  =  ^=  ^ 
X       -y    ^'^ 

where  t  is  a  constant  and  \i  is  the  rigidity. 

This  state  of  stress  can  be  maintained  in  a  bar  of  circular  section  with  its  axis  coinciding 
with  the  axis  of  z  by  tractions  applied  at  its  ends  only.  If  a  is  the  radius  of  the  circle  the 
tractions  on  the  terminal  sections  are  statically  equivalent  to  couples  of  moment  ^a*/iT 
about  the  axis  of  2,  so  that  we  have  the  problem  of  a  round  bar  held  twisted  by  opposing 
couples. 

The  displacement  may  be  shown  to  be  given  by  the  equations 

n=—Tyz,     v=TZ.r,     10=0,     (14) 

so  that  any  section  is  turned  in  its  own  plane  through  an  angle  tz,  which  is  proportional 
to  the  distance  from  a  fixed  section.     The  constant  t  measures  the  twist  of  the  bar. 

87.     Bar  bent  by  couples*. 

Our  next  example  of  uniformly  varying  stress  is  of  very  great  importance. 
We  take  the  stress-component  Z^  to  be  equal  to  —  ER~^x,  where  jR  is  a 
constant,  and  we  take  the  remaining  stress-components  to  vanish.  If  this 
state  of  stress  existed  within  a  body,  in  the  shape  of  a  cylinder  or  prism 
having  its  generators  in  the  direction  of  the  axis  of  z^  there  would  be  no 
body  force,  and   there  would  be  no  tractions  on  the  cylindrical  boundary. 

The. resultant  traction  over  any  cross-section  is  of  amount  I  IZzdxdy ;  and  this 

vanishes  if  the  axis  of  z  coincides  with  the  line  of  centroids  of  the  normal 
sections  in  the  unstressed  state.  We  take  this  to  be  the  case.  Then  the  bar 
is  held  in  the  specified  state  of  stress  by  tractions  over  its  terminal  sections 
only,  and  the  traction  across  any  section  is  statically  equivalent  to  a  couple. 

The    component   of    the   couple   about    the    axis    of    z   vanishes.      The 

component  about  the  axis  of  y  is  1  lER'^ai^dxdy,  or  it  is  EIjR,  where  I  is  the 

moment  of  inertia  of  the  section  about  an  axis  through  its  centroid  parallel 
to  the  axis  of  y.      The   component  of  the    couple  about  the  axis  of  x  is 

ERr^xydxdy,  and  this  vanishes  if  the  axes  of  x  and  y  are  parallel  to 


]/ 


principal  axes  of  inertia  of  the  cross-sections.     We  shall  suppose  that  this 
is  the  case. 

The  strain-components  are  given  by  the  equations 

9m      dv      <rx      dw  X 

dw     dv  _du     dw  _dv      du  _ 
dy      dz     dz      dx      dx     dy         ' 

*  The  theory  was  given  by  Saint- Venant  in  his  memoir  on  Torsion  of  1855.    See  Introduction, 
footnote  50  and  p.  20. 
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and  the  displacement  may  be  shown  to  be  given  by  the  equations 

u  =  ^R-'^  (z'' +  a-x^  ~  af),     v  =  aR-^xy,     w  =  -R-^xz (15) 

This  example  corresponds  with  the  bending  of  a  bar  by  couples.  The  line 
of  centroids  of  the  cross-sections  is  displaced  according  to  the  law  u  =  -^R~^z^, 
so  that  it  becomes  very  approximately  an  arc  of  a  circle  of  large  radius  R,  in 
the  plane  (a;,  z),  which  is  the  plane  of  the  bending  couple  EIjR ;  the  centre 
of  the  circle  is  at  a;  =  -K,  2^  =  0. 

88.  Discussion  of  the  solution  for  the  bending  of  a  bar  by 
teirminal  couple. 

The  forces  applied  at  either  end  of  the  bar  are  statically  equivalent  to 
a  couple  of  moment  EI  JR.  This  couple,  called  the  "  bending  moment," 
is  proportional  to  the  curvature  IjR.  When  the  bar  is  bent  by  a  given 
couple  M  the  line  of  centroids  of  its  cross-sections,  called  the  "  central-line," 
takes  a  curvature  MjEI  in  the  plane  of  the  couple.  The  formulae  for  the 
components  of  strain  show  that  the  linear  elements  of  the  material  which, 
in  the  unstressed  state,  are  in  the  plane  a;  =  0  undergo  no  extension  or 
contraction.  This  plane  is  called  the  "  neutral  plane  " ;  it  is  the  plane  drawn 
through  the  central-line  at  right  angles  to  the  plane  of  bending.  The  same 
formulse  show  that  linear  elements  of  the  material  which,  in  the  unstressed 
state,  are  parallel  to  the  central-line  are  contracted  or  extended  according 
as  they  lie  on  the  same  side  of  the  neutral  plane  as  the  centre  of  curvature 
or  on  the  opposite  side.  The  amount  of  the  extension  or  contraction  of  a 
longitudinal  linear  element  at  a  distance  x  from  the  neutral  plane  is  the 
absolute  value  of  Mx/EI  or  x/R.  The  stress  consists  of  tensions  and  pressures 
across  the  elements  of  the  normal  sections.  It  is  tension  at  a  point  where 
the  longitudinal  filament  passing  through  the  point  is  extended,  and  pressure 
at  a  point  where  the  longitudinal  filament  passing  through  the  point  is 
contracted.  The  amount  of  the  tension  or  pressure  is  the  absolute  value 
oi  Mxjl,  or  Ex  JR. 


Fig.  10. 


The  formulse  for  the  displacement  show  that  the  cross-sections  remain 
plane,  but  that  their  planes  are  rotated  so  as  to  pass  through  the  centre 
of  curvature,  as  shown  in  Figure  10.     The  formulse  for  the  displacement 
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also  show  that  the  shapes  of  the  sections  are  changed.     If,  for  example,  the 
section  is  originally  a  rectangle  with  boundaries  given  by  the  equations 

«  =  +  a.     2/  =  +  ^. 
in  a  plane  2  =  7,  these  boundaries  will  become  the  curves  that   are  given 
respectively  by  the  equations 

x  +  cL-  \rfjR  -  icT  (a^  -  f)IR  =  0,    y  +  /3  -  a^xjR  =  0. 

The  latter  are  straight  lines  slightly  inclined  to  their  original  directions; 
the  former  are  approximately  arcs  of  circles  of  radii  Rja,  with  their  planes 


Fig.  11. 

parallel  to  the  plane  of  (x,  y),  and  their  curvatures  turned  in  the  opposite 
sense  to  that  of  the  line  of  centroids.  The  change  of  shape  of  the  cross- 
sections  is  shown  in  Figure  11.  The  neutral  plane,  and  every  parallel  plane, 
is  strained  into  an  anticlastic  surface,  with  principal  curvatures  of  magnitudes 


Fig.  12. 

R~^  in  the  plane  of  («,  z)  and  cri2~'  in  the  plane  of  {x,  y),  so  that  the  shape 
of  the  bent  bar  is  of  the  kind  illustrated  in  Figure  12,  in  which  the  front 
face  is  parallel  to  the  plane  of  bending  (x,  z). 

The  distortion  of  the  bounding  surfaces  x=+a  into  anticlastic  surfaces,  admits  of 
very  exact  verification  by  means  of  the  interference  fringes  which  are  produced  by  light 
transmitted  through  a  plate  of  glass  held  parallel  and  very  close  to  these  surfaces  of  the 
bent  bar.  Comu*  has  used  this  method  for  an  experimental  determination  of  Poisson's 
ratio  for  glass  by  means  of  the  bending  of  glass  bars.  The  value  obtained  was  almost 
exactly  J. 

*  Paris,  C.  R.,  t.  69  (1869).  The  method  has  been  used  for  several  materials  by  Mallock. 
See  Article  70  (c-),  footnote. 
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It  is  worth  while  to  calculate  the  potential  energy  of  strain.  The  value  of  the  strain- 
energy-function  at  any  point  is  easily  found  to  be  ^Ex^jE^.  The  potential  energy  of  straia 
of  the  part  of  the  bar  between  two  normal  sections  distant  I  apart  is  ^  {ElfB?)  I,  so  that, 
the  potential  energy  per  unit  of  length  is  ^EI/R^. 

89.  Saint- Venant's  principle*. 

In  the  problem  of  Article  87,  the  tractions,  of  which  the  bending  moment- 
EIjR  is  the  statical  equivalent,  are  distributed  over  the  terminal  sections- 
in  the  manner  of  tensions  and  pressures  on  the  elements  of  area,  these  tensions- 
and  pressures  being  proportional  to  the  distance  from  the  neutral  plane.  But 
the  practical  utility  of  the  solution  is  not  confined  to  the  case  where  this- 
distribution  of  terminal  traction  is  exactly  realised.  The  extension  to  other 
cases  is  made  by  means  of  a  principle,  first  definitely  enunciated  by  Saint- 
Venant,  and  known  as  the  "  principle  of  the  elastic  equivalence  of  statically 
equipollent  systems  of  load."  According  to  this  principle,  the  strains  that 
are  produced  in  a  body  by  the  application,  to  a  small  part  of  its  surface, 
of  a  system  of  forces  statically  equivalent  to  zero  force  and  zero  couple, 
are  of  negligible  magnitude  at  distances  which  are  large  compared  withi 
the  linear  dimensions  of  the  part.  In  the  problem  in  hand,  we  infer  that, 
when  the  length  of  the  bar  is  large  compared  with  any  diameter  of  its. 
cross-section,  the  state  of  stress  and  strain  set  up  in  its  interior  by  the 
terminal  couple  is  practically  independent  of  the  distribution  of  the  tractions, 
of  which  the  couple  is  the  resultant,  in  all  the  portions  of  the  bar  except 
comparatively  small  portions  near  its  ends. 

90.  Rectangular  plate  bent  by  couplesf. 

The  problem  solved  in  Article  87  admits  of  generalization  in  another 
direction.  A  bar  of  rectangular  section  is  a  particular  case  of  a  brick-shaped 
body;  and,  when  two  parallel  faces  are  near  together,  such  a  body  is  a 
rectangular  plate.  We  have  therefore  proved  that  a  plate  can  be  held^ 
so  that  its  faces  are  anticlastic  surfaces,  by  couples  applied  to  one  pair 
of  opposite  edges,  and  having  their  axes  parallel  to  those  edges.  The  ratio' 
of  the  principal  curvatures  is  the  number  cr.  It  is  clear  that,  by  means 
of  suitable  couples  simultaneously  applied  to  the  other  pair  of  opposite  edges, 
the  plate  can  be  bent  into  a  cylindrical  form,  or  the  ratio  of  curvatures  can 
be  altered  in  any  desired  way. 

It  is  most  convenient  to  take  the  faces  of  the  plate  to  be  given  by 

the  equations 

z=±h, 

so  that  the  thickness  is  2/i.  The  coordinate  z  thus  takes  the  place  of  the 
coordinate  which  we  called  x  in  the  case  of  the  bar.  The  requisite  stress- 
components  are  Xx  and  Yy,  and  both  are  proportional  to  the  coordinate  z.    If 

*  Stated  in  the  memou-  on  Torsion  of  1855. 

t  Kelvin  and  Tait,  Nat.  Phil.,  Part  II,  pp.  265,  266. 

L.  E.  ft 
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we  assume  that  all  the  stress-components  except  Xx  and  Yy  vanish,  and  that 
these  are  given  by  the  equations 

X^  =  Eoiz,     Yy  =  E^z,  (16) 

where  a  and  ^  are   constants,  we  iind  that  the  displacement  is  given  by 
the  equations 

u  =  (tt  —  (T^)  xz,     v  =  (0  —  aa)  yz, 


«'  =  -  i  («  -  ^/3)  «^  -  i  (/8  -  <7a)  f  -  ia  (a  +  ^i)  z\  J    ^^^^ 

Hence  any  surface  which  in  the  unstrained  state  was  parallel  to  the  faces 
becomes  curved  so  that  the  curvatures  in  the  planes  of  {x,  z)  and  {y,  z)  are 
respectively  cr/3  —  a  and  era  —  /9.  These  are  the  principal  curvatures  of  the 
surface.  If  these  quantities  are  positive,  the  corresponding  centres  of 
curvature  lie  in  the  direction  in  which  z  is  positive.  Let  R^  and  R^  be  the 
radii  of  curvature  so  that 

1       d-w         _  1       d^w  _ 


then 


The  state  of  curvature  expressed  by  R^  and  R^  is  maintained  by  couples 
applied  to  the  edges.  The  couple  per  unit  of  length,  applied  to  that  edge 
X  =  const,  for  which  x  has  the  greater  value,  has  its  axis  parallel  to  the  axis 
of  y,  and  its  amount  is 


rh  2    Eh^    f  1 

J_^.Z.cZ.,  whichis-3^-_— ^^  + 


An  equal  and  opposite  couple  must  be  applied  to  the  opposite  edge.     The 
corresponding  couple  for  the  other  pair  of  edges  is  given  by 


/: 


''  ,.    ,         ..,.     1    Eh?    (\        a- 

-.l,d.,   which   IS-  ^^—,(^^-  +  -^- 


The  value  of  the  strain-energy-funotion  at  any  point  can  be  shown  without  difficulty 
to  be 


E 


1      1\2 


+  ^)-2(i-.)^J, 


2'     1-0-2 

and  the  potential  energy  of  the  bent  plate  per  unit  of  area  is 


lr=^[(i+i)  -^^^-"^^ifl^J- 


It  is  noteworthy  that  this  expression  contains  the  sum  and  the  product  of  the  principal 
curvatures. 

91.     Equations  of  equilibritun  in  terms  of  displacements. 
In  the  equations  of  type 

dXx     dXy      dZx       x  =  () 
dx        dy        dz 


90,  91]  GENERAL  EQUATIONS  131 

we  substitute  for  the  normal  stress-components  Xx,---  such  expressions  as 
XA  +  '2f/,du/dx,  and  for  the  tangential  stress-components  Y,.,...  such  expressions 
as  fi  {dwjdy  +  dvjdz) ;  and  we  thus  obtain  three  equations  of  the  type 

{\  +  lM)~  +  ,xSI-u  +  pX  =  0,  (19) 

,  .      du     dv      dw      _„      3^       9^       9^ 

where  A  = 1 H V^  = 1 1 . 

9a!     dy      dz  da?     dy^     dz^ 

These  equations  may  be  written  in  a  compact  form 

(^  +  ^K4'|'l)'^+'^^'^'*'''''"^  +  ''(^'^'^^  =  ^ ^^^^ 

If  we  introduce  the  rotation 

{-a^x,  ■^y,  '^z)  =  \  curl  (m,  V,  w), 

_  1  fdw     dv     du     dw     dv      du\ 
~2\dy~di'    dz~dx'    dw~  dy)  ' 
and  make  use  of  the  identity 

V^ (u,  v,w)  =  (^^,    ^,    g^J  ^  -  2  curl  i^x,  ^y,  ^.). 

the  above  equations  (20)  take  the  form 

(\  +  2;.)  (^ ,    ^ ,    ^)  A  -  2/.  curl  {^,,  ^y,  ^i)  +  p  (X.  Y,Z)^0... .(21) 

We   may  note  that  the  equations  of  small  motion  (Article  54)  can  be 
expressed  in  either  of  the  forms 

(X+  /.)  (^,  |,  l-^A  +  ^V^u,v,  w)+piX,  Y,Z)  =  p^^(u,  V,  w), 

or 

(X  +  2fi)(^,f,^jA  -  2ya  curl (w^,  zTy,  ^,)  +  p{X,Y,  Z)  =  p^^ (u,  v, w). 

^     '  (22) 

The  traction  {X^,  F„,  Z^)  across  a  plane  of  which  the  normal  is  in  the 
direction  v,  is  given  by  formulse  of  the  type 

/  du\  ,       s      Idv      du\  ,       .     (du     dw\ 

Z.  =  cos  (^,  .)  (XA  +  2^  g^j  +  cos  (y,  .) /.  (g^  +  g^ j  +  cos  (.,  .)  M  (^g- +  g^  j  ; 

and  this  may  be  written  in  either  of  the  forms 

-rr         *        /       X         '9m  .       ,  9(6  ,         ,      ,dv  ^         ,      .  9wl        ,„„, 

X,  =  XA  cos (x,  v)  +  /^\^  +  cos  (x,  v)^  +  cos (y,  v) ^  +  cos {z,  v)^>,.. .(23) 

or  Z„  =  \Acos(a;,  v)  +  2fi  \^  - 'o^y  cos  (z,  j/)  +  Wj  cos  (y,  v)> ,  ...(24) 

where 

du    .       ,      ,  9m  ,         ,       V  9m  ,         ,      ^  9m 
dv  =  '°'  ('''  "^  Tx  +  '°'  (2/.  v)^j  +  cos  {z,  v)  g^ . 

9—2 
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If  V  is  the  normal  to  the  hounding  surface  drawn  outwards  from  the  body, 
and  the  values  of  A,  dujdx,  ...  are  calculated  at  a  point  on  the  surface,  the 
right-hand  members  of  (23)  and  the  similar  expressions  represent  the  com- 
ponent tractions  per  unit  area  exerted  upon  the  body  across  the  surface. 

92.     Equilibrium  under  surface  tractions  only. 

We  record  here  some  results  deducible  from  the  displacement-equations 

^~^^^^[L  I-  ai)A  +  /.VHu,.,«.)  =  o (25) 

(i)  By  differentiating  the  left-hand  members  of  these  equations  with  respect  to  x,  y,  s, 
and  adding  the  results,  we  find 

(X  +  2/i)v2A  =  0,  (26) 

so  that  A  is  an  harmonic  function,  i.e.  a  function  satisfying  Laplace's  equation,  at  all 
points  within  the  body. 

(ii)     It  follows  from  this  and  (25)  that  each  of  u,  v,  w  satisfies  the  equation 

V*<^  =  0    (27) 

at  all  points  within  the  body.     All  components  of  strain  and  of  stress  also  satisfy  this 
equation. 

(iii)  Again,  by  difierentiating  the  left-hand  member  of  the  third  of  equations  (25)  with 
respect  to  y,  and  that  of  the  second  with  respect  to  z,  and  subtracting  the  results,  we  find 

V'ti7^  =  0 (28) 

Similar  equations  are  satisfied   by  nr„  and  cr^,  so  that  each  of  the  components  of  the 
rotation  is  an  harmonic  function  at  all  points  within  the  body. 

(iv)  The  stress-components  satisfy  a  system  of  partial  differential 
equations.  In  order  to  obtain  them  it  is  convenient  to  introduce  a  quantity 
0,  the  sum  of  the  principal  stresses  at  any  point ;  we  have 

=  (3\  +  2/i)A; ; (29) 

thus  @  is  an  harmonic  function  at  all  points  within  the  body. 
Further  we  find* 

-^-l^'S- (30) 

In  hke  manner  we  find 

''■^^+3Uva-^=<^ (31) 

Similar  formulse  can  be  obtained  for  V'-Fj,,  V%,  V%,  V^X  .  The 
coefficient  2  (X,-f-/;i)/(3X.-f  2/i)  is  1/(1  + 0-). 

♦  The  equations  of  types  (30)  and  (31)  were  given  by  Beltrami,  Eome,  Ace.  Lincei  Bend 
(Ser.  5),  t.  1  (1892). 
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(v)  As  an  example  of  the  application  of  these  formulae,  we  may  observe  that  Maxwell's 
stress-system,  described  in  (vi)  of  Article  53,  cannot  occur  in  an  isotropic  solid  body  free 
from  the  action  of  body  forces  and  slightly  strained  from  a  state  of  no  stress*.  This 
appears  at  once  on  observing  that  X^+Yy  +  Z^,  as  given  for  that  system,  is  not  an 
harmonic  function. 

93.     Various  methods  and  results. 

(i)  The  equations  of  types  (30)  and  (31)  may  also  be  deduced  t  from  the  stress-equations 
(3)  and  the  equations  of  compatibility  of  the  strain-components  (Article  17). 

We  have,  for  example, 

e^  =  ^-i{(l+(r)Z^-o-e},  ...  e„,=2(l-t-<T)^-ir,. 

Thus  the  equation 


becomes 

Now 
and 


g^  {(l-f<r)  r„-<re}-t- gp{(l  +  <r)  ^,-<re}  =  2  (l  +  <r)gp|. 

dy  dx       dz  ' 

dT^^_dXy_dr, 
dz  dx        'by 


a2r,_     3  (zz,    zx,\    a^j;    z-^z, 

oyoz  dx\oz        oy  J        cy'        oz' 


We  have  therefore 


d^X^_'^Yy__d^ 
dx"^        dy^        dz^ 


(i.f.)[v^e-v^X.-3]-.(v^e-g)=0; 


and,  on  adding  the  three  equations  of  this  type,  we  find  that  V^e  must  vanish,  and  the 
equation  reduces  to 

(l  +  <r)  V2  2-,+  g  =  0 (29  bis) 

We  may  in  like  manner  deduce  equation  (31)  from  the  equation 

dydz      dx  \      dx       dy        dz  J ' 

(ii)     It  may  be  shownj  that  the  stress-functions  xu  X2>  Xa  of  Article  56  satisfy  three 
equations  of  the  type 

(^-)-<??-^^S- ^''^ 

and  three  equations  of  the  type 

9|-,[(i+-)v^x.-e]=o,  (33) 

where  e  is  written  for 

V^(X:  +  .2+X3)-S-^^-5^ (34) 

*  Minohin,  Statics,  3rd  edn.  Oxford,  1886,  vol.  2,  Ch.  18. 
t  Miohell,  Lcmdon  Math.  Soc.  Proc,  vol.  31  (1900),  p.  100. 
t  Ibbetson,  Mathematical-Theory  of  Elasticity,  London,  1887. 
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It  may  be  shown  also  that  the  stress  functions  x/'i,  i/'j)  V's  °^  the  same  Article  satisfy 
three  equations  of  the  type 

a-)-'^|S+S--  (-) 

and  three  equations  of  the  type 


where  e  is  written  for 


(^-)-^£(S^-^-^)+^|l  =  °'    ^''^ 


5iii+?:fc  +  |^3 (37) 


dydz      czdx     dxdy' 

(iii)     It  may  be  shown*  also  that,  when  there  are  body  forces,  the  stress-components 
satisfy  equations  of  the  types 

^„,       1     Vie  ZZ      dY  ,,„- 

l  +  a-oyoz         '^  dy     '^  dz 

The  equations  of  these  two  types  with  the  equations  (3)  are  a  complete  system  of 
equations  satisfied  by  the  stress-components. 

94.     Plane  strain  and  plane  stress. 

States  of  plane  strain  and  of  plane  stress  can  be  maintained  in  bodies 
of  cylindrical  form  by  suitable  forces.  We  take  the  generators  of  the  cylin- 
drical bounding  surface  to  be  parallel  to  the  axis  of  z,  and  suppose  that  the 
terminal  sections  are  at  right  angles  to  this  axis.  The  body  forces,  if  any, 
must  be  at  right  angles  to  this  axis.  When  the  lengths  of  the  generators 
are  small  in  comparison  with  the  linear  dimensions  of  the  cross-section  the 
body  becomes  opiate  and  the  terminal  sections  are  its  faces. 

In  a  state  of  plane  strain,  the  displacements  u,  v  are  functions  of  x,  y  only 
and  the  displacement  w  vanishes  (Article  15).  All  the  components  of  strain 
and  of  stress  are  independent  of  z;  the  stress-components  Z^^,  Y^  vanish,  and 
the  strain-components  gji,  e^z^  e„  vanish.  The  stress-component  Z^  does  not 
in  general  vanish.  Thus  the  maintenance  of  a  state  of  plane  strain  requires 
the  application  of  tension  or  pressure,  over  the  terminal  sections,  adjusted 
so  as  to  keep  constant  the  lengths  of  all  the  longitudinal  filaments. 

Without  introducing  any  additional  complication,  we  may  allow  for  an 
uniform  extension  or  contraction  of  all  longitudinal  filaments,  by  taking  w 
to  be  equal  to  ez,  where  e  is  constant.  The  stress-components  are  then 
expressed  by  the  equations 

r,  =  (X-^2;.)|  +  xg  +  e),    Z.=  0, 

..  =  (..2,)e.xg.|),Z,  =  ,g,.|). 
*  Michel],  loa.  cit. 
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The  functions  u,  v  are  to  be  determined  by  solving  the  equations  of  equi- 
librium. We  shall  discuss  the  theory  of  plane  strain  more  fully  in 
Chapter  ix. 

In  a  state  of  plane  stress  parallel  to  the  plane  of  (x,  y)  the  stress- 
components  Za,,  Y^,  Z^  vanish,  but  the  displacements  u,  v,  w  are  not  in 
general  independent  of  z.  In  particular  the  strain-component  eg^  does  not 
vanish,  and  in  general  it  is  not  constant,  but  we  have 

dw  X      /9m     dv\  _      X 


The  maintenance,  in  a  plate,  of  a  state  of  plane  stress  does  not  require  the 
application  of  traction  to  the  faces  of  the  plate,  but  it  requires  the  body 
forces  and  tractions  at  the  edge  to  be  distributed  in  certain  special  ways. 
We  shall  discuss  the  theory  more  fully  in  Chapter  ix. 

An  important  generalization*  can  be  made  by  supposing  that  the  normal 
traction  Z^  vanishes  throughout  the  plate,  but  that  the  tangential  tractions 
Zx,  Y^  vanish  at  the  faces  z=±h  only.  If  the  plate  is  thin  the  deter- 
mination of  the  average  values  of  the  components  of  displacement,  strain 
and  stress  taken  over  the  thickness  of  the  plate  may  lead  to  knowledge  nearly 
as  useful  as  that  of  the  actual  values  at  each  point.  We  denote  these  average 
values  by  -it,  ....exx}  ■■■  X^, ...  so  that  we  have  for  example 


J  -h 


udz (41) 

We  integrate  both  members  of  the  equations  of  equilibrium  over  the  thick- 
ness of  the  plate,  and  observe  that  Z^  and  Y^  vanish  at  the  faces.  We  thus 
find  that,  if  there  are  no  body  forces,  the  average  stress-components  Xx, 
X,j,   Yy  satisfy  the  equations 

az^_^aXy^^    aXy^sF,,^^        

dx        dy        '      dx        By        

Since  Z^  vanishes  equations  (40)  hold,  and  it  follows  that  the  average  dis- 
placements u,  V  are  connected  with  the  average  stress-components  Xa,,  Xy,  Yy 
by  the  equations 

^"'X  +  ^iMKdx^dyj'^'^^'d^' 


^  _    iXjJi,    idu     dv\  dv 

^y~X  +  %,\dx'^d^)^'^^^d^' 


.(43) 


^y-^Wy^dx. 

States  of  stress  such  as  are  here  described  will  be  termed  states  of  "generalized 
plane  stress." 

"  Cf.  L.  N.  G.  Filon,  Phil.  Trans.  Roy.  Soc.  (Ser.  A),  vol.  201  (1903). 
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95.     Bending  of  narrow  rectangular  beam  by  terminal  load. 

A  simple  example  of  the  generalized  type  of  plane  stress,  described  in 
Article  94,  is  afforded  by  a  beam  of  rectangular  section  and  small  breadth  (2h), 
bent  by  forces  which  act  in  directions  parallel  to  the  plane  containing  the 
length  and  the  depth.  We  shall  take  the  plane  of  (w,  y)  to  be  the  mid-plane 
of  the  beam  (parallel  to  length  and  depth);  and,  to  fix  ideas,  we  shall  regard 
the  beam  as  horizontal  in  the  unstressed  state.  The  top  and  bottonfi  surfaces 
•of  the  beam  will  be  given  by  y  =  +  c,  so  that  2c  is  the  depth  of  the  beam,  and 
we  shall  denote  the  length  of  tiie  beam  by  I.  We  shall  take  the  origin  at  one 
■end,  and  consider  that  end  to  be  fixed. 

From  the  investigation  in  Article  87,  we  know  a  state  of  stress  in  the 
beam,  given  hy  Xx=  —  EyjR ;  and  we  know  that  the  beam  can  be  held  in 
this  state  by  terminal  couples  of  moment  ^hd'E/R  about  axes  parallel  to  the 
axis  of  z.  The  central-line  of  the  beam  is  bent  into  an  arc  of  a  circle  of 
radius  R.  The  traction  across  any  section  of  the  beam  is  then  statically 
equivalent  to  a  couple,  the  same  for  all  sections,  and  equal  to  the  terminal 
couple,  or  bending  moment. 

Let  us  now  suppose  that  the  beam 
is  bent  by  a  load  W  applied  at  the 
end  a;  =  ^  as  in  Fig.  13.  This  force 
cannot  be  balanced  by  a  couple  at  any 
section,  but  the  traction  across  any 
section  is  equivalent  to  a  force  W 
and  a  couple  of  moment  W  (I  —  x). 
The  stress-system  is  therefore  not  so 
simple  as  in  the  case  of  bending 
by  couples.  The  couple  of  moment 
W  {I  —  x)  could  be  balanced  .  by 
tractions  X^,  given  by  the  equation 


w 


V 


w 


Fig.  13. 


and  the  average  traction  X^  across  the  breadth  would  be  the  same  as  Xx- 
We  seek  to  combine  with  this  traction  X^  a  tangential  traction  Xy,  so  that 
the  load  W  may  be  equilibrated.  The  conditions  to  be  satisfied  by  Xy  are 
the  following : — 

(i)     Xy  must  satisfy  the  equations  of  equilibrium 

dx 
Xy  must  vanish  when  y=  ±c, 

2h  I     Xydy  must  be  equal  to  W. 

J   -c 


dy 


dx         ' 


(ii) 
(iii) 
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These  are  all  satisfied  by  putting 

^y  =  ^^(<='-f) (45) 

It  follows  that  the  load  W  can  be  equilibrated  by  tractions  X^  and  Xy,  with- 
out Yy,  provided  that  the  terminal  tractions,  of  which  W  is  the  resultant, 
are  distributed  over  the  end  so  as  to  be  proportional  to  c^  —  y^.  As  in 
Article  89,  the  distribution  of  the  load  is  important  near  the  ends  only,  if  the 
length  of  the  beam  is  great  in  comparison  with  its  depth. 

We  may  show  that  a  system  of  average  displacements  which  would  correspond  with 
this  system  of  average  stresses  is  given  by  the  equations 

2,^=  8^  (3o^y  -f)-~^^  i  (6%+y^-  3--V),  ] 

'^  [ (46) 

Since  these  are  deduced  from  known  stress-components  a  displacement  possible  in  a  rigid 
body  might  be  added,  so  as  to  satisfy  conditions  of  fixity  at  the  origin. 

These  conclusions  may  be  compared  with  those  found  in  the  case  of  bending  by  couples 
(Article  88).     We  note  the  following  results  : — 

(i)  The  tension  per  unit  area  across  the  normal  sections  (X,.)  is  connected  with  the 
bending  moment,  W{l  —  a^),  by  the  equation 

tension  =  -  (bending  moment)  (^//) 

where  y  is  distance  from  the  neutral  plane,  and  /  is  the  appropriate  moment  of  inertia. 

(ii)     The  curvature  (cPv/dx\-„  is     ] ,  ,    ,„,     „  ,     ;  so  that  we  have  the  equation 
^      I       'y   »        4Ac'/i(3X-l-2ft)  ^ 

curvature  =  (bending  moment )/(^/). 

(iii)  The  surface  of  particles  which,  in  the  unstressed  state,  is  a  normal  section  does 
not  continue  to  cut  at  right  angles  the  line  of  particles  which,  in  the  same  state,  is  the  line 
of  centroids  of  normal  sections.  The  cosine  of  the  angle  at  which  they  cut  when  the  beam 
is  bent  is  (9w/3.»  +  3m/3^)^_|,,  and  this  is  3  PT/S/uAc. 

(iv)  The  normal  sections  do  not  remain  plane,  but  are  distorted  into  curved  surfaces. 
A  line  of  particles  which,  in  the  unstressed  state,  is  vertical  becomes  a  curved  line,  of 

\        i  normal  of  central  line 


tangent  of  central  line 


^  central  tangent 
Fig.  14. 
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which  the  equation  is  determined  by  the  expression  for  m  as  a  function  of  y  when  x  is 
constant.     This  equation  is  of  the  form 

and  the  corresponding  displacement  consists  of  a  part  ay  which  does  not  alter  the 
planeness  of  the  section  combined  with  a  part  which  does.  If  we  construct  the  curve 
.v=ffy^  and  place  it  with  its  origin  {x=0,  y  =  0)  on  the  strained  central-hne,  and  its  tangent 
at  the  origin  along  the  tangent  to  the  line  of  particles  which,  in  the  unstressed  state,  is 
vertical,  the  curve  wiU  be  the  locus  of  these  particles  in  the  strained  state. 

Fig.  14  shows  the  form  into  which  an  initially  vertical  filament  is  bent  and  the  relative 
situation  of  the  central  tangent  of  this  line  and  the  normal  of  the  strained  central-line. 

96.  Equations  referred  to  orthogonal  curvilinear  coordinates. 

The  equations  such  as  (21)  expressed  in  terms  of  dilatation  and  rotation 
can  be  transformed  immediate!}'  by  noticing  the  vectorial  character  of  the 

^  ,  —  ,  ^  J  A  may  be  read  as  "  the  gradient  of  A," 

and  then  the  equations  (22)  may  be  read 

{X  +  2yu;)  (gradient  of  A)  —  2fj.  (curl  of  ■sr) 

+  p  (body  force)  =  p  (acceleration),     (47) 

where  ot  stands  temporarily  for  the  rotation  (■CTj;,  tn-^,  -sy^),  and  the  factors 
such  as  X  +  2/i  are  scalar. 

Now  the  gradient  of  A  is  the  vector  of  which  the  component,  in  any 
direction,  is  the  rate  of  increase  of  A  per  unit  of  length  in  that  direction  ; 
and  the  components  of  this  vector,  in  the  directions  of  the  normals  to  three 
orthogonal  surfaces  a,  /3,  7  (Article  19),  are  accordingly 

,dA  dA  dA 

"'da'     "'d^'     '"'dry- 

We  have  already  transformed  the  operation  curl,  and  the  components  of 
rotation,  as  well  as  the  dilatation  (Article  21);  and  we  may  therefore  regard 
A  and  ot„,  ■s^^,  ts^  as  known  in  terms  of  the  displacement.  The  equation  (47) 
is  then  equivalent  to  three  of  the  form 

(X  +  ..)/..|^-2A».|©  +  W.^,g)+,^..p^- (48, 

where  F^,  F^,  Fy  are,  as  in  Article  58,  the  components  of  the  body  force  in 
the  directions  of  the  normals  to  the  three  surfaces. 

97.  Polar  coordinates. 

As  an  example  of  the  equations  (48)  we  may  show  that  the  equations  of  equilibrium 
under  no  body  forces  when  referred  to  polar  coordinates  take  the  forms 

(X  +  2^)  sin  5  I  -  2,  i^-^  -  I  ir^,  sin  6)]  =  0,  ^ 

(^  +  ^'^)ii^-|-^^f  (-«)-'^}  =  °'    \  (49) 

(X  +  2;x). sin  5^-2;.  |gi(Br,sin5)-^^}=0.    I 
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We  may  show  also  that  the  radial  components  of  displacement  and  rotation  and  the 
dilatation  satisfy  the  equations 

V2a=0,     V2(?-iirr)=0; 

but  that  some  solutions  of  these  equations  correspond  with  states  of  stress  that  would 
require  body  force  for  their  maintenance*. 

98.     Radial  displacement^. 

The  simplest  applications  of  polar  coordinates  relate  to  problems  involving  purely  radial 
displacements.  We  suppose  that  the  displacements  ue,  «<(.  vanish,  and  we  write  Um  place 
of  Uy.     Then  we  find  from  the  formulse  of  Articles  22  and  96  the  following  results  : — 

(i)     The  strain-components  are  given  by 

-^  _         _^'  _        _       _n 

(ii)     The  dilatation  and  rotation  are  given  by 
(iii)     The  stress-components  are  given  by 

??=(x+2;.)~  +  2x^,     Te  =  ^  =  \~+%{x+^)^,     64>  =  $?=fe  =  o. 

(iv)     The  general  equation  of  equilibrium,  under  radial  body  force  Ii,  is 

(v)     If  ^  =  0,  the  complete  primitive  of  the  equation  just  written  is 

where  A  and  B  are  arbitrary  constants.  The  first  term  corresponds  with  the  problem  of 
compression  by  uniform  normal  pressure  [Article  70  (g)].  The  complete  primitive  cannot 
represent  a  displacement  in  a  solid  body  containing  the  origin  of  r.  The  origin  must 
either  be  outside  the  body  or  inside  a  cavity  within  the  body. 

(vi)  The  solution  in  (v)  may  be  adapted  to  the  case  of  a  shell  bounded  by  concentric 
spherical  surfaces,  and  held  strained  by  internal  and  external  pressure.     We  must  have 


(X  +  2,)|^+2X^  =  {7^0-'^-  '-'•»' 


-p^  when  r=ri, 

where  p^  is  the  pressure  at  the  external  boundary  (r=»o),  and  p^  is  the  pressure  at  the 
internal  boundary  {r=r^.     We  should  find 

1       PiV-pnro^  \  rir^^{p^-p^)l 

3X-|-2/i      r^i-r{i        '^  iji       r^^-r-^       r^' 

The  radial  pressure  at  any  point  is 

r-^  r^  —  'fi  r^  r^  —  r-^ 

*  Michell,  London  Math.  Soc.  Proc.  vol.  32  (1901),  p.  24. 

t  Most  of  the  results  given   in   this  Article  are  due  to  Lam^,  Xcfons  sur  la  tMorie...de 
I'elasticiU,  Paris  1852. 
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and  the  tension  in  any  direction  at  right  angles  to  the  radius  is 

In  case  jcio  =  0,  tlie  greatest  tension  is  the  superficial  tension  at  the  inner  surface,  of  amount 

^  _Pi(^o^  +  ^''i^)IW  ~  ''i^)  '  ^""^  ^^^  greatest  extension  is  the  extension  at  right  angles  to  the 

radius  at  the  inner  surface,  of  amount 

Pi      (   I^___J^.1^A\ 
r^^-ry^yzX  +  ifi.      ifi)' 

(vii)     If  in  the  general  equation  of  (iv)  R=  —gr/7-Q,  where  g  is  constant,  the  surface  r=rQ 
is  free  from  traction,  and  the  sphere  is  complete  up  to  the  centre,  we  find 

.^_       1    gpr^r  /5X  +  6/i      r^ 
~  ~  To  X+2/i  V3X  +  2;x  ~  ?V 

This  corresponds  with  the  problem  of  a  sphere  held  strained  by  the  mutual  gravitation 
of  its  parts.  It  is  noteworthy  that  the  radial  strain  is  contraction  within  the  surface 
'/•  =  yQ,^''{(3  — o-)/(3  +  3o-)},  but  it  is  extension  outside  this  surface. 

The  application  of  this  result  to  the  case  of  the  Earth  is  beset  by  the  serious  diflBiculty 
which  has  been  pointed  out  in  Article  75. 

99.     Displacement  symmetrical  about  an  axis. 

The  conditions  that  the  displacement  may  take  place  in  planes  through 
an  axis,  and  be  the  same  in  all  such  planes,  would  be  expressed,  by  reference 
to  cylindrical  coordinates  r,  6,  z,  by  the  equations 

M«  =  0,  duride = dujde  =  0. 

It  will  be  convenient  to  write  U  for  Ur,  and  w  for  u^.  The  strain-components 
are  then  expressed  by  the  equations 

_dU_  _U  _dw 

_dU    dw 
^"  ~  dz      dr  '    ^'■*  ~  ^*^  ~ 

The  cubical  dilatation  and  the  rotation  are  expressed  by  the  equations 

It  will  be  convenient  to  write  •nr  for  ^q.  The  equations  of  motion  in  terms  of 
displacements  take  the  forms 

and  the  stress-equations  of  equilibrium  take  the  forms 


.(50) 


drr     drz     rr  —  60        „ 
drz     dzz      rz        -n      ^ 


.(53) 
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In  case  w  =  ez,  where  e  is  constant,  and  dU/dz  =  0,  we  have  a  state  of  plane 
strain,  with  an  uniform  longitudinal  extension  superposed.  In  this  case 
rz  =  0.     In  case  zz,  rz,  F^  vanish,  we  have  a  state  of  plane  stress. 

100.     Tube  under  pressure. 

In  the  case  of  plane  strain,  under  no  body  forces,  the  displacement  U 
satisfies  the  equation 

d  (dU     U\     „ 

of  which  the  complete  primitive  is  of  the  form 

U=Ar  +  Blr (55) 

We  may  adapt  this  solution  to  the  problem  of  a  cylindrical  tube  under 
internal  and  external  pressure,  and  we  may  allow  for  an  uniform  longitudinal 
extension  e.  "With  a  notation  similar  to  that  in  (vi)  of  Article  98,  we  should 
find  for  the  stress-components 


66: 


r,'-r,-- 


PiTi   -  PoV 


+ 


Pi 

-Po 

r^r,^ 

ri- 

_r- 

r'-    ' 

Pi 

-Po 

rir^ 

n  —  n' 


zz  =  : 


X     PTT^-Porj        (3X  +  2//,)  yu, 


.(56) 


X  +  /tt 


'    / 


.(57) 


x  +  ^    7V-n^ 
and  for  the  constants  A  and  B  in  (55) 

2(X  +  /i)(r„^-ri^)      2(X  +  /.)'  2/i  (iV  -  r^^ 

The  constant  e  may  be  adjusted  so  that  the  length  is  maintained  constant ; 
then  e  =  0,  and  there  is  longitudinal  tension  zz  of  amount 

X     jOiri"  -  PqT^ 
\  +  fx,     r^-  r-^ 

It  may  also  be  adjusted  so  that  there  is   no  longitudinal   tension;    then 

zz  —0  and 

X  (ffliri^  -  p^r^) 
IM  (3X  +  2/a)  (r„^  -  r^^) " 

When  p^  vanishes,  and  e  is  not  too  great,  the  greatest  tension  is  the  circum- 
ferential tension,  66,  at  the  inner  surface,  r  =  r-j,  and  its  amount  is 

Pi{r,^+r,^)l{n'-r^)- 
The  greatest  extension  is   the   circumferential  extension,  e^j,  at  the  same 
surface. 
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If  a  closed  cylindrical  vessel  is  under  internal  pressure  pi  and  external 
pressure  p^,  the  resultant  tension  'tt  (to"  -  ri")  zz  must  balance  the  resultant 
pressure  on  the  ends,  and  we  must  therefore  have  the  equation 

TT  (r„2  -  n")  zz  =  iT  (r^-p-,  -  ro'po). 

This  equation  gives  for  e  the  value* 


e  = 


3\+2/i 


Vjlzlfl (58) 


If  we  assume  that  the  ends  of  the  vessel  are  plane,  and  neglect  the  alteration 
of  their  shape  under  pressure,  the  volume  of  the  vessel  will  be  increased  by 
Trri^i  (eri  +  2  f/j),  where  \  denotes  the  length  of  the  inside  of  the  cylinder, 
and  JJ-i,  is  the  value  of  f7  at  r  =  r^.     With  the  above  value  of  e  this  is 


Trr^-, 


3X.  +  2/i     ri  -  rr        M     r„-  -  r-^ 


.(59) 


In  like  manner,  if  we  denote  by  Z„  the  length  of  the  outside  of  the  cylinder, 
and  neglect  the  change  of  volume  of  the  ends,  the  volume  within  the  external 
boundary  of  the  vessel  will  be  increased  by 


7rr„^Z„ 


3      PiTi-Pon^    1  (jOi-yo)  n'" 

3X  +  2/a     r„^  —  r-^        /j,     r,^  —  r-i 


.(60) 


The  quantity  l^  differs  from  l-^  by  the  sum  of  the  thicknesses  of  the  ends. 
In  the  case  of  a  long  cylinder  this  difference  is  unimportant.  The  constant 
3/(3X.  +  2/i)  is  Ijk,  the  reciprocal  of  the  modulus  of  compression.  When  the 
difference  between  ?„  and  \  is  neglected,  the  result  accords  with  a  more  general 
result -j-,  which  can  be  proved  for  a  closed  vessel  of  any  form  under  internal 
and  external  pressure,  viz.  if  Fj  and  Fq  are  the  internal  and  external  volumes  in 
the  unstressed  state,  then  Vo  —  V^  is  increased  by  the  amount  (piV^  —  poVo)/k, 
when  internal  and  external  pressures  p^,  jp„  are  applied.  In  obtaining  the 
results  (59)  and  (60)  we  have  not  taken  proper  account  of  the  action  of  the 
ends  of  the  cylinder,  for  we  have  assumed  that  these  ends  are  stretched  in 
their  own  planes  so  as  to  fit  the  distended  cylinder,  and  we  have  neglected 
the  changes  of  shape  and  volume  of  the  ends ;  further,  we  have  supposed  that 
the  action  of  the  ends  upon  the  walls  of  the  vessel  is  equivalent  to  a  tension 
uniformly  distributed  over  the  thickness  of  the  walls.  The  results  will 
provide  a  good  approximation  if  the  length  of  the  cylinder  is  great  in  com- 
parison with  its  radii  and  if  the  walls  are  very  thin. 

*  The  problem  has  been  discussed  by  numerous  writers  including  Lam6,  loc.  cit.  ante  p.  139. 
It  is  important  in  the  theory  of  the  piezometer.  Cf.  Poynting  and  Thomson,  Properties  of  Matter, 
London  1902,  p.  116.  The  fact  that  e  depends  on  /c(  =  \  +  ^/4)  and  not  on  any  other  elastic 
constant  has  been  utilized  for  the  determination  of  k  by  A.  Mallock,  Proc.  Boy.  Soc.  London, 
vol.  74  (1904). 

t  See  Chapter  vii.  infra. 
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101.  Application  to  gun-construction. 

In  equations  (56),  the  stress-components  rr  and  66  are  expressed  by  formulcB  of  the  type 

where  A  and  B  are  constants.  These  constants  are  determined  by  the  internal  and 
external  pressures.  We  have  therefore  a  solution  of  the  stress-equations  in  a  tube  under 
internal  and  external  pressure  which  is  applicable  in  other  cases  besides  the  case  where 
the  material  would,  in  the  absence  of  the  pressures,  be  in  the  unstressed  state.  The 
solution  has  been  taken  to  be  applicable  to  states  of  initial  stress,  and  has  been  applied  to 
the  theory  of  the  construction  of  cannon*.  At  one  time  cannon  were  constructed  in  the 
form  of  a  series  of  tubes,  each  tube  being  heated  so  that  it  could  slip  over  the  next  interior 
tube  ;  the  outer  tube  contracted  by  cooling  and  exerted  pressure  on  the  inner.  Cannon  so 
constructed  were  found  to  be  stronger  than  single  tubes  of  the  same  thickness.  If,  for 
example,  we  take  the  case  of  two  tubes  between  which  there  is  a  pressure  P,  and  suppose 
/  to  be  the  radius  of  the  common  surface,  the  initial  stress  may  be  taken  to  be  given  by 
the  equations 

and 

The  additional  stress  when  the  compound  tube  is  subjected  to  internal  pressure  p  may  be 
taken  to  be  given  by  the  equations 

^  r^  V-V  »■   ''0      ''1 

The  diminution  of  the  hoop  tension  66  at  the  inner  surface  r=r-^  may  be  taken  as  an 
index  of  the  increased  strength  of  the  compound  tube. 

102.  Rotating  cylinderf. 

An  example  of  equations  of  motion  is  afibrded  by  a  rotating  cylinder.     In  equations 
(52)  we  have  to  put/,.=  -ai^r,  where  m  is  the  angular  velocity. 

The  equations  for  the  displacements  are 

]  =  -  ca-pr, 

.(61) 


aJ  =  -■""'■' 


,,     „  ,d  /dU     U     dw\  ,     3  fdU 

with  the  conditions 

rr=rz=0  when  r=a  or  r  =  a', 

rz=z%=Q  when  z=±,l. 

The  cylindrical  bounding  surface  is  here  taken  to  be  r  =  a,  and  it  is  supposed  that  there 
is  an  axle-hole  given  by  r=--a' ;  the  terminal  sections  are  taken  to  be  given  by  z=  +?,  so 
that  the  cylinder  is  a  shaft  of  length  9,1,  or  a  disk  of  thickness  il. 

*  A.  G.  Greenhill,  Nature,  vol.  42  (1890).     Cf.  Boltzmann,  Wien  Berichte,  Bd.  59  (1870). 

f  See  papers  by  C.  Chree  in  Cambridge  Phil.  Soe.  Proc,  vol.  7  (1891,  1892),  pp.  201,  283. 
The  problem  had  been  discussed  previously  by  several  writers  among  whom  Maxwell  (loc.  cit. 
Article  57),  and  Hopkinson,  Mess,  of  Math.  (Ser.  2),  vol.  2  (1871)  may  be  mentioned. 
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Case  {a).     Rotating  shaft. 

An  approximate  solution  can  be  obtained  in  the  case  of  a  long  shaft,  by  treating  the 
problem  as  one  of  plane  strain,  with  an  allowance  for  uniform  longitudinal  extension,  e. 
We  regard  the  cylinder  as  complete,  i.e.  without  an  axle-hole ;  and  then  the  approximate 
solution  satisfies  the  equations 

rz  =  0  throughout, 

rr=0  when  r  =  fi, 

but  it  does  not  satisfy  zz=0  when  z=+l.     The  uniform  longitudinal  extension  e  can 
be  adjusted  so  that  the  tractions  zz  on  the  ends  shall  have  no  statical  resultant,  i.e. 


J  0 


zzrdr=Q  ; 

'  0 

and  then  the  solution  represents  the  state  of  the  shaft  with  sufficient  exactness  over  the 
greater  part  of  the  length,  but  is  defective  near  the  ends.     [Of.  Article  89.] 

We  shall  state  the  results  in  terms  of  E  and  <t.     We  should  find 

„      ,       coV»-5(1  +  "-)(1-2(t)  ,^„. 

' — 8^^ \^ '      w  =  ez,      (62) 

where  the  constants  A  and  e  are  given  by  the  equations 

_  m^pa^  3  -  5<r  w'pa'-g- 

"^-"M-j:^'     '- — W (^^) 

The  stress-components  are  given  by  the  equations 

.(64) 


_a)V(ag-2)'2)     a- 
4  1 


S.    »=?(&'«--'i^")'l 


zz  =  '-^ ; '-  ^~ . 


Instead  of  making  the  resultant  longitudinal  tension  vanish,  we  might  suppose  that 
the  tension  is  adjusted  so  that  the  length  is  maintained  constant.     Then  we  should  have 

,_0        ,_a>Va^(3-20(l-Ho-)(l-2^). 

the  first  two  of  equations  (64)  would  still  hold,  and  the  longitudinal  tension  would  be 
given  by  the  equation 

'"-  I  Yz:^ (66) 

Case  (6).     Rotating  disk. 

An  approximate  solution  can  be  obtained  in  the  case  of  a  thin  disk,  by  treating 
the  problem  as  one  ofplane^tress.  If  the  disk  is  complete,  the  approximate  solution 
satisfies  the  equations  S?=0,  rz  =  0  throughout,  so  that  the  plane  faces  of  the  disk  are  free 
from  traction;  but  it  does  not  satisfy  the  condition  rr=Q  when  r  =  a.     Instead  of  this  it 

makes  j  ^^rrdz  vanish  at  r  =  a,  so  that  the  resultant  radial  tension  on  any  portion   of 

the  rim  between  the  two  plane  faces  vanishes*;  and  it  represents  the  state  of  the  disk 
in  the  parts  that  are  not  too  near  the  edge. 

*  A  small  supplementary  displacement  corresponding  with  traction  -  rr  at  the  edge  surface 
and  zero  traction  over  the  plane  faces  would  be  required  for  the  complete  solution  of  the  problem. 
See  a  paper  by  F.  Purser  in  Dublin,  Trans.  E.  Irish  Acad.,  vol.  32  (1902). 
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In  this  case  U,  as  a  function  of  r,  satisfies  the  equation 


and  we  also  have 


\  +  2/i 


dw 


A_  (dU     U\        dw_ 

from  which  we  may  deduce  the  equation 

dHJ_         \o>^pr 


dU 
dz  ' 


.(67) 
.(68) 

.(69) 


L' 


These  equations,  with  the  condition  that  I      rrdz  vanishes  when  r=a,  determine  IT 


and  w,  apart  from  a  displacement  which  would  be  possible  in  a  rigid  body;  and  we  may 
impose  the  conditions  that  U  and  w  vanish  at  the  origin  {r  =  0,  2  =  0),  and  that  2nr,  which 
is  equal  to  9  Ujdz  -  dio/dr,  also  vanishes  there.  "We  should  then  find  that  U,  w  are  given  by 
the  equations 

t^=^(l-<r){(3  +  <r)a2-(l+^)^2}  +  ^<r(H-<r)(Z2-332), 

.=  -^^{(3  +  o-)a^-2(l  +  <r).^}-^^2l±^(Z^-.^); 

from  these  equations  we  should  deduce  the  following  expressions  for  the  stress-com- 
ponents : — 


.(70) 


.(71) 


;?= Y  (3  +  <r)  (a^-.^)  + Y  41-^  (^^- 3^^). 

fi^  =  ^  {(3 -H  0-)  a^  -  (1 -I- 3<7)  i-2} -F  ^  o- ^-■t^  (Z2  -  3^2) . 
o  D         i  —  a* 

When  there  is  a  circular  axle-hole  of  radius  a'  we  have  the  additional  condition  that 

rrdz  =  Q  when  r  =  a',  but  now  the  displacement  may  involve  terms  which  would  be 

infinite  at  the  axis.     We  should  obtain  the  complete  solution  by  adding  to  the  above 
expressions  for  U  and  w  terms  U'  and  w',  given  by  the  equations 


/- 


U'  =  ^^^  i^  +  <^)\i^-<r)a-Hl  +  .)<'^Y 


and  these  displacements  correspond  with  additional  stresses  given  by  the  equations 

r/2V2\ 


.(72) 


a' a' 

■-^2- 


^.  =  ^(3  +  .)(.'2-,^f 


;?=^(3-<-o-)U'2 

these  are  to  be  added  to  the  expressions  given  in  (71)  for  rr  and  66. 


.(73) 


L.  E. 
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CHAPTER   VI. 


EQUILIBRIUM  OF  ^OLOTROPIC  ELASTIC  SOLID  BODIES. 

103.     Symmetry  of  structure. 

The  dependence  of  the  stress-strain  relations  (25)  of  Article  72  upon  the 
directions  of  the  axes  of  reference  has  been  pointed  out  in  Article  68.  The 
relations  are  simplified  when  the  material  exhibits  certain  kinds  of  symmetry, 
and  the  axes  of  reference  are  suitably  chosen.  It  is  necessary  to  explain 
the  geometrical  characters  of  the  kinds  of  symmetry  that  are  observed  in 
various  materials.  The  nature  of  the  aeolotropy  of  the  material  is  not 
completely  determined  by  its  elastic  behaviour  alone.  The  material  may 
be  a?olotropic  in  regard  to  other  physical  actions,  e.g.  the  refraction  of  light. 
If,  in  an  seolotropic  body,  two  lines  can  be  found,  relatively  to  which  all  the 
physical  characters  of  the  material  are  the  same,  such  lines  are  said  to  be 
"equivalent."  Different  materials  may  be  distinguished  by  the  distributions 
in  them  of  equivalent  lines.  For  the  present,  we  shall  confine  our  attention 
to  the  case  of  homogeneous  materials,  for  which  parallel  lines  in  like  senses 
are  equivalent ;  and  we  have  then  to  consider  the  distribution  of  equivalent 
lines  meeting  in  a  point.  For  some  purposes  it  is  important  to  observe  that 
oppositely  directed  lines  are  not  always  equivalent.  When  certaia  crystals 
are  undergoing  changes  of  temperature,  opposite  ends  of  particular  axes 
become  oppositely  electrified ;  this  is  the  phenomenon  of  pyro-electricity. 
When  certain  crystals  are  compressed  between  parallel  planes,  which  are 
at  right  angles  to  particular  axes,  opposite  ends  of  these  axes  become 
oppositely  electrified;  this  is  the  phenomenon  oi  piezo-electricity*.  We 
accordingly  consider  the  properties  of  a  material  relative  to  rays  or  directions 
of  lines  going  out  from  a  point;  and  we  determine  the  nature  of  the 
symmetry  of  a  material  by  the  distribution  in  it  of  equivalent  directions. 
A  figure  made  up  of  a  set  of  equivalent  directions  is  a  geometrical  figure 
exhibiting  some  kind  of  symmetry. 

*  For  an  outline  of  the  main  facts  in  regard  to  pyro-  and  piezo-electricity  the  reader  may 
consult  Mascart,  Lei;one  sur  Velectricite  et  le  magnitisme,  t.  1,  Paris,  1896,  or  Liebisch, 
Physikalische  Krystallographie,  Leipzig,  1891. 
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104.     Geometrical  symmetry*. 

When  a  surface  of  revolution  is  turned  through  any  angle  about  the  axis 
of  revolution,  the  position  of  every  point,  which  is  on  the  surface  but  not 
on  the  axis,  is  changed ;  but  the  position  of  the  figure  as  a  whole  is  un- 
changed. In  other  words,  the  surface  can  be  made  to  coincide  with  itself, 
after  an  operation  which  changes  the  positions  of  some  of  its  points.  Any 
geometrical  figure  which  can  be  brought  to  coincidence  with  itself,  by  an 
operation  which  changes  the  position  of  any  of  its  points,  is  said  to  possess 
"symmetry."  The  operations  in  question  are  known  as  "covering  operations"; 
and  a  figure,  which  is  brought  to  coincidence  with  itself  by  any  such  operation, 
is  said  to  "allow"  the  operation.  The  possible  covering  operations  include 
{1)  rotation,  either  through  a  definite  angle  or  through  any  angle  whatever, 
about  an  axis,  (2)  reflexion  iii  a  plane.  A  figure,  which  allows  a  rotation 
about  an  axis,  is  said  to  possess  an  "  axis  of  symmetry " ;  a  figure,  which 
allows  reflexion  in  a  plane,  is  said  to  possess  a  "  plane  of  symmetry." 

It  can  be  shown  that  every  covering  operation,  which  is  neither  a  rotation 
about  an  axis  nor  a  reflexion  in  a  plane,  is  equivalent  to  a  combination 
of  such  operations.  Of  such  combinations  one  is  specially  important.  It 
consists  of  a  rotation  about  an  axis  combined  with  a  reflexion  in  the 
perpendicular  plane.  As  an  example,  consider  an  ellipsoid  of  semiaxes 
a,  b,  c;  and  suppose  that  it  is  cut  in  half  along  the  plane  (a,  b),  and 
thereafter  let  one  half  be  rotated,  relatively  to  the  other,  through  ^ir  about 
the  axis  (c).  The  ellipsoid  allows  a  rotation  of  amount  tt  about  each 
principal  axis,  and  also  allows  a  reflexion  in  each  principal  plane ;  the  solid 
formed  from  the  ellipsoid  in  the  manner  explained  allows  a  rotation  of 
amount  Jtt  about  the  c  axis,  combined  with  a  reflexion  in  the  perpendicular 
plane,  but  does  not  allow  either  the  rotation  alone  or  the  reflexion  alone. 
A  figure  which  allows  the  operation  of  rotation  about  an  axis  combined  with 
reflexion  in  a  perpendicular  plane  is  said  to  possess  an  "  axis  of  alternating 
symmetry." 

A  special  case  of  the  operation  just  described  arises  when  the  angle 
of  rotation  about  the  axis  of  alternating  symmetry  is  tt.  The  effect  of  the 
operation,  consisting  of  this  rotation  and  reflexion  in  a  perpendicular  plane, 
is  to  replace  every  ray  going  out  from  a  point  by  the  opposite  ray.  This 
operation  is  known  as  "central  perversion,"  and  the  direction  of  the  cor- 
responding axis  of  alternating  symmetry  is  arbitrary ;  a  figure  which  allows 
this  operation  is  said  to  possess  a  "  centre  of  symmetry." 

It  can  be  shown  that  the  effect  of  any  two,  or  more,  covering  operations, 
performed   successively,  in   any  order,  is   either  the  same  as  the  effect  of 

*  The  facts  are  stated  in  greater  detail  and  the  necessary  proofs  are  given  by  Schoenfliea, 
Krystallsysteme  wnd  Krystallstructw,  Leipzig,  1891.  Reference  may  also  be  made  to  H.  Hilton. 
Mathematical  Crystallography  and  the  Theory  of  Groups  of  Movements,  Oxford,  1903. 
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a  single  covering  operation,  or  else  the  first  and  last  positions  of  every  point 
of  the  figure  are  identical.  We  include  the  latter  ease  in  the  former  by 
introducing  the  "  identical  operation "  as  a  covering  operation ;  it  is  the 
operation  of  not  moving  any  point.  With  this  convention  the  above  state- 
ment may  be  expressed  in  the  form  : — the  covering  operations  allowed  by  any 
symmetrical  figure  form  a  group. 

With  every  covering  operation  there  corresponds  an  orthogonal  linear 
transformation  of  coordinates.  When  the  operation  is  a  rotation  about  an 
axis,  the  determinant  of  the  transformation  is  +  1  ;  for  any  other  covering 
operation,  the  determinant  is  —  1.  All  the  transformations,  that  correspond 
with  covering  operations  allowed  by  the  same  figure,  form  a  group  of  linear 
substitutions. 

105.     Elastic  symmetry. 

In  an  isotropic  elastic  solid  all  rays  going  out  from  a  point  are  equivalent. 
If  an  aeolotropic  elastic  solid  shows  any  kind  of  symmetry,  some  equivalent 
directions  can  be  found ;  and  the  figure  formed  with  them  is  a  symmetrical 
figure,  which  allows  all  the  covering  operations  of  a  certain  group.  With 
this  group  of  operations,  there  corresponds  a  group  of  orthogonal  linear  sub- 
stitutions ;  and  the  strain-energj'-function  is  unaltered  by  all  the  substitutions 
of  this  group.  The  effect  of  any  such  substitution  is  that  the  components 
of  strain,  referred  to  the  new  coordinates,  are  linear  functions  of  the 
components  of  strain,  referred  to  the  old  coordinates.  It  will  be  convenient 
to  determine  the  relations  between  elastic  constants,  which  must  be  satisfied 
if  the  strain-energy-function  is  unaltered,  when  the  strain-components  are 
transformed  according  to  such  a  substitution. 

Let  the  coordinates  be  transformed  according  to  the  orthogonal  scheme 
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We  know  from  Article  12  that  the  components  of  strain  are   transformed 
according  to  formulae  of  the  types 

eoi^  =  exj-^  -I-  eyym-t  -f-  e:,^ii^  -|-  ey^niin^  +  ez^n^k  +  exykm^,  \ 

By-z:  =  2  {e^xkh  +  eyyiiL^m-,  +  e^.nons)  +  ey^  {m^n^  +  vi^n^)  +  e^^  (nj,  +  Usk)    [  •  •  -(1) 

+  exy{kms+l3m^).] 

If  the  material  possesses,  at  each  point,  a  centre  of  symmetry,  a  figure 
consisting  of  equivalent  rays  going  out  from  the  point  allows  the  operation 
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of  central  perversion.  The  corresponding  substitution  is  given  by  the 
equations 

x'  =  -x,    y'  =  -y,    z'  =  -z. 

This  substitution  does  not  affect  any  component  of  strain,  and  we  may 
conclude  that  the  elastic  behaviour  of  a  material  is  in  no  way  dependent 
upon  the  presence  or  absence  of  central  symmetry.  The  absence  of  such 
symmetry  in  a  material  could  not  be  detected  by  experiments  on  the  relation 
between  stress  and  strain. 

It  remains  to  determine  the  conditions  which  must  hold  if  the  strain- 
energy-function  is  unaltered,  when  the  strain-components  are  transformed 
by  the  substitutions  that  correspond  with  the  following  operations : — 
(1)  reflexion  in  a  plane,  (2)  rotation  about  an  axis,  (3)  rotation  about  an 
axis  combined  with  reflexion  in  the  plane  at  right  angles  to  the  axis. 
We  shall  take  the  plane  of  symmetry  to  be  the  plane  of  x,  y,  and  the 
axis  of  symmetry,  or  of  alternating  symmetry,  to  be  the  axis  of  z.  The 
angle  of  rotation  will  be  taken  to  be  a  given  angle  6,  which  will  not  in 
the  first  instance  be  thought  of  as  subject  to  any  restrictions. 

The  conditions  that  the  strain-energy-function  may  be  unaltered,  by  any 
of  the  substitutions  to  be  considered,  are  obtained  by  substituting  for  e^^, ..., 
in  the  form  CneVa;' +  ■■-,  their  values  in  terms  of  e^x,---,  and  equating  the 
coefficients  of  the  several  terms  to  their  coefficients  in  the  form  Ciie\x  + 

The  substitution  which  corresponds  with  reflexion  in  the  plane  of  {x,  y) 
is  given  by  the  equations 

x'  =  x,    y'  =  y,    z  =-z; 
and  the  formulae  connecting  the  components  of  strain  referred  to  the  two 
systems  of  axes  are 

fiy'/  =       ^yzi      ^^x'  ^^       ^zxi      ^x'y'  ^^  ^xy 

The  conditions  that  the  strain-energy-function  may  be  unaltered  by  this 
substitution  are 

Cl4  ~  C]5  =  C24  =  C25  =  C34  =  C33  =  C4e  =  Cgs  =  U (_i) 

The  substitution  which  corresponds  with  rotation  through  an  angle  6 
about  the  axis  of  z  is  given  by  the  equations 

x' =  xcos6 +  y  sm6,    y' =  — xsm6 +  y  cobB,    z'  =  z;    (3) 

and  the  formulse  that  connect  the  components  of  strain  referred  to  the  two 
systems  of  axes  are 

fia/a;'  =  Sxx  COS"  6  +  Byy  sin^  &  +  Bxy  siu  6  COS  6, 

Si/y-  =  exx  sin^  0  +  e^y  cos"  0  —  e^y  sin  6  cos  0, 

e/z;=ezz-  V (4) 

By,^  =  Byz  COS  6  —  e^x  ^in  6, 
e/x'  =  eyz  sin  6  +  e^x  cos  6, 
e^y,  =  -  2exx  sin  ^  cos  0  -f  ^eyy  sin  ^  cos  ^  -t-  Cxy  (cos"  6  -  sin"  ff\. 
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The  algebraic  work  required  to  determine  the  conditions  that  the  strain-energy-function 
may  be  unaltered  by  this  substitution  is  more  complicated  than  in  the  cases  of  central 
perversion  and  reflexion  in  a  plane.  The  equations  fall  into  sets  connecting  a  small 
number  of  coefficients,  and  the  relations  between  the  coefficients  involved  in  a  set  of 
equations  can  be  obtained  without  much  difficulty.  We  proceed  to  sketch  the  process. 
AVe  have  the  set  of  equations 

r'jj  =  Cji  cos*  d+2cy^  sin^  6  cos^  6  +  C22  sin*  6  —  ic^^  cos^  6  sin  6  —  4C25  sin^  6  cos  6  +  ic^^  sin^  6  cos^  6, 
C.22  =  c,i  sin*  fl  -I-  2C]2  sin^  6  cos^  6  +  c^  cos*  6  ■\-  4cig  sin^  5  cos  5  +  ^c^  cos^  5  sin  5  -|-  ^e^  %\v?  6  cos^  6, 

c,2  =  Cn  si  n-  5  cos^  6  -(-  c^  (cos*  6  -f  sin*  5)4-%  sin^  6  cos^  5-1-2  {cy^  -  c^g)  sin  5  cos  6  (cos^  d  -  sin^  d) 
—  4c^  sin^  6  cos^  6, 

Cuj  =  Cj,  sin-  6  cos^  d  —  2ci2  sin^  6  cos^  S  +  Cjj  sin^  d  cos^  6  +  2  (Cjj  -  Cjj)  sin  5  cos  5  (cos^  6  -  sin^  5) 
+  %  (cos^  5  -  sin'''  6Y, 

c,5 = c,i  cos^  5  sin  5  -  C12  sin  5  cos  6  (cos^  5  -  sin^  6)  —  e^^  sin^  d  cos  5  -t-  Ci„  cos^  6  (cos^  5-3  sin^  6) 
+  Cjo  sin^  5  (3  cos^  6  -  sin^  e)-2c^  sin  5  cos  5  (cos^  5  -  sin^  5), 

c^  =  Ciism^6  cos  5  4-  C12  sin  6  cos  5  (cos^  5  —  sin^  5)  -  C22  ''os^  5  sin  5  -f  Cjg  sin^  5  (3  cos^  5  —  siu^  6) 
+  (-20  cos"  e  (cos"  5-3  sin"  5)  -I-  2Cg^  sin  5  cos  5  (cos"  5  -  sin^  5). 

The  equations  in  this  set  are  not  independent,  as  is  seen  by  adding  the  first  four.     We 
form  the  following  combinations  : — 

''10  +  '^ia  —  (''u  ~  ''22)  s^''  ^  ^°^  ^  +  i'^w  +  %)  ('^°s^  ^  ~  sin*  5), 
''ii  "  ''as  =  ("u  ~  ''22)  ('^os*  5  -  sin*  5)  —  4  (cjg  -1-  Cjg)  sin  5  cos  5, 
from  which  it  follows  that,  unless  sin  5  =  0,  we  must  have 

"11  =  "22 1     "26  =  ~  "iB  ■ 
When  we  use  these  results  in  any  of  the  first  four  equations  of  the  set  of  six  we  find 

(cii  -  C12  -  2C55)  sin"  5  cos"  5  -f  2c-^g  sin  5  cos  5  (cos"  5  -  sin"  5)  =  0, 
and  when  we  use  them  in  either  of  the  last  two  equations  of  the  same  set  we  find 

-  8ci5  sin"  5  cos"  5  +  {c^^  -  e^^  —  2cjg)  sin  5  cos  5  (cos"  5  -  sin"  5)  =  0  ; 
and  it  follows  that,  if  neither  sin  5  nor  cos  5  vanishes,  we  must  have 

Again  we  have  the  set  of  equations 

''13  —  ''is  "O**^  ^  +  ^23  Si'l^  ^  ~  2(335  S™  ^  cos  5, 
'^23  =  ''is  *™^  ^  +  '^23  "^OS^  ^  +  2<'36  ^'^^  5  COS  5, 

C35 = (Cjg  -  C23)  sin  5  COS  5  -|-  C35  (cos"  5  —  sin"  5) ; 
from  which  it  follows  that,  unless  sin  5  =  0,  we  must  have 

''IS  ~ ''231       "36"' ■ 

In  like  manner  we  have  the  set  of  equations 

(-'44  =  ''44  cos"  5  -)-  C55  sin"  5  -f  2C45  sin  5  cos  5, 
'•55  =  C44  sin"  5  -I-  655  cos"  5  -  2C45  sin  5  cos  5, 
C45  =  —  ((^44  -  c^s)  sin  5  cos  5  +  C45  (cos"  5  —  sin"  5) ; 
from  which  it  follows  that,  unless  sin  5  =  0,  we  must  have 

'44  —  "5.5 )     '^v,  —  0  • 
In  like  manner  we  have  the  set  of  equations 

C34  =  C34  cos  5  -f-  Cjs  sin  5, 
c'35  =  -  O34  sin  5  +  C35  cos  5  ; 
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from  which  it  follows,  since  cos  6=^1,  that  we  must  have 

Finally  we  have  the  set  of  equations 

«ii = Ci4  cos3  6  +  c^i,  cob2  es\n6  +  c^  sin2  6  cos  6  +  c^^  sin'  6  -  2C45  cos^  ^  sin  6  -  2c^  sin^  6  cos  6, 

''is  =  -  «i4  cos2  5  sin  ^  +  Ci5  cos3  5  -  C24  sinM  +  C25  sin^  5  cos  5  +  2645  sin^  5  cos  fl  -  Scjb  cos^  5  sin  ^, 

«24  =  Ci4  sin^  5  cos  5  +  Cij  sinS  5  +  Cgi  oos^  5  +  Cj,,  cos^  5  sin  5  +  2«4g  cos2  5  sin  5  +  2c^  sin^  5  cos  fl, 

"26  =  -  Oi4  sin'  ^ + C16  sin2  5  cos  5  -  c^i  cos^  5  sin  5 + Cjj  cos^  6  -  2o^  sin^  5  cos  S + 2055  cos^  ^  sin  6, 

<'46  =  "14  cos^  6aine  +  c^  sin^  6  cos  6-  0^  cos^  5  sin  5  -  Cjj  sin^  d  cos  0 
+  (Cis  cos  d+c^  sin  fl)  (cos^  5  -  sin'''  0), 

'=60=  -  CM'Sin^  5  cos  5+C15  cos2  d  sin  5  +C24  sin^  5  cos  5  -  c^  cos^  (9  sin  d 
-  (C4J  sin  5  -  C58  cos  5)  (cos2  6  -  sin^  5). 

From  these  we  form  the  combinations 

*i4  +  «24=(«i4+C24)  cos  ^  +  (015  +  625)  sin  6, 
C16 + "26  =  -  (Ci4 + C24)  sin  <9  +  (Ci5 + 025)  cos  5 ; 
and  it  follows,  since  cos  5^  1,  that  we  must  have 

Ci4  +  C24  =  0,      Ci5  +  C25  =  0. 

Assuming  these  results,  we  form  the  combinations 

("14  -  O  =  (Ci4  -  Cso)  cos  (9  -  (Ci5  +  C46)  sin  5, 

(Oi5  +  C46)  =  («i4  -  O  sin  5  +  (Ci5 + C4s)  cos  5 ; 
from  which  it  follows  that 

''l4  =  ''66>      '^Ib—  ""46- 

Assuming  these  results,  we  express  aU  the  coefficients  in  the  above  set  of  equations  in  terms 
of  Cjg  and  c^,  and  the  equations  are  equivalent  to  two : — 

CieO--  coB^  6  +  3  sin^  Bcoad)-  c^g  (3  cos^  0sm6-  sin'  6) = 0, 

c^  (3  oos2  8  sin  6-  sin'  6)  +  c^(i-  cos^  5  +  3  sin^  0  cos  5)  =  0. 

The  condition  that  these  may  be  compatible  is  found  to  reduce  to  (1  -  cos  5)  (1  +  2  cos  0)^=Q ; 
so  that,  unless  cos 0=—\,  we  must  have 

"40  ""66  =  ^- 

We  have  thus  found  that,  if  the  strain-energy-function  is  unaltered  by 
a  substitution  which  corresponds  with  rotation  about  the  axis  z,  through  any 
angle  other  than  tt,  ^tt,  f  tt,  the  following  coefficients  must  vanish : — 

Ci6>   Cog,   Cssj   C48,   C56,   C45,   Ci4,   C24,    Ci5,   C25,   C34,   C35 ;  (0) 

and  the  following  equations  must  hold  among  the  remaining  coefficients  : — 

"n  ^  "221      Cis  —  "23,      644^055,      Cos  ^  ■J  (Cii       C12) (0) 

When  the  angle  of  rotation  is  tt,  the  following  coefficients  vanish  : — 

Cl4i  "24,  C;5,  C25,  C48,  C53,  C34,  C35; ^/) 

no  relations  between  the  remaining   coefficients  are  involved.     When  the 
angle  of  rotation  is  Jtt,  the  following  coefficients  vanish : — 

C86>       Qsi       C58,        C45,       Ci4,       C24,        C16,        C26,       C34,       C35;      (o) 

and  the  following  equations  connect  the  remaining  coefficients : — 

Cn  ^^  C22,      C]3^C23,      C44  =  Css,      C26  =       Cis (y) 
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When  the  angle  of  rotation  is  |7r,  the  following  coefficients  vanish  : — 

Ci8)      Cas,      C35,      C45,      C34,      C36 ,     (.J-";) 

and  the  following  equations  connect  the  remaining  coefficients  : — 

Cii  ^  C22,      Ci3  =  C23,      C44  ^  C515,       Cgij  =  -J  (^C]i       C12/ 


Ci4  —  ~  C24  —  Cbs,         C]5  —  C25  —  C46-  ; 

In  like  manner,  when  the  axis  of  2  is  an  axis  of  alternating  symmetry, 
and  the  angle  of  rotation  is  not  one  of  the  angles  tt,  -^tt,  ^tt,  the  same 
coefficients  vanish  as  in  the  general  case  of  an  axis  of  symmetry,  and  the 
same  relations  connect  the  remaining  coefficients.  When  the  angle  is  tt,  we 
have  the  case  of  central  perversion,  which  has  been  discussed  already.  When 
the  angle  is  ^tt,  the  results  are  the  same  as  for  direct  symmetry.  When 
the  angle  is  ^tt,  the  results  are  the  same  as  for  an  axis  of  direct  symmetry 
with  angle  of  rotation  |7r. 

106.  Isotropic  solid. 

In  the  case  of  an  isotropic  solid  every  plane  is  a  plane  of  symmetry,  and 
every  axis  is  an  axis  of  symmetry,  and  the  corresponding  rotation  may  be  of 
any  amount.     The  following  coefficients  must  vanish:  — 

Cl4)         Ci5,         C18,         C24,         C05,         C26,         C34,         C35,         C38,         C45,         C41J,         C51J     ...i^LZ) 

and  the  following  relations  must  hold  between  the  remaining  coefficients : — 

Cll  =  C22  =  C33,        C23  =  C31  =  C]2 ,       C44  =  C55  =  C|S8  =  J  (Cu  —  C12) (.-l") 

Thus  the  strain-energy-function  is  reduced  to  the  form 

i  Cii  {e%x  +  e\y  +  e\^)  +  c^^  {eyye^^  +  e^^e^^  +  e^^eyy) 

+  i  (cn  -  0,2)  (eV  +  e%^  +  e^^),    (14) 

which  is  the  same  as  that  assumed  in  Article  68. 

107.  Symmetry  of  crystals. 

Among  aeolotropic  materials,  some  of  the  most  important  are  recognized 
as  crystalline.  The  structural  symmetries  of  crystalline  materials  have  been 
studied  chiefly  by  examining  the  shapes  of  the  crystals.  This  examination 
has  led  to  the  construction,  in  each  case,  of  a  figure,  bounded  by  planes, 
and  having  the  same  symmetry  as  is  possessed  in  common  by  the  figures 
of  all  crystals,  formed  naturally  in  the  crystallization  of  a  material.  The 
figure  in  question  is  the  " crystallographic  form"  corresponding  with  the 
material. 

F.  Neumann*  propounded  a  fundamental  principle  in  regard  to  the 
physical  behaviour  of  crystalline  materials.  It  may  be  stated  as  follows : — 
Any  kind  of  symmetry,  which  is  possessed  by  the  crystallographic  form 
of  a   material,  is    possessed  by  the   material   in    respect  of  every  physical 

*  See  his  Vorksungen  iiher  die  Theorie  der  Elasticitdt,  Leipzig,  1885. 
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quality.  In  other  words  we  may  say  that  a  figure  consisting  of  a  system 
of  rays,  going  out  from  a  point,  and  having  the  same  symmetry  as  the 
crystallographic  form,  is  a  set  of  equivalent  rays  for  the  material.  The  law 
is  an  induction  from  experience,  and  the  evidence  for  it  consists  partly  in 
a  posteriori  verifications. 

It  is  to  be  noted  that  a  crystal  may,  and  generally  does,  possess,  in  respect  of  some 
physical  qualities,  kinds  of  symmetry  which  are  not  possessed  by  the  crystallographic 
form.  For  example,  cubic  crystals  are  optically  isotropic.  Other  examples  are  afforded 
by  results  obtained  in  Article  105. 

The  laws  of  the  symmetry  of  crystals  are  laws  which  have  been  observed  to  be  obeyed 
by  crystallographic  forms.  They  may  be  expressed  most  simply  in  terms  of  equivalent 
rays,  as  follows: — 

(1)  The  number  of  rays,  equivalent  to  a  chosen  ray,  is  finite. 

(2)  The  number  of  rays,  equivalent  to  a.  chosen  ray,  is,  in  general,  the  same  for  all 
positions  of  the  chosen  ray.  We  take  this  number  to  be  N-  1,  so  that  there  is  a  set  of  N 
equivalent  rays.  For  special  positions,  e.g.  when  one  of  the  rays  is  an  axis  of  symmetry, 
the  number  of  rays  in  a  set  of  equivalent  rays  can  be  less  than  N. 

(3)  A  figure,  formed  of  N  equivalent  rays,  is  a  symmetrical  figure,  allowing  all  the 
covering  operations  of  a  certain  group.  By  these  operations,  the  N  equivalent  rays  are 
interchanged,  so  that  each  ray  comes  at  least  once  into  the  position  of  any  equivalent  ray. 
Any  figure  formed  of  equivalent  rays  allows  all  the  covering  operations  of  the  same  group. 

(4)  When  a  figure,  formed  of  N  equivalent  rays,  possesses  an  axis  of  symmetry,  or  an 
axis  of  alternating  symmetry,  the  corresponding  angle  of  rotation  is  one  of  the  angles 
TT,  fTT,  Jtt,   ^jt*. 

It  can  be  shown  that  there  are  32  groups  of  covering  operations,  and  no  more,  which 
obey  the  laws  of  the  symmetry  of  crystals.  With  each  of  these  groups  there  corresponds 
a  class  of  crystals.  The  strain-energy-function  corresponding  with  each  class  may  be 
written  down  by  making  use  of  the  results  of  Article  105 ;  but  each  of  the  forms  which 
the  function  can  take  corresponds  with  more  than  one  class  of  crystals.  It  is  necessary 
to  describe  briefly  the  symmetries  of  the  classes.  For  this  purpose  we  shall  now  introduce 
a  few  definitions  and  geometrical  theorems  relating  to  axes  of  symmetry : — 

The  angle  of  rotation  about  an  axis  of  symmetry,  or  of  alternating  symmetry,  is  Stt/to, 
where  n  is  one  of  the  numbers  :  2,  3,  4,  6.  The  axis  is  described  as  "  n-gonal."  For 
n  =  2,  3,  4,  6  respectively,  the  axis  is  described  as  "digonal,"  "trigonal,"  "tetragonal," 
"  hexagonal."  Unless  otherwise  stated  it  is  to  be  understood  that  the  9i-gonal  axis  is  an 
axis  of  symmetry,  not  of  alternating  symmetry. 

The  existence  of  a  digonal  axis,  at  right  angles  to  an  m-gonal  axis,  implies  the  existence 
of  n  such  axes ;  e.g.  if  the  axis  z  is  tetragonal,  and  the  axis  x  digonal,  then  the  axis  y  and 
the  lines  that  bisect  the  angles  between  the  axes  of  x  and  y  also  are  digonal  axes. 

The  existence  of  a  plane  of  symmetry,  passing  through  an  ji-gonal  axis,  implies  the 
existence  of  n  such  planes;  e.g.  if  the  axis  z  is  digonal,  and  the  plane  ^=0  is  a  plane  of 
symmetry,  then  the  plane  y  =  0  also  is  a  plane  of  symmetry. 

If  the  w-gonal  axis  is  an  axis  of  alternating  symmetry,  the  two  results  just  stated  still 
hold  if  n  is  uneven ;  but,  if  n  is  even,  the  number  of  axes  or  planes  implied  is  \n. 

*  The  resti'iotion  to  these  angles  is  the  expression  of  the  "  law  of  rational  indices." 
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108.     Classification  of  crystals. 

The  symmetries  of  the  classes  of  crystals  may  now  be  described  by  reference  to  the 
groups  of  covering  operations  which  correspond  with  them  severally : — 

One  group  consists  of  the  identical  operation  alone;  the  corresponding  figure  has  no 
symmetry;  it  wiU  be  described  as  "asymmetric.''  The  identical  operation  is  one  of  the 
operations  contained  in  all  the  groups.  A  second  group  contains,  besides  the  identical 
operation,  the  operation  of  central  perversion  only;  the  symmetry  of  the  corresponding 
figure  will  be  described  as  "central."  A  third  group  contains,  besides  the  identical 
operation,  the  operation  of  reflexion  in  a  plane  only ;  the  symmetry  of  the  corresponding 
figure  will  be  described  as  "equatorial."  Besides  these  three  groups,  there  are  24  groups 
for  which  there  is  a  "  principal  axis  " ;  that  is  to  say,  every  axis  of  symmetry,  other  than 
the  principal  axis,  is  at  right  angles  to  the  principal  axis;  and  every  plane  of  symmetry 
either  passes  through  the  principal  axis  or  is  at  right  angles  to  that  axis.  The  five 
remaining  groups  are  characterised  by  the  presence  of  four  axes  of  trigonal  symmetry 
equally  inclined  to  one  another,  like  the  diagonals  of  a  cube. 

When  there  is  an  m-gonal  principal  axis,  and  no  plane  of  symmetry  through  it,  the 
symmetry  is  described  as  "ra-gonal"  ;  in  case  there  are  digonal  axes  at  right  angles  to  the 
principal  axis,  the  symmetry  is  further  described  as  "holoaxial" ;  in  case  there  is  a  plane 
of  symmetry  at  right  apgles  to  the  principal  axis,  the  symmetry  is  further  described  as 
"equatorial";  when  the  symmetry  is  neither  holoaxial  nor  equatorial  it  is  further 
described  as  "polar."  ^^1len  there  is  a  plane  of  symmetry  through  the  K-gonal  principal 
axis,  the  symmetry  is  described  as  "di-n-gonal";  it  is  further  described  as  "equatorial" 
or  "polar,"  according  as  there  is,  or  is  not,  a  plane  of  symmetry  at  right  angles  to  the 
principal  axis. 

When  the  principal  axis  is  an  axis  of  alternating  symmetry,  the  symmetry  is  described 
as  "di-»-gonal  alternating,"  or  ">i-gonal  alternating,"  according  as  there  is,  or  is  not,  a 
plane  of  symmetry  through  the  principal  axis. 

The  appended  table  shows  the  names*  of  the  classes  of  crystals  so  far  described,  the 
symbols  t  of  the  corresponding  groups  of  covering  operations,  and  the  numbers  of  the 
classes  as  given  by  Voigt]:.  It  shows  also  the  grouping  of  the  classes  in  systems  and 
the  names  of  the  classes  as  given  by  Lewis  §. 

The  remaining  groups,  for  which  there  is  not  a  principal  axis,  may  be  described  by 
reference  to  a  cube;  and  the  corresponding  crystals  are  frequently  called  "cubic,"  or 
"tesseral,"  crystals.  All  such  crystals  possess,  at  any  point,  axes  of  symmetry  which  are 
distributed  like  the  diagonals  of  a  cube,  having  its  centre  at  the  point,  and  others,  which 
are  parallel  to  the  edges  of  the  cube.  The  latter  may  be  called  the  "cubic  axes."  The 
symmetry  about  the  diagonals  is  trigonal,  so  that  the  cubic  axes  are  equivalent.  The 
symmetry  with  respect  to  the  cubic  axes  is  of  one  of  the  types  previously  named.  There 
are  five  classes  of  cubic  crystals,  which  may  be  distinguished  by  their  symmetries  with 
respect  to  these  axes.  The  table  shows  the  names  of  the  classes  (Miers,  Lewis),  the 
symbols  of  the  corresponding  groups  (Sohoenflies),  the  numbers  of  the  classes  (Voigt),  and 
the  character  of  the  symmetry  with  respect  to  the  cubic  axes. 

*  The  names  are  those  adopted  by  H.  A.  Miers,  Mineralogy,  Oxford,  1902. 

t  The  symbols  are  those  used  by  Sohoenflies  in  his  book  Krystallsysteme  und  KrystalUtructur. 

X  Rapports  presentees  au  Congres  International  de  Physique,  t.  1,  Paris,  1900. 

§  W.  J.  Lewis,  Treatise  on  Crystallography,  Cambridge,  1899.  The  older  classification  in  six 
(sometimes  seven)  "systems"  as  opposed  to  the  32  "classes"  is  supported  by  some  modern 
authorities.     See  V.  Goldschmidt,  Zeitschr.  f.  Krystallographie,  Bde.  31  and  32  (1899). 
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System 

Name  of  class 
[Miers] 

Symbol  of 

group 

[Sohoenflies] 

Number  of 

class 

[Voigt] 

Name  of  class 
[Lewis] 

Triolinio 
or 

Asymmetric 

o\ 

2 

Anorthic  I 

Anorthic       | 

Central 

s. 

1 

Anorthic  II 

Monoclinic 

Equatorial 

s 

4 

Oblique  II 

or 
Oblique 

Digonal  polar 

G, 

5 

Oblique  I 

Digonal  equatorial 

Gi' 

3 

Oblique  III 

Rhombic 

Digonal  holoaxial 

V 

i 

Prismatic  I 

or 

Didigonal  polar 

C," 

8 

Prismatic  III 

Prismatic 

Didigonal  equatorial 

7" 

6 

Prismatic  II 

Trigonal  polar 

Os 

13 

Rhombohedral  I 

Trigonal  holoaxial 

D, 

10 

Rhombohedral  IV 

Trigonal  equatorial 

Cj^ 

27 

Rhombohedral  VI 

Ditrigonal  polar 

a 

11 

Rhombohedral  V 

Ditrigonal  equatorial 

Bi 

26 

Rhombohedral  VII 

Hexagonal 
and           J 
Rhombohedral 

Hexagonal  polar 

Ce 

25 

Hexagonal  I 

Hexagonal  alternating 

'S'e 

12 

Rhombohedral  II 

Hexagonal  holoaxial 

A 

23 

Hexagonal  V 

Hexagonal  equatorial 

c,^ 

24 

Hexagonal  II 

Dihexagonal  polar 

Ci 

22 

Hexagonal  III 

Dihexagonal  alternating 

s,^ 

9 

Rhombohedral  III 

\ 

Dihexagonal  equatorial 

i3,'. 

21 

Hexagonal  IV 

/ 

Tetragonal  polar 

G, 

18 

Tetragonal  III 

Tetragonal  alternating 

S, 

20 

Tetragonal  VII 

Tetragonal  holoaxial 

D, 

15 

Tetragonal  V 

Tetragonal     ■ 

Tetragonal  equatorial 

G^ 

17 

Tetragonal  IV 

Ditetragonal  polar 

(7/ 

16 

Tetragonal  VI 

Ditetragonal  alternating 

<S7 

19 

Tetragonal  I 

Ditetragonal  equatorial 

A* 

14 

Tetragonal  II 

Name  of  class 
[Miers]                    [Lewis] 

Symbol  of  group 
[Sohoenflies] 

Number 
[Voigt] 

Symmetry  with  respect 
to  the  cubic  axes 

tesseral  polar 

Cubic  III 

T 

32 

digonal 

tesseral  holoaxial 

Cubic  I 

0 

29 

tetragonal 

tesseral  central 

Cubic  IV 

rw 

31 

digonal  equatorial 

ditesseral  polar 

Cubic  V 

TW 

30 

tetragonal  alternating 

ditesseral  central 

Cubic  II 

ow 

28 

tetragonal  equatorial 
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109.     Elasticity  of  crystals. 

We  can  now  put  down  the  forms  of  the  strain-energy-function  for  the 
different  classes  of  crystals.  For  the  classes  which  have  a  principal  axis 
we  shall  take  this  axis  as  axis  of  z ;  when  there  is  a  plane  of  symmetry 
through  the  principal  axis  we  shall  take  this  plane  as  the  plane  (x,  z) ; 
when  there  is  no  such  plane  of  symmetry  but  there  is  a  digonal  axis  at  right 
angles  to  the  principal  axis  we  shall  take  this  axis  as  axis  of  y.  For  the 
crystals  of  the  cubic  system  we  shall  take  the  cubic  axes  as  coordinate  axes. 
The  classes  will  be  described  by  their  group  symbols  as  in  the  tables  of 
Article  108 ;  we  shall  first  write  down  the  symbol  or  symbols,  and  then  the 
corresponding  strain-energy- function;  the  omitted  terms  have  zero  coefficients, 
and  the  constants  with  different  suffixes  are  independent.  The  results*  are 
as  follows : — 

Groups  C\,  (Sa — (21  constants) 

sCije  XX  T  ^vfixx^yy  +  CyiBxx^zz  +  C-nexx^yz  "I"  ^m^xx^ix  +  Oi^^xx^xy 
I"  2^"^"?/.'/    "T~  ^^s^yy^zz  ~T  C^iOyyGy^  +  C256yy6zx    t    ^iG^yy^xy 

+    2'''33®  Z2    +  CpA^ZZ^TJZ  +   CstjBzzSzx  +   C^ijezzexy 

~r   2^44^' yz     I    ^45^yz^zx    i    C^Q6yz6xy 

+    2^51)^23!  +  C^BzxSxy 


+  ic^e' 


xy 


Groups  8,  Go_,  C/'— (13)  constants) 

2 ''11^  XX  +  Ci^SxxSyy  +  CisCxx^zz  +  Cie^xx^xy 

+  ^Cia^^yy   +  C^eyyCzz  -f-  C^eyyBxy 

+  icsse^^  -I-  C:i,ezzexy 

I    i^ae-yz  +  Ci^ByzBzx 

~r  2^55^~ZX 

+  iC^e^'xy 

Groups  V,  C/,  F''— (9  constants) 

i^'U  S'XX  +   Ci2  Bxx  6j/y  -\-  Ci3  62:2;  Bzz 
'       ^  t^-Jli  C-  yy      -f-   C23  6yy  6zZ 

+  k<^zze\z  +  \Ciie'yz  +  ic^se^a,  -H  ^Qee^y. 
Groups  63,  (S's — (7  constants) 

■kcne-xx  +  Ci^exxCyy  +  c^^exxezz  +  c^exxeyz  +  c^r^exxezx 

+    iCjlfi^yj,      -I-    C^seyyBzz   —  CuByyeyz   "   CuByyC^x 

+  T^c^e-zz  +  \Cne''yz  —  Cineyzexy 

+  iOiie%x   +  CuezxBxy  +  |(Cii  —  Cis)  e-xy. 

*  The  results  are  due  to  Voigt. 
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Groups  -Ds,  Os",  fi's" — (6  constants) 

+  2^11^  yy    +  CisBj^yejj  —  CisByyBzx 

'    i  V'^n  ~"  ^13/  ^  xy  • 

Groups  03^  A'',  G„  B„  Ge\  G,",  DJ'—(5  constants) 

2^11^  XX  ~r  Ci26a:a:^y?/    1    ^i^^xx^zz 
""  2^11^  3/y    "<"  ^is^yy^zz 

+  ■5C336  20  +  2''w®  !/«  "t"  2''44fi  zx  +  l(Cji  —  C12)  e^xy- 

Groups  Gi,  Si,  G^ — (7  constants) 

i^^u^  XX  +  ^I2^xx^yy  +  ^is^xx^zz  +  Cis^xx^xy 

I    2*^11^  yy    ~i~  ^is^yy^zz  G\Q^yy^xy 

+  -jCsje  22    -f-  •5'C44e  yz   +  ■5-0446  2.1!    +  ^Ceje  a«/- 

Groups  A,  04",  /S4«,  A''— (6  constants) 

fCiiB  asu  4-  Ci2exajej^j/  -f-  CisCxx^zz  +  i^n^'yy  +  ^is^yy^zz  +  ■jCssS  22 
t 

+  ■5-0446  j/2  -1-  26446  za;  -f  jCese  xy 

Groups  r,  0,  r*,  T<^,  0*— (3  constants) 

2^1  (6  ica;  +  fi  yy  +  fi  zz)  -|-  C12  (fiyyezz  +  ^zj^aia:  +  ^xx^yy)  +  5'''44  (6  yz  +  O'za;  +  ®'a;y)- 

110.     Various  types  of  symmetry. 

Besides  the  kinds  of  symmetry  shown  by  crystals  there  are  others  which 
merit  special  attention.     We  note  the  following  cases  : — 

(1)  The  material  may  possess  at  each  point  three  planes  of  symmetry 
at  right  angles  to  each  other.  Taking  these  to  be  the  coordinate  planes 
the  formula  for  the  strain-energy-function  would  be 

2W=  Ae^xx  +  Be\y  -t-  06^2  +  ^Feyye^^  +  'iGe^Cxx  +  ^HexxByy 

+  Le\^  +  Me%x  +  Ne\y (15) 

This   formula   contains   a  number  of  those  which  have  been  obtained  for 
various  classes  of  crystals. 

(2)  The  material  may  possess  an  axis  of  symmetry  in  the  sense  that 
all  rays  at  right  angles  to  this  axis  are  equivalent.  Taking  the  axis  of 
symmetry  to  be  the  axis  of  z,  the  formula  for  the  strain-energy-function 
would  be 

^W  =  A{e^xx  +  e\y)  +  Ge\z  +  2F  (syy  +  e^,^  Bzz  +'2.  {A-  2N)  e^xByy 

+  L{e\,  +  e%x)  +  Ne\y (16) 

Bodies  which  show  this  kind  of  symmetry  may  be  described  as  "  transversely 
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isotropic.''  It  is  to  be  noted  that  cubic  crystals  are  not  transversely  isotropic. 
For  a  cubic  crystal  A=B=C,  F=G  =  H,  L  =  M=N,  but  the  relation 
H=A-1N  does  not  hold. 

(3)  The  material  may  possess  symmetry  of  one  of  the  kinds  already 
discussed,  or  of  some  other  kind,  but  the  axes  of  symmetry  may  be  directed 
differently  at  different  points*  In  such  cases  we  may  be  able  to  choose 
a  system  of  orthogonal  curvilinear  coordinates  so  that  the  normals  to  the 
orthogonal  surfaces  at  a  point  become  lines  with  reference  to  which  the 
strain-energy-function  is  simplified.  For  example,  formula  (15)  might  hold 
for  axes  of  x,  y,  z  directed  along  the  normals  to  the  surfaces  of  reference 
at  a  point,  or  the  material  might  be  transversely  isotropic  with  reference 
to  the  normals  and  tangent  planes  of  a  family  of  surfaces.  This  kind  of 
symmetry  of  structure  may  be  possessed  by  curved  plates  of  metal.  When 
a  body  possesses  symmetry  in  this  way  it  is  said  to  possess  "  curvilinear 
ffiolotropy." 

111.      Material     with     three     orthogonal     planes     of     symmetry. 
Moduluses. 

In  the  cases  where  formula  (15)  holds,  Young's  modulus  E  for  an  arbitrary  direction 
(^1,  mj,  Wi)  is  given  by  the  equation 

E-EjE^'^E^^     F,      ^     F,     ^     F,     '^"> 

where  Ei,  E.^,  E^  are  the  Young's  moduluses  for  the  three  principal  directions,  and  the 
£".s  and  F'a  are  given  by  such  equations  as 


1  BC-F'^  2  _2(GH-AF)      1 


J^V 


A     H. 

a- 

E    B 

F 

0     F 

c 

K 


A 

E 

G 

E 

B 

F 

G 

F 

C 

+z (i«) 


This  case  has  been  discussed  by  Saint-Venantt.  He  showed  that  there  are  in  general 
13  directions  for  which  E  becomes  a  maximum  or  minimum.  Of  these  3  are  the  axes  of 
{x,  y,  z),  2  others  lie  in  each  of  the  coordinate  planes  between  the  axes,  and  the  remaining 
4  lie  one  in  each  of  the  trihedral  angles  formed  by  the  coordinate  planes.  He  also  found 
that  all  these  directions  except  the  first  three  will  be  imaginary  \i F^  lies  between  E2  and  E^, 
i^2  lies  between  E^  and  E-^^,  and  F^  lies  between  ^j  and  E^,,  and  if  the  3  quantities  such  as 

(i  -  F3)  (i  -  i)  ^  (i  -^){k-  i)  ^'^^  °°* ''' '''  ''"^  "^"- 

In  the  notation  of  this  Article  the  rigidity  for  directions  {l^,  TO21  ^2)  ^^^  (ht  "'31  '^3)  '^ 
the  reciprocal  of  the  expression 

^  l^  +     Ef'  +    'e~  +  [f,  -  l)  ™2™3«2»3  +  (^;pr  -  ^)  n,n,l,l,  +  (^^^  -  ^j l,l,m,m,^ 

"^  I  +  M  ^  N  '^^^I 

*  This  kind  of  aeolotropy  was  noted  by  Saint- Yenant,  J.  de  Math.  (LiouvilU),  (S^r.  2),  t.  10 
(1865),  who  worked  out  some  examples  of  its  application.  The  case  of  a  cylindrical  distribution 
has  been  discussed  by  Yoigt,  Gottingen  Nachrichten,  1886. 

t  See  the  '  Annotated  Clebsoh,'  pp.  95,  et  seq. 
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The  rigidities  for  the  pairs  of  axes  at  right  angles  to  the  planes  of  symmetry  are 
L,  M,  N. 

With  the  same  notation  we  could  show  that  the  Poisson's  ratios  for  contractions  parallel 
to  the  axes  of  y  and  2  respectively,  when  the  stress  is  tension  across  the  planes  x  =  const.,  are 

fory,  Ei{ll'2N-l/Fs),  and  for  z,  E^ill^M-ljF^) (20) 

The  values  for  other  pairs  of  directions  can  be  written  down  without  difficulty  (Article  73). 

With  the  same  notation  we  may  show  that  the  modulus  of  compression  is  the  reciprocal  of 

E^'^  E^'^  M^'^  F^"^  F^'^  F3     L     M     N ^    ' 

In  the  case  of  cubic  crystals  we  may  show  that  the  value  of  E,  Young's  modulus  for 
tension  in  direction  (2,  m,,  n),  is  given  by  the  equation* 


i=F+{i~^^^V"''*'^"'^'"^^'™'^ ^^^^ 


E 

Provided  that  the  coefficient  of  the  second  term  is  positive,  .£^  is  a  maximum  in  the 
directions  of  the  principal  axes,  and  a  minimum  in  the  directions  of  lines  equally  inclined 
to  the  three  principal  axes;  further  it  is  stationary  without  being  a  maximum  or  a 
minimum  in  the  directions  of  lines  bisecting  the  angles  between  two  principal  axes,  and 
remains  constant  for  all  lines  given  by  l±,m  +  n=0. 

112.     Extension  and  bending  of  a  bar. 

As  examples  of  distributions  of  stress  in  an  ssolotropic  solid  body,  we  may  take  the 
problems  of  extension  of  a  bar  and  bending  of  a  bar  by  terminal  couples.  We  shall 
suppose  that  the  material  has,  at  each  point,  three  planes  of  symmetry  of  structure,  so  that 
the  strain-energy-function  is  given  by  the  formula  (15) ;  we  shall  suppose  also  that  the  bar 
is  of  uniform  section,  that  the  axis  of  z  is  the  line  of  centroids  of  its  normal  sections,  and 
that  the  axes  of  x  and  3/  are  parallel  to  principal  axes  of  inertia  of  its  normal  sections,  so 
that  the  line  of  centroids  and  the  said  principal  axes  are  at  right  angles  to  planes  of 
symmetry. 

(a)     Extension. 

We  suppose  that  all  the  stress-components  except  Z^  vanish,  and  take  Z^  =  Ee,  where  e 
is  constant,  and  ^is  the' Young's  modulus  of  the  material  corresponding  with  tension  Z^. 

We  find  the  displacement  in  the  form 

u=—(Txex,     v=-(T2ey,     w  =  ez,   (23) 

where  o-j  is  the  Poisson's  ratio  for  contraction  parallel  to  the  axis  of  x  when  there  is 
tension  Z^,  and  o-g  is  the  corresponding  ratio  for  contraction  parallel  to  the  axis  of  y. 

(h)     Bending  hy  cowples. 

We  assume  that  all  the  stress-components  vanish  except  Z^,  and  take  .2,=  -ER-^x, 
where  R  is  constant. 

We  find  that  the  displacement  is  given  by  the  equations 

M=-^iS-i(2H(ria;2- 0-2^2),    v=a^R-^xy,    w=-R-^xs,    '..(24) 

and  that  the  traction  across  a  normal  section  is, statically  equivalent  to  a  couple  about  an 
axis  parallel  to  the  axis  of  y,  of  moment  EIjR,  where  /=  1  I  x^dxdy,  the  integration  being 
taken  over  the  cross-section. 

The  interpretation  of  the  result  is  similar  to  that  in  Article  88. 

*  A  figure  showing  the  variation  of  IjE  with  direction  is  drawn  by  Liebisch,  Physikalische 
Krystallographie  (Leipzig,  1891),  p.  564. 
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113.     Elastic  constants  of  crystals.     Results  of  experiments. 

The  elastic  constants  of  a  number  of  minerals  have  been  determined  by  W.  Voigt*  by 
experiments  on  the  twisting  and  bending  of  rods.  Some  of  his  principal  results  are 
stated  here.  The  constants  are  expressed  in  terms  of  an  unit  stress  of  10°  grammes'  weight 
per  square  centimetre. 

For  Pyrites  (cubic),  the  constants  are 


=  3680, 


=  1075,     Ci2=-483, 


and  we  have 

Principal  Young's  modulus,  ^=3530, 

Principal  Rigidity,  c^^  =  fi  =  10'i5  : 

also  by  calculation  we  find  Principal  Poisson's  ratio  <t=  —}  nearly. 

These  results  are  very  remarkable,  since  they  show  that  these  moduluses  of  pyrites  are 
much  greater  than  those  of  steel  t,  and  further  that  a  bar  of  the  material  cut  in  the 
direction  of  a  principal  axis  when  extended  expands  slightly  in  a  lateral  direction  J.  The 
modulus  of  compression  is  about  1070  x  10°  grammes'  weight  per  square  centimetre,  which 
is  considerably  smaller  than  that  of  steel. 

The  table  shows  the  values  of  the  constants  for  three  other  minerals  for  which  the 
energy-function  has  the  same  form  as  for  Pyrites.  In  this  table  c^^  is  the  principal  rigidity, 
and  E  is  the  principal  Young's  modulus. 


Material 

E 

Cll 

t.'i2 

•-■44 

Fluor  Spar 
Eook-salt 
Potassium  Chloride 

1470 
418 
372 

1670 
477 
375 

457 
132 
198 

345 
129 
65-5 

Except  in  the  case  of  rock-salt,  Cauchy's  condition  {ci2  =  <'u)  ^^  ^'^^  even  approximately 
verified,  and  the  differences  are  much  greater  than  could  be  accounted  for  by  assuming 
experimental  errors. 

Beryl  is  a  hexagonal  crystal  of  the  class  .specified  by  the  group  Z*,,''  for  which  the 
constants  are 

cn  =  2746,  033=2409,  ^12  =  980,  Ci3  =  674,  0^4=666. 

For  a  bar  whose  axis  is  in  the  direction  of  the  principal  axis  of  symmetry  ^=2100. 
For  a  bar  whose  axis  is  in  the  direction  of  a  secondary  axis  of  symmetry  ^=2300.  The 
first  of  these  is  about  the  same  as  that  for  steel,  and  the  second  is  rather  greater.  The 
principal  rigidities  are  666  and  980,  of  which  the  first  is  less  and  the  second  considerably 
greater  than  the  rigidity  of  steel.     Cauchy's  relations  are  approximately  verified. 

Quartz  is  a  rhombohedral  crystal  of  the  class  specified  by  the  group  Dg.  The 
constants  are 

Cii  =  868,  C33=1074,  Ci3=143,  Ci2  =  70,  C44=582,  Ci5=  - 171, 

and  £!  in  the  direction  of  the  principal  axis  is  1030. 


*  For  references  see  Introduction,  footnote  55. 
t  See  table,  Article  71. 

J  It  has  been  suggested  that  these  somewhat  paradoxical  results  may  be  due  to  "twinning  " 
of  the  crystals. 
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Topaz  is  a  rhombic  crystal  (of  the  class  specified  by  the  group  F*)  whose  principal 
Young's  moduluses  and  rigidities  are  greater  than  those  of  ordinary  steel.  The  constants 
of  formula  (15)  are  for  this  mineral 

4=2870,  5=3560,  0=3000,  P=900,  0=860,  H=U8Q, 

i  =  1100,  J/=1350,  iV=1330. 

The  principal  Young's  moduluses  are  2300,  2890,  2650. 

Barytes  is  a  crystal  of  the  same  class,  and  its  constants  are 

4=907,  fl  =  800,  C=1074,  F=213,  0  =  275,  ir=468, 

X=122,  if  =293,  iV=283. 

These  results  show  that  for  these  materials  Cauchy's  reduction  is  not  valid. 

114.     Curvilinear  seolotropy. 

As  examples  of  curvilinear  seolotropy  (Article  110)  we  may  take  the  problems  of  a  tube 
(Article  100)  and  a  spherical  shell  (Article  98)  under  pressure,  when  there  is  transverse 
isotropy  about  the  radius  vector*. 

(a)    In  the  case  of  the  tube  we  should  have 


•^=c|?+i.(-^«),^ 


dr 


r  or 


or  r 


■  Ae  +  F-^  +  H-,  I 


.(25) 


where  H  is  written  for  A  -  'iN.     The  displacement  U  is  given  by  the  equation 

^mi^CJU_AU^il-H)^        (26) 

or^       r  or        r^  r 

of  which  the  complete  primitive  is 

U=ar''+^-^+    -—^er,    (27) 

n  being  written  for  J  (A/C),  and  a  and  ^  being  arbitrary  constants.  The  constants  can  be 
adjusted  so  that  rr  has  the  value  -p^  at  the  outer  surface  r=rf„  and  -jo^  at  the  inner 
surface  r  =  r-^.  The  constant  e  can  be  adjusted  so  as  to  make  the  resultant  of  the 
longitudinal  tension  zz  over  the  annulus  rf,>r>r-^  balance  the  pressure  tt  (Pi?*i^-po''o^)  <"i 
an  end  of  the  cylinder. 

(6)     In  the  case  of  the  sphere  we  should  find  in  like  manner  that  the  radial  displacement 
U  satisfies  the  equation 

«5r^?f-<-<--^f=°^  <-' 


so  that  <7=ar''-i+/3r-''-i, 

where  n^=i  h  +  8^—^  , 


*  Saint- Veuant,  J.  de  Math.  {Liouville),  (S6r.  2),  t.  10  (1865). 
L.    E.  11 
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and  we  can  find  the  formula 

which  agrees  with  the  result  obtained  in  (vi)  of  Article  98  in  the  case  of  isotropy. 

The  cubical  dilatation  of  the  spherical  cavity  is  the  value  of  ZU/r  when  r=rj,  and 
this  is 


This  result  has  been  applied  by  Saint- Venant  to  the  theory  of  piezometer  experiments, 
in  which  a  discrepancy  appears  to  have  been  observed  between  the  results  obtained  and 
the  dilatation  that  should  theoretically  be  found  to  occur  if  the  material  were  isotropic. 
The  solution  in  (30)  contains  3  independent  constants  and  Saint- Venant  held  that  these 
could  be  adjusted  so  as  to  explain  the  experiments  in  question. 


CHAPTER  VII. 

GENERAL  THEOREMS. 

115.     The  variational  equation  of  motion* 

Whenever  a  strain-energy-function,  W,  exists,  we  may  deduce  the 
equations  of  motion  from  the  Hamiltonian  principle.  For  the  expression 
of  this  principle,  we  take  T  to  be  the  total  kinetic  energy  of  the  body, 
and  V  to  be  the  potential  energy  of  deformation,  so  that  V  is  the  volume- 
integral  of  W.     We  form,  by  the  rules  of  the  Calculus  of  Variations,  the 

variation  of  the  integral  I  {T  —  V)dt,  taken  between  fixed  initial  and  final 

values  (4  and  t^  for  t.  In  varying  the  integral  we  assume  that  the 
displacement  alone  is  subject  to  variation,  and  that  its  values  at  the  initial 
and  final  instants  are  given.     We  denote  the  variation  so  formed  by 


)\{T-V) 


dt. 


We  denote  by  STTi  the  work  done  by  the  external  forces  when  the  displace- 
ment is  varied.     Then  the  principle  is  expressed  by  the  equation 

s{{T-V)dt+hw^dt=^(i (1) 

We  may  carry  out  the  variation  of  I  Tdt.     We  have 

^^Tdt  =  \dt\\\p(^^^^-^  +  ...  +  ..)dxdydz 


and  therefore 

fdu  dhu 


Of.  Kirchhoff,  VorlesungenUber...Mechanik,  Vorlesung  11. 


11—2 
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Here  to  and  t^  are  the  initial  and  final  values  of  t,  and  Bu,  ...  vanish  for 
both  these  values.  The  first  term  may  therefore  be  omitted ;  and  the 
equation    (1)   is   then   transformed  into    a   variational   equation  of  motion. 

Further,  SF  is   iiiSWdxdydz,  and  BW^  is  given  by  the  equation 

BW,=  jfi  p  (XBu  +  YSv  +  ZSw)  dxdydz  +  ji  (XM  +  Y,8v  +  Z,Bw)  dS. 
Hence  the  variational  equation  of  motion  is  of  the  form 

-  (((p  (XBu  +  YBv  +  ZBw)  dxdydz  -  jj{XM  +  Y,Bv  +  ZM)  dS  =  0.  ..  .(3) 


dW  dW  dW 

Again,  STF  is     r — Sexx  +  ~ — Beyy  +  ... +^— Be: 


8e..     """  deyy'^ de, 


■xy 


"xy  > 


whei-e,  for  example,  Be^x  is  dBujdoo.     Hence  jlJB  W  dxdydz  may  be  transformed, 

by  integration  by  parts,  into  the  sum  of  a  surface  integral  and  a  volume 
integral.     We  find 

illBWdxdydz: 


dW       ,      ,     dW        ,      .     dW       ,      ,1  . 
—  cos  {x,  V)  +  ^ —  cos  {y,  v)  +  ^ —  cos  {z,  v)\  bu 

'zx  ^^xy  ^^zx 


-lis 


'/d^dW      d_dW      9_9^W, 
\  ?\.T.  ?>/>. 7)11  rip.-..      7)7,  Tie.— 


dxdydz.  ...(4) 


+  ...  +  ..^dS 
J 
d^dW      d_dW_      d_dW^ 

'  dx  dexx     dy  dexy     dz  de^. 

The  coefficients  of  the  variations  Bu, ...  under  the  signs  of  volume  integration 
and  surface  integration  iu  equation  (3),  when  transformed  by  means  of  (4), 
must  vanish  separately,  and  we  thus  deduce  three  differential  equations  of 
motion  which  hold  at  all  points  of  the  body,  and  three  conditions  which 
hold  at  the  boundary.     The  equations  of  motion  are  of  the  type 

^^=   X      1—      d^dW      d_dW_ 

"  dt'  dxdexx     ^y^^xy     dzdezx'    

and  the  surface  conditions  are  of  the  type 

dW  dW  dW 

= —  cos  (x,  v)  +  J —  cos  (y,  v)  +  r —  (ios{z,  v)  =  X^ (6) 

oexx  ^^xy  OGzx 

116.     Applications  of  the  variational  equation. 

(i)    As  an  example*  of  the  application  of  this  method  we  may  obtain  the  equations 
(19)  of  Article  58.     We  have 

aa.  pp  ap 

*  Ct.  J.  Larmor,  Cambridge  Phil.  Soc.  Trans.,  vol.  14  (1885). 
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and,  by  the  formulae  (36)  of  Article  20,  we  have  alao 


Every  term  of  I  /  |  SPT  i   '^^  '^"^  *°  ^^  transformed  by  the  aid  of  the  formulae  of 

the  type 

/  I  I  ^dad^dy=  I  I  h^hii cos  (a,  v)  dS, 

and  the  integral  will  then  be  transformed  into  the  sum  of  a  surface  integral  and  a  volume 
integral,  in  such  a  way  that  no  differential  coefficients  of  Su^,  8m«,  8u    occur.     We  may 
collect,  for  example,  the  terms  containing  8u^  in  the  volume  integral.     They  are 
_  ([[[^  (   ^    ^^\      ^   d  /l\dW     1  d  n\dw 

The  equations  in  question  can  be  deduced  without  difficulty. 

(ii)    As  another  example,  we  may  obtain  equations  (21)  of  Article  91  and  the  second 
forms  of  equations  (22)  of  the  same  Article.     For  this  purpose  we  observe  that 

e  2-4e    e   -to  2  +  4/"- -  -  -  — "^ 
Hence  the  strain-energy-function  in  an  isotropic  body  may  be  expressed  in  the  form 

^  g^  -  g^  ^  j  -t-  two  similar  terms    . 

Mdwdbv  _dwclbv\      /dvdSw     dydSwYl,    ,    , 

and  therefore  the  terms  of  the  type  2/i  (  =-  ^  -  =-  g- )  in  TT  do  not  contribute  anything  to 
the  volume  integral  in   the  transformed  expression  for    j  I  I  bWdscdydz.     Hence  the 
equations  of  motion  or  of  equilibrium  can  be  obtained  by  forming  the  variation  of 
[i  (X  -I-  2fi)  a2  +  2fi  (cr/  -I-  ory2  +  ^^2)]  dxdydz 


///' 


instead  of  the  variation  of  I  /  I  Wdxdydz.     The  equations  (21)  and  the  second  forms  of 

equations  (22)  of  Article  91  are  the  equations  that  would  be  obtained  by  this  process. 

The  result  here  found  is  that  the  differential  equations  of  vibration,  or  of  equilibrium, 
of  an  isotropic  solid  are  the  same  as  those  of  a  body  possessing  potential  energy  of  deforma- 
tion per  unit  of  volume  expressed  by  the  formula 

\  (X-l-2/ii)  A2-(-2^  (nr;,2^.nr^a-Hnr,2). 
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The  surface  conditions  are  different  in  the  two  cases.  In  MacCiiUagh's  theory  of  optics*  it 
was  shown  that,  if  the  luminiferous  sether  is  incompressible  and  possesses  potential  energy 
according  to  the  formula  2^(i<r;c2+izr/+iiJ'/),  the  observed  facts  about  reflexion  and  re- 
fraction of  light  are  accounted  for ;  the  surface  conditions  which  are  required  to  hold  for 
the  purposes  of  the  optical  theory  are  precisely  those  which  arise  from  the  variation  of  the 
volume  integral  of  this  expression.  Larmort  has  described  a  medium,  which  possesses 
potential  energy  in  the  required  manner,  as  "  rotationally  elastic."  The  equations  of 
motion  of  a  rotationally  elastic  medium  are  formally  identical  with  those  which  govern 
the  propagation  of  electric  waves  in  free  sether. 

117.     The  general  problem  of  equilitariTim. 

We  seek  to  determine  the  state  of  stress,  and  strain,  in  a  body  of  given 
shape  which  is  held  strained  by  body  forces  and  surface  tractions.  For  this 
purpose  we  have  to  express  the  equations  of  the  type 

^/dW\      d_rdW\      d_/dW\       ^^^ 

dasydexJ      dy\de^l      dzKdezx)  

as  a  system  of  equations  to  determine  the  components  of  displacement, 
u,  V,  w;  and  the  solutions  of  them  must  be  adapted  to  satisfy  certain 
conditions  at  the  surface  8  of  the  body.  In  general  we  shall  take  these 
conditions  to  be,  either  (a)  that  the  displacement  is  given  at  all  points  of  S, 
or  (6)  that  the  surface  tractions  are  giyen  at  all  points  of  S.  In  case  (a), 
the  quantities  u,  v,  w  have  given  values  at  (S ;  in  case  (b)  the  quantities  of 
the  type 

A„,  =  ^ —  cos  (x,  V)  +  ^ —  cos  (y,  v)  +  -r —  cos  {z,  v), 

CGxx  (J^xy  ^^zx 

have  given  values  at  S.  It  is  clear  that,  if  any  displacement  has  been  found, 
which  satisfies  the  equations  of  type  (7),  and  yields  the  prescribed  values  for 
the  surface  tractions,  a  small  displacement  which  would  be  possible  in  a  rigid 
body  may  be  superposed  and  the  equations  will  still  be  satisfied ;  the  strain 
and  stress  are  not  altered  by  the  superposition  of  this  displacement.  It 
follows  that,  in  case  (6),  the  solution  of  the  equations  is  indeterminate,  in  the 
sense  that  a  small  displacement  which  would  be  possible  in  a  rigid  body  may 
be  superposed  upon  any  displacement  that  satisfies  the  equations. 

The  question  of  the  existence  of  solutions  of  the  equations  of  type  (7) 
which  also  satisfy  the  given  boundary  conditions  will  not  be  discussed  here. 
It  is  of  more  importance  to  remark  that,  when  the  surface  tractions  are 
given,  the  equations  and  conditions  are  incompatible  unless  these  tractions, 
with  the  body  forces,  are  a  system  of  forces  which  would  keep  a  rigid  body 
in  equilibrium.  Suppose  in  fact  that  u,  v,  w  are  a  system  of  functions  which 
satisfy  the  equations  of  type  (7).  If  we  integrate  the  left-hand  member 
of  (7)  through  the  volume  of  the  body,  and  transform  the  volume-integrals 

*  Dublin,  Trans.  R.  Irish  Acad.  vol.  21  (1H%9)  =  Collected  Worku  of  James  MacCullagh,  Dublin, 
1880,  p.  145. 

+  Phil.  Tram.  Roy.  Soc.  (Ser.  A),  vol.  185  (1894). 
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9  /dW\ 
of  such  terms  as  ^  f  ^ —  1  by  Green's  transformation,  we  find  the  equation 

jj  X,d8+jjj  pXdoi!dydz  =  0 (8) 

If  we  multiply  the  equation  of  type  (7)  which  contains  Z  by  y,  and  that 
which  contains  Y  by  z,  and  subtract,  we  obtain  the  equation 

III  \y  I-  (1^) + .-  (^^ + 1  (l^^l  -^\l  C^) + 1-  (1^) + .-  (^- )1 

JjJ  [_    (oai\dezx/     dy\deyi/      dzXce^^J]         [tixXde^yj     dy  \deyyJ     dz\deyj) 

+  p  (yZ  —  zY)   dxdydz  =  0 ; 
and,  on  transforming  this  by  Green's  transformation,  we  find  the  equation 

{{ {yZ,  -  zY,)  dS+jjj  p(yZ-zY)  dxdydz  =  0 (9) 

In  this  way  all  the  conditions  of  statical  equilibrium  may  be  shown  to  hold. 

118.     Uniqueness  of  solution*. 

We  shall  prove  the  following  theorem : — If  either  the  surface  displace- 
ments or  the  surface  tractions  are  given  the  solution  of  the  problem  of 
equilibrium  is  unique,  in  the  sense  that  the  state  of  stress  (and  strain)  is 
determinate  without  ambiguity. 

We  observe  in  the  first  place  that  the  function  W,  being  a  homogeneous 
quadratic  function  which  is  always  positive  for  real  values  of  its  arguments, 
cannot  vanish  unless  all  its  arguments  vanish.  These  arguments  are  the 
six  components  of  strain ;  and,  when  they  vanish,  the  displacement  is  one 
which  would  be  possible  in  a  rigid  body.  Thus,  if  W  vanishes,  the  body  is 
only  moved  as  a  whole. 

Now,  if  possible,  let  ii',  v',  w'  and  u",  v",  w"  be  two  systems  of  displace- 
ments which  satisfy  the  equations  of  type  (7),  and  also  satisfy  the  given 
conditions  at  the  surface  S  of  the  body.  Then  v!  —  u",  v  —  vf',  w  —  w/'  is  a 
system  of  displacements  which  satisfies  the  equations  of  the  type 

dx\dexx'      dy\dexy)     dz\dezx/        

throughout  the  body,  and  also  satisfies  conditions  at  the  surface.     Denote 
this  displacement  by  (m,  v,  w).     Then  we  can  write  down  the  equation 

{d_  (dW\      d_  /9FN     _9  /dW\ 
\dexx)     dyKdexyJ     dz\dea 


III 


1  0     c 
'\dx\i 


1,9a;  Kde^yJ     oy  \deyyj      dz  \deyi/\ 

«,  |1  (^\      ?_  (^\  + 1  f^-^]]'  dxd  dz  =  0 
\dx\deixJ     dy\deyj      dz\dezzJ]} 

Of.  Kirchiioff,  J.  f.  Math.  (Crelle),  Bd.  56  (1859). 
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and  this  is  the  same  as 


,,|eos(.,.)g— +cos(y.  ^)9;^+cos(.,  .)g^| 

+  two  similar  expressions 

aTf  9Tr  9F         9Tf         9ir         9Tf 

_9ea;a;  9«!/!/  9«2z  9V  ^ej^;  9e9;j, 


rf/S 


dxdydz  =  0. 


When  the  surface  conditions  are  of  displacement  w,  ?;,  w  vanish  at  all  points 
of  S ;  and  when  they  are  of  traction  the  tractions  calculated  from  u,  v,  w 
vanish  at  all  points  of  S.     In  either  case,  the  surface  integral  in  the  above 

equation  vanishes.     The  volume  integral  is  j\\2Wdxdydz;   and  since  Wis 

necessarily  positive,  this  cannot  vanish  unless  Tf  vanishes.  Hence  {u,  v,  w) 
is  a  displacement  possible  in  a  rigid  body.  When  the  surface  conditions  are 
of  displacement  u,  v,  w  must  vanish,  for  they  vanish  at  all  points  of  S. 

119.     Theorem  of  minimum  energy. 

The  theorem  of  uniqueness  of  solution  is  associated  with  a  theorem  of 
minimum  potential  energy.  We  consider  the  case  where  there  are  no  body 
forces,  and  the  surface  displacements  are  given.  The  potential  energy  of 
deformation  of  the  body  is  the  volume  integral  of  the  strain-energy-function 
taken  through  the  volume  of  the  body.  We  may  state  the  theorem  in  the 
form  : — 

The  displacement  which  satisfies  the  differential  equations  of  equilibrium, 
as  well  as  the  conditions  at  the  bounding  surface,  yields  a  smaller  value  for 
the  potential  energy  of  deformation  than  any  other  displacement,  which 
satisfies  the  same  conditions  at  the  bounding  surface. 

Let  (w,  V,  w)  be  the  displacement  which  satisfies  the  equations  of 
equilibrium  throughout  the  body  and  the  conditions  at  the  bounding  surface, 
and  let  any  other  displacement  which  satisfies  the  conditions  at  the  surface 
be  denoted  by  {u  +  u',v  +  v',  w  +  w').  The  quantities  u',  v',  w'  vanish  at  the 
surface.  We  denote  collectively  by  e  the  strain-components  calculated  from 
u,  V,  w,  and  by  e'  the  strain-components  calculated  from  u',  v',  w';  we  denote 
by  f{e)  the  strain-energy-function  calculated  from  the  displacements  u,  v,  w, 
with  a  similar  notation  for  the  strain-energy-function  calculated  from  the 
other  displacements.  We  write  V  for  the  potential  energy  of  deformation 
corresponding  with  the  displacement  (w,  v,  w),  and  Fi  for  the  potential  energy 
of  deformation  corresponding  with  the  displacement  (u  +  u',  v  +  v',  w  +  w'). 
Then  we  show  that   V^—V  must  be  positive. 

We  have 

^i  -  f^  =  ///{/  (e  +  e')  -f{e)]  dxdydz, 


■^.•«^*./(.') 


doodydz, 
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and  this  is  the  same  as 

because  /(e)  is  a  homogeneous  quadratic  function  of  the  arguments  denoted 
collectively  by  e.  Herein /(e')  is  necessarily  positive,  for  it  is  the  strain- 
energy-function  calculated  from  the  displacement  (m',  v',  w').  Also  we  have, 
in  the  ordinary  notation, 

^  , df{e) _du_dW     dvdW     dw' dW 
de         dx  dCxx     dy  dcyy      dz  de^z 

\dy      dz)  deyz      \dz       dx  J  de^^      \dx      dy )  de^y' 

We  transform  the  volume  integral  of  this  expression  into  a  surface  integral 
and  a  volume  integral,  neither  of  which  involves  differential  coefficients  of 
u',  v',  w'.  The  surface  integral  vanishes  because  u ,  v',  w'  vanish  at  the 
surface.     The  coefficient  of  u'  in  the  volume  integral  is 

a  fdW\       d  /dW\       d_/dW\ 
dx  \de^)      dy  \dexy)      dz  [de^xJ  ' 

and  this  vanishes  in  virtue  of  the  equations  of  equilibrium.  In  like  manner 
the  coefficients  of  v'  and  w'  vanish.     It  follows  that 

V,-V=jljf(e')dxdydz, 

which  is  necessarily  positive,  and  therefore  V<  Fj. 

The  converse  of  this  theorem  has  been  employed  to  prove  that  there  exists  a  solution 
of  the  equations  of  equilibrium  which  yields  given  values  for  the  displacements  at  the 
boundary*.  If  we  knew  independently  that  among  all  the  sets  of  functions  u,  v,  w,  which 
take  the  given  values  on  the  boundary,  there  must  be  one  which  gives  a  smaller  value  to 

Wdxdydz  than  any  other  gives,  we  could  infer  the  truth  of  this  converse  theorem. 


/// 


The  same  difficulty  occurs  in  the  proof  of  the  existence-theorem  in  the  Theory  of 
Potential  t.  In  that  theory  it  has  been  attempted  to  turn  the  difficulty  by  devising  an 
explicit  process  for  constructing  the  required  function  {.  In  the  case  of  two-dimensional 
potential  functions  the  existence  of  a  minimum  for  the  integral  concerned  has  been  proved 
by  Hilbert§. 

*  Lord  Kelvin  (Sir  W.  Thomson),  Phil.  Trans.  Roy.  Soc.  vol.  153  {1S6S)  =Math.  and  Phys. 
Papers,  vol.  3,  p.  351. 

t  The  difficulty  appears  to  have  been  pointed  out  first  by  Weierstrass  in  his  lectures  on  the 
Calculus  of  Variations.  See  the  Article  '  Variation  of  an  integral '  in  Eiicy.  Brit.  Supplement, 
[Ency.  Brit.,  10th  ed.,  vol.  38  (1902)]. 

X  See,  e.g.,  C.  Neumann,  Vntersuclmngen  iiber  das  logarithmische  und  Newton'scJie  Potential, 
Leipzig,  1877. 

§  '  Ueber  das  Dirichlet'sche  Prinoip,'  (Festschrift  zur  Feier  des  150  jdhrigen  Bestehens  d.  Kvnigl. 
Ges.  d.  Wiss.  zu  Gottingen),  Berlin,  1901. 
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120.     Theorem  conceniing  the  potential  energy  of  deformation *- 

The  potential  energy  of  deformation  of  a  body,  which  is  in  equilibrium 
under  given  load,  is  equal  to  half  the  work  done  by  the  external  forces, 
acting  through  the  displacements  from  the  unstressed  state  to  the  state 
of  equilibrium. 

The  work  in  question  is 

(jj  p  (uX  +vY+  wZ)  dxdydz  +  I  (  {uX^  +  vY,  +  wZJ)  dS. 
The  surface  integral  is  the  sum  of  three  such  terms  as 

■(  r —  COS  {x,  V)  +  X —  cos  {y,  v)  +  ^ —  cos  (z,  v)\db\ 
and  the  work  in  question  is  therefore  equal  to 


//■ 


+  ^  5 h  ^  z 1-^5—+...  +  ...^  dxdydz 

dxdexx     oydexy     ozdezxJ  ] 


[f[/     dW  dW  dW  dW  ,       dW  ,        dW\,,, 

+ III  ['-  sl7.  + '-  ai7. "" '-  ai^  + '"'  a^  +  ^-  ai;  +  ^-  a^ j  '^^^^z'^^- 

The  first  line  of  this  expression  vanishes  in  virtue  of  the  equations  of 
equilibrium,  and  the  second  line  is  equal  to  2  1 1 1  Wdxdydz.  Hence  the 
theorem  follows  at  once. 

121.     The  reciprocal  theorem +. 

Let  u,  V,  w  be  any  functions  of  x,  y,  z,  t  which  are  one-valued  and  free 
from  discontinuity  throughout  the  space  occupied  by  a  body  ;  and  let  us 
suppose  that  u,  v,  w  are  not  too  great  at  any  point  to  admit  of  their  being 
displacements  within  the  range  of  "  small  displacements "  contemplated  in 
the  theory  of  elasticity  founded  on  Hooke's  Law.  Then  suitable  forces 
could  maintain  the  body  in  the  state  of  displacement  determined  by  u,  v,  w. 
The  body  forces  and  surface  tractions  that  would  be  required  can  be 
determined  by  calculating  the  strain-components  and  strain-energy-function 
from  the  displacement  (u,  v,  w)  and  substituting  in  the  equations  of 
the  types 

dx  \dexxl      dy  \de^)      dz  Xde^x)  ~  ^df' 

Jl  ^  =  cos  («,  V )   5 —    +  cos  (y,  v)    5 —    +  cos  (z,  v)  7: — . 
\dexxJ  ^       \dexyj  ^  de^^ 

*  In  some  books  the  potential  energy  of  deformation  is  called  the  ' '  resilience  "  of  the  body. 

t  The  theorem  is  due  to  E.  Betti,  II  nuovo  Cimento  (Ser.  2),  tt.  7  and  8  (1872).  It  is  a 
special  case  of  a  more  general  theorem  given  by  Lord  Bayleigh,  London  Math.  Soe,  Proc,  vol.  4 
{1S^S}  =  Scientific  Papers,  vol.  1,  p.  179.  For  a  general  discussion  of  reciprocal  theorems 
in  Dynamics  reference  may  be  made  to  »  paper  by  H.  Lamb,  London  Math.  Soc.  Proc,  vol.  19 
(1889),  p.  144. 
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The  displacement  u,  v,  w  is  one  that  could  be  produced  by  these  body  forces 
and  surface  tractions. 

Now  let  (m,  V,  w),  {u,  v',  w'}  be  two  sets  of  displacements,  (X,  Y,  Z)  and 
(X',  Y',  Z')  the  corresponding  body  forces,  (Z„,  F„  Z,)  and  (X'„,  7'„,  Z',) 
the  corresponding  surface  tractions.     The  reciprocal  theorem  is  as  follows : — 

The  whole  work  done  by  the  forces  of  the  first  set  (including  kinetic 
reactions),  acting  over  the  displacements  produced  by  the  second  set,  is  equal 
to  the  whole  work  done  by  the  forces  of  the  second  set,  acting  over  the  displace- 
ments produced  by  the  first. 

The  analytical  statement  of  the  theorem  is  expressed  by  the  equation 
+  fj{X,u'  +  Y^v  +  Z,w')  dS 

+  jj(X\u+Y\v  +  Z'„w)dS.     (11) 

In  virtue  of  the  equations  of  motion  and  the  equations  which  connect 
the  surface  tractions  with  stress-components,  we  may  express  the  left-hand 
member  of  (11)  in  terms  of  stress-components  in  the  form  of  a  sum  of  terms 
containing  u',  v',  w'  explicitly.     The  terms  in  u'  are 

jJJ       [doc  [de^x/      dy  \de^)      dz  Xjde^J)         " 

+  //  «'  {eos  (.,  .)  g-£)  +  cos  {y,  v)  gjj  +  cos  (.,  .)  (g)}  dS. 

It  follows  that  the  left-hand  member  of  (11)  may  be  expressed  as  a  volume 
integral ;  and  it  takes  the  form 


/// 


^  XX  ^         I    ^  yy  ^        ~r^22^       "^  ^  yz  '~\         i   ^  zx  --i         '      !xy  '^ 

oexx  ^eyy  oegg  oCyg  ob^x  ^^mi. 


dxdydz 


By  a  general  property  of  quadratic  functions,  this  expression  is  symmetrical  in 
the  components  of  strain  of  the  two  systems,  exx,  •••  and  e'xx It  is  there- 
fore the  same  as  the  result  of  transforming  the  right-hand  member  of  (11). 

122.     Determination  of  average  strains*. 

We  may  use  the  reciprocal  theorem  to  find  the  average  values  of  the 

strains  produced  in  a  body  by  any  system  of  forces  by  which  equilibrium 

can  be  maintained.     For  this  purpose  we  have  only  to  suppose  that  u',  v,  w 

are  displacements  corresponding  with  a   homogeneous  strain.     The  stress- 

*  The  method  is  due  to  Betti,  loc.  cit. 


// 
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components  calculated  from  u  ,  v',  w'  are  then  constant  throughout  the  body. 
Equation  (11)  can  be  expressed  in  the  form 

(exr.X'x  +  eyyY'y  +  e„Z'^  +  ByJ'^  +  e^^Z'^  +  e^yX'y)  dxdydz 

p  {Xu'  +  Yv'  +  Zw') dxdydz  +  \Ux,u'  +  Y,v'  +  Z,w')  dS....{\2) 

If  X'x  is  the  only  stress-component  of  the  uniform  stress  that  is  different 
from  zero  the  corresponding  strain-components  can  be  calculated  from  the 
stress-strain  relations,  and  the  displacements  {u,  v',  w')  can  be  found.     Thus 

the  quantity    jij  e^xdxdydz  can   be  determined,  and   this   quantity  is  the 

product  of  the  volume  of  the  body  and  the  average  value  of  the  strain- 
component  Bxx  taken  through  the  body.  In  the  same  way  the  average  of 
any  other  strain  can  be  determined.  To  find  the  average  value  of  the 
cubical  dilatation  we  take  the  uniform  stress-system  to  consist  of  uniform 
tension  the  same  in  all  directions  round  a  point. 

123.     Average  strains  in  an  isotropic  solid  body. 

In  the  case  of  an  isotropic  solid  of  volume  V  the  average  value  of  Bxx  is 

^^j j jp{Xx-a{Yy+Zz)]dxdydz  +  ^j j{X,x- criY,y  +  Z^z)}dS;... (IS) 

the  average  value  of  e^^  is 

^jjjp(Yz  +  Zy)dxdydz+^jjp(Y.z  +  Z.y)dS; (14) 

the  average  value  of  A  is 

^jjjp(Xx+Yy  +  Zz)dxdydz+^jj(X.x  +  Y,y  +  Z.z)dS.... (15) 

The  following  results*  may  be  obtained  easily  from  these  formulae  : — 

(i)  A  solid  cylinder  of  any  form  of  section  resting  on  one  end  on  a  horizontal  plane  is 
shorter  than  it  would  be  in  the  unstressed  state  by  a  length  Wlj'iEw,  where  W  is  its 
weight,  I  its  length,  m  the  area  of  its  cross-section.  The  volume  of  the  cylinder  is  less 
than  it  would  be  in  the  unstressed  state  by  WI/6L 

(ii)  When  the  same  cylinder  lies  on  its  side,  it  is  longer  than  it  would  be  in  the 
unstressed  state  by  a  WhjBa,  where  h  is  the  height  of  the  centre  of  gravity  above  the 
plane.  The  volume  of  the  cylinder  is  less  than  it  would  be  in  the  unstressed  state  by, 
Wh/3L 

(iii)  A  body  of  any  form  compressed  between  two  parallel  planes,  at  a  distance  a 
apart,  will  have  its  volume  diminished  by  pc/3k,  where  p  is  the  resultant  pressure  on 
either  plane.     If  the  body  is  a  cylinder  with  plane  ends  at  right  angles  to  its  generators, 

*  Numerous  examples  of  the  application  of  these  formalse,  and  the  corresponding  formulse 
for  an  seolotropic  body,  have  been  given  by  C.  Chree,  Cambridge  Phil.  Soc.  Trans.,  vol.  15 
(1892),  p.  313. 


122-124]  THEORY    OF   VIBRATIONS  173 

and  these  ends  are  in  contact  with  the  compressing  planes,  its  length  will  be  diminished 
by  pcjEta,  where  a  is  the  area  of  the  cross-section. 

(iv)  A  vessel  of  any  form,  of  internal  volume  Fj  and  external  volume  Fj,  when 
subjected  to  internal  pressure  ^j  and  external  pressure  p,,,  wiU  be  deformed  so  that  the 
volume  Fq—  Fj  of  the  material  of  the  vessel  is  diminished  by  the  amount  [p,,  V(,—pi  V^j/k. 

124.     The  general  problem  of  vibrations.     Uniqueness  of  solution. 

When  a  solid  body  is  held  in  a  state  of  strain,  and  the  forces  that 
maintain  the  strain  cease  to  act,  internal  relative  motion  is  generally  set  up. 
Such  motions  can  also  be  set  up  by  the  action  of  forces  which  vary  with  the 
time.  In  the  latter  case  they  may  be  described  as  "  forced  motions."  In 
problems  of  forced  motions  the  conditions  at  the  surface  may  be  conditions 
of  displacement  or  conditions  of  traction.  When  there  are  no  forces,  and  the 
surface  of  the  body  is  free  from  traction,  the  motions  that  can  take  place  are 
"  free  vibrations.''  They  are  to  be  determined  by  solving  the  equations  of 
the  type 


(dW\      d_  'dW\      d_ /dW\  _     9^ 

[dej'^dy  [dej^dz  [deJ-Pdt' ^^^^ 


dos  \9e, 

in  a  form  adapted  to  satisfy  the  conditions  of  the  type 

dW                     dW                     dW 
cos(ir,  J/)  ^ |-cos(y,  v)  ^ \-cos{z,  i/)  ^ —  =  0    (17) 

06xx  OBxy  oe^a; 

at  the  surface  of  the  body.  There  is  an  infinite  number  of  modes  of  free 
vibration,  and  we  can  adapt  the  solution  of  the  equations  to  satisfy  given 
conditions  of  displacement  and  velocity  in  the  initial  state. 

When  there  are  variable  body  forces,  and  the  surface  is  free  from  traction, 
free  vibrations  can  coexist  with  forced  motions,  and  the  like  holds  good  for 
forced  motions  produced  by  variable  surface  tractions. 

The  methods  of  integration  of  the  equations  of  free  vibration  will 
occupy  us  immediately.  We  shall  prove  here  that  a  solution  of  the 
equations  of  free  vibration  which  also  satisfies  given  initial  conditions  of 
displacement  and  velocity  is  unique* 

If  possible,  let  there  be  two  sets  of  displacements  {u',v',w')  and  (u",  v",'w") 
which  both  satisfy  the  equations  of  type  (16)  and  the  conditions  of  type  (17), 
and,  at  a  certain  instant,  t  =  ta,  let  («',  v',  w')  —  (u",  v",  w")  and 

du'      dv'      dw'\      /du"      dv"      dW 


r)  = 


dt'     dt'      dtj      \dt  '     dt  '      dt 

The  difference  («'  —  u",  v'  —  v",  w'  —  w")  would  be  a  displacement  which  would 
also  satisfy  the  equations  of  type  (16)  and  the  conditions  of  type  (17),  and, 
at  the  instant  t  =  to,  this  displacement  and  the  corresponding  velocity  would 

*  Cf.  F.  Neumann,  Vorlestmgen  ilber ...Elasticitdt,  p.  125. 
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vanish.     Let  (u,  v,  w)  denote  this  displacement.     We  form  the  equation 

'du  \    d'u  _d_  fdW\  _  d_  /dW\  _  d^  fdW\ 


Ml 


dt\"dt''        dxKdexxl      'dy^e^/ 


\  _  3^  rd_w\ 

I      dz  \dezx) 

^l[    ^        a  /dW\      d  /dW\      d  /SFN) 
dt\"dt^        dx\de^)      dy\deyy)      dz\deys/} 

1  f^JK]  _  i  (^ 


dw  j    d^w 


dx  \de^x 


dxdydz  =  0,.. (18) 


in  which  the  components  of  strain,  e-ra  •  ■  ■ ,  and  the  strain-energy-function,  TT, 
are  to  be  calculated  from  the  displacement  (u,  v,  w).  The  terms  containing  p 
can  be  integrated  with  respect  to  t,  and  the  result  is  that  these  terms  are 
equal  to  the  kinetic  energy  at  time  t  calculated  from  dujdt, ...,  for  the  kinetic 
energy  at  time  4  vanishes.  The  terms  containing  W  can  be  transformed  into 
a  surface  integral  and  a  volume  integral.  The  surface  integral  is  the  sum 
of  three  terms  of  the  type 


■/>! 


dS  g^  jcos  (X,  V)  [^)  +  cos  {y,  V)  [^)  +  cos  ^z,  v)  (^^^ 

and  this  vanishes  because   the    surface  tractions  calculated  from   (m,  v,  w) 
vanish.     The  volume  integral  is 


/, 


dt\ 


dWdexx     dWdeyy     dWde^     dW dey,     dW de,x  ^  dWde, 
dcxx   8*       Ssyy  dt       'dezz   dt       dsy^  dt       de^x  it       dexy 


dt 


dxdydz, 


dt) 

fdvy 

+(- 

y 


and  this  is  the  value  of  1 1 1  Wdxdydz  at  time  t,  for  W  vanishes  at  the  instant 

t  =  t„,  because  the  displacement  vanishes  throughout  the  body  at  that  instant. 
Our  equation  (18)  is  therefore 

+  W[dxdydz  =  0   (19) 

and  this  equation  cannot  hold  unless,  at  the  time  t,  the  velocity  (dujdt,...) 
and  the  strain-energy-function  W  vanish.  There  would  then  be  no  velocity 
and  no  strain,  and  any  displacement  {u,  v,  w)  that  could  exist  would  be 
possible  in  a  rigid  body  and  independent  of  the  time.  Since  (m,  v,  w)  vanishes 
throughout  the  body  at  the  instant  t  =  to,  it  vanishes  throughout  the  body  at 
all  subsequent  instants. 


125.     Flux  of  energy  in  vibratory  motion. 

The  kinetic  energy  T  and  potential  energy  V  of  the  portion  of  the  body  within  a  closed 
surface  S  are  expressed  by  the  formiilae 

r=  j  I  Up{u^  +  v^+w^)  dxdydz,      V=  iU  Wdxdydz, 
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in  which  the  dots  denote  differentiation  with  respect  to  t,  and  the  integration  extends 
through  the  volume  within  S.     We  have  at  once 

c?,^,  T^      fffi   ,-■ ....,dWdu     dWdv     dWdw 

dW/dw     dv\     dWfdu     dw\      dW /dv      du\]    ,    ,    , 

The  right-hand  member  may  be  transformed  into  a  volume  integral  and  a  surface  integral. 
The  terms  of  the  volume  integral  which  contain  u  are 

[[(u(  u-  —  —  -—l^-^^-F.\d 
JjJ^V       ^'xSe^x     3y3e^y     S^de^J    ^  ^  ^' 

and  the  terms  of  the  surface  integral  which  contain  a  are 

[f.  (dW       ,      .     dW       ,      ,     dW       ,     0    ,„ 
j  j  "  fc  °°'  ^'''  "^  +  3^  "°'  ^'"^^d^  "°'  ^''  "^1  '^^- 
When  there  are  no  body  forces,  we  deduce  the  equation 

j^{T+V)=  j  j(uX^+vY^  +  wZ^)dS (21) 

This  equation  may  be  expressed  in  words  in  the  form : — The  rate  of  increase  of  the  energy 
within  iS  is  equal  to  the  rate  at  which  work  is  done  by  the  tractions  across  S. 

According  to  the  theorem  (vii)  of  Article  53  the  expression  —{v,X„  +  vT^+wZ„)  is  the 
normal  component  of  a  vector  quantity,  of  which  the  components  parallel  to  the  axes  are 

-  (mX^  +  iX^ + wZ^),     -  (uXy  +  iry  +  w  r,),     -  (uZx  +  ir^  +  wZ,). 

This  vector  therefore  may  be  used  to  calculate  the  flux  of  energy. 

126.     Free  vibrations  of  elastic  solid  bodies. 

In  the  theory  of  the  small  oscillations  of  dynamical  systems  with  a  finite 
number  of  degrees  of  freedom,  it  is  shown  that  the  most  general  small  motion 
of  a  system,  which  is  slightly  disturbed  from  a  position  of  stable  equilibrium, 
is  capable  of  analysis  into  a  number  of  small  periodic  motions,  each  of  which 
could  be  executed  independently  of  the  others.  The  number  of  these  special 
types  of  motion  is  equal  to  the  number  of  degrees  of  freedom  of  the  system. 
Each  of  them  is  characterized  by  the  following  properties : — 

(i)      The  motion  of  every  particle  of  the  system  is  simple  harmonic. 

(ii)  The  period  and  phase  of  the  simple  harmonic  motion  are  the 
same  for  all  the  particles. 

(iii)  The  displacement  of  any  particle  from  its  equilibrium  position, 
estimated  in  any  direction,  bears  a  definite  ratio  to  the  displacement  of  any 
chosen  particle  in  any  specified  direction. 

When  the  system  is  moving  in  one  of  these  special  ways  it  is  said  to  be 
oscillating  in  a  "principal"  (or  ''normal")  mode.  The  motion  consequent 
upon  any  small  disturbance  can  be  represented  as  the  result  of  superposed 
motions  in  the  different  normal  modes. 
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When  we  attempt  to  generalize  this  theory,  so  as  to  apply  it  to  systems 
with  infinite  freedom,  we  begin  by  seeking  for  normal  modes  of  vibration*. 
Taking  pl^w  for  the  frequency  of  such  a  mode  of  motion,  we  assume  for  the 
displacement  the  formulae 

it  =  «.'  cos  (pt  +  e),     v  =  v'  cos  (pt  +  e),     w  =  w'  cos  (pt  +  e),  ..  .(22) 

in  which  u,  v',  w  are  functions  of  x,  y,  z,  but  not  of  t,  and  p  and  e  are 
constants.  Now  let  W  be  what  the  strain-energy-function,  W,  would  become 
if  u,  v',  w  were  the  displacement,  and  let  Z ',;,...  be  what  the  stress-components 
would  become  in  the  same  case,-  The  equations  of  motion  under  no  body 
forces  take  such  forms  as 

T+f-'+'t  +  ''^'=''^  *'''> 

and  the  boundary  conditions,  when  the  surface  is  free  from  traction,  take 
such  forms  as 

cos  {x,  v)  X'^  +  cos  (y,  v)  X'y  +  cos{z,v)Z'^  =  () (24) 

These  equations  and  conditions  suffice  to  determine  u',  v',  w  as  functions  of 
X,  y,  z  with  an  arbitrary  constant  multiplier,  and  these  functions  also  involve  p. 
The  boundary  conditions  lead  to  an  equation  for  p,  in  general  transcendental 
and  having  an  infinite  number  of  roots.  This  equation  is  known  as  the 
"  frequency-equation." 

It  thus  appears  that  an  elastic  solid  body  possesses  an  infinite  number 
of  normal  modes  of  vibration. 

Let  ^1,  Pi,  ■■■  be  the  roots  of  the  frequency-equation,  and  let  the  normal 
mode  of  vibration  with  period  27r/p,  be  expressed  by  the  equations 

U  =  ArUr  cos  (prt  +  6,),     V  =  ArVr  COS  (p^t  ■+  6,),     W  =  A^Wr  COS  {prt  +  6,), . .  .(25) 

in  which  Ar  is  an  arbitrary  constant  multiplier ;  the  functions  m,,  Vr,  w^  are 
called  "  normal  functions." 

The  result  of  superposing  motions  in  the  different  normal  modes  would 
be  a  motion  expressed  by  equations  of  the  type 

U  =  l,Ur4>r,       V  =  XVr4>r,       lU  =  'XWr(f>ri      (26) 

in  which  (pr  stands  for  the  function  A^  cos  (p^t  +  e^).  The  statement  that 
every  small  motion  of  the  system  can  be  represented  as  the  result  of  super- 
posed motions  in  normal  modes  is  equivalent  to  a  theorem,  viz.:  that  any 
arbitrary  displacement  (or  velocity)  can  be  represented  as  the  sum  of  a  finite 
or  infinite  series  of  normal  functions.  Such  theorems  concerning  the 
expansions  of  functions  are  generalizations  of  Fourier's  theorem,  and,  from 
the  point  of  view  of  a  rigorous  analysis,  they  require  independent  proof. 
Every  problem  of  free  vibrations  suggests  such  a  theorem  of  expansion. 

*  See  Clebsch,  Elasticitdt,  or  Lord  Bajleigh,  Theory  of  Sound,  vol.  1. 
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127.     General  theorems  relating  to  free  vibrations*. 

(i)     In  the  variational  equation  of  motion 

jjJBWdxdydz+jjjp  (^^  Sm  +  I^  Si;  +  ^8w)  dxdydz  =  0...{21) 

let  M,  V,  w  have  the  forms  Uri^r,  '>'r4>r>  w,.(pr,  and  let  8u,  Sv,  Bw  have  the  forms 
Us4>s>  %<ps,  Wg<f)s,  where  (^,  and  ^s  stand  for  A^  cos  {prt  +  e^)  and  As  cos  {pgt  +  e,), 
and  the  constants  Ar  and  Ag  may  be  as  small  as  we  please.  Let  W  become 
Wr  when  Ur,  v^,  Wr  are  substituted  for  w,  v,  w,  and  become  Wg  when  Ug,  %,  Wg 
are  substituted  for  u,  v,  w.  Let  e  denote  any  one  of  the  six  strain-com- 
ponents, and  let  e.r  and  eg  denote  what  e  becomes  when  m,,  Vr,  Wr  and  Ug,  Vg,  Wg 
respectively  are  substituted  for  u,  v,  w.  Then  the  variational  equation  takes 
the  form 

1 1 1  S  ( ^ —  eg  j  dxdydz  =  f^  \\\  P  (^*»-"s  +  ^r^s  +  w^Wg)  dxdydz. 

The  left-hand  member  is  unaltered  when  e^  and  eg  are  interchanged,  i.e.  when 
u,  V,  w  are  taken  to  have  the  forms  Ug(f>g, ...  and  Sm,  Zv,  Bw  are  taken  to  have 
the  forms  Ur<f>r,  ■■•  and  then  the  right-hand  member  contains  ^/ instead  oi p/. 
Since  p^  and  pg  are  unequal  it  follows  that 


'//' 


p  {UrUg  +  VrVg  +  w^Wg)  dxdydz  =  0 (28) 

This  result  is  known  as  the  "  conjugate  property  "  of  the  normal  functions. 

(ii)  We  may  write  ^,.  in  the  forms  A^  cos  p^t  +  BrSmprt,  and  then  the 
conjugate  property  of  the  normal  functions  enables  us  to  determine  the 
constants  A,.,  B^  in  terms  of  the  initial  displacement  and  velocity.  We 
assume  that  the  displacement  at  any  time  can  be  represented  in  the 
form  (26).     Then  initially  we  have 

U^  =  1ArUr,  Vo^'^ArVr,  W„  =  2^rW^r, (29) 

U„  =  'S,BrPrllr,      Vo=~BrPrVr,       Wo  =  l.BrPrWr,  (30) 

where  (mq,  ■Wo.  ^o)  is  the  initial  displacement  and  (Uo,  Vo,  Wo)  is  the  initial 
velocity.  On  multiplying  the  three  equations  of  (29)  by  pUr,  pv^,  pw^ 
respectively,  and  integrating  through  the  volume  of  the  body,  we  obtain  the 
equation 

Arjllp (ur'  +  V  +  w/) dxdydz  =  jlj  p  i^-d'-'r  +  i^aVr  +  w^Wr) dxdydz.  . . .(31 ) 

The  other  coefficients  are  determined  by  a  similar  process. 

(iii)     The  conjugate  property  of  the  normal  functions  may  be  used 

*  These  theorems  were  given  by  Clebsoh  as  a  generalization  of  Poisson's  theory  of  the 
vibrations  of  an  elastic  sphere.     See  Introduction. 

L.  E.  12 
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to  show  that  the  frequency-equation  cannot  have  imaginary  roots.  If  there 
were  a  root  Tp^  of  the  form  a  +  t/S,  there  would  also  be  a  root  p/  of  the  form 
a  — 1/8.  With  these  there  would  correspond  two  sets  of  normal  functions 
Mr,  Vr,  Wr  and  M,,  v^,  Wg  which  also  would  be  conjugate  imaginaries.  The 
equation 

\\\  p  {UrUg  +  VrVs  +  WrWg)  dxdycLz  =  0 

could  not  then  be  satisfied,  for  the  subject  of  integration  would  be  the 
product  of  the  positive  quantity  p  and  a  sum  of  positive  squares. 

It  remains  to  show  that  pr'  cannot  be  negative.  For  this  purpose  we 
consider  the  integral 

\\\  p  (u,^  +  v/  +  Wr')  dxdydz, 

which  is  equal  to 

where  Xx^''\  ...  are  what  X^,  ...  become  when  Ur,  Vr,  Wr  are  substituted  for 
M,  V,  w.     The  expression  last  written  can  be  transformed  into 

-  Pr~'  (f[ur  (cos  (x,  v)  Z,;"-'  +  COS  {y,  v)  Xy"->  +  cos  {z,  v)ZJ'-^]  +  ...+... ]dS 

+  Pr"'  \\\  2  Wr  dxdydz, 

in  which  the  surface  integral  vanishes  and  the  volume  integral  is  necessarily 
positive.     It  follows  that  p^^  is  positive. 

128.     Load  suddenly  applied  or  suddenly  reversed. 

The  theory  of  the  vibrations  of  solids  may  be  used  to  prove  two  theorems 
of  great  importance  in  regard  to  the  strength  of  materials.  The  first  of  these 
is  that  the  strain  produced  by  a  load  suddenly  applied  may  be  twice  as  great 
as  that  produced  by  the  gradual  application  of  the  same  load ;  the  second  is 
that,  if  the  load  is  suddenly  reversed,  the  strain  may  be  trebled. 

To  prove  the  first  theorem,  we  observe  that,  if  a  load  is  suddenly  applied 
to  an  elastic  system,  the  system  will  be  thrown  into  a  state  of  vibration 
about  a  certain  equilibrium  configuration,  viz.  that  which  the  system  would 
take  if  the  load  were  applied  gradually.  The  initial  state  is  one  in  which 
the  energy  is  purely  potential,  and,  as  there  is  no  elastic  stress,  this  energy 
is  due  simply  to  the  position  of  the  elastic  solid  in  the  field  of  force 
constituting  the  load.  If  the  initial  position  is  a  possible  position  of 
instantaneous  rest  in  a  normal  mode  of  oscillation  of  the  system,  then  the 
system  will  oscillate  in  that  normal  mode,  and  the  configuration  at  the  end 
of  a   quarter  of  a   period  will    be    the    equilibrium    configuration,  i.e.  the 
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displacement  from  the  equilibrium  configuration  will  then  be  zero ;  at  the 
end  of  a  half-period,  it  will  be  equal  and  opposite  to  that  in  the  initial 
position.  The  maximum  displacement  from  the  initial  configuration  will 
therefore  be  twice  that  in  the  equilibrium  configuration.  If  the  system, 
when  left  to  itself  under  the  suddenly  applied  load,  does  not  oscillate  in 
a  normal  mode  the  strain  will  be  less  than  twice  that  in  the  equilibrium 
configuration,  since  the  system  never  passes  into  a  configuration  in  which 
the  energy  is  purely  potential. 

The  proof  of  the  second  theorem  is  similar.  The  system  being  held 
strained  in  a  configuration  of  equilibrium,  the  load  is  suddenly  reversed,  and 
the  new  position  of  equilibrium  is  one  in  which  all  the  displacements  are 
reversed.  This  is  the  position  about  which  the  system  oscillates.  If  it 
oscillates  in  a  normal  mode  the  maximum  displacement  from  the  equilibrium 
configuration  is  double  the  initial  displacement  from  the  configuration  of  no 
strain;  and,  at  the  instant  when  the  displacement  from  the  equilibrium 
configuration  is  a  maximum,  the  displacement  from  the  configuration  of 
no  strain  is  three  times  that  which  would  occur  in  the  equilibrium 
configuration. 

A  typical  example  of  the  first  theorem  is  the  case  of  an  elastic  string, 
to  which  a  weight  is  suddenly  attached.  The  greatest  extension  of  the 
string  is  double  that  which  it  has,  when  statically  supporting  the  weight. 

A  typical  example  of  the  second  theorem  is  the  case  of  a  cylindrical 
shaft  held  twisted.  If  the  twisting  couple  is  suddenly  reversed  the  greatest 
shear  can  be  three  times  that  which  originally  accompanied  the  twist. 
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CHAPTER  VIII. 


THE   TRANSMISSION   OF   FORCE. 

129.  In  this  Chapter  we  propose  to  investigate  some  special  problems 
of  the  equilibrium  of  an  isotropic  solid  body  under  no  body  forces.  We 
shall  take  the  equations  of  equilibrium  in  the  forms 

and  shall  consider  certain  particular  solutions  which  tend  to  become  infinite 
in  the  neighbourhood  of  chosen  points.  These  points  must  be  outside  the 
body,  or  in  cavities  within  the  body.  We  have  a  theory  of  the  solution  of 
the  equations,  by  a  synthesis  of  solutions  having  certain  points  as  singular 
points,  analogous  to  the  theory  of  harmonic  functions  regarded  as  the  poten- 
tials due  to  point  masses.  From  the  physical  point  of  view  the  simplest 
singular  point  is  a  point  at  which  a  force  acts  on  the  body. 

130.  Force  operative  at  a  point* 

When  body  forces  (X,  Y,  Z)  act  on  the  body  the  equations  of  equi- 
librium are 

^^+'"K^'  h'  £)^+''^'^"' '''  ^)+'°(^'  ^'  ^)=^'  -(^^ 

and  the  most  general  solution  of  these  equations  will  be  obtained  by  adding 
to  any  particular  solution  of  them  the  general  solution  of  equations  (1).  The 
effects  of  the  body  forces  are  represented  by  the  particular  solution.  We 
seek  such  a  solution  in  the  case  where  (X,  Y,  Z)  are  different  from  zero 
within  a  finite  volume  T  and  vanish  outside  T.  The  volume  T  may  be  that 
of  the  body  or  that  of  a  part  of  the  body.  For  the  purpose-in  hand  we  may 
think  of  the  body  as  extended  indefinitely  in  all  directions  and  the  volume  T 
as  a  part  of  it.     We  pass  to  a  limit  by  diminishing  T  indefinitely. 

*  The  results  obtained  in  this  Article  are  due  to  Lord  Kelvin.     See  Introduction,  footnote  66. 
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We  express  the  displacement  by  means  of  a  scalar  potential  <f)  and  a 
vector  potential  {F,  0,  H)  (cf.  Article  16)  by  means  of  formulae  of  the  type 


.(3) 


dx      dy       dz 

and  we   express   the  body  force   in  like  manner  by  means  of  formulae  of 
the  type 

X  =  ^  +  ?^-?^  (4) 

9a;       dy       dz  ^  ' 

Since  A  =  V^(^,  . . . ,  the  equations  (2)  can  be  written  in  such  forms  as 


(^-^'')^-*-''(l'-^-al-«)-''(s^f-f)=<>.-« 


.(6) 


^'^''-^-^''^y^'^y'^^' 


■0) 


and  particular  solutions  can  be  obtained  by  writing  down  particular  solutions 
of  the  four  equations  ' 

(X  +  2/i)  7=^0  +  p*  =  0,    iJ.V'F  +  pL  =  0,  ) 

liVO  +  pM=0,    iiV^H+pN=0.  ]  

Now  X,  Y,  Z  can  be  expressed  in  forms  of  the  type  (4)  by  putting 

where  X',  Y',  Z'  denote  the  values  of  X,  Y,  Z  at  any  point  {x\  y',  z)  within 
T,  r  is  the  distance  of  this  point  from  x,  y,  z,  and  the  integration  exteiids 
through  T.  It  is  at  once  obvious  that  these  forms  yield  the  correct 
values  for  X,  Y,  Z  at  any  point  within  T,  and  zero  values  at  any  point 
outside  T. 

We  now  pass  to  a  limit  by  diminishing  all  the  linear  dimensions  of  T 

indefinitely,   but   supposing   that    jjjX'dx'dy'dz'  has   a  finite  limit.      We 

pass  in  this  way  to  the  case  of  a  force  Xo  acting  at  («',  y,  z')  in  the  direction 
of  the  axis  of  x.     We  have  to  put 


and  then  we  have 


-ji-X„^,    L  =  0,    M^    ^ 
iwp         ox 


p  llJX'dx'dy'dz'^X,,     (8) 


47rp  ^°   dz  ' 


1  3r~i 
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Now  V^  (drjdx)  =  2dr''^/dx,  and  we  may  therefore  put 
The  corresponding  forms  for  u,  v,  w  are 

(x+/i,)Zo  av  ,   Xo 


.(11) 


STT/tt  (X  +  2/a)  9*''      inriir  ' 

(X  +  /x)  Xq    _a¥_ 
STT/i  (X  +  2//.)  SicSy ' 

(X+ju)Xo       3V 
Stt/x  (X  +  2/a)  9ix;92; " 

More  generally,  the  displacement  due  to  force  (Xo,  ¥„,  Z^)  acting  at  the 
point  {x',  y ,  z),  is  expressed  by  the  equation 

{u,  V,  «')-8^^(^  +  2/.)lr  '     r'     r) 

X  +  H        tx-x      y-y'     z-z'\  Xp {x - x)  +  Tp (y - y')  +  Zo{z- z') 
Stt/x  (X  +  2/i)  \    r      '       r      '       r    /  r^ 

(12) 

When  the  forces  X,  Y,  Z  act  through  a  volume  T  of  finite  size,  particular 
integrals  of  the  equations  (2)  can  be  expressed  in  such  forms  as 
X  +  It 

ft  ^       ' V 

87r/t(X  +  2/A) 

where  the  integration  extends  through  the  volume  T. 

It  may  be  observed  that  the  dilatation  and  rotation  corresponding  with 
the  displacement  (11)  are  given  by  the  equations 

^=A    /:.   .^-f^'  2-.  =  0,   2^,=  -/^^\     2^,  =  --^^\  ...(14) 
47r(X  +  2/t)  dx  '        "       '        "     iiTfj,  dz  '     ■     ''         4<7rfj,  dy  ^     ' 

131.     First  type  of  simple  solutions*. 

When  the  force  acts  at  the  origin  parallel  to  the  axis  of  z  we  may  write  the  expressions 
for  the  displacement  in  the  forms 

u=A^,    v=A^,    w=A{-,  +  - --] (15) 

It  may  be  verified  immediately  that  these  constitute  a  solution  of  equations  (1)  in  all  space 
except  at  the  origin.  We  suppose  that  the  origin  is  in  a  cavity  within  a  body,  and  calculate 
the  traction  across  the  surface  of  the  cavity.  The  tractions  corresponding  with  (15)  over 
any  surfaces  bounding  a  body  are  a  system  of  forces  in  statical  equilibrium  when  the  origin 
is  not  a  point  of  the  body  [cf.  Article  117].     It  follows  that,  in  the  case  of  the  body 

*  The  solution  expressed  in  equations  (15)  has  received  this  title  at  the  hands  of  Boussiuesq, 
Applications  des  Potent  iels 
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with  the  cavity,  the  resultant  and  resultant  moment  of  these  tractions  at  the  outer 
boundary  of  the  body  are  equal  and  opposite  to  the  resultant  and  resultant  moment  of 
the  tractions  at  the  surface  of  the  cavity.  The  values  of  these  tractions  at  the  outer 
boundary  do  not  depend  upon  the  shape  or  size  of  the  cavity,  and  they  may  therefore  be 
calculated  by  taking  the  cavity  to  be  spherical  and  passing  to  a  limit  by  diminishing  the 
radius  of  the  sphere  indefinitely.  In  this  way  we  may  verify  that  the  displacement 
expressed  by  (15)  is  produced  by  a  single  force  of  magnitude  8!rfi(X  +  2^)^/(X+/i)  appKed 
at  the  origin  in  the  direction  of  the  axis  of  z. 


We  write  equations  (15)  in  the  form 

_9V  _      .   3V  _       .  (dh-     X  +  2/X 


,   9V  ^   av  ,  (dh-     X  +  2/X    ,\ 

dxdz'  di/dz'  \dz^      X  +  jj,        J 


.(16) 


The  cubical  dilatation  A  corresponding  with  the  displacement  (16)  is  A  ~^  -^  ,  and 

the  stress-components  can  be  calculated  readily  in  the  forms 

The  tractions  across  any  plane  (of  which  the  normal  is  in  direction  v)  are  given  by  the 
equations 

x.=2M  [3  g^  3, 17  +  x^  r^  (^'  -')  -a^  -  ''"^  (^' ")  ^} J ' 

and,  when  v  is  the  inwards  drawn  normal  to  a  spherical  surface  with  its  centre  at  the 
origin,  these  are 

X^Jjtp,     Y.JJ^,     Z.JJ^{4^^^ (17) 

Whatever  the  radius  of  the  cavity  may  be,  this  system  of  tractions  is  statically  equivalent 
to  a  single  force,  applied  at  the  origin,  directed  along  the  axis  of  2  in  the  positive  sense, 
and  of  magnitude  SmfiA  {'K  +  2iJ.)/(X+n). 

Some  additional  results  in  regard  to  the  state  of  stress  set  up  in  a  body  by  the  applica- 
tion of  force  at  a  point  will  be  given  in  Article  140  infra. 

132.     Typical  nuclei  of  strain. 

Various  solutions  which  possess  singular  points  can  be  derived  from  that  discussed  in 
Article  131.  In  particular,  we  may  suppv^ae  two  points  at  which  forces  act  to  coalesce, 
and  obtain  new  solutions  by  a  limiting  process.  It  is  convenient  to  denote  the  displace- 
ment due  to  force  (Xj,  Fq,  Zq)  applied  at  the  origin  by 
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so  that  for  example  (mj,  v-^,  w^)  is  the  displacement  obtained  by  replacing  Xj  by  unity  in 
equations  (11).     We  consider  some  examples*  of  the  synthesis  of  singularities: — 

(a)  Let  a  force  A"'/"  be  applied  at  the  origin  in  the  direction  of  the  axis  of  x,  and  let 
an  equal  and  opposite  force  be  applied  at  the  point  (A,  0,  0),  and  let  us  pass  to  a  limit  by 
supposing  that  h  is  diminished  indefinitely  while  P  remains  constant.    The  displacement  is 


We  may  describe  the  singularity  as  a  "double  force  without  moment."  It  is  related  to 
an  axis,  in  this  case  the  axis  of  x,  and  is  specified  as  regards  magnitude  by  the 
quantity  P. 

(a')  We  may  combine  three  double  forces  without  moment,  having  their  axes  parallel 
to  the  axes  of  coordinates,  and  specified  by  the  same  quantity  P.  The  resulting  displace- 
ment is 

^(&-|-&).  (S-I-^S)'  (S-¥^S)} ^''^ 

Now  the  result  (12)  shows  that  we  have 

J)3  =  W2,       «'i=M3,       M2  =  fi,       (19) 

and  thus  (18)  may  be  written  P{A^,  Aj,  A3),  where  Aj  is  the  dilatation  when  the  displace- 
ment is  (Mj,  «!,  Wj),  and  so  on.     Hence  the  displacement  (18)  is 

47r(X-|-2^i)  la.j;  '     Sy  '     dz  j ^     ' 

We  may  describe  the  singularity  as  a  "centre  of  compression";  when  P  is  negative  it 
may  be  called  a  "centre  of  dilatation."  The  point  must  be  in  a  cavity  within  the  body: 
when  the  cavity  is  spherical  and  has  its  centre  at  the  point,  it  may  be  verified  that  the 
traction  across  the  cavity  is  normal  tension  of  amount 

{/iP/(X-)-2/i)n-}r-3. 

(b)  We  may  suppose  a  force  h~^P  to  act  at  the  origin  in  the  positive  direction  of  the 
axis  of  .:;;,  and  an  equal  and  opposite  force  to  act  at  the  point  (0,  h,  0),  and  we  may  pass  to 
a  limit  as  before.    The  resulting  disijlacement  is 

We  may  describe  the  singularity  as  a  "double  force  with  moment."  The  forces  applied  to 
the  body  in  the  neighbourhood  of  this  point  are  statically  equivalent  to  a  couple  of  moment 
P  about  the  axis  of  2.  The  singularity  is  related  to  this  axis  and  also  to  the  direction  of 
the  forces,  in  this  case  the  axis  of  x. 

(6')  We  may  combine  two  double  forces  with  moment,  the  moments  being  about  the 
same  axis  and  of  the  same  sign,  and  the  directions  of  the  forces  being  at  right  angles  to 
each  other.  We  take  the  forces  to  be  h-^P  and  -  h-^P  parallel  to  the  axes  of  x  and  y  at 
the  origin,  -  A^^P  parallel  to  the  axis  of  x  at  the  point  (0,  A,  0),  and  h'^P  parallel  to  the 
axis  of  y  at  the  point  (A,  0,  0),  and  we  pass  to  a  limit  as  before.  The  resulting  displace- 
ment is 


or  it  is 


P  i{^  _  ^\  [^'"l        ^2\  (^'"'X        9'"'2\) 


irM-  -S'.  ») <^" 

*  In  most  of  these  the  leading  steps  only  of  the  analysis  are  given.     The  results  (a')  and  (6') 
are  due  to  J.  Dongall,  Edinburgh  Math.  Soc.  Proc.  vol.  16  (1898). 
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We  may  describe  the  singularity  as  a  "centre  of  rotation  about  the  axis  of  z''  The  forces 
apphed  to  the  body  in  the  neighbourhood  of  this  point  are  statically  equivalent  to  a 
couple  of  moment  IP  about  the  axis  of  z  ;  the  singularity  is  not  related  to  the  directions 
of  the  forces.  In  like  manner  we  may  have  singularities  which  are  centres  of  rotation 
about  the  axes  of  as  and  y,  for  which  the  displacements  have  the  forms 

4n-AiV        32'        ^yJ'     

(c)  We  suppose  that  centres  of  dilatation  are  distributed  uniformly  along  a  semi- 
infinite  line.  The  line  may  be  taken  to  be  the  portion  of  the  axis  of  z  on  which  z  is 
negative.     The  displacement  is  given  by  equations  of  the  form 

''=^^J„:k^'  ''=^^I,w  ''=^j,iF^'^ 

where  5  is  a  constant,  and  B^=afl+y^-^{z+z^Y. 

and  the  displacement  is  given  by  the  equations 

u  =  B -r^^,     v  =  B-r^~~.,     w=- (24) 

r(0+r)  r{z+r)  r 

These  displacements  constitute  the  "simple  solutions  of  the  second  type*."  The  result 
may  be  expressed  in  the  form 

iu,v,w)=BQ-^,   |,    J)log(.+r) (25) 

A  singularity  of  the  type  here  described  might  be  called  a  "line  of  dilatation,"  and  B 
might  be  called  its  "strength."  If  B  is  negative,  the  singularity  might  be  called  a  "line  of 
compression." 

{d)  A  line  of  dilatation  may  be  terminated  at  both  ends,  and  its  strength  may  be 
variable.  If  its  extremities  are  the  origin  and  the  point  (0,  0,  —  k),  and  its  strength  is 
proportional  to  the  distance  from  the  origin,  we  have 

^,     [^z'dz:  „,     ("^dz'  ^,  [^(z  +  z')z'd^  ._. 

where  C"  is  constant.     Now  we  have 

/■*  z^  _  p  [z+z!  _±\^,_\_}_  _  _J_  f^+k  _  z_\ 
Jo    Ji^'~Jo\R^        Py  r      R,      a^  +  f\Bi       rj' 

where  Ei''  =  xfl+y^  +  {z+k)''.     The  integral  remains  finite  when  k  is  increased  indefinitely, 
and  we  have 

['°^_l z_  (,_i\_J_ 

jo    R^       »■      r^  —  z'^  \       r)     z  +  r' 
Again  we  have 

r''(z  +  z')z',  k        f'dz'         k      ,      z  +  k  +  R, 

A  '-W-'''=-R,^io-R—A'-''^-^- 
*  Bonssinesq,  loc.  cit. 
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This  does  not  tend  to  a  limit  when  k  is  increased  indefinitely.  Let  C"  { U,  V,  W)  denote 
the  displacement  (26) ;  and,  in  addition  to  the  line  of  dilatation  which  gives  rise  to  the 
displacement  (C,  F,  W),  let  there  be  a  line  of  compression,  with  the  same  law  of  strength, 
extending  from  the  point  {h,  0,  0)  to  the  point  (Ji,  0,  -  k).  We  pass  to  a  limit  by  taking 
h  to  diminish  indefinitely  and  C"  to  increase  indefinitely,  in  such  a  way  that  G'h  has  a 
finite  limit,  G  say.     The  displacement  is  given  by  the  equations 

"=^a^'   "-'^^a^'   "^^^a^- 

t/it-  fJ\A/  fJiAr 

dW      kx  X x__ 

'^'"'"  ^^'"R^^  R^iz-^k  +  R^)     riz^-r)' 

and  this  has  a  finite  limit  when  k  is  increased  indefinitely,  viz.  -solr{z-\-r).  The  dis- 
placement due  to  such  a  semi-infinite  double  line  of  singularities  as  we  have  described  here 
is  expressed  by  the  equations 

«=(?('— --^r,V     'o=-C-^^^,    ^=-C~^„    (27) 

\z+r     r{z+rfj'  r{z+rf'  r{z+ry 

or,  as  they  may  be  written, 

(^u,v,w)=-Cl^^„     g^,     g^j  {.log  (.  +  .)-.} (28) 

In  like  manner  we  may  have 

(e)     Instead  of  a  line-distribution  of  centres  of  dilatation,  we  may  take  a  line-distribu- 
tion of  centres  of  rotation.     From  the  result  of  example  (6')  we  should  find 

where  D  ia  a,  constant,  and  the  axes  of  the  centres  of  rotation  are  parallel  to  the  axis  of  x. 
This  gives 

u  =  0,     v=--,     w=D    ,^ (30) 

'  r'  r{z  +  r)  ^     ' 

In  like  manner  we  may  have 

u  =  -,     y  =  0,     io=-B    /     ,, (31) 

or,  as  they  may  be  written. 


(»,  V,  «')=i)(|,  0,   -^'){log(.  +  r)} (32) 


Other  formulfe  of  the  same  kind  might  be  obtained  by  taking  the  line  of  singularities 
in  directions  other  than  the  axis  of  z. 

The  reader  will  observe  that,  in  all  the  examples  of  this  Article,  except  (as)  and  (6),  the 
components  of  displacement  are  harmonic  functions,  and  the  cubical  dilatation  vanishes. 
The  only  strains  involved  are  shearing  strains,  and  the  displacements  are  independent  of 
the  ratio  of  elastic  constants  X  :  ^. 

133.     Local  Perturbations. 

Examples  (a)  and  (a')  of  the  last  Article  show  in  particular  instances  how 
the  application  of  equilibrating  forces  to  a  small  portion  of  a  body  sets 
up  strains  which  are  unimportant  at  a  distance  from  the  portion.  The 
displacement  due  to  a  distribution  of  force  having  a  finite  resultant  for  a 
small  volume  varies  inversely  as  the  distance ;  that  due  to  forces  having  zero 
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resultant  for  the  small  volume  varies  inversely  as  the  square  of  the  distance, 
and  directly  as  the  linear  dimension  of  the  small  volume.  We  may  conclude 
that  the  strain  produced  at  a  distance,  by  forces  applied  locally,  depends 
upon  the  resultant  of  the  forces,  and  is  practically  independent  of  the  mode 
of  distribution  of  the  forces  which  are  statically  equivalent  to  this  resultant. 
The  effect  of  the  mode  of  distribution  of  the  forces  is  practically  confined  to 
a  comparatively  small  portion  of  the  body  near  to  the  place  of  application 
of  the  forces.  Such  local  effects  are  called  by  Boussinesq  "perturbations 
locales  *." 

The  statement  that  the  mode  of  distribution  of  forces  applied  locally 
gives  rise  to  local  perturbations  only,  includes  Saint-Venant's  "Principle 
of  the  elastic  equivalence  of  statically  equipollent  systems  of  load,"  which  is 
used  in  problems  relating  to  bars  and  plates.  In  these  cases,  the  falling  off 
of  the  local  perturbations,  as  the  distance  from  the  place  of  application  of 
the  load  increases,  is  much  more  rapid  than  in  the  case  of  a  solid  body 
of  which  all  the  dimensions  are  large  compared  with  those  of  the  part 
subjected  to  the  direct  action  of  the  forces.  We  may  cite  the  example 
of  a  very  thin  rectangular  plate  under  uniform  torsional  couple  along  its 
edges.  The  local  perturbations  diminish  according  to  an  exponential 
function  of  the  distance  from  the  edgef. 

134.     Second  type  of  simple  solutions. 

The  displacement  is  expressed  by  the  equations  given  in  Article  132  (c), 
viz. : — 

u^B    ,  ^     , ,     v  =  B       y     ,,     w  =  -,    (24  6w) 

riyZ-^-r)  r  (2  +  r)  r'  ^  ' 

or,  as  they  may  be  written, 

_  p91og(g  +  r)  aiog(^  +  r)  _     31og(^  +  r) 

"^-^         dx         ■     ""  dy         '  dz 

It  may  be  verified  immediately  that  these  expressions  are  solutions  of  the 
equations  (1)  at  all  points  except  the  origin  and  points  on  the  axis  of  z 
at  which  z  is  negative.  There  is  no  dilatation,  and  the  stress-components 
are  given  by  the  equations 

*  Boussinesq,  loc.  cit. 

t  Kelvin  and  Tait,  Nat.  Phil.,  Part  ii.  pp.  267  et  seq. 
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At  the  surface  of  a  hemisphere,  for  which  r  is  constant  and  z  is  positive, 
these  give  rise  to  tractions 

X  =  2^B  .,/^    ,,     7,  =  2f,B^j^.,     ^.  =  ^,    (33) 

r-  (z  +  r)  r^  {z  +  r)  r- 

the  normal  {v)  being  drawn  towards  the  centre. 

135.     Pressure  at  a  point  on  a  plane  boundary. 

We  consider  an  elastic  solid  body  to  which  forces  are  applied  in  the 
neighbourhood  of  a  single  point  on  the  surface.  If  all  the  linear  dimensions 
of  the  body  are  large  compared  with  those  of  the  area  subjected  to  the  load, 
we  may  regard  the  body  as  bounded  by  an  infinite  plane. 

We  take  the  origin  to  be  the  point  at  which  the  load  is  applied,  the 
plane  2^  =  0  to  be  the  bounding  surface  of  the  body,  and  the  positive  direction 
of  the  axis  of  z  to  be  that  which  goes  into  the  interior  of  the  body.  The 
local  effect  of  force  applied  at  the  origin  being  very  great,  we  suppose  the 
origin  to  be  excluded  by  a  hemispherical  surface. 

The  displacement  expressed  by  (15)  could  be  maintained  in  the  body  by 
tractions  over  the  plane  boundary,  which  are  expressed  by  the  equations 

X  +  fjL     r"  X  +  fJL     r* 

and  by  tractions  over  the  hemispherical  boundary,  which  are  expressed  by 
the  equations  (17).  The  resultant  of  the  latter  for  the  hemispherical  surface 
is  a  force  in  the  positive  direction  of  the  axis  of  z  of  amount 

477-/iJ.  (X  +  2^)/(\  +  /x). 

The  displacement  expressed  by  (24)  could  be  maintained  in  the  body  by 
tractions  over  the  plane  boundary,  which  are  expressed  by  the  equations 

X,  =  -2^lB^,     Y,=  -2fiB^,     Z,  =  0,    (34) 

and  by  tractions  over  the  hemispherical  boundary,  which  are  expressed  by 
the  equations  (33).  The  resultant  of  the  latter  is  a  force  in  the  positive 
direction  of  the  axis  of  z  of  amount  4nr/j,B. 

If  we  put  B  =  —  A/j,/(\  +  /a),  the  state  of  displacement  expressed  by  the 
sum  of  the  displacements  (15)  and  (24)  will  be  maintained  by  forces  applied 
to  the  hemispherical  surface  only ;  and,  if  the  resultant  of  these  forces  is  P, 
the  displacement  is  given  by  the  equations 


V  = 


P     xz P 

4Tr/i  r*      47r  (A.  +  fj.)  r\z  +  7-) ' 

P  y^         P  y 

^jj,  r^      47r  (X  +  /i)  r-  (2  +  r) ' 


y (35) 


P    z'       P(\  +  2a)  1 
47r/i  r^      4-Trfj,  {X  +  /j,)r 
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At  all  points  not  too  near  to  the  origin,  these  equations  express  the  displace- 
ment due  to  a  pressure  of  magnitude  P  applied  at  the  origin. 

For  the  discussion  of  this  solution,  it  is  convenient  to  regard  the  plane  boundary  as 
horizontal,  and  the  body  as  supporting  a  weight  P  at  the  origin.     We  observe  that  the 
,  ti-actions  across  a  horizontal  plane  are 

„__3Pz2^       Y--'^Jlty       7-^^t. 

so  that  the  resultant  traction  per  unit  area  exerted  from  the  upper  side  across  the  plane 
at  any  point  is  a  force  directed  along  the  radius  vector  drawn  from  the  origin  and  of 
magnitude  f  {Pjnr')  cos^  6,  where  6  is  the  angle  which  the  radius  vector  drawn  from  the 
origin  makes  with  the  vertical  drawn  downwards.  The  tractions  across  horizontal  planes 
are  the  same  at  all  points  of  any  sphere  which  touches  the  bounding  plane  at  the  origin, 
and  their  magnitude  is  f  P/iri)^  where  I)  is  the  diameter  of  the  sphere.  These  expressions 
for  the  tractions  across  horizontal  planes  are  independent  of  the  elastic  constants. 

The  displacement  may  be  resolved  into  a  horizontal  component  and  a  vertical  com- 
ponent.    The  former  is 

Psin^r  /t  1        1 

ATTixr    [°°^       X-f-^(l-|-cos6)J' 

it  is  directed  towards  or  away  from  the  line  of  action  of  the  weight  according  as  the 
radius  vector  is  without  or  within  the  cone  which  is  given  by  the  equation 

(X  +  fj.)  cos  6  (H-cos  d)=fi. 

When  Poisson's  ratio  for  the  material  is  ^  the  angle  of  the  cone  is  about  68°  32'.  At  any 
point  on  the  bounding  plane  the  horizontal  displacement  is  directed  towards  the  axis  and 
is  of  amount  JP/7r»'(X-|-/i).     The  vertical  displacement  at  any  point  is 

it  is  always  directed  downwards.  Its  magnitude  at  a  point  on  the  bounding  plane  is 
^P (X  +  2lj,)/7rrn  (X  +  fi).  The  initially  plane  boundary  is  deformed  into  a  curved  surface. 
The  parts  which  are  not  too  near  the  origin  come  to  lie  on  the  surface  formed  by  the 
revolution  of  the  hyperbola 

about  the  axis  of  0. 

136.     Distributed  pressure. 

Instead  of  supposing  the  pressure  to  be  applied  at  one  point,  we  may 
suppose  it  to  be  distributed  over  an  area  on  the  bounding  plane.  Let 
(x',  y,  0)  be  any  point  of  this  plane,  P'  the  pressure  per  unit  of  area  at  this 
point,  r  the  distance  of  a  point  {x,  y,  z)  within  the  body  from  the  point 
(of,  y' ,  0).  Let  ^  denote  the  direct  ■potential  of  a  distribution  P'  over  the 
area,  %  the  logarithmic  potential  of  the  same  distribution,  so  that 

i/r  =  iJP'rdx'dy',     x  =  jj^'  log  (^  + '")  c^^'  ^2/' (36) 

where  the  integrations  are  taken  over  the  area  subjected  to  pressure.  We 
observe  that 

V\  =  0,     V'^|r  =  2^^  =  2  jjyda;'dy'  =  2(j>,  say,  (37) 


47r;nr  \  ; 
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where  <j>  is  the  ordinary  or  inverse  potential  of  the  distribution  P'.     We 
observe  also  that  -^  =  z(f>- 

The  displacement  at  any  point  of  the  body  produced  by  the  distributed 
pressure  P'  is  expressed  by  the  equations 

1  9%  _     1     d'f 

~      47r  (X  +  ytt)  diC      iiTfi  dxdz ' 

1       ax     1    d'f 

"     47r  (X  +  /a)  dy      4Tr/x  dydz ' 

«,_ ^^  9%_  J_  g!±+    ^  +  ^^    v^^. 

47r(X+/iX9^      47r/i   9^^        47r/i  (A,  + /a)      ^ 
These  expressions  can   be  simplified  by  introducing  a  new  function  fl 
determined  by  the  equation 

n  =  -p^-,   ,^      ■,  (38) 

47r/tt     47r(X  +  /A) 
and  we  have  the  expressions*  for  the  displacement 

912             9n              Sn  ,       X  +  2/t 
"=9^'     ^=9^'    ^=97  +  2^^(X  +  ^)'^ ^-^^^ 

We  observe  that  these  expressions  are  finite  and  determinate  for  all 
values  of  (a;,  y,  z),  provided  z  is  positive ;  and  that,  as  the  point  (x,  y,  z) 
approaches .  any  point  («',  y',  0),  they  tend  to  definite  finite  limits.  They 
represent  the  displacement  at  all  points  of  the  body,  bounded  by  the  infinite 
plane  z  =  Q,  to  which  pressure  is  applied  over  any  areaf.  The  normal  com- 
ponent, w,  of  the  displacement  at  any  point  on  the  surface  of  the  body 
is  (X  +  2/i)  (/)/47r/i  (X  +  yti). 

137.  Pressure  between  two  bodies  in  contact. — Geometrical  Pre- 
liminaries. 

Let  two  bodies  be  pressed  together  so  that  the  resultant  pressure  between 
them  is  P.  The  parts  of  the  bodies  near  the  points  of  contact  will  be  com- 
pressed, so  that  there  is  contact  over  a  small  area  of  the  surface  of  each. 
This  common  area  will  be  called  the  compressed  area,  and  the  curve  that 
bounds  it  the  curve  of  compression.  We  propose  to  determine  the  curve 
of  compression  and  the  distribution  of  pressure  over  the  compressed  areaij:. 

The  shapes,  in  the  unstressed  state,  of  the  two  bodies  near  the  parts 
that  come  into  contact  can  be  determined,  with  sufficient  approximation,  by 
equations  of  the  form 

z,  =  A,x'^  +  B,y-  +  2H,xy,\ 

z^^A^x'  +  Br.y^+^H^xy,] 

*  These  formulae  are  due  to  Hertz,  J.  f.  Math.  (Crelle),  Bd.  92  (1881). 
t  A  number  of  special  oases  are  worked  out  by  Boussinesq,  loc.  cit. 
t  The  theory  is  due  to  Hertz,  loc.  cit. 
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the  axes  of  z^  and  z^  being  directed  along  the  normals  drawn  towards  the 
interiors  of  the  bodies  respectively.  In  the  unstressed  state,  the  bodies  are 
in  contact  at  the  origin  of  {x,  y),  they  have  a  common  tangent  plane  there, 
and  the  distance  apart  of  two  points  of  them,  estimated  along  the  common 
normal,  is  expressed  with  sufficient  approximation  by  the  quadratic  form 
(4i  +  J.2) «"  +  (JSi  +  B„)  2/2  +  2  (ifi  +  H^  xy.  This  expression  must  be  positive 
iiQ  whatever  way  the  axes  of  x  and  y  are  chosen,  and  we  may  choose  these 
axes  so  that  Hy  +H2  vanishes.  Then  A^  +  A^  and  B^  +  B^  must  be  positive. 
We  may  therefore  write 

A,  +  A,  =  A,    B,  +  B,  =  B,    H,  =  -H„  (41) 

A  and  B  being  positive. 

If  -Ri,  -Hi'  are  the  principal  radii  of  curvature  at  the  point  of  contact 
for  the  body  (1),  and  R^,  -R/  those  for  the  body  (2),  and  if  these  have 
positive  signs  when  the  corresponding  centres  of  curvature  are  inside  the 
bodies  respectively,  we  have 

1{A  +  B)  =  \IR,  +  1IR^  +  IIR,  +  1IR: (42) 

The  angle  (&>)  between  those  normal  sections  of  the  two  surfaces  in  which 
the  radii  of  curvature  are  Ri,  R^  is  given  by  the  equation 

The  angle  (&>')  between  the  {x,  z)  plane,  chosen  so  that  H2  =  —  H^,  and  the 
normal  section  in  which  the  radius  of  curvature  is  R^  is  given  by  the 
equation 

If  we  introduce  an  angle  t  by  the  equation 

B-A  .^^^ 

cosT  =  ^^^ (*^) 

so  that         24  cosec^^T  =  2B  sec^^r  =  l/E,  +  1/^/+  l/E^  +  l/iJ/,  (46) 

the  shape  of  the  "  relative  indicatrix,"  Ax^  +  By'^  =  const.,  depends  on  the 
angle  t  only. 

When  the  bodies  are  pressed  together  there  will  be  displacement  of  both. 
We  take  the  displacement  of  the  body  (1)  to  be  (mj,  v-i,  w^  relative  to  the 
axes  of  {x,  y,  z^,  and  that  of  the  body  (2)  to  be  (wa,  v^,  w^)  relative  to  the 
axes  of  (x,  y,  z^).  Since  the  parts  within  the  compressed  area  are  in  contact 
after  the  compression,  we  must  have,  at  all  points  of  this  area, 

Zi  +  Wi  =  -  (z^  +  W2)  +  a, 
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where  a  is  the  value  of  w,  +  w^  at  the  origin*      Hence  within  the  compressed 

area  we  have 

u,,  +  w,  =  <x-Ax''-Bif,    (47) 

and  outside  the  compressed  area  we  must  have 

Wi  +  «;2>  a  —  Ax"-  By\    (48) 

in  order  that  the  surfaces  may  be  separated  from  each  other. 

138.  Solution  of  the  problem  of  the  pressure  between  two  bodies 
in  contact. 

We  denote  by  Xj,  ih  the  elastic  constants  of  the  body  (1),  and  by  X^,  /Xa 

those  of  the  body  (2).     The  pressure  P  between  the  bodies  is  the  resultant 

of  a  distributed  pressure  (P'  per  unit  of  area)  over  the  compressed  area. 

We  may  form  functions  ^i,  %i,  i\  for  the  body  (1)  in   the  same  way  as 

<^,   X'  ^   were    formed    in    Article    136,   and    we    may  form   corresponding 

functions  for  the  body  (2).     The  values  of  w-^  and  w^  at  the  common  surface 

can  then  be  written, 

w,=%4>„     w,  =  %,(f>o,  (49) 

where     ^i  =  (Xi  +  2fj.,)l4,'7rfji,  (\,  +  /j.,),     X  =  (>-2  +  ■2fJ.i)l4''n-/j.^  (X^  +  fi,),  . .  .(50) 

and  t^o  is  the  value  of  ^i  or  c^j  at  the  surface,  i.e.  the  value  of  the  convergent 

integral   Ijp'r-'^dx'dy'  at  a  point  on  the  surface.     The  value  of  (/>„  at  any 

point  within  the  compressed  area  is  determined  in  terms  of  the  quantity  a 
and  the  coordinates  of  the  point  by  the  equation 

</'»  =  ^7^(«-^*^-%0 (51) 

This  result  suggests  the  next  step  in  the  solution  of  the  problem.  The 
functions  denoted  by  <^i  and  <f>2  are  the  potentials,  on  the  two  sides  of  the 
plane  z  =  0,  of  a  superficial  distribution  of  density  P'  within  the  compressed 
area,  and  the  potential  at  a  point  of  this  area  is  a  quadratic  function  of  the 
coordinates  of  the  point.  We  recall  the  result  that  the  potential  of  a  homo- 
geneous ellipsoid  at  an  internal  point  is  a  quadratic  function  of  the  coordinates 

•  If  the  points  [x^ ,  y^,  jj)  of  the  body  (1)  and  {x^,  y^,  z^)  of  the  body  (2)  come  into  contact,  we 
must  have 

a^  +  Uj  =  X2  +  M2,     yi  +  Vi  =  y^  +  v^,      Zi  +  «)i=  -(«2  +  W2)  +  a; 

and  in  equation  (47)  we  identify  (xj,  y^)  with  {x^,  y^.     We  may  show  that,  without  making  this 
identification,  we  should  have 

M'l  +  Wj= a  -  Ax^^  -  ^i/i^  -  2  [A^  (u,  -  u^)  +  B^-^  (v^  -  v^  +  H^  {a,  (v^  -  fj  +yi  («i  -  "d}]- 
In  the  result  we  shall  find  for  w-^+w^  an  expression  of  the  order  Aa',  where  u,  is  the  greatest 
diameter  of  the  compressed  area,  and  ?f ^ ,  u^  ...  will  be  of  the  same  order  in  a  as  Wj  +  Wg  j  thus  the 
terms  neglected  are  of  a  higher  order  of  small  quantities  than  those  retained.  If  the  bodies  are 
of  the  same  material  we  have  «j  =  j/j  and  v-^  =  Uj  when  x-^  =  x^  and  2/i  =  ^2  >  and  thus  the  identification 
of  (xj,  2/j)  with  (xj,  3/2)  leads  in  this  case  to  an  exact  result. 


137,  138]  BODIES  IN  CONTACT  193 

of  the  point.  We  therefore  seek  to  satisfy  the  conditions  of  the  problem  by 
assuming  that  the  compressed  area  is  the  area  within  an  ellipse,  regarded  as 
an  ellipsoid  very  much  flattened,  and  that  the  pressure  P'  may  be  obtained 
by  a  limiting  process,  the  whole  mass  of  the  ellipsoid  remaining  finite,  and 
one  of  its  principal  axes  being  diminished  indefinitely.  In  the  case  of  an 
ellipsoid  of  density  p,  of  which  the  equation  referred  to  its  principal  axes  is 

a?  I  a?  +  y'^jlP  +  z'^jd'  =  1, 
the  mass  would  be  ^irpabc;  the  part  of  this  mass  that  would  be  contained  in 
a  cylinder  standing  on  the  element  of  area  dx'dy'  would  be 

2pdx'dy'c  ^/(l  -  x''-/a'  -  y'^jlf), 
and  the  potential  at  any  external  point  would  be 

where  v  is  the  positive  root  of  the  equation 

a;V(a=  +v)  +  y-'lilf  +v)  +  z^l(c''  +  v)  =  l. 
At  an  internal  point  we  should  have  the  same  form  for  the  potential  with  0 
written  for  v.     We  have  now  to  pass  to  a  limit  by  taking  c  to  diminish  in- 
definitely, and  p  to  increase  indefinitely,  while  a  and  b  remain  finite,  in  such 
a  way  that 

(i)     i7r(pc)ab  =  P, 

(ii)     2  (pc)  V(l  -  oo'^la'^  -  y'^/b')  =  P', 

f" /.  x^  y"     \  dijf 

the  third  of  these  conditions  being  satisfied  at  all  points  within  the  compressed 
area.     Hence  we  have 

^=Sx/(-S4')- (-' 

and      ^-^^(<x-Ax^-Bf) 

Japf^fi ^ y'  ]  ^^  (m 

"^      Jo     V         a'  +  t       b'+^frJ  {{a'  +  -y!r)(b'  +  ^lr)ylr]i ^      ^ 

The  equation  (52)  determines  the  law  of  distribution  of  the  pressure  P'_^over 
the  compressed  area,  when  the  dimensions  of  this  area  are  known.  The 
equation  (53)  must  hold  for  all  values  of  x  and  y  within  this  area,  and  it  is 
therefore  equivalent  to  three  equations,  viz. 

a  =  iP{%  +  %)j^    {(^H^t)(FTt)W 

A  =  IP('^,  +  %)j^    (aM^tFPTt)t? 

£  =  |P  (^,  +  X)  j^   (^^^ija^:^^yf]i  ■  j 

L.  E.  13 


.(54) 
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The  second  and  third  of  these  equations  determine  a  and  h,  and  the  first 
of  them  determines  a  when  a  and  b  are  known.  If  we  express  the  results  in 
terms  of  the  eccentricity  (e)  of  the  ellipse,  e  will  be  determined  by  the 
equation 


B 


/■ 

J  0 


a  will  be  given  by  the  equation 


=  A 


d^ 


(i  +  r)Mr(i-e^+r)j*' 


.(55) 


.(56) 


and  a  will  be  given  by  the  equation 
3P 


sp  r= 


d^ 


.(57) 


{r(i +  0(1-6=+?)}* 

We  observe  that  e  depends  on  the  ratio  A  :  B  only.  Hertz  has  tabulated  the 
values  of  bja,  =(l—e^-)-,  in  terms  of  the  angle  t,  of  which  the  cosine  is 
{B  —  A)I(B  +  A).     He  found  the  following  results: — 


T  = 

90° 

80° 

70° 

60° 

50° 

40° 

30°        20° 

i 

10° 

0° 
0 

1        0-79 

0-62 

0-47 

0-36 

0-26 

0-18       0-10 

0-05 

At  points  on  the  plane  z  =  0  which  are  outside  the  compressed  area,  ^„  is 
the  potential,  at  external  points  in  this  plane,  due  to  the  distribution  P'  over 
the  compressed  area.  It  follows  from  (49)  that  at  points  on  the  surfaces  of 
the  bodies,  outside  the  compressed  area  and  not  far  from  it,  we  may  write, 
with  sufficient  approximation 


Wl  +  Wo  =  (^i  +  ^. 


,3P  /•■" 


y 


a-  +  ylr       h^'  +  'f)  [{a'  +  i|r)  {If  +  ■f)  1^}^' 

where  v  is  the  positive  root  of  the  equation 

x'l{a'  +  v)  +  y-'l{Jf  +  v)=l (58) 

Hence  we  have 

iiv^  +  W2)  -  (a  -  Ax''  -  By"-) 

3P 


=  -(^,  +  %) 


1- 


r 


dyjr 


.(59) 


4  Jo  V^  a^'+ylr  ¥  +  fJ  {(a''  +  yjr)(b''  +  y}r)ylr}i' 
Now,  when  i/r  lies  between  0  and  v,  the  point  (x,  y),  which  is  on  the  ellipse 
(.58),  is  outside  the  ellipse  a;V(a' + 1/^)  +  yVC^'' +  ■^)  =  1>  ^^d  therefore  the 
expression  on  the  right-hand  side  of  equation  (59)  is  positive.  The  condition 
of  inequality  (48)  is  therefore  satisfied. 

The  assumptions  that  the  compressed  area  is  bounded  by  an  ellipse 
x-ja^  +  y-jb-  =  1,  where  a  and  b  are  determined  by  the  second  and  third  of 
equations  (54),  and  that  the  pressure  P'  over  this  area  is  expressed  by  the 
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formula  (52),  satisfy  all  the  conditions  of  the  problem.  When  P'  is  known 
the  functions  ^,  t^,  fl  for  each  of  the  bodies  can  be  calculated,  and  hence 
we  may  determine  the  displacement  and  the  distribution  of  stress  in 
each  body. 

Hertz*  has  drawn  the  lines  of  principal  stress  in  the  {so,  z)  plane  for  the  case  in  which 
X  =  2/i  (Poisson's  ratio  =  J).  Near  the  centre  of  the  compressed  area  the  principal  planes 
of  stress  are  nearly  parallel  to  the  coordinate  planes,  and  both  tractions  are  pressures. 
As  we  go  from  the  centre  of  the  compressed  area  along  the  axis  of  x,  the  component 
traction  that  is  nearly  parallel  to  the  surface  falls  to  zero,  changes  to  tension  and  increases 
to  a  maximum  near  the  edge  of  the  compressed  area ;  it  then  diminishes  more  gradually 
without  changing  sign  again.  The  other  component  is  pressui-e,  which  continually 
diminishes  as  we  go  into  the  interior  of  the  body  along  a  line  of  stress  starting  near  the 


cenlire  of  the  compressed  area.  The  state  of  stress  is  illustrated  in  Fig.  15,  in  which  0  is 
the  centre  of  the  compressed  area,  AA'  the  trace  of  this  area  on  the  plane  of  (x,  z);  lines 
like  those  ending  at  P  are  lines  of  pressure  throughout,  lines  like  those  ending  at  T  are 
lines  of  tension  throughout,  the  lines  ending  at  R  are  lines  of  stress  in  which  the  traction 
in  the  central  (dotted)  portion  is  pressure,  and  in  the  remaining  portions  is  tension. 

Hertz  made  a  series  of  experiments  with  the  view  of  testing  the  theory.  The  result 
that  the  linear  dimensions  of  the  compressed  area  are  proportional  to  the  cube  r6ot  of  the 
pressure  between  the  bodies  was  verified  very  exactly ;  the  dependence  of  the  form  of  the 
compressed  area  upon  the  foi'm  of  the  relative  indicatrix  was  also  verified  in  cases  in  which 
the  latter  could  be  determined  with  fair  accuracy. 

139.     Hertz's  theory  of  impact. 

The  results  obtained  in  the  last  Article  have  been  applied  to  the  problem 
of  the  impact  of  two  solid  bodies  f.  The  ordinary  theory  of  impact,  founded 
by  Newton,  divides  bodies  into  two  classes,  "perfectly  elastic"  and  "imper- 
fectly elastic."  In  the  case  of  the  former  class  there  is  no  loss  of  kinetic 
energy  in  impact.  In  the  other  case  energy  is  dissipated  in  impact.  Many 
actual  bodies  are  not  very  far  from  being  perfectly  elastic  in  the  Newtonian 
sense.  Hertz's  theory  of  impact  takes  no  account  of  the  dissipation  of  energy ; 
the  compression  at  the  place  of  contact  is  regarded  as  gradually  produced  and 

*  Verhandlungen  des  Vereins  zttr  Beforderang  des  Oewerbefleisses,  1882  =  Ges.  Werke,  Bd.  1, 
p.  174. 

t  Hertz,  J.f.  Math.  (Crelle),  Bd.  92  (1881). 
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as  subsiding  completely  by  reversal  of  the  process  by  which  it  is  produced. 
The  local  compression  is  thus  regarded  as  a  statical  effect.  In  order  that 
such  a  theory  may  hold  it  is  necessary  that  the  duration  of  the  impact  should 
be  a  large  multiple  of  the  gravest  period  of  free  vibration  of  either  body 
which  involves  compression  at  the  place  in  question.  A  formula  for  the 
duration  of  the  impact,  which  satisfies  this  requirement  when  the  bodies 
impinge  on  each  other  with  moderate  velocities,  has  been  given  by  Hertz, 
and  the  result  has  been  verified  experimentally*. 

At  any  instant  during  the  impact,  the  quantity  a  is  the  relative  displace- 
ment of  the  centres  of  mass  of  the  two  bodies,  estimated  from  their  i-elative 
positions  at  the  instant  when  the  impact  commences,  and  resolved  in  the 
direction  of  the  common  normal.  The  pressure  P  between  the  bodies  is  the 
rate  of  destruction  of  the  momentum  of  either.   We  therefore  have  the  equation 

l("s-5^..)=-^. w 

where  d  stands  for  dajcit,  and  m^,  m^  are  the  masses  of  the  bodies.  Now  P  is 
a  function  of  t,  so  that  the  principal  semi-diameters  a  and  b  of  the  compressed 
area  at  any  instant  are  also  functions  of  t,  determined  in  terms  of  P  by  the 
second  and  third  of  equations  (54);  in  fact  a  and  b  are  each  of  them  pro- 
portional to  pi.  Equation  (57)  shows  that  a  is  proportional  to  P*,  or  that  P 
is  proportional  to  a^ ;  we  write 

P  =  hai,    (61) 

where 


(i)^A-M(^,+v 


j„    ir(l  +  0(l-e^+?)W  "Jo 


d^ 


(i  +  r)Mr(i-e^+?)}i" 

(62) 


Equation  (60)  may  now  be  written 

■d  =  -k^k^a^-,  (63) 

where  ki  =  {mi  +  mo)/mim„.     This  equation  may  be  integrated  in  the  form 

^{d'-v')  =  -ik,hcL\    (64) 

where  v  is  the  initial  value  of  d,  i.e.  the  velocity  of  approach  of  the  bodies 
before  impact.     The  value  of  a  at  the  instant  of  greatest  compression  is 

5  \i  /v\i 


kjcj    \2J   '     (^^) 

and,  if  this  quantity  is  denoted  by  a,,  the  duration  of  the  impact  is 

da 


[v'-fjcihaqi' 

*  Schneebeli,  Arch,  des  sci.  jjhijs.,  Geneva,  t.  15  (1885).  Investigations  of  the  duration  of 
impact  in  the  case  of  high  Telocities  were  made  by  Tait,  Edinburgh  Roy.  Soc.  Trans.,  vols.  26,  27' 
(1890,  1892). 
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We  may  express  a^  ia  terms  of  the  shapes  and  masses  of  the  bodies  and 
the  velocities  of  propagation  of  waves  of  compression  in  them  ;  let  Fj  and  Fj 
be  these  velocities*,  p^  and  p^  the  densities  of  the  bodies,  a^  and  a-^  the  values 
of  Poisson's  ratio  for  the  two  materials  ;  then 


^1  = 


so  that 

where 
T 


7rFiXl-2ffO' 


^2^ 


omim^v"-    3  \JA  (      (1  —  a-^f 


+  - 


a-<^.y 


4  (mi  +  m,)    47r     {V,'p,  (1  -  2a;)      V.,'p,  (1  -  2a;) 


d^ 


„  (i  +  oMr(i-e^+r)P' 


-'  0 


d^ 


...(66) 
...(67) 
...(68) 


{?(l  +  ?)(l-e^+r)}ij- 

It  appears  that  the  duration  of  the  impact  varies  inversely  as  the  fifth  root 
of  the  relative  velocity  of  approach  before  impact.  The  order  of  magnitude 
of  the  gravest  period  of  free  vibration  that  would  involve  compression  is 
1/AiVi,  and  thus  the  duration  of  impact  bears  to  this  period  a  ratio  of  which 
the  order  of  magnitude  is  (VjIv)'. 

140.     Impact  of  spheres. 

When  the  bodies  are  spheres  of  radii  r^,  r^,  we  have 


^'=¥^/^^  +  ^^)^' 


.(69) 


«  =  4^(^i  +  52)P; 


from  which  we  find 


-,     «  =  {a(ri)-2)/(ri+r2)}i, 


.(70) 


Hence  the  duration  of  the  impact  and  the  radius  of  the  (circular)  compressed  area  are 
determined. 

In  the  particular  case  of  equal  spheres  of  the  same  material  the  duration  of  the 
impact  is 


(2 


-■■■){¥  <?£t.r.TTr 


.(71) 


where  r  is  the  radius  of  either  sphere,  o-  is  the  Poisson's  ratio  of  the  material,  and  V  is  the 
velocity  of  propagation  of  waves  of  compression.  The  radii  of  the  circular  patches  that 
come  into  contact  are  each  equal  to 


tr5^(_i- 

Ll6    1- 


2o- 


.(72) 


These  results  have  been  verified  experimentally  t. 

»  Fi^  is  {Xi  +  2/ii)/f)i  and  F/  is  {\  +  2^i.,)|p.,. 

t  Schneebeli,   Bep.   cl.  Phys.,  Bd.  22  (1886),  and  Hamburger,   TageHatt  d.  Nat.   Vers,  in 
Wiesbaden,  1887. 
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141.     Effects  of  nuclei  of  strain  referred  to  polar  coordinates. 

We  may  seek  solutions  of  the  equations  (1)  in  terms  of  polar  coordinates,  the  dis- 
placement being  taken  to  be  inversely  proportional  to  the  radius  vector  r.  The  displacement 
must  satisfy  equations  (49)  of  Article  97.  If  we  take  «,.  and  u^  to  be  proportional  to 
COS7J0,  and  m.  to  be  proportional  to  sin?i0,  we  may  show  that* 

^^cosm0  (^  (,i  +  cos5)tan''-+5(K-cos6)cot»-[, 


sin  Krf)   ( „  ,        6     -r,      , 
^  i G tan" --D cot" 


}• 


COS  ncj)   C      X  +  2/i 


{'' 


;  +  C'tan"^-|-i)cot"^L 


/i      cos?i0  '   "  2  2_ 

where  A,  B,  C,  D  are  arbitrary  constants ;  and  then  we  may  show  that 

cos  n<^  ( 
ml  [ 


r  sm  ( 


X  +  3/H   .    „  d 
2/i     ^        da 


\C0S  H(f>J  \  2 


e 


siu  n(^ 


*.{ 


>t     „    ^ 7-cos5    (7 tan" --i) cot'  „ 

2/i     cosnrf)  \  2  2 


-|-(?tan''--|-i3"cot' 


-6'tan'»--l-fi'cot"n 


'•!}• 


where  G  and  S  are  arbitrary  constants.  In  the  particular  cases  where  7i  =  0  or  1  some  of 
the  solutions  require  independent  investigation.  These  cases  include  the  first  type  of 
simple  solutions  for  any  direction  of  the  applied  force,  the  second  type  of  simple  solutions, 
and  the  solutions  arrived  at  in  Article  132,  examples  (d),  (e).  We  give  the  expressions  for 
the  displacements  and  stress-components  in  a  series  of  cases. 


J.  H.  Miohell,  London  Math.  Soc.  Proc,  vol.  32  (1900),  p.  23. 
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(a)     The  first  type  of  simple  solutions,  corresponding  with  a  force  F  parallel  to  the 
axis  of  z,  is  expressed  by  the  equations 

_  F   cos  6  _       X  +  3/t      F   sin  5  _ 

the  stress-components  are  expressed  by  the  equations 

---        3X  +  4u  F  coa6      ^    T^.         ix      F  cos  6 

^     ^  X  +  2/1  477    r^ 

The  meridian  planes  (<|)=const.)  are  principal  planes  of  stress;  and  the  lines  of  principal 
stress,  which  are  in  any  meridian  plane,  make  with  the  radius  vector  at  any  point  angles 
yjr  determined  by  the  equation 

tan  2\JA=-  {2j[i/(3X-l-5/i)}  tan  d. 

These  lines  have  been  traced  by  Miohell,  for  the  case  where  X  =  /i,  with  the  result  shown  in 
Fig.  16,  in  which  the  central  point  is  the  point  of  apphoation  of  the  force. 

O)    When  the  line  of  action  of  the  force  F'  is  parallel  to  the  axis  of  x,  the  displace- 
ment is  expressed  by  the  equations 

F'  sinflcosc^  _    X-t-3/i      F'   cos  6 cos (j)  \  +  3ii      F'   sin(j) 

''''^4^  r  '     ''«~2(X-l-2/I)  4^  r  '     'V"     2  (X+2^)  47r/i  ~?^ ' 

the  stress-components  are  expressed  by  the  equations 

■^2        SX+Afi.  F'  sin 8 cos <^       gg_j^-._!L-  Z!  sin 6 cos ^ 


^  ■--        li      -f"  sin  rf)      '->  It-      F'  cos 


(y)     The  second  type  of  simple  solutions  is  expressed  by  the  equations 

B  5     sin  (9 

"^     ?•  '        *  r  H-cosfl'        * 

the  stress-components  are  expressed  by  the  equations 

B       -T^    ^   B    ooae         -T^     „   B        1 


rr=-2^-^,     66  =  ^^-,^——.,     0<^  =  2^ 


,..-  ■Vn+cosg'     ^^~  '^r-'l+cosd' 

^     ^        '  '^r^  l  +  coso 

The  solution  (28)  obtained  in  Article  132  (d)  is  expressed  by  the  equations 
C    cos  (j)  C    sin  0 


TH-COB^'        *~  '/•  H-cosfl' 

the  stress-components  are  expressed  by  the  equations 

^-    ^      ^         -P;  „    C  (1  -  cos  5)  cos  <l) 

I  ■/"*'  '^r^  (1-t-cos  5)sm  fl 

<rr    „    C  (l-cos(9)sin<^       -r-        „   C    siucj)    .     ^    „    C    cos(j> 

^'^=^^^ ;^ (1 -f cos g) sing'  '^'■=-2'^r2r+c^sfl'  '^=^'*r2iT^^- 
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(e)     The  solution  (31)  obtained  in  Article  132  (e)  is  expressed  by  the  equations 

D  sin  (9cosd)  D        ^  D   ■     , 

«!■  = ^  , -/i  )     M„  =  — cos(j),     tc,  = Sin 6; 

r     l+cos^  '       9      ,•         -^'0         ,.        f> 

the  stress-components  are  expressed  by  the  equations 

^        22        „    -D  sin  5  cos  (^      JTII     n 
'^r^    l  +  cosfl   '     ^^       ' 


i)  sin  d  sin  (^ 
'^  /''    1  +  cos  5 


,     d))-  =  u^{2  — -Isind),    r5= -u.-=  (  2- ;; ;;)cosd). 

'     ^      '^HV       l  +  cos^y       ^'  ^r2\^       l  +  cos5/        ^ 


142.     Problems  relating  to  the  equilibrium  of  cones*. 

(i)  We  may  combine  the  solutions  expressed  in  (a)  and  (y)  of  the  last  Article  so  as 
to  obtain  the  distribution  of  stress  in  a  cone,  subjected  to  a  force  at  its  vertex  directed 
along  its  axis,  when  the  parts  at  a  great  distance  from  the  vertex  are  held  fixed.  If  ^  =  a 
is  the  equation  of  the  surface  of  the  cone,  the  stress-components  66,  6(p,  r6  must  vanish 
when  6  =  a,  and  we  have  therefore 


X  -)-  2/x  477      1-1-  COS  a 

The  resultant  force  at  the  vertex  of  the  cone  may  be  found  by  considering  the  traction  in 
the  direction  of  the  axis  of  the  cone  across  a  spherical  surface  with  its  centre  at  the  vertex ; 
it  would  be  found  that  the  force  is 

F 

g-T^^^jg-y  {X  (1  -  C0s3  a) +  /i  (1  -  cos  a)  (1 -1- C0S2  a)}, 

and,  when  F  is  positive,  it  is  directed  towards  the  interior  of  the  cone. 

By  putting  a  =  ^7r  we  obtain  the  solution  for  a  point  of  pressure  on  a  x^lane  boundary 
(Article  135). 

(ii)    We  may  combine  the  solutions  expressed  in  ((3),  (8),  (c)  of  the  last  Article  so  as 

to  obtain  the  distribution  of  stress  in  a  cone,  subjected  to  a  force  at  its  vertex  directed  at 

right  angles  to  its  axis.     The  conditions  that  the  surface  of  the  cone  may  be  free  from 

traction  are 

r^n^  —  cos  a     _   . 

2C  -    .- 2)!3ma  =  0, 

smn 

F' 
%G  ~  2)  (1-1-2  cos  a)-;; — -jT — --^cosa(l-f-cos  a)  =  0, 

47r(X-|-2/x) 

giving  /"(l-fcosg)^  J^-(l+cosa) 

°         ^  87r(\-h2;a)    '     ^  4,r(X-|-2,.)    " 

The  resultant  force  at  the  vertex  is  in  the  positive  direction  of  the  axis  of  x,  when  F'  is 
positive,  and  is  of  magnitude 

i?"(2-|-cosa)X-l-2^i,,  ,„ 

T"     X  +  2;.       '^(1-cosa)^. 

By  combining  the  results  of  problems  (i)  and  (ii)  we  may  obtain  the  solution  for  force 
acting  in  a  given  direction  at  the  vertex  of  a  cone;  and  by  putting  a  =  ^7r  we  may  obtain 
the  solution  for  force  acting  in  a  given  direction  at  a  point  of  a  plane  boundary. 

*  Michell,  loc.  cit. 
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TWO-DIMENSIONAL   ELASTIC   SYSTEMS. 

143.  Methods  of  the  kind  considered  in  the  last  Chapter,  depending  upon 
simple  solutions  which  tend  to  become  infinite  at  a  point,  may  be  employed 
also  in  the  case  of  two-dimensional  elastic  systems.  We  have  already  had 
occasion  (Chapter  V.)  to  remark  that  there  are  various  ways  in  which  such 
systems  present  themselves  naturally  for  investigation.  They  are  further 
useful  for  purposes  of  illustration.  As  in  other  departments  of  mathematical 
physics  which  have  relations  to  the  theory  of  potential,  it  frequently  happens 
that  the  analogues,  in  two  dimensions,  of  problems  which  cannot  be  solved  in 
three  dimensions  are  capable  of  exact  solution ;  so  it  will  appear  that  in  the 
theory  of  Elasticity  a  two-dimensional  solution  can  often  be  found  which 
throws  light  upon  some  wider  problem  that  cannot  be  solved  completely. 

144.  Displacement  corresponding  with  plane  strain. 

In  a  state  of  plane  strain  parallel  to  the  plane  {x,  y),  the  displacement  w 
vanishes,  and  the  displacements  u,  v  are  functions  of  the  coordinates  x,  y 
only.  The  components  of  rotation  -ur^  and  -sTy  vanish,  and  we  shall  write 
TO-  for  Tz-i-  When  there  are  no  body  forces,  the  stress-equations  of  equilibrium 
show  that  the  stress-components  X^,  Yy,  Xy  can  be  expressed  in  terms  of  a 
stress-function  p^,  which  is  a  function  of  x  and  y,  but  not  of  z,  by  the  formulae 

"^dy"     ^~aa?'        ""     dxdy ^^ 

The  identical  relation  between  strain-components  (Article  17) 


takes  the  form 


dy^        dx''  "dxdy   ^  ' 


s+^+^i^-» <« 

We  shall  denote  the  operator  d^jdx^  +  ^/dy^  by  Vj^,  and  then  this  equation  is 
Vi*T^==0.     It  shows  that  ^I'x  ^^  ^  plane  harmonic  function. 
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The  equations  of  equilibrium  in  terms  of  dilatation  and  rotation  are 

From  these  we  deduce  that  A  and  -sr  are  plane  harmonic  functions,  and 
that  (\  +  2/j,)  A  +  i2fj.z7  is  a  function  of  the  complex  variable  x  +  ly.  The 
plane  harmonic  function  V,^;;^  is  equal  to  2  (X  +  /u.)  A.  We  introduce  a  new 
function  ^+17;  of  «+  ly  by  means  of  the  equation 

^+17)=  |{(X  +  2^)A  +  1 2/x'5!-}  d  («  + 12/),    (5> 


that 


.(6> 


Then  we  have 


Also  we  have 


It  follows  that 


dy     ox 

'■^dx~dy'     2(X  +  fi)     '^         daf^dx' 

2u-=^^ ?^— V,V  =  -?^  +  ^ 

^dy      dx^     2(X,  +  /x)    '^         dy'^dy 

dy~     dxdy  dxdy     dy' 

9«        9a;82/  3a;9_y     3a;" 


These  equations  enable  us  to  express  the  displacement  when  the  stress- 
function  x  is  known. 

Again,  when  A  and  ot  are  known,  we  may  find  expressions  for  u,  v.     We 
have  the  equations 

du     dv  _  dv_  _du  _ 

dx     dy         '     dx     dy  ^  ^ 

These,  with  (6),  give 

u  =  l  f—Jn ]  +  i  (yl)  +  u' 

dx  \2  (X  +  2fA.)J  ^  dy  \2/j,J  ^    ' 

_  9  /       yr]       \      9   /y^\       , 
""'dy  \2{\  +  2p,)l  ~ dx  \2ix)  + '" ' 

in  which  [Article  14  (d)]  v'  +  cu'  is  a  function  of  «  +  ly.     We  may  put 

,    df       ,    df 
""-dx'    ''=dy' 


.(9) 
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where  /  is  a  plane  harmonic  function,  and  then  u,  v  can  be  expressed  in 
the  forms 

1  ^  +  /^  9|,§/' 

2  (X  +  2/i)      2^  (X  +  2/x)  ^  dy     dy' 
We  may  show  without  difficulty  that  the  corresponding  form  of  x  is 

^=-^^/+x^^'" (^'^^ 

and  we  may  verify  that  the  forms  (7)  for  u,  v  are  identical  with  the  forms  (9). 

145.     Displacement  corresponding  with  plane  stress. 

In  the  case  of  plane  stress,  when  every  plane  parallel  to  the  plane  of 
X,  y  is  free  from  traction,  we  have  X^  =  Yz  =  Zz  =  Q.  We  wish  to  determine 
the  most  general  forms  for  the  remaining  stress-components,  and  for  the 
corresponding  displacement,  when  these  conditions  are  satisfied  and  no  body 
forces  are  in  action.  We  recall  the  results  of  Article  92  (iv).  It  was  there 
shown  that,  if  @  =  X^  +Yy  +  Z^,  the  function  @  is  harmonic,  and  that, 
besides  satisfying  the  three  equations  of  the  type 

dXx     dXy     dZjc  _r.  /,  1 N 

dx^  -dy   ^  dz  ~    '  ^     ' 

the  stress-components  also  satisfy  six  equations  of  the  types 

1     8^6  1      8^® 

1+a  dx^  1  +  a  oydz  ^ 

Since  Xg,  Yz,  Z^  are  zero,  d®jdz  is  a  constant,  /3  say,  and  we  have 

©  =  @o  +  /3^,  (13) 

where  ©o  is  a  function  of  x  and  y,  which  must  be  a  plane  harmonic  function 
since  0  is  harmonic,  or  we  have 

Vi^@„=0 (14) 

The  stress-components  Xx,  Yy,  Xy  are  derived  from  a  stress-function  'x^, 
which  is  a  function  of  x,  y,  z,  in  accordance  with  the  formulae  (1),  and  we  have 

Vx=A:  =  ®o  +  /S^ (15) 

The  first  of  equations  (12)  gives  us 

92/1  +  0-  9*''  ' 
or,  in  virtue  of  (14)  and  (15), 


l;f?^  +  @oV^     ^^®" 


dy^Kdz^^^'J      1+0-  dy'      ^' 
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In  like  manner  the  remaining  equations  of  (12)  are 

3'    C^-X  _L     °" 


dx-    \dz-      1  +  cr 


©, 


dxdy  \dz-      1  +  cr 


0, 
=  0. 


©0  is  a  linear  function  of  x  and  y,  and  this  function 


It  follows  that  P^  +  -°— 
dz'      1+cr 

may  be  taken  to  be  zero  without  altering  the  values  of  X^,   Yy,  Xy.     We 

therefore  find  the  following  form  for  p^  : — 


%  =  X«+Xi^-il 


+  0- 


e<^^ 


.(16) 


where  %„  and  ^i  are  independent  of  ^r  and  satisfy  the  equations 


.(17) 


We  may  introduce  a  pair  of  conjugate   functions  ^  and  ij  oi  x  and  y 
which  are  such  that 


.(18) 


and  then  the  most  general  forms  for  ^o  and  ■)^i  can  be  written 

x«  =  i^^+f,    x^  =  i0(^"-  +  f)  +  F,  (19) 

where  /  and  F  are  plane  harmonic  functions.  The  general  form  for  %  being 
known,  formulae  for  the  stress  can  be  found,  and  the  displacement  can  be 
deduced. 

The  displacement  (m,  v,  w)  must  satisfy  the  equations 

g4(x.-.r,),  |4(f,-.z.).   ^=-|(Z.+  f.); 


.(20) 


dy 

9w     9t;  _         9'',9^''_r)      9^      9t(  _  2  (1  +  o-)  „ 
dy      dz        '     dz      dx        '     dx     dy~       E  '"' 

There  is  no  difficulty  in  obtaining  the  formulae* 

■ui=-^[\^  («'  +  f^-  <rz'-)  +  a-zO,}  +  -^-  xi. 

Any  small  displacement  possible  in  a  rigid  body  may,  of  course,  be  super- 
posed .on  this  displacement. 


.(21) 


''  Equivalent  formulae  were  obtained  by  Clebsch,  Elasticitiit,  §  39. 
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146.     Generalized  plane  stress. 

We  have  shown  in  Article  94  that,  when  the  stress-component  Z^ 
vanishes  everywhere,  and  the  stress-components  Z^  and  Y^  vanish  at  two 
plane  boundaries  z  =  ±  h,  the  average  values  of  the  remaining  stress- 
components  Xx,   Yy,  Xy  are  determined  by  the  equations 

dX^  ^  dXy  ^  ^      dXy  _^  dYy  ^  Q 
dx        dy         '      dx        dy         '     

and  that  the  average  values  of  the  displacements  u,  v  are  connected  with  the 
average  values  of  the  stress-components  by  the  equations 


T?  flu  ,  dv 


.(23) 


'''•^Kdy^dxl'  I 

where  V  =  2  ^/(X  +  2/i) (24) 

It  follows  that  M,  V  are  determined  by  the  same  equations  as  if  the  problem 
were  one  of  plane  strain,  provided  that  A,  is  replaced  by  \'.  The  quantities 
X^,  Yy,  Xy  are  derived  from  a  stress-function  exactly  in  the  same  way  as  in 
problems  of  plane  strain. 

The  average  values  of  the  displacements  in  any  problem  of  plane  stress 
are  independent  of  the  quantities  yS  and  F  of  Article  145,  and  are  the  same 
as  if  the  problem  were  one  of  generalized  plane  stress.  It  appears  from  this 
statement  that  the  investigation  of  states  of  plane  strain  may  be  applied  to 
give  an  account  of  the  effects  produced  by  some  distributions  of  forces  which 
do  not  produce  states  of  plane  strain.  The  problems  to  which  this  method 
is  applicable  are  problems  of  the  equilibrium  of  a  thin  plate  which  is 
deformed  in  its  own  plane  by  forces  applied  in  the  plane.  The  actual  values 
of  the  stresses  and  displacements  produced  in  the  plate  are  not  determined, 
unless  the  forces  are  so  distributed  that  the  state  is  one  of  plane  stress,  but 
the  average  values  across  the  thickness  of  the  plate  are  determined.  Any 
such  problem  can  be  solved  by  treating  it  as  a  problem  of  plane  strain,  and, 
in  the  results,  substituting  \'  for  \. 

147.     Introduction  of  nuclei  of  strain. 

We  may  investigate  solutions  of  the  equations  of  plane  strain  which 
tend  to  become  infinite  at  specified  points.  Such  points  must  not  be  in  the 
substance  of  the  body,  but  they  may  be  in  cavities  within  the  body.  When 
this  is  the  case,  it  is  necessary  to  attend  to  the  conditions  which  ensure  that 
the  displacement,  rotation  and  strain  are  one-valued.  When  the  points  are 
outside  the  body,  or  on  its  boundary,  these  conditions  do  not  in  general  need 
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to  be  investigated.  The  displacement  being  determined  by  certain  functions 
oi  x+  ly,  the  singular  points  are  singularities  of  these  functions.  Without 
making  an  exhaustive  investigation  of  the  possible  singular  points  and  their 
bearing  upon  the  theory  of  Elasticity,  we  shall  consider  the  states  of  stress 
that  correspond  with  certain  simple  types  of  singular  points. 

148.     Force  operative  at  a  point. 

The  simplest  singularity  is  arrived  at  bj-  taking 

(\  +  2/ji)  A +  i2/u.-!:t  =  A  (x  +  iy)-\   (25) 

so  that  the  origin  is  a  simple  pole.     Equation  (5)  becomes  in  this  case 

^  +  ir]  =  A  \og{^-+iy)  =  A{\ogr  +  i0),    (26) 

where  r,  0  are  polar  coordinates  in  the  plane  of  (w,  y).  The  corresponding 
formulae  for  u,  v  are 


Zli. 


log  r     + 


A-  +  ja        ,  y-       , 
2/^(X.  +  2/x)      r^+^'' 


e 


X  +  ft 


xy 


.(27) 


2  (X.  +  2yu.)         2/y,  (A,  +  2/u,) 
To  make  v  one-valued  we  must  put 

''=-20^)^'     "'=2>  +  2;.)'°^'^- 
The  formulse  for  u,  v  then  become 

"-     2/x(X+2/.)^^°°'+2^(X  +  2^)^r=' 


V=—  : 


X  +  /M 


xy 


.(28) 


2/A  (X  +  2fj.) 
'The  stress-components  Xx,  Yy,  Xy  are  given  by  the  equations 

X.=  A 


Yy=A 


X  /2X  +  Sfi  _  2{X  +  fji)  y^\ 
r^[x  +  2fj,         ^    '  «•■     ^'' 

X    /  /J. 


X+2fj. 


X^  =  A 


+ 


X  4-  2/A    r-J 
2(X+jt)  f 
X  +  2fj.    r 
2(X  +  fi)x' 


+ 


.(29) 


r-  VX  -(-  2/A  '     X  +  2/J,    r\ 

The  origin  must  be  in  a  cavity  within  the  body;  and  the  statical  resultant 
•of  the  tractions  at  the  surface  of  the  cavity  is  independent  of  the  shape  of 
the  cavity.  The  resultant  may  be  found  by  taking  the  cavity  to  be  bounded 
(in  the  plane)  by  a  circle  with  its  centre  at  the  origin.  The  component  in 
the  direction  of  the  axis  of  x  is  expressed  by  the  integral 

r2ir 


—      ^x  -  +  X,. 


rd9. 
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which  is  equal  to  —  2A'7r.  The  component  in  the  direction  of  the  axis  of  y 
vanishes,  and  the  moment  of  the  tractions  about  the  centre  of  the  cavity  also 
vanishes.  It  follows  that  the  state  of  stress  expressed  by  (29)  is  that 
produced  by  a  single  force,  of  magnitude  2'7rA,  acting  at  the  origin  in  the 
positive  sense  of  the  axis  of  x. 

The  effect  of  force  at  a  point  of  a  plate  may  be  deduced  by  writing 
V  in  place  of  A,  and  replacing  u,  X^,  ...  by  u,  X^, 

149.     Force  operative  at  a  point  of  a  boundary. 

If  the  origin  is  at  a  point  on  a  boundary,  the  term  of  (27)  which 
contains  6  can  be  one-valued  indepen- 
dently of  any  adjustment  of  u',  v'.  It 
is  merely  necessary  to  fix  the  meaning 
of  e.  In  Fig.  17,  OX  is  the  initial 
line,  drawn  into  the  plate,  and  the  angle 
XOT  =  a..  Then  6  may  be  taken  to  lie 
in  the  interval 

a  >  ^  >-(■"■-  a). 

We  may  seek  the  stress-system  that 
would  correspond  with  (27)  if  u'  and  v' 
were  put  equal  to  zero.     We  should  find 


2{X  +  p)  ,  a? 


Fig.  17. 


_  2 (\  4-  At)  ,xf  2{\  +  ^l)  ,  ^ 


.(30) 


In  polar  coordinates  the  same  stress-system  is  expressed  by  the  equations 
^^2p^)^cos^_     ^  =  0,     :^  =  0 (31) 

This  distribution  of  stress  is  described  by  Michell*  as  a  "simple  radial 
distribution."  Such  a  distribution  about  a  point  cannot  exist  if  the  point 
is  within  the  body.  When  the  origin  is  a  point  on  the  boundary,  the  state  of 
stress  expressed  by  (31)  is  that  due  to  a  single  force  at  the  point.  We 
calculate  the  resultant  ti-action  across  a  semicircle  with  its  centre  at  the 
origin.     The  ^-component  of  the  resultant  is 


-/: 


rr .  cos  6 .  rdO, 


TT+a 


or  it  IS 


X  +  fi 


■  A.  '"  '  r"  IT.     The  2/-component  of  the  resultant  is 
X  +  2fj, 


■/: 


rr .  sin  0 .  rd6, 


*  London  Math.  Soc.  Proc,  vol.  32  (1900),  p.  35. 
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or  it  is  zero.  Thus  the  resultant  applied  force  acts  along  the  initial  line  and 
its  amount  is  it  A  (\  +  /m.)/(X  +  2yn) ;  the  sense  is  that  of  the  continuation 
of  the  initial   line  outwards  from   the  body  when  A  is  positive. 

This  result  gives  us  the  solution  of  the  problem  of  a  plate  with  a  straight 
boundarj^  to  which  force  is  applied  at  one  point  in  a  given  direction.  Taking 
that  direction  as  initial  line,  and  F  as  the  amount  of  the  force,  the  stress- 
system  is  expressed  by  the  equations 

:;:;.  =  _^F—,   ^  =  o,   ed  =  o, (32) 

TT         r 

and  these  quantities  are  of  course  averages  taken  through  the  thickness 
of  the  plate. 

150.     Case  of  a  straight  boundary. 

In  the  particular  case  where  the  boundary  is  the  axis  of  x,  the  axis  of  y  penetrates  into 
the  plate,  and  the  force  at  the  origin  is  pressure  F  directed  normally  inwards,  the  average 
stresses  and  displacements  are  expressed  by  the  equations 

-^^--^i^TT'     ^v---^-^,     -^v---^-;^, (33) 


and  77  =  „-^^^-,(^--^-^^    ^ 


27r(X'  +  /i)  \        2/      2wfi 
27r/i(V+/i)  ^       Zwixr^' 


.(34) 


This  solution*  is  the  two-dimensional  analogue  of  the  solution  of  the  problem  of 
Boussinesq  (Article  135).  Since  u,  v  do  not  tend  to  zero  at  infinite  distances,  there  is 
some  difficulty  in  the  application  of  the  result  to  an  infinite  plate ;  but  it  may  be  regarded 
as  giving  correctly  the  local  effect  of  force  applied  at  a  point  of  the  boundary. 

151.     Additional  results. 

(i)     The  stress-function  corresponding  with  (32)  of  Article  149  is  —n'^Frdsmd. 

(ii)  The  effect  of  pressure  distributed  \iniformly  over  a  finite  length  of  a  straight 
boundary  can  be  obtained  by  integration.  If  p  is  the  jjressure  per  unit  of  length,  and  the 
axis  of  X  is  the  boundary,  the  axis  of  y  being  drawn  into  the  body,  the  stress-function 
is  found  to  be  ^t~'jo{(?'2^52~''i^^i)}j  where  r,,  dj  and  t-j,  62  are  polar  coordinates  with 
the  axis  of  a;  for  initial  line  and  the  extremities  of  the  part  subject  to  pressure  for  origins. 
It  may  be  shown  that  the  lines  of  stress  are  confocal  conies  having  these  points  as  focit. 

(iii)     Force  at  an  angle. 

The  results  obtained  in  Article  149  may  be  generalized  by  supposing  that  the  boundary 
is  made  up  of  two  straight  edges  meeting  at  the  origin.  Working,  as  before,  with  the  case 
of  plane  strain,  we  have  to  replace  the  limit  —n+a  of  integration  in  the  calculation  of 

*  Flamant,  Paris,  C.  R.,  t.  114,  1892.  For  the  verification  by  means  of  polarized  light  see 
Mesnager  in  Bapports  prSscntes  au  congrls  international  de  physique,  t.  1,  Paris  1900,  p.  348. 
Cf.  Carus  Wilson,  Phil.  Mag.  (Ser.  5),  vol.  32  (1891),  where  an  equivalent  result  obtained  by 
Boussinesq  is  recorded. 

t  Michell,  London  ilatli.  Soc.  Proc,  vol.  34  (1902),  p.  134. 
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the  force  by  -y  +  a,  where  y  is  the  angle  between  the  two  straight  edges.     We  find  for  the 
ic-component  of  force  at  the  origin  the  expression 

and,  for  the  y-component  of  force  at  the  origin,  we  find  the  expression 

The  direction  of  maximum  radial  stress  is  not,  in  this  case,  that  of  the  resultant  force.   The 
former  of  these  is  the  initial  line,  making 
angles  a  and  y-a  with  the  edges ;  the  latter 
makes  with  the  same  edges  angles  cj}  and 
y  —  (j>,  where 

y  sin  a  —  sin  y  sin  (a  —  y) 
y  cos  a  +  sin  y  cos  (a  —  y) ' 

It  follows  that  the  angle  a  is  given  by  the 
equation 

y  sin  <^  — sin -y  sin  (y  — <^) 


tan^s 


tana  = 


y  cos  <j)  —  sin  y  cos  (y  —  ^) ' 


When  a  given  force  F  is  applied  in  a  given 
direction,  ^  will  be  known,  and  a  can  be 
found  from  this  equation ;  and  the  constant 
A  can  be  determined  in  terms  of  the  re- 


force 


initial  Hue 


Fig.  18. 

sultant  force  F.  The  conditions  that  the  radial  stress  may  be  pressure  everywhere  are 
a<—  ,  y  — a<3  ;  and,  in  the  extreme  case  a=— ,  we  should  have 

.     y  — sinycosy 
tan0  =  -i r-4 -4 

^  sin^  y 

The  solution  is  due  to  Michell*,  who  remarks  that  for  values  of  y  not  exceeding  - ,  the  last 

result  is  nearly  equivalent  to  a  "rule  of  the  middle  third,"  that  is  to  say,  the  extreme 
value  of  <l>  is  nearly  equal  to  f  y.  If  the  line  of  action  of  the  applied  force  lies  within  the 
middle  third  of  the  angle,  the  radial  stress  is  one-signed. 

The  stress  is  given  by  (32)  so  that  the  laws  of  transmission  of  stress  from  an  angle  are 
(i)  that  the  stress  is  pvu"ely  radial,  (ii)  that  it  is  inversely  proportional  to  the  distance 
from  the  angle,  (iii)  that  it  is  proportional  to  the  cosine  of  the  angle  made  by  the  radius 
vector  with  a  certain  line  in  the  plane  of  the  angle. 

152.     Typical  nuclei  of  strain  in  two  dimensions. 

(a)  The  formulse  (28)  express  the  displacements  in  plane  strain,  corresponding  with 
a  single  force  of  magnitude  2 An  acting  at  the  origin  in  the  negative  direction  of  the  axis 
of  x.  We  may  obtain  a  new  type  of  singular  point  by  supposing  that  the  following  forces 
are  applied  near  the  origin : — 

parallel  to  the  axis  of  x;,  —2Arr  at  the  origin  and  2.4 tt  at  (h,  0) ; 

parallel  to  the  axis  of  y,  -2Aw  at  the  origin  and  2 Air  at  (0,  h) ; 


*  loc.  cit.  p.  207. 


L.  E. 
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and  we  may  pass  to  a  limit  by  supposing  that  Ah  remains  constantly  equal  to  B  while  h  is 
diminished  without  limit.     The  resulting  displacement  is.  given  by  the  equations 

("'")=x:^(£'   D^^s^- (35) 

This  displacement  is  expressible  in  polar  coordinates  by  the  formulse 

'''=x^^.-'   '"'=°'-  (^«) 

it  involves  no  dilatation  or  rotation.     The  stress  is  expressed  by  the  formulse 

-^=^^=x-fFj'    ^='' ^''^ 

so  that  the  origin  is  a  point  of  pressure.     If  the  origin  is  in  a  circular  cavity  there  is 
uniform  pressure  of  amount  2iiBr~^l(X+2n)  over  the  cavity. 

(6)  Again  we  may  obtain  a  diflferent  type  of  singular  point  by  supposing  that  the 
following  forces  are  applied  near  the  origin : — 

parallel  to  the  axis  of  x,      2 Aw  at  the  origin,  —2Ajra,t  the  point  (0,  h), 

parallel  to  the  axis  of  y,  —^Att  at  the  origin,      2.4 n-  at  the  point  (h,  0) ; 

and  we  may  pass  to  a  limit  as  in  case  (a).    We  thus  obtain  the  following  displacement : — 

X  +  3^      S  ,,      s    j>      X  +  /.      C^  y\  9  ^y\ 
2ft(X  +  2/i)9y''^  ''         2/i(X  +  2,i)V9y»-2     3^?-2/' 

7?     X  +  3/X       3    .       .      _      X  +  /X       /  3  x^      d  xy\ 
2ij.  (X  +  2,i)  S^  ^^'■^"'"     2;i  (X  +  2,i)  V3^  »^      3y  ^/  ' 

('''^)=f  (-|'    £)^°g'- (38) 

This  displacement  is  expressible  in  polar  coordinates  by  the  formulse 

Mr=0,     ue=Bjnr;  (39) 

it  involves  no  dilatation  or  rotation.     The  stress  is  expressed  by  the  formulse 

'^=66=0,    re=-'i,Br~\    (40) 

so  that  the  state  of  stress  is  that  produced  by  a  couple  of  magnitude  4:irB  applied  at  the 
origin. 

(c)  We  may  take  (X  +  2;i)A  +  t2/iCT  =  Clog(ii;+ty).  Since  nr  is  not  one- valued  in  a 
region  containing  the  origin,  we  shall  suppose  the  origin  to  be  on  the  boundary.  Equation 
(5)  becomes 

^■¥iri  =  C{x\ogr-y6-x)  +  iC{i/\.ogr-^x6-y), 

and  the  displacement  may  be  taken  to  be  given  by  the  formulae 

C  ,   ,  ,     (2X  +  3m)0    . 

c  \c 

"=21m:2^(^^-2')-27(x+%I)^^°^''- 
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The  stress  is  then  given  by  the  formulse 

We  may  take  n  >d>0,  the  axis  of  x  to  be  the  boundary,  and  the  axis  of  y  to  be  drawn  into 
the  body.  Then  the  traction  on  the  boundary  is  tangential  traction  on  the  part  of  the  bound- 
ary for  which  so  is  negative;  and  the  traction  is  of  amount  Oir  (X+/i)/(X  +  2/x),  and  it  acts 
towards  the  origin  if  0  is  positive,  and  away  from  the  origin  if  C  is  negative.  The  most 
important  parts  of  v,  near  the  origin,  are  the  term  containing  logr  and  6,  and  if  a;  is 
negative  both  these  have  the  opposite  sign  to  0,  so  that  they  are  positive  when  C  is 
negative.  We  learn  from  this  example  that  tangential  traction  over  a  portion  of  a  surface 
tends  to  depress  the  material  on  the  side  towards  which  it  acts*. 

153.     Transformation  of  plane  strain. 

We  have  seen  that  states  of  plane  strain  are  determined  in  terms  of 
functions  of  a  complex  variable  x  +  ly,  and  that  the  poles  and  logarithmic 
infinities  of  these  functions  correspond  with  points  of  application  of  force  to 
the  body  which  undergoes  the  plane  strain.  If  the  two-dimensional  region 
occupied  by  the  body  is  conformally  represented  upon  a  different  two- 
dimensional  region  by  means  of  a  functional  relation  between  complex 
variables  x'+  iy'  and  x  +  ly,  a  new  state  of  plane  strain,  in  a  body  of  a 
different  shape  from  that  originally  treated,  will  be  found  by  transforming 
the  function  (\  +  2/i)  A  +  l  2/jiiir  into  a  function  of  x'+iy'  by  means  of  the 
same  functional  relation.  Since  poles  and  logarithmic  infinities  are  conserved 
in  such  conformal  transformations,  the  points  of  application  of  isolated  forces 
in  the  two  states  will  be  corresponding  points.  We  have  found  in  Article  149 
the  state  of  plane  strain,  in  a  body  bounded  by  a  straight  edge  and  otherwise 
unlimited,  which  would  be  produced  by  isolated  forces  acting  in  given  direc- 
tions at  given  points  of  the  edge.  We  may  therefore  determine  a  state  of 
plane  strain  in  a  cylindrical  body  of  any  form  of  section,  subjected  to  isolated 
forces  at  given  points  of  its  boundary,  whenever  we  can  effect  a  conformal 
representation  of  the  cross-section  of  the  body  upon  a  half-plane.  It  will  in 
general  be  found,  however,  that  the  isolated  forces  are  not  the  only  forces 
acting  on  the  body ;  in  fact,  a  boundary  free  from  traction  is  not  in  general 
transformed  into  a  boundary  free  from  traction.  This  defect  of  correspondence 
is  the  main  diflaculty  in  the  way  of  advance  in  the  theory  of  two-dimensional 
elastic  systems. 

We  may  approach  the  matter  from  a  different  point  of  view,  by  con- 
sidering the  stress- function  as  a  solution  of  Vi*;i^  =  0.  If  we  change  the 
independent  variables  from  x,  y  to  a/,  y',  where  «'  and  y'  are  conjugate 
functions  of  x  and  y,  the  form  of  the  equation  is  not  conserved,  and  thus  the 
form  of  the  stress-function  in  the  {oil,  y)  region  cannot  be  inferred  from 
its  form  in  the  {x,  y)  region. 

*  Of.  L.  N.  G.  Filon,  Phil.  Tram.  Roy.  Soc.  (Ser.  A),  vol.  198  (1902). 
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154.     Inversion*. 

The  transformation  of  iaversioQ,  x'+  ty'={p  +  ty)~S  constitutes  an  excep- 
tion to  the  statement  at  the  end  of  Article  153.  It  will  be  more  convenient 
in  this  case  to  avoid  complex  variables,  and  to  change  the  independent 
variables  by  means  of  the  equations 

X  =  Id'xjr^,     y'  =  J<fy/r'^, 

in  which  k  is  the  constant  of  inversion,  and  r^  stands  for  a;'  +  y\  We  write 
in  like  manner  r'^  for  a;'"  +  y\  Expressed  in  polar  coordinates  the  equation 
Vj^;)^  =  0  becomes 


1  d 


r  dr\   drj      r^  dff' 


1   3" 


rdr\    drJ      r"  dd" 


=  0; 


.(41) 


and,  when  the  variables  are  changed  from  r,  6  to  r,  6,  this  equation  may  be 
shown  to  become 


=  0.    ...(42) 


k'  Ir'  dr'  \     dr'J  ^  r'^  dd^\  \j'  dr  \     dr'  ^     '^^\^  r''  dd"  ^     ^' 

It  follows  that,   when  ;;^  is  expressed  in  terms  of  »',  y ,  r'^i^  satisfies  the 
equation 

(//^+a^^+2aW^)^^'^^  =  '' ^*'^ 

and  therefore  r'^i^  is  a  stress-function  in  the  plane  of  (x ,  y'). 

The  stress-components  derived  from  7*'^p(;  are  given  by  the  equations  f 


r'r'  =  —  —  (r"'v)  +-  —  (r'^'v') 


d'ff-- 


r'dr 


did 


where  6'  is  the  same  as  6 ;  and  we  find 


.(44) 


r'r  =     f'.  rr  +  2 


(-'I).) 


.(45) 


fe'=     r\0d  +  2(x-r^ 
i^'  =  -r'.^, 

where  rr,  66,  r6  are  the  stress-components  derived  from  x>  expressed  in 
terms  of  r,  6.  Thus  the  stress  in  the  (r',  6')  system  dififers  from  that  in 
the  {r,  6)  system  by  the  factor  r^,  by  the  reversal  of  the  shearing  stress 
r6,  and  by  the  superposition  of  a  normal  traction  2  {%  -  r  (dx/dr)],  the 
same   in  all  directions  round  a  point.     It  follows  that  lines  of  stress  are 


*  Miohell,  loc.  cit.,  p.  208. 

t  See  the  theorem  (ii)  of  Article  59. 
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transformed  into  lines  of  stress,  and  a  boundary  free  from  stress  is  trans- 
formed into  a  boundary  under  normal  traction  only.  Further  this  normal 
traction  is  Constant.  To  prove  this,  we  observe  that  the  conditions  of  zero 
traction  across  a  boundary  are 


cos(«.,.)^-^-cos(2/,.)||: 


^^'     -•^°'('"''')S+"°'(2''''>S  =  ^' 


and  these  are  the  same  as 


1(1)--  -''"^ 


ds  \da! 


0, 


where  ds  denotes  an  element  of  the  boundary.     Hence  dxldoo  and  dx/dp  are 
constant  along  the  boundary,  and  we  have 

d  I  3y\      d 

ds 


dr 


dx 


dy)      ds      ds  dao      ds  dy 


It  follows  that  a  boundary  free  from  traction  in  the  (r,  6)  system  is  trans- 
formed into  a  boundary  subject  to  normal  tension  in  the  (r',  ff)  system. 
This  tension  has  the  same  value  at  all  points  of  the  transformed  boundary, 
and  its  effect  is  known  and  can  be  allowed  for. 


155.     Equilibrium,  of  a  circular  disk  under  forces  in  its  plane*. 

(i)    We  may  now  apply  the  transformation  of  inversion  to  the  problem  of  Articles 
149,  150. 


i.'ig.  19.  - 

*  The  results  of  (i)  and  (ii)  are  due  to  Hertz,  Zeit.f.  Math.  u.  Physik,  Bd.  28  (1883)  or  Ges. 
Werke,  Bd.  1,  p.  283,  and  Michell,  London  Math.  Soc.  Proc,  vol.  32  (1900),  p.  35,  and  vol.  34, 
(1902),  p.  134. 
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Let  C  be  a  point  of  a  fixed  straight  line  O'A  (Fig.  19).  If  O'A  were  the  boundary  of 
the  section  of  a  body  in  which  there  was  plane  strain  produced  by  a  force  F  directed  along 
OCyX,  the  stress-function  at  P  would  be  —n~^Fr6sm6,  where  r  stands  for  O'P;  and  this 
may  be  written  -n~^F6y,  where  y  is  the  ordinate  of  P  referred  to  O'X.  When  we  invert 
the  system  with  respect  to  0,  taking  k  =  00',  P  is  transformed  to  P',  and  the  new  stress- 
function  is  -7c-^r-^F{d^  +  6^'kh/'jr^,  where  6^  and  n-d^  are  the  angles  XOP',  XO'P',  and 
we  have  written  i\  for  OP',  and  y  for  the  ordinate  of  P'  referred  to  OX.  Further  the  line 
O'A  is  transformed  into  a  circle  through  0,  0',  and  the  angle  2a  which  00'  subtends  at  the 
centre  is  equal  to  twice  the  angle  AO'X.  Hence  the  function  -ir'^F'y'  {6^  +  6^  is  the 
stress-function  corresponding  with  equal  and  opposite  isolated  forces,  each  of  magnitude 
F',  acting  as  thrust  in  the  line  00',  together  with  a  certain  constant  normal  tension  round 
the  bounding  circle. 

To  find  the  magnitude  of  this  tension,  we  observe  that,  when  P'  is  on  the  circle, 
r^  cosec  5, = r^  cosec  flj = A  cosec  {6i  +  d^  =  2R, 
where  R  is  the  radius  of  the  circle.     Further,  the  formulse  (1)  of  Article  144  give  for  the 
stress- components 

„ 2-f"  /cos3  ^1     cos^  6 A  2F'  /cos  6^  sin^  g,     cos  6^  sin'  6^\ 

''~       ■^    \    n  r^    J'        ""      TT    V  '•i  "*"  ^2         /' 

„ 2F  /cos'  6i  sin  d^  _  cos'  d^  sin  igA 

""       'T     \         '•i  '•2         /■ 

Also  the  angle  (i^  in  the  figure)  which  the  central  radius  vector  (R)  to  P'  makes  with 
the  axis  of  x,  when  P'  is  on  the  circle,  is  ^tt  — a-t-2flj,  or  ^n  +  di  —  d,.  Hence  the  normal 
tension  across  the  circle  is 

Xj.  sin'  (^2  -  ^i)  +  ^y  cos'  (^2  -  ^i)  +  2-^!,  sin  (62  -  <^i)  cos  {d^  -  6j), 
and  this  is  -  (F'  sin  ajjwR. 

If  the  circle  is  subjected  to  the  two  forces  F'  only  there  is  stress  compounded  of  mean 
tension,  equal  at  all  points  to  {P'  sin  a)/-rrR,  and  the  simple  radial  distributions  about  the 
points  0  and  C  in  which  the  radial  components  are 

-(2F'  cos  ^i)/'7r/-i  and  -  {2F'  cos  62)1^^2  ■ 
(ii)  Circular  plate  subjected  to  forces  acting  on  its  rim. 
If  the  force  F'  is  applied  at  0  in  the  direction  00'  (see  Fig.  19)  and  suitable  tractions 
are  applied  over  the  rest  of  the  rim  the  stress-function  may  consist  of  the  single  term 
—  n~^F'y'6^.  Let  r  and  6  be  polar  coordinates  with  origin  at  the  centre  of  the  circle  and 
initial  line  parallel  to  00'.  The  angle  (r,  r,)  between  the  radii  vectores  drawn  from  the 
centre  and  from  0  to  any  point  on  the  circumference  is  ^tt  —  ^2-  The  stress-system  referred 
to  (^i,  ^1)  is  given  by  the  equations 

^j^=-{2F'cos0,)/{,rr^),    Vi  =  0,    '•A  =  0; 
and  therefore,  when  referred  to  (r,  6),  it  is  given,  at  any  point  of  the  boundary,  by  the 
equations 

^^     2i?"  cos gi sin' gg      ^_     ZF'  00s 6^008^6^     '-^_2^' cos5j_cos^2^in_^2 

or  we  have  at  the  boundary 

^_  _ F_  cos  61  sin  62      Q_:^'  cos  6^  cos  62 
'^~     n  R         '    ^"~n  R         ' 

and  this  is  the  same  as 

F'sina      F'     .    ,„      ^,     -J    i?"cosa       F' 


rr=  — 


"2;^-2^«''^'^'-^')'  '■^=^^;:ffi-+2^<=°«(^'-^i)' 
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where  a,  ==6-^  +  6^,  is  the  acute  angle  subtended  at  a  point  on  the  circumference  by  the 
chord  OO.     Hence  the  traction  across  the  boundary  can  be  regarded  as  compounded  of 
(i)     uniform  tension  -  \  (F'  sin  a)/7rR  in  the  direction  of  the  normal, 
(ii)    uniform  tangential  traction  ^  (F'  cos  a)/irR, 
(iii)    uniform  traction  -^F'/wR  in  the  direction  OC/. 
Let  any  number  of  forces  be  applied  to  various  points  of  the  boundary.     If  they  would 
keep  a  rigid  body  in  equiKbrium  they  satisfy  the  condition  SF'ooa  a  =  0,  for  2F'R  cos  a  is 
the  sum  of  their  moments  about  the  centre.     Also  the  uniform  tractions  corresponding 
with  (iii)  in  the  above  solution  would  have  a  zero  resultant  at  every  point  of  the  rim. 
Hence  the  result  of  superposing  the  stress-systems  of  type  (32)  belonging  to  each  of  the 
forces  would  be  to  give  us  the  state  of  stress  in  the  plate  under  the  actual  forces  and  a 
normal  tension  of  amount  -  2  (F'  sin  a)/'2nR  at  all  points  of  the  rim.     The  terms  i^'sin  a 
of  this  summation  are  equal  to  the  normal  (inward)  components  of  the  applied  forces. 
Mean  tension,  equal  at  all  points  to  2  {F'  sin  a)/2wR,  could  be  superposed  upon  this  distri- 
bution of  stress,  and  then  the  plate  would  be  subject  to  the  action  of  the  forces  F'  only. 


Fig.  20. 
(iii)     Heavy  disk*. 

The  state  of  stress  in  a  heavy  disk  resting  on  a  horizontal  plane  can  also  be  found. 
Let  w  be  the  weight  per  unit  of  area,  and  let  r,  6  be  polar  coordinates  with  origin  at 
the  point  of  contact  A  and  initial  line  drawn  vertically  upwards,  as  in  Fig.  20. 

The  stress  can  be  shown  to  be  compounded  of  the  systems 

(i)     X^=^w(jf+B),    Ty=-\w{j/-R),    Xy=-^wx, 

(ii)    'rr=-2w^2^-icos5,     ^=0,    j?=0. 

The  traction  across  any  horizontal  section  is  pressure  directed  radially  from  A,  and  is 
of  amount  ^v)r~'^{4:R^C0B^6  —  r^);  the  traction  across  any  section  drawn  through  A  is 
horizontal  tension  of  amount 

\w{'iiRco&e-r). 

*  The  solution  is  due  to  Michell,  loe.  cit.  p.  207.  Figures  showing  the  distribution  of  stress 
in  this  case  and  in  several  other  cases,  some  of  which  have  been  discussed  in  this  Chapter,  are 
drawn  by  Miohell. 
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156.     Examples  of  transformation. 

(i)    The  direct  method  of  Article  153  will  lead,  by  the  substitution  a;  +  iy~1fll{af+i')/) 

in  the  formula 

(X  +  2,i)A  +  2/iiar  =  J(a;+iy-^)-i (46) 

to  a  stress-system  in  the  plane  of  {xf,  y'),  in  which  simple  radial  stress  at  the  point  {k,  0) 
is  superposed  upon  a  constant  simple  tension  (X,.)  in  the  direction  of  the  axis  a/.  If  the 
boundary  in  the  (x,  y)  plane  is  given  by  the  equation  y  =  {x-k)  tan  a,  the  boundary  in  the 
{jxf,  y)  plane  will  be  a  circle,  and  the  results  given  in  (i)  and  (ii)  of  Article  155  can  be 
deduced. 

(ii)  By  the  transformation  x  +  iy  =  (x'+iy'Y  the  wedge-shaped  region  between  y =0 
and  y/y  =  tau7r/7i  is  conformaUy  represented  on  the  half  plane  y>0.  If  we  substitute 
for  ^-|-iy  in  (46)  we  shall  obtain  a  state  of  stress  in  the  wedge-shaped  region  bounded  by 
the  above  two  lines  in  the  plane  of  (x',  y),  which  would  be  due  to  a  single  force  applied  at 
{k^i",  0),  and  certain  tractions  distributed  over  the  boundaries.  When  m  =  2  the  traction 
over  y  =  0  vanishes  and  that  on  y=0  becomes  tension  of  amount  proportional  to 

i/(yH*)2. 

(iii)  By  the  transformation  z={e^  —  l)/{e^  +  1),  where  z=x-\-iy  and  !!=x'  +  iAf,  the 
strip  between  y  =  0  and  y'  =  n  is  conformaUy  represented  upon  the  half  plane  y>0,  so 
that  the  origins  in  the  two  planes  are  corresponding  points,  and  the  points  (  +  1,  0)  in  the 
plane  of  {x,  y)  correspond  with  the  infinitely  distant  points  of  the  strip.  Let  a  single 
force  F  act  at  the  origin  in  the  {x,  y)  plane  in  the  positive  direction  of  the  axis  of  y. 
Then  the  solution  is  given  by  the  equation 

(X  +  2;.)A  +  2^.,^=-^^4-. 
w    X  +  fi  x  +  iy 

Transforming  to  (a/,  y')  we  find 

,,      „  .  „  i^X-|-2u  sin«'-|-t  sinha;' 

■K  A  +  fi    cosha'  —cosy 

and        !+"?  =  - "x^  1(2  tan-i^j7^^^;^_yj_,  log  (cosh  y- cos  y)|-|-oonst. 

This  solution  represents  the  effect  of  a  single  force  2F,  acting  at  the  origin  in  the  positive 
direction  of  the  axis  of  y',  and  purely  normal  pressure  of  amount  F/(l+cosh.x')  per  unit 
of  length,  acting  on  the  edge  y  =  7r  of  the  strip,  together  with  certain  tangential  tractions 
on  the  edges  of  the  strip.  The  latter  can  be  annulled  by  superposing  a  displacement 
{u',  v')  upon  the  displacement 

\2^,^2ii(X  +  2ti)''  dy"    2(X  +  2ix)      2fi (X 4- 2/i) -^ 


provided  that 

and  this  additional  displacement  does  not  affect  the  normal  tractions  on  the  boundary. 


"+'"=2m(X  +  2;.)(''-'^^' 


CHAPTER  X. 


THEORY  OF  THE  INTEGRATION  OF  THE  EQUATIONS  OF  EQUILIBRIUM 
OF  AN  ISOTROPIC  ELASTIC  SOLID  BODY. 

157.     Nature  of  the  problem. 

The  chief  analytical  problem  of  the  theory  of  Elasticity  is  that  of  the 
solution  of  the  equations  of  equilibrium  of  an  isotropic  body  with  a  given 
boundary  when  the  surface  displacements  or  the  surface  tractions  are  given. 
Tbe  case  in  which  body  forces  act  upon  the  body  may  be  reduced,  by  means 
of  the  particular  integral  obtained  in  Article  130,  to  that  in  which  the  body 
is  held  strained  by  surface  tractions  only.  Accordingly  our  problem  is  to 
determine  functions  u,  v,  w  which  within  a  given  boundary  are  continuous 
and  have  continuous  differential  coeflficients,  which  satisfy  the  system  of 
partial  differential  equations 

(\  +  /.)|^+/.V^«  =  0,    {\  +  ^)^^  +  f.^^v  =  0,    (X+/.)^  +  /.V^«;  =  0,  ...(1) 

,                                                 .       du     dv      dw 
^^'''  ^  =  d.  +  3,+  3^'    (2) 

and  which  also  satisfy  certain  conditions  at  the  boundary.  When  the  surface 
displacements  are  given,  the  values  of  u,  v,  w  at  the  boundary  are  prescribed. 
We  know  that  the  solution  of  the  problem  is  unique  if  /i  and  3X  +  2/x.  are 
positive.  When  the  surface  tractions  are  given  the  values  taken  at  the 
surface  by  the  three  expressions  of  the  type 

\Acos(«;,  v)+  iJ.\^  +:r-  COS  (a;,  v)  +  ^  oos{y,  v)  +  ^  cos(^,  vn  ...(3) 

are  prescribed,  dv  denoting  an  element  of  the  normal  to  the  boundarJ^  We 
know  that  the  problem  has  no  solution  unless  the  prescribed  surface  tractions 
satisfy  the  conditions  of  rigid-body-equilibrium  (Article  117).  We  know 
also  that,  if  these  conditions  are  satisfied,  and  if  /j,  and  3X  +  2/jl  are  positive, 
the  solution  of  the  problem  is  effectively  unique,  in  the  sense  that  the  strain 
and  stress  are  uniquely  determinate,  but  the  displacement  may  have  super- 
posed upon  it  an  arbitrary  small  displacement  which  would  be  possible  in 
a  rigid  body. 
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158.     Resum6  of  the  theory  of  Potential. 

The  methods  which  have  been  devised  for  solving  these  problems  have 
a  close  analogy  to  the  methods  which  have  been  devised  for  solving  corre- 
sponding problems  in  the  theory  of  Potential.  In  that  theory  we  have  the 
problem  of  determining  a  function  U  which,  besides  satisfying  the  usual 
conditions  of  continuity,  shall  satisfy  the  equation 

V^U=0    (4) 

at  all  points  within  a  given  boundary*,  and  either  (a)  shall  take  an  assigned 
value  at  every  point  of  this  boundary,  or  (6)  shall  be  such  that  dU/dv  takes 
an  assigned  value  at  every  point  of  this  boundary.     In  case  (6)  the  surface- 

integral  \\-^dS  taken  over  the  boundary  must  vanish,  and  in  this  case  the 

function  U  is  determinate  to  an  arbitrary  constant  pres. 

There  are  two  main  lines  of  attack  upon  these  problems,  which  may  be 
described  respectively  as  the  method  of  series  and  the  method  of  singu- 
larities. To  illustrate  the  method  of  series  we  consider  the  case  of  a 
spherical  boundary.  There  exists  an  infinite  series  of  functions,  each  of 
them  rational  and  integral  and  homogeneous  in  x,  y,  z  and  satisfj'ing 
equation  (4).  Let  the  origin  be  the  centre  of  the  sphere,  let  a  be  the 
radius  of  the  sphere,  and  let  r  denote  the  distance  of  any  point  from  the 
origin.  Any  one  of  these  functions  can  be  expressed  in  the  form  r'^S^,  where 
n  is  an  integer,  and  /S„,  which  is  independent  of  r,  is  a  function  of  position  on 
the  sphere.  Then  the  functions  *S„  have  the  property  that  an  arbitrary 
function  of  position  on  the  sphere  can  be  expressed  by  an  infinite  series 

00 

of  the  form    2  AnSn-     The  possibility  of  the  expansion  is  bound  up  with 

the  possession  by  the  functions  Sn  of  the  conjugate  property  expressed  by 
the  equation 

)8nSr„dS=0 (5) 


//^ 


The  function  U  which  satisfies  equation  (4)  within  a  sphere  r  =  a,  and  takes 
on  the  sphere  the  values  of  an  arbitrary  function,  is  expressible  in  the  form 

CD  ^n 

U=    ^Aj-Sn. 
n=a       "■ 

If  the  surface  integral  of  the  arbitrary  function  over  the  sphere  vanishes 

there  is  no  term  of  degree   zero  (constant  term)  in  the  expansion.      The 

function  U  which  satisfies  equation  (4)  when  r  <a,  and  is  such  that  9  Ujdv  has 

assigned  values  on  the  sphere  r  =  a,  is  expressed  by  an  equation  of  the  form 

*  A  function  which  has  these  properties  is  said  to  be  "  harmonic  "  in  the  region  within  the 
given  boundary. 
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The  application  of  the  method  of  series  to  the  theory  of  Elasticity  will  be 
considered  in  the  next  Chapter. 

The   method  of  singularities   depends   essentially   upon   the  reciprocal 
theorem,  known  as  Green's  equation,  viz. : 

jjjiUV'V-W^U)dxdydz  =jj(u^^-r^-^'^dS (6) 

in  which  U  and  V  are  any  two  functions  which  satisfy  the  usual  conditions 
of  continuity  in  a  region  of  space  ;  the  volume-integration  is  taken  through 
this  region  (or  part  of  it),  and  the  surface-integration  is  taken  over  the 
boundary  of  the  region  (or  the  part).  The  normal  v  is  drawn  away  from  the 
region  (or  the  part).  The  method  depends  also  on  the  existence  of  a  solution 
of  (4)  having  a  simple  infinity  (pole)  at  an  assigned  point ;  such  a  solution  is 
1/r,  where  r  denotes  distance  from  the  point.  By  taking  for  V  the  function 
1/r,  and,  for  the  region  of  space,  that  bounded  externally  by  a  given  surface  S 
and  internally  by  a  sphere  2  with  its  centre  at  the  origin  of  r,  and  by 
passing  to  a  limit  when  the  radius  of  2  is  indefinitely  diminished,  we  obtain 
from  (6)  the  equation 

--=//(.-!?- '^'^)^- « 

so  that  U  is  expressed  explicitly  in  terms  of  the  surface  values  of  U  and 
dUjdv.  The  term  that  contains  dU/dv  explicitly  is  the  potential  of  a  "simple 
sheet,''  and  that  which  contains  U  explicitly  is  the  potential  of  a  "double 
sheet."  In  general  the  surface  values  of  U  and  dJJjdv  cannot  both  be  pre- 
scribed, and  the  next  step  is  to  eliminate  either  U  or  dU/dv — the  one  that  is 
not  given.  This  is  effected  by  the  introduction  of  certain  functions  known 
as  "  Green's  functions."  Let  a  function  G  be  defined  by  the  following  con- 
ditions : — (1)  the  condition  of  being  harmonic  at  all  points  within  S  except 
the  origin  of  r,  (2)  the  possession  of  a  simple  pole  at  this  point  with  residue 
unity,  (3)  the  condition  of  vanishing  at  all  points  oiS.  The  function  G  may  be 
called  "Green's  function  for  the  surface  and  the  point."  The  function  ff— 1/r 
is  harmonic  within  S  and  equal  to  —  1/r  at  all  points  on  S,  and  we  have  the 
equation 

Since  G  vanishes  at  all  points  on  S  we  find  that  (7)  may  be  written 


4>irU: 


--ll^f.'^-    («^ 


Hence    U  can    be   expressed  in  terms  of  its  surface  values  if  G  can  be 
found. 

When  the  values  of  dU/dv  are  given  at  the  boundary  we  introduce  a 
function  T  defined  by  the  following  conditions : — (1)  the  condition  of  being 
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harmonic  at  all  points  within  ;S  except  the  origin  of  r  and  a  chosen  point  A, 

(2)  the  possession  of  simple  poles  at  these  points  with  residues  + 1  and  —  1, 

(3)  the  condition  that  dVjdv  vanishes  at  all  points  of  S.  We  find  for  U  the 
equation 

^■K{U-U^)=^^V^-^dS (9) 

Hence  U  can  be  expressed  effectively  in  terms  of  the  surface  values  of 
dUjdv  when  F  is  known.  The  function  V  is  sometimes  called  the  "second 
Green's  function." 

Green's  function  O  for  a  surface  and  a  point  may  be  interpreted  as  the  electric  potential 
due  to  a  point  charge  in  presence  of  an  uninsulated  conducting  surface.  The  second 
Green's  function  r  for  the  surface,  a  point  P  and  a  chosen  point  A  may  be  interpreted  as 
the  velocity  potential  of  incompressible  fluid  due  to  a  source  and  sink  at  P  and  A  within 
a  rigid  boundary.  The  functions  Q  and  r  are  known  for  a  few  surfaces  of  which  the  plane 
and  the  sphere*  are  the  most  important. 

The  existence  of  Green's  functions  for  any  surface,  and  the  existence  of  functions  which 
are  harmonic  within  a  surface  and  take  prescribed  values,  or  have  prescribed  normal  rates 
of  variation,  at  all  points  on  the  surface  are  not  obvious  without  proof.  The  efforts 
that  have  been  made  to  prove  these  existence-theorems  have  given  rise  to  a  mathematical 
theory  of  great  interest.  Methods  have  been  devised  for  constructing  the  functions  by 
convergent  processes  t ;  and  these  methods,  although  very  complicated,  have  been  successful 
for  certain  classes  of  surfaces  (e.  g.  such  as  are  everywhere  convex)  when  some  restrictions 
are  imposed  upon  the  degree  of  arbitrariness  of  the  prescribed  surface  values. 

Similar  existence-theorems  are  involved  in  the  theory  of  Elasticity,  but  comparatively 
little  progress  has  as  yet  been  made  with  the  proof  of  them. 

159.     Description  of  Betti's  method  of  integration. 

The  adaptation  of  the  method  of  singularities  to  the  theory  of  Elasticity 
was  made  by  BettiiJ:,  who  showed  how  to  express  the  dilatation  A  and  the 
rotation  {■ax,  ■ary,  in-j)  by  means  of  formulae  analogous  to  (7)  and  containing 
explicitly  the  surface  tractions  and  surface  displacements.  These  formulae 
involve  special  systems  of  displacements  which  have  been  given  in 
Chapter  vill.  Since  A  is  harmonic  the  equations  (1)  can  be  written  in 
such  forms  as 

V'[u+^(1  +  Xl,j,)x^]  =  0,     (10) 

and  thus  the  determination  of  u,  v,  w  when  A  is  known  and  the  surface 
values  of  w,  v,  w  are  prescribed  is  reduced  to  a  problem  in  the  theory  of 
Potential.  If  the  surface  tractions  (X^,  Y^,  Z^)  are  prescribed,  we  observe 
that  the  boundary  conditions  can  be  written  in  such  forms  as 

g-  =  „-  -S'„  -  g-  A  cos  {x,  v)  +  'STy  cos  (z,  v)  -  OT^  cos  (y,  v),    . .  .(11) 

*  See  e.g.  Maxwell,  Electricity  and  Magnetism,  2nd  edition,  Oxford  1881,  and  W.  M.  Hicks, 
Phil.  Trans.  Roy.  Soc,  vol.  171  (1880). 

t  See  e.g.  Poincar^,  TMorie  du  potentiel  Newtonien,  Paris  1899. 
X  See  Introduction,  footnote  65. 
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SO  that,  when  A  and  ■sTa,,  -s^y,  OTj  are  found,  the  surface  values  of  dujdv,  dv/dv, 
dw/dv  are  known,  and  the  problem  is  again  reduced  to  a  problem  in  the 
theory  of  Potential.  Accordingly  Betti's  method  of  integration  involves  the 
determination  of  A,  and  of  ■sr^,  ■s^y,  'bt^,  in  terms  of  the  prescribed  surface 
displacements  or  surface  tractions,  by  the  aid  of  subsidiary  special  solutions 
which  are  analogous  to  Green's  functions. 


160.     Formula  for  the  dilatation. 

The  formula  analogous  to  (7)  is  to  be  obtained  by  means  of  the  reciprocal 
theorem  proved  in  Article  121.  When  no  body  forces  are  in  action  the 
theorem  takes  the  form 

JliX,u'+Y,v'+Z,w')dS=IJ(X;u  +  YJv  +  Z;w)dS, (12) 

in  which  {u,  v,  w)  is  a  displacement  satisfying  equations  (1)  and  Xy,  T^,  Z, 
are  the  corresponding  surface  tractions,  and  also  (m',  v' ,  w')  is  a  second  dis- 
placement and  XJ,  YJ,  ZJ  are  the  corresponding  surface  tractions.  Further, 
the  integration  is  taken  over  the  boundary  of  any  region  within  which 
u,  V,  w  and  u',  v',  w'  satisfy  the  usual  conditions  of  continuity  and  the 
equations  (1).  We  take  for  u,  v',  w'  the  expressions  given  in  (20)  of 
Article  132.  It  will  be  convenient  to  denote  these,  omitting  a  factor,  by 
Wo,  ^o,  Wo,  and  the  corresponding  surface  tractions  by  X^'"',  F„'°',  Z„"".  We 
write 

and  then  the  region  in  question  must  be  bounded  internally  by  a  closed ' 
surface  surrounding  the  origin  of  r.      This  surface  will  be  taken  to  be  a 
sphere  S,  and  we  shall  pass  to  a  limit  by  diminishing  the  radius  of  this 
sphere  indefinitely.     The  external  boundary  of  the  region  will  be  taken  to 
be  the  surface  8  of  the  body. 

Since  the  values  of  cos  («,  i;), . . .  at  S  are  —  x/r,  —  yjr,  -  zjr,  the  contribu- 
tion of  2  to  the  left-hand  member  of  (12)  is 


r). 


.(13) 


m-r?(xA+v  ??)+?, 


dxj      r      \dx     By, 


dv      dii\      z 
dy)      r'^ 


du     dw 
dz      dx 


which  is 


X 

-  H- 
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9m\ 
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z 

+  -  jM 

e- 

9w\ 
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y      (dw     dv\ 
r  ^  \dy      dzl 

;(-^ 

[^^ 

-F2/i 

Ix^  du     y'  dv      z" 
^r*  dx     r*  dy     r' 

9w\" 
dz)_ 

9r-' 
dx 

9r-i 


dw     9«. 

dy      dzl]    dy 


dw 
■dz 


9r-i 
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dt, 


dt 


yz  /dw     dv 


r*  \dy     dz)      r* 


+  ■ 
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/du     dw\  ,  ^  /9^  ,  9^A 
\.9^     9^ j      r*  [dx     dy)_ 


dl. 
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All  the  integrals  of  type  I  lyzdl,  vanish,  and  each  of  those  of  type  jiai^dX  is 

equal  to  ^iirr*,  and  therefore  the  limit  of  the  above  expression  when  the 
radius  of  2  is  diminished  indefinitely  is  47r(X, +  |;ii)  (A)„,  where  (A)„  denotes 
the  value  of  A  at  the  origin  of  r. 

Again,  since  the  values  of  X/"',  F^"",  ■^„""  are  expressed  by  formulae  of 
the  type 


cos  (x,  1')^  +  cos  (y,  ")  9^  +  cos  (z,  v)  ^ 


dx 


the  contribution  of  2  to  the  right-hand  side  of  (12)  is 

_     f[     ^ux  +  vy+wz,^ 

Now  such  integrals  as  I  jxdl,  vanish,  and  we  therefore  expand  the  functions 
u,  V,  w  in  the  neighbourhood  of  the  origin  of  r  in  such  forms  as 

.  ,  /du\         /du\         (du\ 

and  retain  first  powers  of  x,  y,  z.     Then  in  the  limit,  when  the  radius  of  S  is 
diminished  indefinitely,  the  above  contribution  becomes 


-^-^i. 


3«\      ("bv  \      fdw\ 
dxJo     \dyj(,    \dzJo_ 


or  —  J^TT/it  (A)o.     Equation  (12)  therefore  yields  the  result 

47r  (X  +  2/i)  (A)„  =  f  [[(X.'°'  u  +  y,i<"  V  +  ^^c'  w)  -  (X,u,  +  7,v,  +  Z,w,)]  dS. 

- (14) 

The  formula  (14)  is  the  analogue  of  (7)  in  regard  to  the  dilatation. 

This  formula  has  been  obtained  here  by  a  strictly  analytical  process,  but 
it  may  also  be  arrived  at  synthetically*  by  an  interpretation  of  the  displace- 
ment (Mo,  Vo,  Wo).  This  displacement  could  be  produced  in  a  body  (held  by 
suitable  forces  at  the  boundary)  by  certain  forces  applied  near  the  origin 
of  r.  Let  forces,  each  of  magnitude  P,  be  applied  at  the  origin  in  the 
positive  directions  of  the  axes  of  coordinates,  and  let  equal  and  opposite 
forces  be  applied  in  the  negative  directions  of  the  axes  of  x,  y,  z  respec- 
tively at  the  points  (A,  0,  0),  (0,  h,  0),  (0,  0,  K).  Let  us  pass  to  a  limit 
by  increasing  P  indefinitely  and  diminishing  h  indefinitely  in  such  a  way 
that  lim  PA  =  47r  (\ -I- 2/i).  We  know  from  Article  132  that  the  displace- 
ment (mj,  Do,  Wo)  will  be  produced,  and  it  is  clear  that  the  work  done  by 

*  J.  Dougall,  Edinlmrgh  Math.  Soc.  Proc,  vol.  16  (1898).  Betti's  reciprocal  theorem  shows 
that  the  work  done  by  the  tractions  Xv,  ...  on  the  surface  S,  acting  through  the  displacement 
(«o,  I'o.  ""oil  is  equal  to  the  work  done  by  certain  forces  applied  at,  and  near  to,  the  origin, 
acting  through  the  displacement  {u,  v,  w),  together  with  the  work  done  by  the  tractions  Zi/C),  ... 
on  the  surface  S,  acting  through  the  same  displacement. 
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the  above  system  of  forces,  applied  at,  and  near  to,  the  origin,  acting  through 
the  displacement  (u,  v,  w)  is  —  47r  (\  +  2/*)  (A)o. 

161.     Calculation  of  the  dilatation  from  surface  data. 

(a)  When  the  surface  displacements  are  given  u,  v,  w  are  given  at  all 
points  of  S  but  X„,  F„,  Z^  are  not  given.  In  this  case  we  seek  a  displace- 
ment which  shall  satisfy  the  usual  conditions  of  continuity  and  the  equations 
(I)  at  all  points  within  S,  and  shall  become  equal  to  (u^,  v^,  w^)  at  all  points 
on  S.  Let  this  displacement  be  denoted  by  (wq',  V,  w^),  and  let  the  corre- 
sponding surface  tractions  be  denoted  by  X/'"!,  F/c',  Z/<°i.  Then  we  may 
apply  the  reciprocal  theorem  to  the  displacements  (m,  v,  w)  and  (mq',  V.  W) 
which  have  no  singularities  within  8,  and  obtain  the  result 

\^{X ,'<■')  u  +  F;(»)  V  +  .^/w  w)  dS  =  jj(X,Uo'+  YX  +  Z,wi)  dS 

=  I  /(X„M„  +  Y^Vo  +  Z^Wo)  dS. 
We  may  therefore  write  equation  (14)  in  the  form 
47r  (X  +  2/i).(A)o  =  jJ[(X,(»i  -  X;<»))  u  +  (F,(»'  -  F;(»')  V  +  (^,(»'  -  .^/W)  w]  dS. 

(15) 

The  quantities  X„W  —  X/'"',  ...  are  the  surface  tractions  calculated  from 
displacements  u^  —  Mq',  . .  •  and  they  are  therefore  the  tractions  required  to 
hold  the  surface  fixed  when  there  is  a  "  centre  of  compression  "  at  the  origin 
of  r.  To  find  the  dilatation  at  any  point  we  must  therefore  calculate  the 
surface  tractions  required  to  hold  the  surface  fixed  when  there  is  a  centre  of 
compression  at  the  point ;  and  for  this  we  must  find  a  displacement  which 
(1)  satisfies  the  usual  conditions  of  continuity  and  the  equations  of  equili- 
brium everywhere  except  at  the  point,  (2)  in  the  neighbourhood  of  the  point 
tends  to  become  infinite,  as  if  there  were  a  centre  of  compression  at  the  point, 
(3)  vanishes  at  the  surface.  The  latter  displacement  is  analogous  to  Green's 
function. 

(b)  When  the  surface  tractions  are  given,  we  begin  by  observing  that 
X„i°',  F„"",  Z^^"^  are  a  system  of  surface  tractions  which  satisfy  the  conditions 
of  rigid-body-equilibrium.  Let  {uo",  Vo",  Wq")  be  the  displacement  produced 
in  the  body  by  the  application  of  these  surface  tractions.  We  may  apply 
the  reciprocal  theorem  to  the  di-splacements  (u,  v,  w)  and  (m,",  v^",  w^'), 
which  have  no  singularities  within  S,  and  obtain  the  result 

/T(X,(°'  u  -H  F,i»)  V  +  Z,'-oi  w)  dS  =  jj(X,u,"+  YX'+  Z,Wo")dS ; 

and  then  we  may  write  equation  (14)  in  the  form 

477  (X  4-  2im)  (A)„  =  jj{X,  (m„"  -  Uo)  +  F,  (v^"  -  v^)  +  Z,  (w„"  -  w„)|  c^/Sf.  ...  (1 6) 
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To  find  the  dilatation  at  any  point  we  must  therefore  find  the  displacement 
produced  in  the  body  when  the  surface  is  free  from  traction  and  there  is 
a  centre  of  dilatation  at  the  point.  This  displacement  is  {u^'—u„,v^'—V(,, 
w"—  Wo) ;    it  is  an  analogue  of  Green's  function. 

The  dilatation  can  be  determined  if  the  displacement  (mq".  ^o".  W)  can  be 
found.  The  corresponding  surface  tractions  being  given,  this  displacement 
is  indeterminate  in  the  sense  that  any  small  displacement  possible  in  a  rigid 
body  may  be  superposed  upon  it.  It  is  easily  seen  from  equation  (16)  that 
this  indeterminateness  does  not  affect  the  value  of  the  dilatation. 

162.     Formulae  for  the  components  of  rotation. 

In  applying  the  formula  (12)  to  a  region  bounded  externally  by  the  surface  iS'  of  the 
body,  and  internally  by  the  surface  2  of  a  small  sphere  surrounding  the  origin  of  r,  we 
take  for  {u',  v',  w')  the  displacement  given  in  (22)  of  Article  132.  It  will  be  convenient  to 
denote  this  displacement,  omitting  a  factor,  by  {ii^,  v^  w^,*  and  the  corresponding  surface 
tractions  by  XJ.^\  F^W,  Z^W.     "We  write 


(M4,   Vi,  w. 


The  contributions  of  S  to  the  left-hand  and  right-hand  members  of  (12)  may  be  calculated 
by  the  analytical  process  of  Article  160.  We  should  find  that  the  contribution  to  the  left- 
hand  member  vanishes,  and  that  the  contribution  to  the  right-hand  member  is  Stt/i  (OTj;)(„ 
where  {■m^a  denotes  the  value  of  nr^  at  the  origin  of  r.  We  should  therefore  have  the 
formula 

87r;i(ar;,)o=  ii{{X„Ui+  T^Vi  +  Z,Wi)-{X,Wu+  Y^Wv  +  Z„mw)}  dS,     (18) 

which  is  analogous  to  (7).  The  same  result  may  be  arrived  at  by  observing  that  (u^,  v^,  w^) 
is  the  displacement  due  to  forces  4ffj[i/A  applied  at  the  origin  in  the  positive  and  negative 
directions  of  the  axes  of  y  and  z  respectively,  and  to  equal  and  opposite  forces  applied 
respectively  at  the  points  (0,  0,  h)  and  (0,  h,  0),  in  the  limiting  condition  when  A  is 
diminished  indefinitely.     It  is  clear  that  the  work  done  by  these  forces  acting  over  the 

displacement  (u,  v,  w)  is  in  the  limit  equal  to  47r/i  (5 =-  ]  .     Formulse  of  the  same  type 

as  (18)  for  Wy  and  ■sj^  can  be  written  down. 

163.     Calculation  of  the  rotation  from  surface  data. 

(a)  When  the  surface  displacements  are  given,  we  introduce  a  displacement 
{u^,  v^',  w^)  which  satisfies  the  usual  conditions  of  continuity  and  the  equations  of  equi- 
librium (1),  and  takes  at  the  surface  the  value  (u^,  v^,  w^  ;  and  we  denote  by  X/W,  F^'W, 
ZJW  the  corresponding  surface  tractions.     Then  equation  (18)  can  be  written 

^ny.{'u!^\=iU{XJ(i)-X,W)u+{Y^^)-Y^(i))'v  +  {Z^'^)-Z^m)w}dS,      (19) 

in  which  the  quantities  X/(*)  —  X^W,  ...  are  the  surface  tractions  required  to  hold  the 
surface  fixed  when  a  couple  of  moment  87r/i  about  the  axis  of  x  is  applied  at  the  origin  in 
such  a  way  that  this  point  becomes  "  a  centre  of  rotation "  about  the  axis  of  x.  The 
corresponding  displacement  {u^-u^,  v^'-v^,  w^'-Wi)  is  an  analogue  of  Green's  function. 

*  This  notation  is  adopted  in  accordance  with  the  notation  (uj,  t/,,  w^),  ...  of  Article  132  for 
the  displacement  due  to  unit  forces. 
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(6)  "When  the  surface  tractions  are  given  we  observe  that  the  tractions  X^^\  F^W,  ^^(*), 
being  statically  equivalent  to  a  couple,  do  not  satisfy  the  conditions  of  rigid-body-equi- 
librium, and  that,  therefore,  no  displacement  exists  which,  besides  satisfying  the  usual 
conditions  of  continuity  and  the  equations  of  equilibrium,  gives  rise  to  surface  tractions 
equal  to  XJM^  ...*.  We  must  introduce  a  second  centre  of  rotation  at  a  chosen  point  A, 
so  that  the  couple  at  A  is  equal  and  opposite  to  that  at  the  origin  of  r.  Let  u^'^^),  v^^^),  w^-^) 
be  the  displacement  due  to  a  centre  of  rotation  about  an  axis  at  A  parallel  to  the  axis  of  x, 
so  that 

{u,(^\  v,W,  w,W)M,    ^,   Jl£^\,     (20) 


where  r^  denotes  distance  from  A.  Let  X/'C),  3V'(*),  Z'/'W  denote  the  surface  tractions 
calculated  from  the  displacement  {u^-u^(■^),  v^-v^W,  w^-w^^^)).  The  conditions  of  rigid 
body  equilibrium  are  satisfied  by  these  tractions.  Let  (m/',  v^\  w/')  be  the  displacement 
which,  besides  satisfying  the  usual  conditions  of  continuity  and  the  equations  of  equi- 
librium, gives  rise  to  the  surface  tractions  X/'W, ....  Then,  denoting  by  {vs^a  the  value  of 
OTj.  at  the  point  A,  we  find  by  the  process  already  used  to  obtain  (18)  the  equation 

Sn^  {{w^\- (nr,)^}  =  J J[{Z. («, _ «,M)) -1- . . .} - {X."W u+...}-\dS; 

and  from  this  again  we  obtain  the  equation 

8tm  {(a-^)o  -  (a-^)^} = J J{X,  («4  -  V^)  -  O  -t-  F.  {Vi  -  V^)  -  V) 

+Z,{w^-w^W-wl')}dS.    (21) 

The  quantities  u^- u^^^)  —  Ui  ,  ...  are  the  components  of  displacement  produced  in  the 
body  by  equal  and  opposite  centres  of  rotation  about  the  axis  of  x  at  the  origin  of  r  and 
a  parallel  axis  at  the  point  A  when  the  surface  is  free  from  traction.  This  displacement 
is  an  analogue  of  the  second  Green's  function. 

The  rotation  can  be  determined  if  such  a  displacement  as  (le^",  vl',  w^')  can  be  found. 
The  indeterminateness  of  this  displacement,  which  is  to  be  found  from  surface  conditions 
of  traction,  does  not  affect  the  rotation,  but  the  indeterminateness  of  OTj.  which  arises  from 
the  additive  constant  {■^a^^  is  of  the  kind  already  noted  in  Article  157. 

164.     Body  bounded  by  plane — Formulae  for  the  dilatation. 

The  difficulty  of  proceeding  with  the  integration  of  j  the  equations  in  any- 
particular  case  is  the  difficulty  of  discovering  the  functions  which  have  been 
denoted  above  by  «„',  «(,".  «/',  ....  These  functions  can  be  obtained  when  the 
boundary  of  the  body  is  a  plane'f'.  As  already  remarked  (Article  135)  the 
local  effects  of  forces  applied  to  a  small  part  of  the  surface  of  a  body  are 
deducible  from  the  solution  of  the  problem  of  the  plane  boundary. 

Let  the  bounding  plane  be  z=0,  and  let  the  body  be  on  that  side  of 
it  on  which  z>0.  Let  («',  y,  z')  be  any  point  of  the  body,  («',  y',  -  z')  the 
optical  image  of  this  point  in  the  plane  z=0,  and  let  r,  B  denote  the 
distances  of  any  point  {x,  y,  z)  from  these  two  points  respectively.  For  the 
determination  of  the  dilatation  when  the  surface  displacements  are  given 
we  require  a  displacement  «,  v^,  W)  which,  besides  satisfying  the  usual 

*  J.  Dougall,  loc.  cit.  p.  222. 

t  The  application  of  Betti's  method  to  the  problem  of  the  plane  was  made  by  Cerruti.  (See 
Introduction,  footnote  68.) 
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conditions  of  continuity  and  the  equations  of  equilibrium  (1)  in  the  region 
z>0,  shall  at  the  plane  z  =  0  have  the  value  («„.  ''o,  Wo),  i.e.  {dv^/das,  dr~'^/dy, 
dr~^ldz),  or,  what  is  the  same  thing,  (dR~^/da;,  dR~^/dy,  —dBr'^jdz).  It  can 
be  shown  without  difficulty*  that  the  functions  w„',  v^,  w^'  are  given  by 
the  equations 

aiJ-'     „  X  +  w     d^R-^    \ 
1-  2  ^    .  „    z  ■ 


Wo  = 


dx 


X  +  3/i     dxdz  ' 


,_     dR-^        X  +  f,  J^R-^ 


Wo=-- 


dy 

dR-^ 


X  +  3fi     dydz  ' 
^^X+^J^R-^ 


y 


.(22) 


dz     '  ~ X  +  S/m"    dz^ 

The  surface  tractions  X,"",  YJ"',  Z/"'  on  the  plane  z  =  0  calculated  from 
the  displacement  (u^,  «„,  «;„)  are,  since  cos  (2,  v)  =  —  l,  given  by  the  equations 


J.     V 


■2/j, 


dzdx 
dzdy 


=     2/. 


dzdx  ' 

d'R-"- 

dzdy  ' 
d'R-' 


.(23) 


Z,^o^  =  -  2/i  ^  =  -  2m  - 

^  9^=  '^    dz''    '  ^ 

and  the  surface  tractions  X/<»),  ...  on  the  plane  z  =  0  calculated  from  the 
displacement  (V,  Vo,  ■»„')  are  given  by  the  equations 

'^  \dz        dx  J  '^X  +  'S/M  dxdz  ' 

x  +  fi  a^ij-i 


'^Kdy       dz  I  '~X  +  2,iJLdydz 


=  -2(1 


.(24) 


9mo'  ,  dvo'     dwo 


dWa 


*  If  in  fact  we  assume  for  «„',  u/,  «;„'  such  forms  as  the  foUowiug  :— 


au-i 


Si2-i 


""-"sr+'"''    <=-S^+^"''    <= 


5Ji- 
62 


+  ZW', 


we  find  for  «',  v',  w'  the  equations 
z 


frt   ,     >   ^  /3"'      3^'      ^i^'N  „  .1       ,  dw'  du'  d^R-- 


dx 


dz 


dxdz'' 


which  are  all  satisfied  by 


^,^2(\+/t) o'.?;--!         2(x+M)  gyj-i      ,_2{>^+ji) Bm-^ 


X  +  3/4   6j;5z  ' 


X  +  3/i     9^82  ' 


\  +  3/i      8^2 


du'     dv'     du 


for  these  functions  are  harmonic  and  are  such  that  ~  +  —  +  ^  =  o 

dx      dy       dz 
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We  observe  that  Z/«",  F/c',  ^/f'  are  equal  respectively  to  the  products 
of  Z^*"',  Fv'"*,  ^^f'  and  the  numerical  factor  -  (\  +  fi)/(X  +  3/i),  and  hence  that 

«,  V,",  w„")  =  -  {(X  +  3^)/(X  +  /i)}  «  <,  <). 

It  follows  that,  when  the  surface  displacements  are  given,  the  value  of  A 
at  the  point  (x',  y',  z')  is  given  by  the  equation 


A  =  - 


M 


I  Jj  \dxdz 


g2j,— 1       32j,-i 

^+ap^^+^^'')'^'''^2/.   (25) 


TT  (X  +  3fJt,)  . 

the  integration  extending  over  the  plane  of  {x,  y).  When  the  surface  tractions 
are  given  the  value  of  A  at  the  point  («',  y',  z)  is 


A  =  - 


27r  (X  +  jj). 


K^'-^^'^'-^-^^'-^y^'y (^«) 


165.     Body  bounded  by  plane — Given  surface  displacements. 

The  formula  (25)  for  the  dilatation  at  {x,  y,  z')  can  be  written 


A  =  - 


/^ 


7  [h  H'r  ^""^y  +  k  //^ '^'"^^'^^' //r  '^'"^y}- -^'^^ 


'7r(X  +  3fi)dz' 
If  we  introduce  four  functions  L,  M,  N,  <j}  by  the  definitions 

L  =  jj'^dxdy,    M^jy-dxdy,    N'  =  jj^dxdy, 


.(28) 


dL     dM    dN 
'^~dx'^  dy''^dz" 

these  functions  of  x',  y',  /are  harmonic  on  either  side  of  the  plane  z'=0, 

and  at  this  plane  the  values  of  u,  v,  w  are  limv= .  „  —  -et-t^,,  lim,  =+(.  —  -—  ^rr  > 

^  ^      217  dz  '2,17  dz 

limz-^+o  —  T^T^r-^.     The  value  of  A  at  {x',  y',  z')  is  —    — — — 


equations  of  equilibrium  can  be  written 

X.  +  /i 


TT  (X  +  3/j.)  dz' 


y,  and  the 


V'2 


u  — 


V  — 


27r  (X  +  3/i)  ^  dx'_ 


X  +  fj' 


w— 


,90' 

27r  (X  +  3;u,)  ^  dy'_ 
\  +  /J,         ,d<f) 


.(29) 


27r  (X  +  S/J,)      dz'_ 

where  V'^  =  d^/dx'^  +  d^/dy'^  +  d'/dz\ 

The  three  functions  such  as 

w  -  {(X  +  /t)/27r  (X  +  3/i)}  /  (3^/3a!') 

are  harmonic  in  the  region  z'  >  0,  and,  at  the  plane  z'=  0,  they  take  the  values 

15—2 
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- ^TT-' (dL/dz),  ...,  which  are  themselves  harmonic  in  the  same  region.     It 
follows  that  the  values  of  u,  v,  w  at  (x',  y' ,  z')  are  given  by  the  equations* 

1  dL   .    1 


w  =  - 


v  =  - 


27r  dz 
27r  dz'  ^ 


X  +  /x     ,9^ 
27r  \  +  3/i      dx' ' 
1     X+  fjb     ,d4> 
2^  X  +  3/i  ^  By" 


\ 


.(30) 


__j_aiy;     1  m^^,  a^ 

~     27r  8^^'      27r  X  +  S/Ci      9^;' '  / 

The  simplest  example  of  these  formulae  is  afforded  by  the  case  in  which  u  and  v  vanish 
at  all  points  of  the  surface,  and  w  vanishes  at  all  points  except  those  in  a  very  small  area 
near  the  origin.  In  this  case  the  only  points  (x,  y,  z)  that  are  included  in  the  integration 
are  close  to  the  origin,  and  ^  is  the  potential  of  a  mass  at  the  origin.  We  may  suppress 
the  accents  on  x',  y,  z'  and  obtain  the  solution 

,xz  j,yz  ,  /X  +  3/i  1  ,  z^N 


--A'- 


-^f> 


\X+M  r 


which  was  considered  in  Article  131.  In  the  problem  of  the  plane  this  solution  gives  the 
displacement  due  to  pressure  of  amount -47rfi  -^r^  ^  exerted  at  the  origin  when  the 
plane  ^  =  0  is  held  fixed  at  all  points  that  are  not  quite  close  to  the  origin. 

166.     Body  bounded  by  plane — Given  surface  tractions  f. 
It  is  unnecessary  to  go  through  the  work  of  calculating  the  rotations  by 
the  general  method. 

The  formula  (26)  for  A  can  be  expressed  in  the  form 
A  1  9-f 

~  27r  (\  +  jj)  dz'  ■ 

To  efifect  this  we  introduce  a  function  ;^  such  that 

dxidz'  =  1/r  at  z  =  0. 
The  required  function  is  expressed  by  the  formula 

X  =  log(^  +  ^'+i?);  (31) 

it  is  harmonic  in  the  space  considered  and  has  the  property  expressed  by 
the  equations 

?%  =  ?%  =  1 

dz     dz'     R 

Now  at  the  surface  ^^  =  0  we  have 

9r-^  _  9J?-' _     dR-^  _       d^x        9r-i _       9^%        dr-^__d^x 
dx  ~   dx   ~      dx   ~     dz'dx' '    ~dy~~dfdz"    'W~~d7'' 
If  therefore  we  write 


.(32) 


F=jjX,xdxdy,     G=-jj  Y^xdxdy,     H=  j  Z^xdxdy,  ' 

'^     dx'^dy'^dz- 

*  The  results  are  due  to  Boussinesq.     See  Introduction,  footnote  67. 
t  The  results  are  due  to  Cerruti.     See  Introduction,  footnote  68. 


...(33) 
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the  value  of  A  at  («',  y\  z)  is  given  by  the  equation 
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A=: 


^^. 


27r(X+yii)S/ (^^) 

We  observe  also  that  the  functions  F,  G,  H,  -./r  are  harmonic  and  that  the 
values  of  X„  F„,  Z,  at  z'  =  0,  are  equal  to 

lim,=+„  -  2^  g^„  lim,.+„  -  2^  a?i '  '^"^^'=+0 "  2^  g^i  " 
Now  the  third  of  the  equations  of  equilibrium  is 


V'2 


,     1       ,d^' 
47r/tt      oz 


=  0, 


and  the  third  of  the  boundary  conditions  is 


or 

Hence  at  z'=0 

d 


dw 


XA  +  2^^,  =  -^„, 
oz 

1    d'H  \ 


dy]r 


dz'      47r/i  dz'^      4<-n-fj.  (X  +  fi)  dz' ' 
1       ,3iW       d    (  I    dH  1 


7  +  : 


1  Sir 


8/  [47r/i  dz'  ^  47r  (X  +  /*) 
It  follows  that  w  is  given  by  the  equation 

47r/i  9/      47r  (X  +  /i)  ^       47r/i      8/  ' 
Again  the  first  of  the  equations  of  equilibrium  is 

47ryit     daf_ 
and  the  first  of  the  boundary  conditions  is 

fdu      dw\ 


•ylr 


=  0, 


Hence  at  z'  =0 


-'*W  +  a^'J  =  ^- 


dz' 


^TTfJL        dx' 


1    d^F       1     d^H 


z>  + 


9i^ 


27r,n  dz'^     iiTTfj,  dx'dz'     4nrfj,  (X  +  /x)  dx 
and  it  follows  that  u  is  given  by  the  equation 
1    dF       I    dH  .  X df. 


u  = 


1  as; 


1       ,dyjr 
—  z  —^ 


.(35) 


^.     (36) 


27r/i  dz'      4^7rfi  dx'      iirfj,  {X  +  fj.)  dx       4<Trfi     dx 

where  -yjri  is  an  harmonic  function  which  has  the  property  dyjrijdz'=  sfr.     Such 
a  function  can  be  obtained  by  introducing  a  function  fl  by  the  equation 

D,  =  (z  +  z')  lQg(z  +  z'+  R)- B (37) 
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Then  D.  is  harmonic  in  the  space  considered  and  has  the  property 


dz  ~  dz  "  ^" 


.(38) 


If  we  write 


F,=  IJx,Q,dxdy,     G^= jJY.ndxdy,    H,=  jjz.ndxdy,' 


.  _dF,     dG,     dH, 
'^'~  dx'  "^  dy'  "*■  dz'  ' 


.(39) 


then  all  the  functions  F^,  Gi,  Hi,  -^i  are  harmonic  in  the  space  considered 
and 

dz'      '    dz'      '    dz'       '    dz'    ^  ^   ^ 

In  the  same  way  as  we  found  u  we  may  find  v  in  the  form 

_    1    dG        1    dH             X          a^i        1    ^d±  .^j. 

'"     2'7rfidz'      4,TriJ,dy'      4s-rriu,{\  +  fi)dy'      4<7rfj.     dy' 

In  the  special  case  of  a  pressure  P  applied  at  the  origin,  the  tractions  X„,  Y^  vanish 

everywhere,  and  Z^  vanishes  except  in  a  small  area  containing  the  origin,  but  \  \Zv  dx  dy=P. 

In  this  case  F  and  G  vanish,  and 

,     dH     P 

where  r  denotes  the  distance  of  {of,  y',  z')  from  the  origin.     Also  F^  and  O^  vanish  and 
•\//-]=-=-J=Plog(0'+r).    Suppressing  the  accents  we  obtain  the  formulae  (35)  of  Article  135. 

167.     Historical  Note. 

The  problem  of  the  plane — sometimes  also  called  the  "problem  of  Boussinesq  and 
Cerruti" — has  been  the  object  of  numerous  researches.  In  addition  to  those  mentioned 
in  the  Introduction  pp.  15, 16  we  may  cite  the  following  : — J.  Boussinesq,  Paris  C.  R.,\,.  106 
(1888),  gave  the  solutions  for  a  more  general  type  of  boundary  conditions,  viz. :  the  normal 
traction  and  tangential  displacements  or  normal  displacement  and  tangential  tractions  are 
given.  These  solutions  were  obtained  by  other  methods  by  V.  Cerruti  Rome  Aca.  Lincei 
Rend.  (Ser.  4),  t.  4  (1888)  and  by  J.  H.  Michell,  London  Math.  Soc.  Proc,  vol.  31  (1900), 
p.  183.  The  theory  was  extended  by  J.  H.  Michell,  London  Math.  Soc.  Proc.,  vol.  32 
(1901),  p.  247,  to  aeolotropic  solid  bodies  which  are  transversely  isotropic  in  planes  parallel 
to  the  boundary.  The  solutions  given  in  Articles  165  and  166  were  obtained  by  a  new 
method  by  C.  Somigliana  in  II  Nuovo  Cirmnto  (Ser.  3),  tt.  17—20  (1885—1886),  and  this 
was  followed  up  by  G.  LauriceUa  in  11  Nuovo  Cimenio  (Ser.  3),  t.  36  (1894).  Other 
methods  of  arriving  at  these  solutions  have  been  given  by  H.  Weber,  Part.  Diff.-Oleiahungen 
d.  math.  Phydk,  Bd.  2,  Brunswick  1901,  by  H.  Lamb,  London  Math.  Soc.  Proc,  vol.  34 
(1902),  by  0.  Tedone,  Ann.  di  mat.  (Ser.  3),  t.  8  (1903),  and  by  E.  Marcolongo,  Teoria 
matematica  dello  equilibria  dei  corpi  elastici,  Milan  1904.  The  extension  of  the  theory  to 
the  case  of  a  body  bounded  by  two  parallel  planes  has  been  discussed  briefly  by  H.  Lamb, 
loc.  cit.,  and  more  fully  by  J.  Dougall,  Edinburgh  Roy.  Soc.  Trans.,  vol.  41  (1904),  and  also 
by  0.  Tedone,  Rend.  d.  Circolo  mat.  di  Palermo,  t.  18  (1904). 
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168.     Body  bounded  by  plane — Additional  results. 

(a)  In  the  calculation  of  the  rotations  when  the  surface  tractions  are  given  we  may 
take  the  point  A  of  Article  163  (6)  to  be  at  an  infinite  distance,  and  omit  u^^^), ...  altogether. 
We  should  find  for  V>  <'.  w^'  the  forms 

*  dxd^dz     \  +  fi,dicdy' 

and  we  may  deduce  the  formula 

In  like  manner  we  may  prove  that 

'^''~A'Kix\_      \  +  /i  3y"^3y' V3*-'     'iy'JS 

For  the  calculation  of  ■sj^  we  should  require  a  subsidiary  displacement  which  would  give 
rise  to  the  same  surface  tractions  as  the  displacement  {dr~^/dy,  —dr~^jdx,  0),  and  this 
displacement  is  clearly  {-dR'''-/dy,  dB'^/dx,  0)  and  we  can  deduce  the  formula 


iirjx  3z'  ydn/    3y  / ' 


(6)  As  an  example  of  mixed  boundary  conditions  we  may  take  the  case  where 
u,  V,  Z^  are  given  at  2=0.  To  calculate  A  we  require  a  displacement  (%',  xl,  v/)  which  at 
z  =  0  shall  satisfy  the  conditions 

where  {XJ,  YJ,  ZJ)  is  the  surface  traction  calculated  from  {%',  ■>/,  w').     Then  we  may 
show  that  the  value  of  A  at  the  origin  of  r  is  given  by  the  equation 

4:7r  (X  +  2im)  A=  I  f { W") -  X,')  u  +  ( r,(») -  YJ)  v-Zy  {w^ -  w')}  dxdy. 

We  may  show  further  that 

^=^^'    ^=ir'    '"="&"' 
and  then  that 

1         3   rag  ^   ('^Aa^.^SX. 
^~2,r  (\+2^t)  3z'  IBs'       ''  \bai  ■*■  3y  yj  ' 

and  we  may  deduce  the  value  of  (m,  v,  w)  at  {x',  y',  ^)  in  the  form 
"~     27r3«'      4,rfi(X  +  2;ii)      3^13^'        ''V3^'*'9y7J' 
""     2n-  dz'       4,r;x  (X  +  2^)  ^  3^'  ts^'        '"  W      ¥  //  ' 
'^-4,rfi  iS/  "^  47r  (X  +  2;*)  \dz'      ^^  W      3/  Jj 


~  4,7^1  (X+2fi)  '  dz!  \dz'     ^'^  VS^     9/  yj  ■ 
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(c)  As  a  second  example  we  may  take  the  case  where  A'„,  T^,  w  are  given  at  z=0. 
To  calculate  A  we  require  a  displacement  (u",  v",  lo")  which  at  0  =  0  shall  satisfy  the 
conditions 

AV'  =  AV<'),     r^"  =  rj.o),    w"  =  Wo, 

where  J,",  F^",  ^„"  denote  the  surface  tractions  calculated  from  (u",  v",  w").     We  can  prove 
that  the  value  of  A  at  the  origin  of  r  is  given  by  the  equation 

47r  (X  +  2ft)  A  =  f  \[X^  (m"  -  Mo)  +  T^  {v"  -  Vo)  +  (^^,(0)  -  Z^")  w}  dxdy, 
and  that 

"-Jl^—        "-J'.3l1         "__?^\ 

and  then  we  can  find  for  A  the  formula 

1  3   /ai^     3g     „   ZN^ 

2n-  (X  +  2/i)  3/  V9^'  +  3y'     ^  dz' 

and  for  (m,  v,  w)  the  formulae 

"  ~  27r;x  3z'  "•"  27r  3^-  +  inji  (X  +  2/:i)  dx'  \  dx'  "^  3y'     ^    y 
X+jx         ,  3    fdF    dG         diV\ 


1    ac      1   3i\^  X+M         3   ftF,     do. 


47r/i(X  +  2/i)     3y  \3y     3y 

iirix  'cz  ^  2,7  3/  ^  47r^(X  +  2/x)  3y  \dx'  ^  dy'       ^ 

X  +  ^        ,  3    /3i?'^3g  3#' 

47r/i(X  +  2/i)      dy'  \dx/     dy'       "  3z' 

1   3.y  X  +  M         ,  d  fdF  ,da     „    dJV 


+  2;a)^  3z'\3^'"^3y'     ^' 


27r  az'       47r/i(X  +  2;a)      32'  V3^       3/        '^  32' 

169.     rormulse  for  the  displacement  and  strain. 

By  means  of  the  special  solutions  which  represent  the  effect  of  force  at  a  point  we 
may  obtain  formulae  analogous  to  (7)  for  the  components  of  displacement.  Thus  let 
(tti,  Vi,  w^  represent  the  displacement  due  to  unit  force  acting  at  {x',  y',  2*)  in  the 
direction  of  the  axis  of  x,  so  that 

and  let  JT^O,  F;,('),  ZJ^)  be  the  surface  tractions  calculated  from  (mj,  v^,  w{}.  We  apply 
the  reciprocal  theorem  to  the  displacements  (u,  v,  w)  and  (mj,  v-^,  w-^,  with  a  boundary 
consisting  of  the  surface  S  of  the  body  and  of  the  surface  2  of  a  small  sphere  surrounding 
{xl,  y\  2'),  and  we  proceed  to  a  limit  as  before.  The  contribution  of  2  can  be  evaluated  as 
before  by  finding  the  work  done  by  the  unit  force,  acting  over  the  displacement  («,  v,  w), 
and  the  same  result  would  be  arrived  at  analytically.  If  the  body  is  subjected  to  body 
forces  (X,  T,  Z)  as  well  as  surface  tractions  X^,  Yy,  Zy,  we  find  the  formula* 

(«)(,=  I  I  \p{Xuy-\-Yvi  +  Zw^dxdydz 

+  f  {[{Xyu^  +  YyV^+ZyWi)  -  (X„(i)tt+  YyWv  +  Z^mw)]  dS,    (43) 

*  The  formula  of  this  type  are  due  to  C.  Somigliana,  II  Nuovo  Gimento  (Ser.  3),  tt.  17—20 
(1885,  1886)  and  Ann.  di  mat.  (Ser.  2),  t.  17  (1889). 
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where  the  volume  integration  is  to  be  taken  (in  the  sense  of  a  convergent  integral) 
throughout  the  volume  within  S.    We  should  find  in  the  same  way 

(«)o  -jjjp  ('^X  +  ^"2  +  ■^'^2)  dxdydz 

+  f  f[(X„M2+  Y^v^-^Z.w^ -  (X,(2)m+  r,i%+Z,i')w)]  dS, 

and    (w)q=  I  I  ip{Xu3+Yvg  +  Zwg)dx-di/dz 

+  I  /"[(X„tt3+  r^v^+Z^to^) -  (AV3)m+  3V^>«  +  ^^<^'«')]  dS.      ' 

A  method  of  integration  similar  to  that  of  Betti  has  been  founded  upon  these  formulae  *. 
It  should  be  noted  that  no  displacement  exists  which,  besides  satisfying  the  usual  con- 
ditions of  continuity  and  the  equations  of  equilibrium  (1),  gives  rise  to  surface  tractions 
equal  to  X^P),  ZvW,  Z^(^),  or  to  the  similar  systems  of  tractions  X„(2),  ...  and  X^*'),  ...,  for 
none  of  these  satisfies  the  conditions  of  rigid-body-equilibrium  t.  When  the  surface 
tractions  are  given  we  must  introduce,  in  addition  to  the  unit  forces  at  (x',  y,  z'),  equal  and 
opposite  unit  forces  at  a  chosen  point  A,  together  with  such  couples  at  A  as  wiU,  with  the 
unit  forces,  yield  a  system  in  equilibrium.  Let  (%',  v-y',  ie{)  bo  the  displacement  due  to 
unit  force  parallel  to  x  at  {x',  y,  s')  and  the  balancing  system  of  force  and  couple  at  A, 
and  let  X^'W,  F/l^,  .^v''''  be  the  surface  tractions  calculated  from  (m/,  v^,  w{).  Also  let 
(m/',  v{',  Wj")  be  the  displacement  which,  besides  satisfying  the  usual  conditions  of 
continuity  and  the  equations  of  equilibrium  (1),  gives  rise  to  surface  tractions  equal  to 
X/('),  Fy'W,  ZJ(^\  We  make  the  displacement  precise  by  supposing  that  it  and  the  corre- 
sponding rotation  vanish  at  A.     Then  we  have 

('')o=  I  I  \p{Xu{+Tv-l+Zw{)  dxdydz 

+  j j{X,(,u,'-u,")  +  r,{v,'-v,")+Z,{w,'-w,")}dS.   (44) 

The  problem  of  determining  u  is  reduced  to  that  of  determining  {u^",  Vj",  w/').  The  dis- 
placement (Mj'  — Mj",  v{  —  v-[',  w-l  —  w-l')  is  an  analogue  of  the  second  Green's  function. 

If,  instead  of  taking  the  displacement  and  rotation  to  vanish  at  A,  we  assign  to  A  a, 
series  of  positions  very  near  to  {x',  y',  z'),  and  proceed  to  a  limit  by  moving  A  up  to  coin- 
cidence with  this  point,  we  can  obtain  expressions  for  the  components  of  strain  in  terms 
of  the  given  surface  tractions  J.  In  the  first  place  let  us  apply  two  forces,  each  of 
magnitude  h~^  at  the  point  (y,  y',  z')  and  at  the  point  {af-T-h,  y',  2'),  in  the  positive  and 
negative  directions  respectively  of  the  axis  of  x.     In  the  limit  when  h  is  diminished 

indefinitely  the  displacement  due  to  these  forces  is  (-^,    -^,    '^]-     Let  (mh,  ■Wjj,  w^) 

be  the  displacement  produced  in  the  body  by  surface  tractions  equal  to  those  calculated 

from  the  displacement  (  3^1  -5^1  -^ )  •     Then  the  value  of  (du/dx)  at  the  point  (x',  y',  2') 

is  given  by  the  formula 

In  like  manner  formulse  may  be  obtained  for  dvjdy  and  dw/dz. 

*  G.  Laurioella,  Pisa  Ann.,  t.  7  (1895),  attributes  the  method  to  Volterra.     It  was  applied  by 
C.  Somigliana  to  the  problem  of  the  plane  in  II  Nioovo  Cimento  (1885,  1886). 
t  J.  Dougall,  loc.  cit.  p.  222.  J  G.  Lauricella,  loc.  cit. 
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Again,  let  us  apply  forces  of  magnitude  /i~i  in  the  positive  directions  of  the  axes  of 
y  and  z  at  the  origin  of  r,  and  equal  forces  in  the  negative  directions  of  these  axes  at  the 
points  (y,  y',  Z  +  A)  and  (.!•',  y +  /;,  z')  respectively,  and  proceed  to  a  limit  as  before.  This 
system  of  forces  satisfies  the  conditions  of  rigid-body-equilibrium,  and  the  displacement 
due  to  it  is 

(9^3     8«.2     ?V3     3^2     S^s     'iw\ 
oy       dz  '    dy       dz  '     dy       dz  )' 

Let  (m23)  ''23;  ■'"za)  ^^  ^^®  displacement  produced  in  the  body  by  surface  tractions  equal  to 

those  calculated  from  the  displacement  (^  +  -3-^1  •••1  ■••)•     Proceeding  as  before  we 

obtain  the  equation 

In  like  manner  formulae  may  be  obtained  for  du/dz  +  dwjdx  and  dvjdx+dujdy. 

170.     Outlines  of  various  methods  of  integration. 

One  method  which  has  been  adopted  sets  out  from  the  observation  that,  when  there 
are  no  body  forces,  w^,  ■ony,  cr^,  as  well  as  A,  are  harmonic  functions  within  the  surface  of 
the  body,  and  that  the  vector  {■ar^,  nr„,  ra-^)  satisfies  the  circuital  condition 

d^r        9^7/         9^a 

?  -) »  ^ -—0. 

dx        dy        dz 

From  this  condition  it  appears  that  ro-j,,  vjy,  ■a^  should  be  expressible  in  terms  of  two  in- 
dependent harmonic  functions,  and  we  may  in  fact  write* 

9<i)        9y        9y 
Bd)        9y        9y 

where  (\)  and  x  *re  harmonic  functions. 

The  equations  of  equilibrium,  when  there  are  no  body  forces,  can  be  written  in  such 
fonms  as 

Now  ^^J^^-^bL+J^lx^m_y^_,^ 

dy        dz  dx        \3!/2      dz^J    '  dxdy        dxdz 

~     V   3^       3^'  ^  3.r 3^  ^  ^  dxdz) 


and  it  follows  that 


-rx[^+''^+^dy  +  'dz. 


^=-x 


Cf.  Lamb,  Hydrodynamics  (Cambridge,  1895),  pp.  526—528. 
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This  expression  represents,  as  it  should,  an  harmonic  function;  and  the  quantities 
A,  CTj.,  ra-j,,  OTj  are  thus  expressible  in  terms  of  two  arbitrary  harmonic  functions  <j)  and  x- 
If  now  these  functions  can  be  adjusted  so  that  the  boundary  conditions  are  satisfied 
A  and  (cjj;,  ijiy,  OTj)  will  be  determined.  This  method  has  been  applied  successfully  to  the 
problem  of  the  sphere  by  C.  Borchardt*  and  V.  Cerrutif. 

Another  method  |  depends  upon  the  observation  that,  in  the  notation  of  Article  132, 
M2  =  «'i,  M3='ii'i,  W2=v^,  and  therefore  the  surface  traction  X^W  can  be  expressed  in 
the  form 

where  I,  m,  n  are  written  for  cos  {x,  v),  cos  (y,  v),  cos  (z,  v).  The  surface  tractions 
X„P),  XJ?)  can  be  written  down  by  putting  v  and  w  respectively  everywhere  instead  of  u 
in  the  expression  for  JT^W.  It  follows  that  (X„(i),  XJ'^),  X„(3))  is  the  displacement  produced 
by  certain  double  forces.  In  like  manner  ( F^W, '  r„(2),  jys))  and  {ZJ»,  ^^P),  ZJ?))  are 
systems  of  displacements  which  satisfy  the  equations  (1)  everywhere  except  at  the  origin 
of  r§.  On  this  result  has  been  founded  a  method  (analogous  to  that  of  0.  Neumann ||  in 
the  theory  of  Potential)  for  solving  the  problem  of  given  surface  displacements  by  means 
of  series. 

*  Berlin  Monatsber.,  1873. 

t  Comptes  rendus  de  V Association  Frangaise  pour  I'avancement  de  Science,  1885,  and  Rome  Ace. 
Lincei  Bend.  (Ser.  4),  t.  2  (1886). 

J  G.  Laurieella,  Pisa  Ann.  t.  7  (1895),  and  Ann.  di  mat.  (Ser.  2),  t.  23  (1895),  and  II  Nuovo 
Cimento  (Ser.  4),  tt.  9,  10  (1899). 

§  The  result  is  due  to  C.  Somigliana,  Ann.  di  mat.  (Ser.  2),  t.  17  (1889). 

II  Untersuchungen  iiber  das  logarithmische  und  Newton'sche  Potential,  Leipzig,  1877.  Cf. 
Poincar&i  loc.  cit.  p.  220. 


CHAPTER   XI. 

THE  EQUILIBRIUM  OF  AN  ELASTIC  SPHERE  AND  RELATED  PROBLEMS. 

171.  In  this  Chapter  will  be  given  examples  of  the  application  of  the 
method  of  series  (Article  158)  to  the  problem  of  the  integration  of  the 
equations  of  equilibrium  of  an  isotropic  elastic  solid  body.  Of  all  the 
problems  which  have  been  solved  by  this  method  the  one  that  has  attracted 
the  most  attention  has  been  the  problem  of  the  sphere.  In  our  treatment 
of  this  problem  we  shall  follow  the  procedure  of  Lord  Kelvin*,  retaining  the 
equations  referred  to  Cartesian  coordinates  instead  of  transforming  to  polar 
coordinates,  and  we  shall  give  his  solution  of  the  problem.  The  solution  is 
expressed  by  means  of  infinite  series,  the  terms  of  which  involve  spherical 
harmonics.  We  shall  begin  with  a  general  form  of  solution  involving  such 
functions. 

172.  Solution  in  spherical  harmonics  of  positive  degrees. 
We  propose  to  solve  the  equations 

^'^+^'^^t'   W'  f)  +  /^^H«,«,^")  =  o,  (1) 

where 

.       du     dv     dw  ... 

^  =  aS  +  a^+a^'  ^2) 

subject  to  the  conditions  that  u,  v,  w  have  no  singularities  in  the  neighbour- 
hood of  the  origin. 

Since  A  is  an  harmonic  function,  we  may  express  it  as  a  sum  of  spherical 
solid  harmonics  of  positive  degrees,  which  may  be  infinite  in  number.  Let 
A„  be  a  spherical  solid  harmonic  of  degree  n,  that  is  to  say  a  rational  integral 
homogeneous  function  of  x,  y,  z  of  degree  n  which  satisfies  Laplace's  equation; 
then  A  is  of  the  form 

A  =  SA„, 

*  See  Introduction,  footnote  61.  Eeferences  will  be  given  in  the  course  of  the  Chapter  to 
other  solutions  of  the  problem  of  the  sphere,  and  additional  references  are  given  by  E.  Marcolongo, 
Teoria  matematica  dello  equilibrio  dei  corpi  elastici  (Milan,  1904),  pp.  280,  281. 
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the  summation  referring  to  different  values  of  n.  Take  one  term  A„  of  the 
series,  and  observe  that  9A„/3a;  is  a  spherical  solid  harmonic  of  degree  n  —  1, 
and  that,  if  r  denotes  the  distance  of  the  point  {x,  y,  z)  from  the  origin. 

We  see  that  particular  integrals  of  equations  (1)  could  be  written  in 
such  forms  as 

^_     X  +  f^        r-'        9A„ 
/x     2(2re+l)  dx  ' 

and  more  general  integrals  can  be  obtained  by  adding  to  these  expressions 
for  u, ...  any  functions  which  satisfy  Laplace's  equation  in  the  neighbourhood 
of  the  origin,  provided  that  the  complete  expressions  for  u,  ...  yield  the  right 
value  for  A.   The  equations  (1)  and  (2)  are  accordingly  integrated  in  the  forms 

A  =  2A„,  j 

in  which  [/'„,  F„,  Wn  are  spherical  solid  harmonics  of  degree  n,  provided 
that  these  harmonics  satisfy  the  equation 

^^™  =  -^^^  2^^  ^"  +  ^1-3^  +  17 +^J ^^^ 


Introduce  the  notation 


aCTn+i       3F„+i       dWn+T. 


then  yJTn  is  a  spherical  solid  harmonic  of  degree  n,  and  equation  (4)  requires 
that  A„  and  i/r„  should  be  connected  by  the  equation 

_      (2n  +  l)^ 
^-nX  +  {2n  +  l)f.^'' <^) 

The  harmonic  function  A„  is  thus  expressed  in  terms  of  the  comple- 
mentary functions  Un+i,  ■■■',  and  the  integrals  (3)  may  be  expressed  as  sums 
of  homogeneous  functions  of  degree  n  in  the  forms 

K.,,,)  =  -Silf„r=(^,    ^-^,    ^)+2(l7„,F„,Tf„),  ...(7) 

where    [/„,   F„,    Wn  are  spherical  solid  harmonics  of  degree  ?i,  M„  is  the 
constant  expressed  by  the  equation 

W      1                ^  +  /^  /ox 

"~2(n-l)X  +  (3?i-2)/4'    : ^^^ 

and  -ijrn-i  is  a  spherical  solid  harmonic  of  degree  n  —  1  expressed  by  the 
equation 

,       dU.dVndWn  ,„- 

^"-="9^  +  ^  +  17 , (^^ 
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It  may  be  observed  that  equations  (7)  also  give  us  a  solution  of  the  equations  of  equi- 
librium when  n  is  negative,  but  such  a  solution  is,  of  course,  valid  only  in  regions  of  space 
which  exclude  the  origin.     As  an  example,  we  may  put  n=  —\,  and  take 

We  should  thus  obtain  the  solution  which  was  discussed  in  Article  131. 

173.     The  sphere  with  given  surface  displacements. 

In  any  region  of  space  containing  the  origin  of  coordinates,  equations  (7) 
constitute  a  system  of  integrals  of  the  equations  of  equilibrium  of  an  isotropic 
solid  body  which  is  free  from  the  action  of  body  forces.  We  may  adapt  these 
integrals  to  satisfy  given  conditions  at  the  surface  of  a  sphere  of  radius  a. 
When  the  surface  displacements  are  prescribed,  we  may  suppose  that  the 
given  values  of  m,  w,  w  at  r  =  a  are  expressed  as  sums  of  surface  harmonics  of 
degree  n  in  the  forms 

(m,  V,  W)r^a  =  ^{^n,  ^n,  Cn) (10) 

Then  r"J.„,  r^Bn,  r^''Gn  are  given  spherical  solid  harmonics  of  degree  n. 

Now  select  from  (7)  the  terms  that  contain  spherical  surface  harmonics 
of  degree  n.     We  see  that  when  r  =  a  the  following  equations  hold : — 

''"  A    --M      a^^'^^+'  I    TT    \ 

—  -tin  — —  JU„+2a  — ^~ r  U„, 

-B    --M  ^    „.Hn+.        y 

—  a    -  -  M         «2  ^i^n+T.    ,    rrr 

^„  o„  -  -  iK!„+2  a    g^    +yyn-j 

The  right-hand  and  left-hand  members  of  these  equations  are  expressed 
as  spherical  solid  harmonics  of  degree  n,  which  are  equal  respectively  at  the 
surface  r  =  a.  It  follows  that  they  are  equal  for  all  values  of  x,  y,  z.  We 
may  accordingly  use  equations  (11)  to  determine   ?7„,  Y^,   Wn  in  terms  of 

For  this  purpose  we  differentiate  the  left-hand  and  right-hand  members 
of  equations  (11)  with  respect  to  x,  y,  z  respectively  and  add  the  results. 
Utilizing  equation  (9)  we  find  the  equation 

t^.=al&>.)-|&>.)-|&>-) (-) 

Thus  all  the  functions  -\|/-„  are  determined  in  terms  of  the  corresponding 
An,  Bn,  On,  and  then  Un,  ■••  are  given  by  such  equations  as 


.(11) 


^"j     ._M        ..3* 


Un  =  —  An  +  M,^  a' 


n+1 


a' 


dx 


The  integrals  (7)  may  now  be  written  in  the  forms 
(u,  V, ..)  =  2  ^  (4„,  B„,  0„)+  tM^^ia^  -  ^  (^^  ^-^,  ^^),  ■  •  .(13) 
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y.n+2 
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in  which 

M     =-  ^  +  /ti 

By  equations  (13)  the  displacement  at  any  point  is  expressed  in  terms  of 
the  prescribed  displacements  at  the  surface  of  the  sphere. 

174.     Generalization  of  the  foregoing  solution. 

(i)  The  expressions  (7)  are  general  integrals  of  the  equations  of  equilibrium  arranged 
as  sums  of  homogeneous  functions  of  x,  y,  z  of  various  integral  degrees.  By  selecting  a 
few  of  the  terms  of  lowest  orders  and  providing  them  with  undetermined  coefficients 
we  may  obtam  solutions  of  a  number  of  special  problems.  The  displacement  in  an 
elhpsoid  due  to  rotation  about  an  axis  has  been  found  by  this  method*. 

(ii)  If  we  omit  the  terms  such  as  J„  (r/a)"  from  the  right-hand  members  of  equations 
(13)  we  arrive  at  a  displacement  expressed  by  the  equation 


(.,.,..)  =  (.-.^)g,^,|)^„., (X4) 


This  displacement  would  require  body  force  for  its  maintenance,  and  we  may  show 
easily  that  the  requisite  body  force  is  derivable  from  a  potentical  equal  to 

?[(»  +  l)\  +  (3«  +  4),^],/,„  +  i, 

and  that  the  corresponding  dilatation  is  -2(m  +  l)  i|r„  +  i.  We  observe  that,  if  X  and  fi 
could  be  connected  by  an  equation  of  the  form 

(m  +  l)\  +  (3»+4);«  =  0,  (15) 

the  sphere  could  be  held  in  the  displaced  configuration  indicated  by  equation  (14)  without 
any  body  forces,  and  there  would  be  no  displacement  of  the  surface.  This  result  is  in 
apparent  contradiction  with  the  theorem  of  Article  118  ;  but  it  is  impossible  for  X  and  u. 
to  be  connected  by  such  an  equation  as  (15)  for  any  positive  integral  value  of  n,  since  the 
strain-energy-function  would  not  then  be  positive  for  all  values  of  the  strains. 

(hi)  The  results  just  obtained  have  suggested  the  following  generahzationt :— Denote 
(X  +  Ij.)lix  by  T.     Then  the  equations  of  equilibrium  are  of  the  form 

ox 

We  may  suppose  that,  answering  to  any  given  bounding  surface,  there  exists  a  sequence 
of  numbers,  say  r^,  tj,  ...,  which  are  such  that  the  system  of  equations  of  the  type 

*  C.  Chree,  Quart.  J.  of  Math.  vol.  23  (1888).  A  number  of  other  applications  of  the  method 
were  made  by  Chree  in  this  paper  and  in  an  earlier  paper  in  the  same  Journal,  vol.  22  (1886). 

t  E.  and  F.  Cosserat,  Paris  C.  R.,  tt.  126  (1898),  133  (1901).  The  generalization  here 
indicated  is  connected  with  researches  on  the  problem  of  the  sphere  by  E.  Almansi,  Borne  Ace. 
Lincei  Send.  (Ser.  5),  t.  6  (1897),  and  on  the  general  equations  by  G.  Lauricella,  Ann.  di  mat. 
(Ser.  2),  t.  28  (1895),  and  II  Nuovo  Gimento  (Ser.  4),  tt.  9,  10  (1899). 


240  THE   PROBLEM   OF   THE    SPHERE  [CH.  XI 

possess  solutions  which  vanish  at  the  surface.     Denote  dUKldx  +  dVufd^  +  dWujdz  by  A^. 
Then  A,  is  an  harmonic  function,  and  we  may  prove  that,  if  k'  is  different  from  k, 


III 


AK^K'dxdydz=0,  (16) 


when  the  integration  is  extended  through  the  volume  within  the  bounding  surface.  We 
may  suppose  accordingly  that  the  harmonic  functions  A,  are  such  that  an  arbitrary 
harmonic  function  may  be  expressed,  within  the  given  surface,  in  the  form  of  a  series 
of  the  functions  A«  with  constant  coefiicients,  as  is  the  case  with  the  functions  i^n  +  \ 
when  the  surface  is  a  sphere. 

Assuming  the  existence  of  the  functions  d,  ...  and  the  corresponding  numbers  tk,  we 
should  have  the  following  method  of  solving  the  equations  of  equilibrium  with  prescribed 
displacements  at  the  surface  of  the  body  : — Let  functions  u^,  v^,  ^Oq  be  determined  so  as  to 
be  harmonic  within  the  given  surface  and  to  take,  at  that  surface,  the  values  of  the  given 
components  of  displacement.     The  function  «(,,  for  example,  would  be  the  analogue  of 

2  —  ^„  in  the  case  of  a  sphere.  Calculate  from  «„,  v^,  Wq  the  harmonic  function  Aq  deter- 
mined by  the  equation 

"     dx       dy       dz 

Assume  for  u,  v,  w  within  the  body  the  expressions 

A, 
(m,  r,  w)  =  (?«o,  1)0,  «'o)-rS (£/„  F„,  F„),      (17) 

where  the  .4's  are  constants.  It  may  be  shown  easily  that  these  expressions  satisfy  the 
equations  of  equilibrium  provided  that 

2^<Ak  =  Ao. 

The  conjugate  property  (16)  of  the  functions  A„  enables  us  to  express  the  constants  A  by 
the  formula 

A^  {A^ydxd2/dz=  A^AKdxdydz,      (18) 

the  integrations  being  extended  through  the  volume  of  the  body.  The  problem  is  there- 
fore solved  when  the  functions  Uk,  ...  having  the  assumed  properties  are  found*. 

175.     The  sphere  with  given  surface  tractions. 

When  the  surface  tractions  are  prescribed,  we  may  suppose  that  the 
tractions  X^,  Yr,  Z^  at  r  =  a  are  expressed  as  sums  of  surface  harmonics  of 
various  degrees  in  the  forms 

(Z„  r„^,),=„  =  2(X„,  Yn,Z^), (19) 

so  that  r"X„,  V^Yn,  r"Z„  are  given  spherical  solid  harmonics  of  degree  n. 
Now  Xr,  ...  are  expressed  in  terms  of  strain-components  by  formulje  of 
the  type 

*  E.  and  F.  Cosserat,  Paris  C.  B.,  t.  126  (1898),  have  shown  how  to  determine  the  functions 
in  question  when  the  surface  is  an  ellipsoid.  Some  solutions  of  problems  relating  to  ellipsoidal 
boundaries  have  been  found  by  C.  Chree,  loe.  cit.  p.  239,  and  by  D.  Edwardes,  Quart.  J.  of  Math. 
vols.  26  and  27  (1893,  1894). 
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and  these  are  equii^alent  to  formulae  of  the  type 
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in  which 


IJ>       IJ'  ox        dr 


.(20) 
.(21) 


^=ux  +  vy  +  ivz,    

so  that  f /r  is  the  radial  component  of  the  displacement. 

We  have  now  to  calculate  Z,, ...  by  means  of  the  formulae  of  type  (20) 
from  the  displacement  expressed  by  the  equations  (7).  We  know  already 
that  this  displacement  can  be  expressed  by  such  formulae  as 


;  =  -2 


An^  +  M„+,a-     g^ 


,92K±i_^,„ 


dx 


.(22) 


We  proceed  to  calculate  Xr,  Yr,  Zr  from  these  formulae.  In  the  result 
we  shall  find  that  ^„,  £„,  0„  can  be  expressed  in  terms  of  X„,  F„,  Zn- 
When  these  expressions  are  obtained  the  problem  is  solved. 

We  have  at  once 


?  =  S 


{xA^  +  yBn  +  ^C„)  —  +  M.n^^a\n  +  l)i|r„+i  -  M^r''  (w  -  l)t«-i 


The  terms  such  as  xAn.r^'ja'"  are  products  of  solid  harmonics,  and  we 
transform  them  into  sums  of  terms  each  containing  a  single  surface  harmonic 
by  means  of  such  identities  as 

'df     r™+^  9  fa'^+^ 


»/(«,  2/.  ■2)  = 


:/ 


2?i  +  1  Idx     a^^+i  dx  \r'»+^ 
We  obtain  in  this  way  the  equation 


.(23) 


.(24) 


a™     2w  +  1 

where  ■^n-i  is  given  by  equation  (12),  and  (^_„_2  is  a  spherical  solid  harmonic 
of  negative  degree  —  (n  +  2)  which  is  given  by  the  equation 


0-»l-2  = 


-S")  +  a^(^c', 


.(25) 


r=s 


Hence  we  have 


2n 


^2  /  ^2»+l  N 

+  ilf„+2  a^n  +  1)  -f  „+i  -  ikr„  r"  («  -  1)  i/f„_ 


L.  E. 


.(26) 
16 
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in  which  the  expression  under  the  sign  of  summation  is  homogeneous  of 
degree  n+l  in  x,  y,  z,  and  we  find 


dx      " 


if„+2a^(n  +  l) 


^^n 


9  /r 


dx 


2,n+ldx  Va^+i 


1  <^-n-s 


+ 


2w+l 
2r^     f     1 


Mn{n-\)\i^ 


dx 


r»-i  9   fa-"-- 


2n  -  1  12«  +  1      ^" ^"      -^^J  I   dl  '      a^-'  dx  U™"^  '''"' 


.(27) 


where  we  have  used  an  identity  similar  to  (23)  to  transform  xt^^^^. 
Again  we  have 


A=S?4^!^^if.t.-. (28) 


and  therefore 


X  +  yU, 


pZ^  =  ^^».2^  M    i?±!-i 


A,  +/:i 


'2Jlf„ 


dx 


?-™-^  9_  ^a«2^  \ 


.(29) 


Also  we  have 

du  „ 

r  ^ M  =  2 

or 


(.-l)^^„^;  +  a^i¥„,,^^ 


■r^Mn 


d'yp'n-i 

dx 


...(30) 


We  may  now  select  the  terms  of  degree  n  in  the  expression  on  the  right- 
hand  side  of  equation  (20) ;  they  are 


(n-l)A„  —  +  2nMn+^i 


a' 


.  9'^n-f 

dx 


d  /r"'' 


2n  +  ldx  \a^+^ 


<P-n- 


+  iJ-.-M.in-l)J^  +  J^  if  J  r^  ^--^-^ 


{2n-l 
+  1- 


2w-l      X  +  ^     '^ 


dx 


+  y^^ilf«-.-^ifJ.-.-^^^ 


that  of  r»+i  I-  f  ^^  is  - 


(2m-l)(2w  +  l)  '     2n-l        "     X  +  /i     "J  9a;Vr^"-l 

The  coefficient  of  r^d-^^n-ijdx  in  this   expression  is  —  2(?i  — 2)lf„,  and 

X(w  +  2)-;a(7z-3)  „  ,         . 

9S  l^^;  ^'^  -  {2n+l)[X{n-l)  +  f.(Zn-2)] '  ^^^''^^  '^"^°'^°g 
this  coefficient  by  —  E^,  we  have  the  expression  for  the  terms  of  degree 
n  in  rXr/fi  in  the  form 

(n  - 1)^„^;  +  2nM„^a^ ^  -  2  (n  -  2) if„,-  ^ 

2« + 1 9^  U^"+'  ^-^v    "     9^'  U«^-^; '  •  •  -^"^^^ 


where 


-E"?!  -- 


1       X(w  +  2)-/i(n-3) 


2m  +  1  \(«,  -  1)  +  /x  (371  -  2)  ' 


.(32) 
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From  the  sum  of  all  the  terms  in  the  expression  for  rX^//u.  we  select 
those  which  contain  spherical  surface  harmonics  of  degree  n.  The  value 
of  the  sum  of  these  terms  at  the  surface  r  =  a  must  be  the  same  as  the 
value  of  r"X„/a"~^yti  at  this  surface.     We  have  therefore  the  equation 

which  holds  at  the  surface  r  =  a.  Since  both  members  of  this  equation  are 
spherical  solid  harmonics  of  degree  n,  the  equation  holds  at  all  points. 
There  are  two  similar  equations  which  are  derived  from  the  above  by 
replacing  An  successively  by  S„  and  (7„,  X„  successively  by  F„  and  Zn,  and 
d/dx  successively  by  d/dy  and  djdz. 

To  obtain  the  expressions  for  A^,  ...  in  terms  of  X„, ...  we  introduce  two 
spherical  solid  harmonics  ^n-^  and  <I>_„_2  by  the  equations 


9r!LV_uirL"y_uiri; 


.(34) 


Then  we  differentiate  the  right-hand  and  left-hand  members  of  the  equations 
of  type  (33)  with  respect  to  x,  y,  z  respectively,  and  add  the  results.  We 
obtain  the  equation 

{(n-l)  +  n(27i+l)^4>/r^,=  -^„_i (35) 

A'' 

Again  we  multiply  the  right-hand  and  left-hand  members  of  the  equa- 
tions (33)  by  X,  y,  z  respectively  and  add  the  results.  We  obtain  the 
equation 

2n(^_„_,=  -<D_^ (36) 

By  equations  (35)  and  (36)  ^n^x  and  <^_,i_2  are  expressed  as  the  products 
of  ^„_i  and  ^J^ji-a  and  constant  factors.  On  substituting  in  the  equations 
of  type  (33)  we  have  A^,  -S„,  On  expressed  in  terms  of  X^,  Y„,  Zn-  The 
problem  is  then  solved. 

176.     Conditions  restricting  the  prescribed  surface  tractions. 

The  prescribed  surface  tractions  must,  of  course,  be  subject  to  the  conditions  that  are 
necessary  to  secure  the  equilibrium  of  a  rigid  body.  These  conditions  show  immediately 
that  there  can  be  no  constant  terms  in  the  expansions  such  as  SX„.  They  show  also- that 
the  terms  such  as  Xi,  Fj,  Zi  cannot  be  taken  to  be  arbitrary  surface  harmonics  of  the 
first  degree.     We  must  have,  in  fact,  three  such  equations  as 


// 


{y2Z^-zsr„)ds=o, 

16—2 
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where  the  integration  is  extended  over  the  surface  of  the  sphere.     Writing  this  equation 
in  the  form 

and  transforming  it  by  means  of  identities  of  the  type  (23),  we  find  the  equation 


//<|<-->-|,™]--"-'//^[|(^)-|(Ffe)] 


dS=0. 


For  any  positive  integral  value  of  n,  the  subject  of  integration  in  the  second  of  these 
integrals  is  the  product  of  a  power  of  r  (which  is  equal  to  a)  and  a  spherical  surface 
harmonic,  and  the  integral  therefore  vanishes,  and  the  like  statement  holds  concerning 
the  first  integral  except  in  the  case  n  =  l.  In  this  case  we  must  have  three  such  equa- 
tions as 

and  these  equations  show  that  rX-i,  rF^,  rZ^  are  the  partial  differential  coefficients  with 
respect  to  ^,  y,  z  of  a  homogeneous  quadratic  function  of  these  variables.     Let  A'j.(i),  ... 

be  the  stress-components  that  correspond  with  the  surface  tractions  X^, Then  we 

have  such  equations  aa 

It  thus  appears  that  XJ^^),  ...  are  constants,  and  the  corresponding  solution  of  the 
equations  of  equilibrium  represents  the  displacement  in  the  sphere  when  the  material  is 
in  a  state  of  uniform  stress. 

177.     Surface  tractions  directed  normally  to  the  boundary. 

When  the  surface  traction  consists  of  tension  or  pressure  at  every  point  of  the  surface 
we  may  take  the  normal  traction  to  be  expressed  as  a  sum  of  surface  harmonics  in  the 
form  2iS„.     Then  we  have  at  the  surface 

rXr  =  xs'^Rn,     rYr^T/S^-R^,     rZr  =  z^'^^Rn- 

Now  the  first  of  these  equations  gives  for  rX^  a.t  r  =  a  the  formula 

The  right-hand  member  of  this  equation  must  therefore  be  the  same  as  the  left-hand 
member  of  equation  (33),  or  it  must  be  the  same  as 

2,j^(»-|-lM„  +  2^„^.2       ^n  +  2'-  e^l^^2u  +  3;        27H- 1  Ba' U^"  +  1 '^  "  " 

By  the  processes  already  employed  we  deduce  the  two  equations 

[(.+a)+(„+2)(2.-,5)^„.JV'n..=^^±|S±^^  g)""  ^S 

"•^^  -2;rH(a)     '^-»-=2^3tj    ir' 

and  then  we  can  easily  find  the  4's,  5's  and  C's.     In  the  case  where  2i?„  reduces  to  a 
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single  term  JRn  +  i,  the  only  ^'s,  ...  which  occur  have  suffixes  n  and  ro  +  2,  and  we  may  show 
that 

"    2,i?i(2)i+3)L8a;V"  +  '    "•'Vjr.a' 

A   ^ ^ rif^nip  M 

with  like  expressions  for  the  B'a  and  C'a. 

178.     Solution  in  spherical  harmonics  of  negative  degrees. 

When  the  space  occupied  by  the  body  is  bounded  by  two  concentric  spheres*  solutions 
can  be  obtained  in  the  same  way  as  in  Article  172  by  the  introduction  of  spherical 
harmonics  of  negative  degrees  in  addition  to  those  of  positive  degrees.  To  illustrate  the 
use  of  harmonics  of  negative  degrees  we  take  the  case  where  there  is  a  spherical  cavity 
in  an  indefinitely  extended  mass.  Using,  as  before,  U^,  F„,  TF„  to  denote  spherical  solid 
harmonics  of  positive  integral  degree  «,  we  can  write  down  a  solution  of  the  equations  of 
equilibrium  in  the  form 

(«>  ''.  «')  =,1^1  (  t^».    l^n.    ^n)  -  ky  (g^ ,  I ,  g^)  [^i)  , 

where  ^       -r^n.sVlf _^\ +  l(  J^\  +  I  (J^V] 

and  k„=  —z 


2(m  +  2)X  +  (3»  +  5)(a' 


The  function  ■v/'n  +  i  is  a  spherical  solid  harmonic  of  degree  n+1,  and  the  dilatation 
calculated  from  the  above  expression  for  the  displacement  is  given  by  the  formula 

_      2(2m+3)ia,    ^^^ 
^~  X+yii       ""r^^  +  s- 

The   solution  expressed  by  a  sum   of  particular  solutions  of  the  above  type  can  be 
adapted  to  satisfy  conditions  of  displacement  or  traction  at  the  surface  of  a  cavity  r=a. 

An  example  of  some  interest  is  afforded  by  a  body  in  which  there  is  a  distribution  of 
shearing  strain  t.  At  a  great  distance  from  the  cavity  we  may  take  the  displacement  to 
be  given  by  the  equation 

(m,  V,  M>)  =  (sy,  0,  0), 

where  s  is  constant.    In  this  example  we  may  show  that,  if  the  cavity  is  free  from  traction, 
the  displacement  at  any  point  is  expressed  by  equations  of  the  form 


"■     4  (?)+""  1(f)  ■ 


where  A,  B,  G  are  constants,  and  we  may  find  the  following  values  for  A,  B,  C : — 

*  Lord  Kelvin's  solution  is  worked  out  for  the  case  of  a  shell  hounded  by  concentric  spheres, 
and  includes  the  solution  of  this  Article  as  well  as  that  of  Articles  172,  173,  175. 
t  See  Fhil.  Mag.  (Ser.  5),  vol.  38  (1892),  p.  77. 
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The  value  of  the  shearing  strain  ^  +  ^  can  be  calculated.     It  will  be  found  that,  at 

the  point  x=0,  y=0,  r=a,  it  ia  equal  to  ^  a.     The  result  shows  that  the  shear  in 

the  neighbom-hood  of  the  cavity  can  be  nearly  equal  to  twice  the  shear  at  a  distance  from 
the  cavity.  The  existence  of  a  flaw  in  the  form  of  a  spherical  cavity  may  cause  a  serious 
diminution  of  strength  in  a  body  subjected  to  shearing  forces*. 

179.     Sphere  subjected  to  forces  acting  through  its  volume.     Par- 
ticular solution. 

When  the  sphere  is  subjected  to  body  forces  we  seek  in  the  first  place  a 
particular  solution  of  the  equations  of  equilibrium  of  the  type 

and  then,  on  combining  this  solution  with  that  given  in  (13),  we  obtain 
expressions  for  the  displacement  which  are  sufficiently  general  to  enable  us 
to  satisfy  conditions  of  displacement  or  traction  at  the  surface  of  the  sphere. 
If  the  body  force  (X,  Y,  Z)  is  the  gradient  of  a  potential  V  which  satisfies 
Laplace's  equation,  the  particular  integral  can  be  obtained  in  a  simple  form ; 
for,  within  the  sphere,  V  can  be  expressed  as  a  sum  of  spherical  solid 
harmonics  of  positive  degrees.  Let  V  ='ZYn,  where  F„  is  such  an  harmonic 
function,  and  consider  the  equations  of  the  type 

(X  +  ^)|^+;.V=«  +  /^-0 (37) 

Particular  integrals  of  these  equations  can  be  obtained  by  putting 

di>  d4>  dd> 

if  (X  +  2/x)V20  +  pF„  =  O; 

and  we  may  therefore  take  for  the  particular  integrals  of  the  equations 
of  type  (37)  the  following : — 

1 


,  ,      /5      S      3 

("'"'^)  =  fe'3^'9. 


r^F. 


.(38) 


2  (2re  +  3)  X  +  2ya 

With  a  view  to  satisfying  special  conditions  at  the  surface  of  the  sphere 
we  calculate  the  corresponding  traction  {Xr,  Yr,  Z^)  by  means  of  the  formulae 
of  type  (20).     We  find  for  the  radial  displacement  f/r  the  formula 

w  +  2  p        2„ 

^~      2(2n+3)X  +  2/i'"     "' 

and  for  the  dilatation  A  the  formula 

A  = P—  Y 

X  +  2/.'^"- 

*  Cf.  Article  84,  supra. 
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Hence  we  find  for  Xr  the  formula 


rXr 


^"'^''^  [2  (2n  +  3)  +  2 (2n  +  3)j  dx  ^^  ^ •"'_ 


/u  X  +  2ya 

and  this  can  be  reduced  by  means  of  the  identity  (23)  to  the  form 
rZ,. 


P 


/U.  \  +  2;U. 


"^  +  (^  +  1)m  ^.  9Z«  _  X(2r^  +  3)+2/.(>i  +  l)  ^  /  JF^  V 

_(2n+l)y[i         8«  (2w  +  l)(2?i  +  3)/t  aa;Vr-^"+V 

(39) 


The  formulse  for  Y^  and  Z^  can  be  written  down  by  substituting  S/S^/  and 
'bfbz  successively  for  dj'bx  in  the  right-hand  member  of  (39). 

180.     Sphere  deformed  by  body  force  only. 

When  the  surface  is  free  from  traction  the  displacement  is  obtained 
by  adding  the  right-hand  members  of  equations  (13)  and  (38),  in  the  former 
of  which  the  functions  An,  ...  are  to  be  determined  in  terms  of  Y^,  •••by 
the  conditions  that  the  sum  of  the  expressions  for  rXrjiJu  in  the  left-hand 
member  of  (33)  and  the  right-hand  member  of  (39)  must  vanish.  We  take 
the  potential  SF„  to  consist  of  a  single  term  F„+i,  in  which  n>  1,  and  then 
we  have  three  equations  of  the  type 

p       rx  -F  (w  -h  2)  /^    ,aF„+i     X  (2n -H  5)  +  2^  (w -^  2)    ^,^,  9  /F^+iV 
X.+  2;U,[_    (2n  +  3)/ct"'^     dx  (2w  +  3)  (2« -f- 5) /i     ^       3«Vr'"+V. 

(40) 

which  hold  at  the  surface  of  the  spher~e,  and  therefore,  in  accordance  with  an 
argument  already  employed,  hold  everywhere. 

We  notice  that,  if  the  material  is  incompressible  so  that  the  ratio  ji/X  vanishes,  the 
particular  integrals  expressed  by  (38)  vanish,  but  the  surface  tractions  depending  upon  the 
particular  integrals  do  not  vanish.     The  right-hand  member  of  (39)  becomes,  in  fact, 


f-:]. 


In  this  case  the  equations  by  which  A„  ...  are  to  be  determined  are  the  same  as  those 
which  were  used  in  Article  177,  provided  that,  in  the  latter,  (r/a)'''*"^  Rn  +  i  is  replaced  by 
pVn  +  v  It  follows  that  the  displacement  produced  in  an  incompressible  sphere  by  body 
force  derived  from  a  potential  F„+i  is  the  same  as  that  produced  by  purely  normal 
surface  traction  of  amount  pF„  +  ja"  + V" '*''*• 

Returning  to  the  general  case,  we  find,  as  in  Article  177,  that  i/r„+i  and 
^_„_a  are  the  only  i/r  and  </>  functions  that  occur,  and  that  the  only  ^'s,  . . . 

*  Ohree,  Cambridge  Phil.  Soc.  Trans.,  vol.  14  (1889). 
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which  occur  have  suffixes  n  and  n  +  2.     By  the  processes  already  employed 
we  obtain  the  equations 

[(^+1)  +  (.+2)  (2n+5)  K^J  t««  =  ^  ^^^^^^V^y""'  ^""^^^  ^"-^'■ 

-  2-,rn  UJ    •^—^ = XT2;.  (2n+3)^  ("  -^  ^^  ^"+^- 

The  value  of  f  at  r  =  a  is 


a^  q2  /^\2»+3 


2  (2)1  +  5)  X  +  2m 

and,  since  "v^n+i  S'Hd  0_„_2  are  multiples  of  F„+i,  the  radial  displacement 
at  the  surface  of  the  sphere  is  a  multiple  of  F„+i/r"+^,  and  it  is  found,  after  a 
little  reduction,  to  be  equal  to 

apV„+ifaY-^^n+  1  (2?;  +  3)  X  +  (2n  +  2)fj, 


fi       \rj         2n     (2n^  +  8n  +  9)X  +  (2?i^  +  6n  +  6)/i4 ^     ^ 

In  like  manner  we  may  show  that  the  radial  displacement  at  a  distance  r 
from  the  centre  is 


u  '2n 


(2n.  +  3)  X  +  (2w  +  2) /^ 


(2m^  +  8m  +  9)  X  +  (2?i^  +6n  +  6)fi 

(-n  -1-  9A  „  n 

..(42) 


I  "^'-^'(^  I  1)  («  +  3)X  +  (7i  +  2)/i 


(2?i2  +  8m  +  9)  X  +  (2;r  +  6m  +  6)  /i_ 

Since  the  radial  displacement  is  always  proportional  to  Fii+i,  all  the  spherical 
surfaces  concentric  with  the  boundary  are  strained  into  harmonic  spheroids 
of  the  same  type,  but  these  spheroids  are  not  similar  to  ejach  other.  In  the 
case  where  m=  1  the  ellipticities *  of  all  the  principal  sections  increase  from 
the  outermost  to  the  centre,  the  ratio  of  the  extreme  values  being 

5X  +  V  :  8X  +  G/if. 

181.     Gravitating  incompressible  sphere. 

The  chief  interest  of  problems  of  the  kind  considered  in  Article  179 
arises  from  the  possibility  of  applying  the  solutions  to  the  discussion  of 
problems  relating  to  the  Earth.  Among  such  problems  are  the  question 
of  the  dependence  of  the  ellipticity  of  the  figure  of  the  Earth  upon  the 
diurnal  rotation,  and  the  question  of  the  effects  produced  by  the  disturbing 
attractions  of  the  Sun  and  Moon.  All  such  applications  are  beset  by  the 
difficulty  which  has  been  noted  in  Article  75,  viz. :  that,  even  when  the 
effects  of  rotation  and  disturbing  forces  are  left  out  of  account,  the  Earth 
is  in  a  condition  of  stress,  and  the  internal  stress  is  much  too  great  to  permit 
of  the  direct  application  of  the  mathematical  theory  of  superposable  small 

*  The  ellipticity  of  an  ellipse  is  tlie  ratio  of  the  excess  of  the  axis  major  above  the  axis  minor 
to  the  axis  major. 

t  Kelvin  and  Tait,  Nat.  Phil.,  Part  11.  p.  433. 
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strains*       One  way  of  evading  this  difficulty  is  to  treat  the  material  of 
which  the  Earth  is  composed  as  homogeneous  and  incompressible. 

When  the  homogeneous  incompressible  sphere  is  at  rest  under  the 
mutual  gravitation  of  its  parts  the  state  of  stress  existing  in  it  may  be 
taken  to  be  of  the  nature  of  hydrostatic  pressure  f;  and,  if  p^  is  the 
amount  of  this  pressure  at  a  distance  r  from  the  centre,  the  condition  of 
equilibrium  is 

3p„/9r  =  —  gprja,    (43) 

where  g  is  the  acceleration  due  to  gravity  at  the  bounding  surface  r=  a. 
Since  p^  vanishes  at  this  surface,  we  have 

p,=  \gp{a'-r^)la (44) 

When  the  sphere  is  strained  by  the  action  of  external  forces  we  may 
measure  the  strain  from  the  initial  state  as  "  unstrained "  state,  and  we 
may  suppose  that  the  strain  at  any  point  is  accompanied  by  additional  stress 
superposed  upon  the  initial  stress  p^.  We  may  assume  further  that  the 
components  of  the  additional  stress  are  connected  with  the  strain  by 
equations  of  the  ordinary  form 

Xa;  =  XA +  2juea;x,  •••  ,       7z=  f^Syi,  ... , 

in  which  we  pass  to  a  limit  by  taking  A,  to  be  very  great  compared,  with 
H,  and   A  to  be  very  small  compared  with  the  greatest  linear  extension, 

in    such    a   way  that  XA  is  of  the  same  order  of   magnitude  as  fiCxx, 

We  may  put 

Km.  X A  =  —  p, 

and    then  p^+p  is    the    mean  pressure  at  any  point    of  the  body  in  the 
strained  state. 

Let  V  be  the  potential  of  the  disturbing  forces.  The  equations  of 
equilibrium  are  of  the  form 

g-(-po  +  X.)  +  ^-  +  ----^p-+P^  =  0. 

The  terms  containing  —p„  and  —  gp  cancel  each   other,  and   this  equation 
takes  the  form 

The  equations  of  equilibrium  of  the  homogeneous  incompressible  sphere, 
deformed  from  the  state  of  initial  stress  expressed  by  (44)  by  the  action  of 
external  forces,  are  of  the  same  form  as  the  ordinary  equations  of  equilibrium 
of  a  sphere  subjected  to  disturbing  forces,  provided  that,  in  the  latter  equa- 
tions, XA  is  replaced  by  —  ^  and  /iA  is  neglected.     The  existence  of  the 

*  The  difficulty  has  been  emphasized  by  Chree,  Phil.  Mag.  (Ser.  5),  vol.  32  (1891). 
t  Cf.  J.  Larmor  '  On  the  period  of  the  Earth's  free  Eulerian  precession,'  Cambridge  Phil.  Soc. 
Proc,  vol.  9  (1898),  especially  §  13. 
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initial  stress  p^  has  no  influence  on  these  equations,  but  it  has  an  influence 
on  the  special  conditions  which  hold  at  the  surface.  These  conditions  are 
that  the  deformed  surface  is  free  from  traction.  Let  the  equation  of  the 
deformed  surface  be  r  =  a  +  eS,  where  e  is  a  small  constant  and  8  is  some 
function  of  position  on  the  sphere  r  =  a.  The  "  inequality  "  eS  must  be  such 
that  the  volume  is  unaltered.  We  may  calculate  the  traction  {X^,  Yy,  Z^) 
across  the  surface  r  =  a  +  eS.  Let  l',  m',  n'  be  the  direction  cosines  of  the 
outward  drawn  normal   v  to  this  surface.     Then 

Z,  =  I'  (X^  -  jo„)  +  m'Xy  +  n'X, . 

In  the  terms  X^,  Xy,  X^,  which  are  linear  in  the  strain-components,  we  may 
replace  V,  m ,  n'  by  xja,  yja,  z/a,  for  the  true  values  differ  from  these  values 
by  quantities  of  the  order  e ;  but  we  must  calculate  the  value  of  the  term 
—  I'po  at  the  surface  r  =  a  +  eS  correctly  to  the  order  e.  This  is  easily  done 
because  Pd  vanishes  at  r  =  a,  and  therefore  at  r  =  a+€S  it  may  be  taken 

to  be  6(S  (-^)      ,  or  —  gpeS.     Neglecting  e',  we  may  write 

-'''?'>  = -gpeS. 

Hence  the  condition  that  X^  vanishes  at  the  surface  r  =  a  +  eS  can  be 
written 

{X,\^,  +  %peS=0 (4.5) 

66 

The  conditions  that  Y^,  Z^  vanish  at  this  surface  can  be  expressed  in  similar 
forms  and  the  results  may  be  interpreted  in  the  statement :  Account  can 
be  taken  of  the  initial  stress  by  assuiping  that  the  mean  sphere,  instead 
of  being  free  from  traction,  is  subjected  to  pressure  which  is  equal  to 
the  weight  per  unit  of  area  of  the  material  heaped  up  to  form  the 
inequality*. 

182.  Deformation  of  gravitating  incompressible  sphere  by  ex- 
ternal forces. 

Let  the  external  disturbing  forces  be  derived  from  a  potential  satisfying 
Laplace's  equation ;  and,  within  the  sphere,  let  this  potential  be  expressed  as 
a  sum  of  spherical  solid  harmonics  of  positive  degrees  in  the  form  STF^- 
Let  the  surface  of  the  sphere  be  deformed,  and  let  the  height  of  the 
inequality  be  expressed  as  a  sum  of  spherical  surface  harmonics  in  the 
form  Se„(S'„,  e„  being  a  small  quantity  which  is  at  most  of  the  order  of 
magnitude  of  the  inequality.  The  attraction  of  the  inequality  is  a  body 
force  acting  on  the  matter  within  the  sphere,  and  at  points  within  the  sphere 
this  force  is  derived  from  a  potential  of  amount 

iirypal.  (2n  +  1)-'  Snir/a)''  S^, 

*  This  result  is  often  assumed  without  proof.     It  appears  to  involve  implicitly  some  such 
argument  as  that  given  in  the  text. 
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where  7  is  the  constant  of  gravitation.  When  the  potential  of  all  the 
disturbing  forces  is  expressed,  as  in  Article  179,  in  the  form  SF„,  we 
have 

S^'         r" 


W,,+ 


in  +  l'^a^^"' 


.(46) 


in  which  '^■w^pa  has  been  replaced  by  the  equivalent  expression  3^. 
The  displacement  within  the  sphere  is  expressed  by  formulae  of  the  type 


u  =  — 


2(2)1 
+  S 


-  3)  X+ 2/^-^9^^'"'^"^ 


^«^;  +  M„(a'-0^" 


.(47) 


where  An,  ...  are  unknown  surface  harmonics,  and  Jf^  and  'yjrn-y  are  expressed 
by  means  of  equations  (9)  and  (12).  To  complete  the  solution  we  must 
determine  the  harmonics  A^,  Bn,  C„,  Sn  in  terms  of  the  known  harmonics 
Wn, In,  the  process  we  make  such  simplifications  as  arise  from  the  assump- 
tion that  the  material  is  incompressible.  The  boundary  conditions  which 
hold  at  the  surface  r  =  a  are  of  two  kinds.  We  have,  in  the  first  place,  the 
kinematical  condition  that  the  radial  displacement  at  this  surface  is  that 
which  has  been  denoted  by  26„/S„,  and,  in  the  second  place,  the  condition 
that  the  surface  traction,  calculated  from  the  displacements  of  type  (47),  is 
equivalent  to  a  pressure  equal  to  the  weight  of  the  inequality. 

The  kinematical  condition  is  expressed  by  the  equation 


2  (2ft  +  3)  A,  +  2;u, 


a2 


^»  + 


^ff 


2»i  +  l^''a«'^" 


+  % 


2n+l 


aV^«-i  -  ■ 


4>- 


.)=.. 


i^n 


When  we  select  from  this  equation  the  terms  that  contain  surface  harmonics 
of  order  n+1,  and  simplify  the  result  by  means  of  the  condition  of  incom- 
pressibility,  we  find  the  equation 

n.n+1  n  ir^n+S 


6)1+1  ^^n+l  ^n+i 


^n+i  —  <0^_L  K  ■^"+1       , 


l^- 


2w+5^"+'     (2ft  +  l)a»+^ 
The  traction  at  the  surface  is  expressed  by  equations  of  the  type 


.(48) 


rX, 


2n  +  l 


dx 


dx  r^+i 


+  t 


(.«    ^)^^a^     («-l)(2»+l)' 


5  (jr^i]         1       d  (r"^' 
dx  \r^-^)      2n  +  ldx  Va'"+' 


.2»+l  ^  (tl 


<t>- 


.(49) 


which  are  obtained  by  simplifying  the  expressions  in  (33)  and  (39)  in  accord- 
ance with  the  condition  of  incompressibility.     The  conditions  in  addition  to 
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(•48)  which  hold  at  the  surface  are  obtained  by  equating  the  expression  on  the 
right-hand  side  of  (49)  to  —  fi'^gpx  "EenSn-     We  thus  find  the  equation 


"2n+l  \dx\d 


d_/r^ 


n^n 


gps 
Sffp-z 


/j,^  2n+l\dx  dx  \r^+y 


a"   dx\r''+\ 


/'•(2«  +  l)=\a«Va"'^" 


a  /r" 


«m+i 


d    f  Sn 


dx  \7'' 


+  t 


(n-l)A,,-- 


(?!.-l)  (2/1+1)  dx\r-" 

1        d  /r-«+^ 


- 


4>-n-i 


=  0, 


.(50) 


2?i  +ldx  Va^"+' 

which  holds  at  the  surface  r  =  a.     When  we  select  from  this  equation  the 
terms  that  contain  surface  harmonics  of  order  ?!  we  find  the  equation 

gpa"  2n  d_  /r^  „     N  _        gp        2  {n  -  2)         r™+i  d_  /S^-.^ 

(2n  +  3)/i2^M^  ^""^'a^Vo^      W~(2n-1)/K.    tn-i    ^""-^  a'^'^  dx\ 

1      dW,., 


pa' 


"■+i.  +  £     '''"^'    IfEr^i 


fi   2n  +  S     dec         fi2n-ldx\r'"'-'' 


nr,"      In  — 


y.m+1 


9_   /TJ/-)!-] 


(w-l)(2«  +  l)  dx\r"- 


1 


:  </>-ji-2 )  =  0; 


.(51) 


2n  +  1  dx  Va^'+i 

in  which  the  left-hand  member  is  a  solid  harmonic  of  order  n.  Since  this 
harmonic  function  vanishes  at  the  surface  r  =  a,  it  vanishes  for  all  values  of 
X,  y,  z.  There  are  two  similar  equations,  which  are  obtained  by  considering 
the  tractions  in  the  directions  of  y  and  z. 

We  differentiate  the  left-hand  members  of  the  three  equations  of  type  (51) 
with  respect  to  x,  y,  z  respectively  and  add  the  results.  We  thus  obtain  the 
equation 

^  2(M-2)n(2'n  +  l)  _       r"-i  ^  pn{2n  +  l) 


(2«. -I)--' 


•,«— 1 

^ c       _  tL' 

a"  '  p.     in 


y^n-. 


w(n-l-2)  , 


0. 


This  equation  holds  for  all  values  of  n. 
becomes 


When  we  replace  n  by  ii-\-2  it 


gp  2m  (n  4-  2)(2n  +  5) 
"^  (2n-l-3)- 


>•"+'  „  p  {n  +2)(2n+-r>) 

^'''-'~  fA.  2n  +  S 
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2(n  +  2Y  +  l 
?(  -1- 1 


i^n+l  =  0. 


.(52) 
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Again  we  multiply  the  left-hand  members  of  the  three  equations  of 
type  (51)  by  x,  y,  z  respectively  and  add  the  results.  We  thus  obtain 
the  equation 

gpa?  2n,(n  +  l)         r"+'  „  p^   w  +  1  2ti      r^"+^  _ 

/.      (2n  +  3)^  ^"+^  a"+i  ^'^^^      'J  W^  ^»+^  ~  2^m  ^^^>  ''-"-^  ~  "• 

-(53) 

The  equations  (48),  (52),  (53)  determine  Sn+i,  '^n+i,  4'-n-i  in  terms 
of  Wn+-L-  Hence  all  the  functions  denoted  by  S,  yjr,  ^  with  various  suffixes 
are  determined,  and  the    equations    of  type  (51)  determine  the  functions 

An, When  the  potential  of  the  external  forces  reduces  to  the  single 

term  TF„+i,  •<|^»+i  and  (^_n_2  are  the  only  functions  of  the  types  yjr  and  <j} 
that  occur,  and  Sn+i  is  the  only  function  of  the  type  S.  The  equations 
of  type  (51)  show  that,  of  the  functions  A^,  ..-,  those  which  occur  have 
suffixes  either  n  oi  n+2.  The  result  that  Sn+i  is  a  multiple  of  Wn+i  may  be 
interpreted  in  the  same  way  as  the  corresponding  result  noted  in  Article  180. 

183.     Gravitating  body  of  nearly  spherical  form. 

The  case  of  a  nearly  spherical  body  of  gravitating  incompressible  material  can  be 
included  in  the  foregoing  analysis.  The  surface  conditions  as  regards  traction  are  still 
expressed  by  such  equations  as  (50),  but  we  have  not  now  the  kinematical  condition 
expressed  by  (48).  If  the  equation  of  the  surface  is  of  the  form  '■=a-l-en  +  i'S>j  +  i  the 
values  of  il'n+i  and  (f>-n-2  ^^^  given  by  putting  zero  for  W^+^  in  equations  (52)  and  (53), 
and  the  harmonic  functions  such  as  A^  and  >i„+2  are  determined  by  equations  of  the  type 
of  (51)  from  which  the  W'a  are  omitted.  * 

G.  H.  Darwin  has  applied  analysis  of  this  kind,  without,  however,  restricting  it  to  the 
case  of  incompressible  material,  to  the  problem  of  determining  the  stresses  induced  in  the 
interior  of  the  Earth  by  the  weight  of  continents*.  Apart  from  the  difficulty  concerning 
the  initial  stress  in  a  gravitating  body  of  the  size  of  the  Earth— a  difficulty  which  we 
seem  unable  to  avoid  without  treating  the  material  as  incompressible — there  is  another 
difficulty  in  the  application  of  such  an  analysis  to  problems  concerning  compressible 
gravitating  bodies.  In  the  analysis  we  take  account  of  the  attraction  of  the  inequality  at 
the  surface,  but  we  neglect  the  inequalities  of  the  internal  attraction  which  arise  from  the 
changes  of  density  in  the  interior ;  yet  these  inequalities  of  attraction  are  of  the  same 
order  of  magnitude  as  the  attraction  of  the  surface  inequality.  To  illustrate  this  matter 
it  will  be  sufficient  to  consider  the  case  where  the  density  />„  in  the  initial  state  is  uniform. 
In  the  strained  state  the  density  is  expressed  by  p^{l-A)  correctly  to  the  first  order  in 
the  strains.  The  body  force,  apart  from  the  attraction  of  the  surface  inequalities  and 
other  disturbing  forces,  has  components  per  unit  of  mass  equal  to  gx/a,  gyja,  gz/a.  Hence 
the  expressions  for  pX,  ...  in  the  equations  of  equilibrium  ought  to  contain  such  terms  as 
gp()Xa'^{l  -A),  and  the  terms  of  tyTpe -gp^xAJa  are  of  the  same  order  as  the  attractions 
of  the  surface  inequalities  t. 

184.     Rotating  sphere. 

In  the  case  of  the  Earth  the  most  interesting  problems  are  those  of  the 
ellipticity  of  iigure  due  to  the  diurnal  rotation  and  of  the  tidal  deformation 

*  Phil.  Trans.  Roy.  Soc,  vol.  173  (1882).    Darwin's  results  have  been  discussed  critically 
by  Chree,  Cambridge  Phil.  Soc.  Trans.,  vol.  14  (1889),  and  Phil.  Mag.  (Ser.  5),  vol.  32  (1891). 
t  See  a  paper  by  J.  H.  Jeans,  Phil.  Trans.  Roy.  Soc.  (Ser.  A),  vol.  201  (1903). 
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produced  by  the  attractions  of  the  Sun  and  Moon.  The  effect  of  the  rotation 
can  be  represented  as  due  to  body  force  of  magnitude  a)^(a;,  y,  0),  where 
CD  is  the  angular  velocity,  and  the  force  at  any  point  may  be  derived  from  a 
potential  of  magnitude  \  w-  {a?  +  y"^).     This  potential  may  be  arranged  as  the 

sum  of  two  terms 

Jo)^  {x^  +  y"-  +  z")  -  lu)^  (2^=  -a?-  y% 

of  which  the  former,  equal  to  ^toV^,  gives  rise  to  a  radial  force  ftoV.  This 
term  can   be  included  in  the   term    —gprja   of  equation   (43)  by  writing 

^  ( 1  —  -  —  J  instead  of  g.     Since,  in  the  case  of  the  Earth  w'^ajg  is  a  small 

fraction,  equal  to  about  5^,  we  may,  for  the  present  purpose,  disregard 
this  alteration  of  g.  The  term  —  ^m^  {2z^  —  x"^  —  y^)  when  expressed  in  polar 
coordinates  is  —  ^coV^  (f  cos^^  — ^),  so  that  it  contains  as  factors  r''  and  a 
spherical  surface  harmonic  of  degree  2.  We  may  determine  the  effect  of  the 
rotation  from  the  results  of  Article  182  by  putting  n  =  1  and  using  this 
expression  —  ^(bV(|cos^^ -^)  for   Wg. 

When  «=1  equations  (52)  and  (53)  become 


2  "^^    ~     b  fL 
t-^    ,      _       3/3 


and  equation  (48)  becomes 


,JS.  =  a 


2        r''' 


1  1  r^ 


3  a' 
Hence  we  find  the  height  of  the  harmonic  inequality  in  the  form 

'■«-i^7(-¥,fJ (-) 

It  follows  that  the  inequality  is  less  for  a   solid  incompressible  sphere  of 

rigidity  fj.  than  it  would  be  for  a  sphere  of  incompressible  fluid  in  the  ratio 

19    u, 
1  :  1  +  -r-  -^ .     If  the  sphere  has  the  same  size  and  mass  as  the  Earth,  this 
2  gpa  ^ 

ratio  is  approximately  equal  to  ^  when  the  rigidity  is  the  same  as  that  of  steel, 

and  approximately  equal  to  f  when  the  rigidity  is  the  same  as  that  of  glass. 

The  ellipticity  of  the  figure  of  the  Earth  is  about  ^j.  The  ellipticity* 
of  a  nearly  spherical  spheroid  of  the  same  size  and  mass  as  the  Earth,  con- 
sisting of  homogeneous  incompressible  fluid,  and  rotating  uniformly  at  the 
rate  of  one  revolution  in  24  hours,  is  about  ^^.  The  ellipticity  which  would 
be  obtained  by  replacing  the  homogeneous  incompressible  fluid  by  homogeneous 

*  An  equation  of  the  form 
represents,  when  e  is  small,  a  nearly  spherical  spheroid  of  ellipticity  e. 
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incompressible  solid  material  of  the  rigidity  of  glass,  to  say  nothing  of  steel, 
is  too  small ;  in  the  case  of  glass  it  would  be  ^|^  nearly.  The  result  that  a 
solid  of  considerable  rigidity  takes,  under  the  joint  influence  of  rotation  and 
its  own  gravitation,  an  oblate  spheroidal  figure  appropriate  to  the  rate  of 
rotation,  and  having  an  ellipticity  not  incomparably  less  than  if  it  were  fluid, 
is  important.  It  is  difficult,  however,  to  base  an  estimate  of  the  rigidity  of  the 
Earth  upon  the  above  numerical  results  because  the  deformation  of  a  sphere 
by  rotation  is  very  greatly  affected  by  heterogeneity  of  the  material.  In 
the  case  of  the  Earth  the  average  density  of  surface  rock  is  about  half  the 
Earth's  mean  density.  It  is  not  difficult  to  see  that,  in  the  case  of  an 
incompressible  solid  stratified  in  nearly  spherical  layers  of  equal  density, 
deficiency  of  density  in  the  layers  nearest  the  surface  may  tend  to  increase 
the  ellipticity  of  figure  due  to  rotation*.  In  our  equations  we  have  taken 
the  density  to  be  uniform,  but  we  may  take  account  of  variations  of  density, 
in  a  roughly  approximate  fashion,  by  observing  that  the  weight  of  the 
inequality,  and  the  potential  of  it  at  internal  points,  must  be  proportional 
to  the  mean  density  of  the  surface  layer.  Let  p  denote  this  density.  The 
rough  approximation  referred  to  would  be  made  by  writing  p  for  p  in  the  first 
two  lines  of  equation  (50).     The  result  would  be  that,  instead  of  the  expression 

19    w 

1  +  — -  -!-—  in  the  denominator  of  the  right-hand  member  of  (54)  we  should 
2  gpa 

I  -1   Q 

have  —  +  ^i-  -—  .     If  p  were  ip  the  numbers  which  were  4  for  steel  and 
p       ^  gpa  '^ 

f  for  glass  would  become  f  for  steel  and  f  for  glass,  and  the  ellipticity  of  the 
figure  would,  if  this  rough  approximation  could  be  trusted,  be  increased 
accordingly. 

185.     Tidal  deformation.     Tidal  effective  rigidity  of  the  Earth. 

The  tidal  disturbing  forces  also  are  derived  from  a  potential  which  is  a 
spherical  solid  harmonic  of  the  second  degree.  The  potential  of  the  Moon 
at  any  point  within  the  Earth  can  be  expanded  in  a  series  of  spherical 
solid  harmonics  of  positive  degrees.  With  the  terms  of  the  first  degree  there 
correspond  the  forces  by  which  the  relative  orbital  motion  of  the  two  bodies 
is  maintained,  and  with  the  terms  of  higher  degrees  there  correspond  forces 
which  produce  relative  displacements  within  the  Earth.  By  analogy  to  the 
tidal  motion  of  the  Sea  relative  to  the  Land  these  displacements  may  be 
called  "  tides."  The  most  important  term  in  the  disturbing  potential  is  the 
term  of  the  second  degree,  and  it  may  be  written  (Myr^lB^)  (f  cos^^  -  ^), 
where  M  denotes  the  mass  of  the  Moon,  D  the  distance  between  the  centres 

*  This  result  was  noted  by  Chree,  Phil.  Mag.  (Ser.  5),  vol.  32  (1891),  p.  249.  In  the  ease  of 
s,  fluid,  deficiency  of  density  in  the  outer  layers  may  tend  to  diminish  the  ellipticity  of  figure  due 
to  the  rotation.  In  Laplace's  "law  of  density  ia  the  interior  of  the  Earth"  the  pressure  and 
density  are  assumed  to  be  connected  by  a  certain  law,  and  the  density  of  the  heterogeneous  fluid 
is  adjusted  so  as  to  make  the  ellipticity  the  same  as  that  observed  in  the  ease  of  the  Earth. 
See  Kelvin  and  Tait,  Nat.  Phil.,  Part  ii.  p.  403. 
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of  the  Earth  and  Moon,  7  the  constant  of  gravitation,  and  the  axis  from 
which  6  is  measured  is  the  line  of  centres*.  This  is  the  "  tide-generating 
potential "  referred  to  the  line  of  centres.  When  it  is  referred  to  axes 
fixed  in  the  Earth,  it  becomes  a  sum  of  spherical  harmonics  of  the 
second  degree,  with  coefficients  which  are  periodic  functions  of  the  time. 
Like  statements  hold  with  reference  to  the  attraction  of  the  Sun.  With 
each  term  in  the  tide-generating  potential  there  corresponds  a  deformation 
of  the  mean  surface  of  the  Sea  into  an  harmonic  spheroid  of  the  second 
order,  and  each  of  these  deformations  is  called  a  "  tide."  There  are  diurnal 
and  semi-diurnal  tides  depending  on  the  rotation  of  the  Earth,  fortnightly  and 
monthly  tides  depending  on  the  motion  of  the  Moon  in  her  orbit,  annual  and 
semi-annual  tides  depending  on  the  motion  of  the  Earth  in  her  orbit,  and 
a  nineteen-yearly  tide  depending  on  periodic  changes  in  the  orbit  of  the 
Moon  which  are  characterized  by  the  revolution  of  the  nodes  in  the  Ecliptic. 

The  inequality  which  would  be  produced  at  the  surface  of  a  homogeneous 
incompressible  fluid  sphere,  of  the  same  size  and  mass  as  the  Earth,  or  of  an 
ocean  covering  a  perfectly  rigid  spherical  nucleus,  by  the  force  that  corre- 
sponds with  any  term  of  the  tide-generating  potential,  is  called  the  "  true 
equilibrium  height "  of  the  corresponding  tide.  From  the  results  given  in 
Article  184  we  learn  that  the  inequalities  of  the  surface  of  a  homogeneous 
incompressible  solid  sphere,  of  the  same  size  and  mass  as  the  Earth  and  as 
rigid  as  steel,  that  would  be  produced  by  the  same  forces,  would  be  about 
\  of  the  true  equilibrium  heights  of  the  tides.  They  would  be  about  |  of 
these  heights  if  the  rigidity  were  the  same  as  that  of  glass.  It  follows  that 
the  height  of  the  ocean  tides,  as  measured  by  the  rise  and  fall  of  the  Sea 
,  relative  to  the  Land,  would  be  reduced  in  consequence  of  the  elastic  yielding 
of  the  solid  nucleus  to  about  f  of  the  true  equilibrium  height,  if  the  rigidity 
were  the  same  as  that  of  steel,  and  to  about  f  of  this  height  if  the  rigidity 
were  the  same  as  that  of  glass. 

The  name  "tidal  effective  rigidity  of  the  Earth"  has  been  given  by 
Lord  Kelvin  t  to  the  rigidity  which  must  be  attributed  to  a  homogeneous 
incompressible  solid  sphere,  of  the  same  size  and  mass  as  the  Earth,  iu  order 
that  tides  in  a  replica  of  the  actual  ocean  resting  upon  it  may  be  of  the  same 
height  as  the  observed  oceanic  tides.  If  the  tides  followed  the  equilibrium 
law,  the  rigidity  in  question  could  be  determined  by  observation  of  the  actual 
tides  and  calculation  of  the  true  equilibrium  height.  Now  the  dynamical 
theory  of  the  oceanic  tides  on  a  rigid  nucleus;]:  shows  that,  in  the  absence 
of  friction,  no  tide  would  follow  the  equilibrium  law  ;  even  in  the  case  of  very 

*  See  G.  H.  Darwin's  Article  '  Tides '  in  Ency.  Brit.,  9th  edition. 

t  Sir  W.  Thomson,  Phil.  Tram.  Roy.  Soc,  vol.  153  (1863),  and  Math,  and  Phys.  Papers, 
vol.  3,  p.  317. 

J  G.  H.  Darwin,  Proc.  Roy.  Sac,  vol.  41  (1886),  p.  337.  Cf.  Lamb,  Hydrodynamics, 
Chapter  VIII. 
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long  periods  the  heights  of  the  tides  on  oceans  of  such  depths  as  actually 
exist  would  be  less  than  half  of  the  equilibrium  heights.  The  friction  of  the 
ocean  bed  would  tend  to  make  a  tide  follow  the  equilibrium  law  more  closely 
the  longer  the  period.  We  must  therefore  confine  our  attention  to  tides  of 
long  period.  Of  these  the  annual  and  semi-annual  tides  are  entirely  masked 
by  the  fluctuations  of  ocean  level  that  are  due  to  the  melting  of  ice  in  the 
polar  regions.  The  nineteen-yearly  tide  is  too  minute  to  be  detected  with 
certainty.  From  observations  of  the  fortnightly  tides  which  were  carried  out 
in  the  Indian  Ocean  *  it  appeared  that  the  heights  of  these  tides  are  little, 
if  anything,  less  than  two-thirds  of  the  true  equilibrium  heights.  If  the 
fortnightly  tide  followed  the  equilibrium  law  we  could  infer  that  the  tidal 
effective  rigidity  of  the  Earth  is  about  equal  to  the  rigidity  of  steel.  The 
friction  of  the  ocean  bed  is  not  likely,  however,  to  be  great  enough  to  render 
valid  the  application  of  the  equilibrium  theory  to  the  fortnightly  tides. 

The  fact  that  there  are  observable  tides  at  all,  and  the  above  cited 
results  in  regard  to  the  fortnightly  tides  in  the  Indian  ocean,  have  been  held 
by  Lord  Kelvin  to  disprove  the  geological  hypothesis  that  the  Earth  has  a 
molten  interior  upon  which  there  rests  a  relatively  thin  solid  crust ;  and, 
on  this  and  other  independent  grounds,  he  has  coij tended  that  the  Earth 
is  to  be  regarded  as  consisting  mainly  of  solid  material  of  a  high  degree 
of  rigidity.  The  evidence  from  tidal  phenomena  seems  not  to  be  absolutely 
conclusive  in  favour  of  this  viewf. 

186.     Plane  strain  in  a  circular  cylinder:[. 

Methods  entirely  similar  to  those  of  Articles  173  and  175  may  be  applied 
to  problems  of  plane  strain  in  a  circular  cylinder.  Taking  r  and  Q  to  be 
polar  coordinates  in  the  plane  (x,  y)  of  the  strain,  we  have,  as  plane  harmonics 
of  integral  degrees,  expressions  of  the  type  r"  (a„  cos  n6  +  /3»  sin  nd),  in  which 
oLn  and  /3„  are  constants,  and  as  analogues  of  surface  harmonics  we  have  the 
coefficients  of  r"  in  such  expressions.  We  may  show  that  the  analogue  of  the 
solution  (13)  of  Article  173  is 

(«,.)  =  2^^„-,£„-J  +  2^^^^^3^S^^^(^^^,^j,   ...(55) 

in  which  An  and  Bn  are  functions  of  the  type  a„cosw^-l-/3nsinn0,  and  the 
functions  yjr  are  plane  harmonic  functions  expressed  by  equations  of  the  form 

The  equations  (55)  would  give  the  displacement  in  a  circular  cylinder 

*  Kelvin  and  Tait,  Nat.  Phil,  Part.  u.  pp.  442—460  (contributed  by  G.  H.  Darwin). 
t  The  question  has  been  discussed  from  a  different  standpoint  by  J.  Larmor,  loc.  cit.  p.  249. 
J  Cf.  Kelvin  and  Tait,  Nat.  Phil,,  Part  ii.  pp.  298 — 300.     The  problem  of  plane  stress  in  a 
circular  cylinder  was  solved  by  Clebsoh,  Elasticitdt,  §  42. 

L.  E.  17 
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due  to  given  displacements  at  the  curved  surface,  when  the  tractions  that 
maintain  these  displacements  are  adjusted  so  that  there  is  no  longitudinal 
displacement. 

When  the  tractions  applied  to  the  surface  are  given,  we  maj^  take  SZ„, 
S  Y„  to  be  the  components,  parallel  to  the  axes  of  x  and  y,  of  the  tractions 
exerted  across  the  surface  r  =  a,  the  functions  X„,  F„  being  again  of  the  form 
a„  cos  nO  +  ^n  sin  n6.     We  write,  by  analogy  to  (25), 


*-^-,^(-"?)-|(«.").- <"' 


By 
and  we  introduce  functions  "^^i  and  <!>_„_,  by  the  equations 


^, 


+  a2/r"a«)' 


.(58) 


^^-'^dx[^-?-^)+dyV"V-)-) 

All  these  functions  are  plane  harmonics  of  the  degrees  indicated  by  the 
suffixes.  The  surface  tractions  can  be  calculated  from  equations  (55).  We 
find  two  equations  of  the  type 


l{n-l)\ 
from  which  we  get 


2n  dx  \  a»   "^-"-V  "  /^a"-^  ^'" " 


•>|^)i-i  = 


_  2_  _9  /r 
2n  dx  \ 

X  +  3/i     a 
2n  {\  +  fi,)  fjL 


.(59) 


•^-"-^=2^*-"-^' 


.(60) 


and  thus  An,  -B„  can  be  expressed  in  terms  of  X„,   F„. 
As  examples  of  this  method  we  may  take  the  following*  : — 
(i)     A'„=aco8  2fl,     I^„=0.     In  this  case  we  find 


2{X  +  fj,)a' 
(ii)     A'„=a  cos  25,     I  n=a  sin  26.     In  this  case  we  find 

4fia|,X  +  /i  "^  '        ^       -^ ')  '  2/ia  X  +  /:i    ■^ 

(iii)     X„=acos45,     7'„=0.     In  this  case  we  find 


X  +  2,i 


(a-* 


6^y + y*)  -  (^  -  3/«) + a2  (a;2  -  2/2)1 , 


*  The  solutions  in  these  special  oases  will  be  useful  in  a  subsequent  investigation  (Chap.  XVI). 
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187.     Applications  of  curvilinear  coordinates. 

We  give  here  some  indications  concerning  various  researches  that  have  been  made 
by  starting  from  the  equations  of  equilibrium  expressed  in  terms  of  curvilinear  co- 
ordinates. 

(a)  Polavr  coordinates.  Lamp's  original  solution  of  the  problem  of  the  sphere  and 
spherical  shell  by  means  of  series  was  obtained  by  using  the  equations  expressed  in  terms 
of  polar  coordinates*.  The  same  equations  were  afterwards  employed  by  C.  W.  Borchardt  t, 
who  obtained  a  solution  of  the  problem  of  the  sphere  in  terms  of  definite  integrals,  and 
by  0.  ChreeJ  who  also  extended  the  method  to  problems  relating  to  approximately 
spherical  boundaries  §,  obtaining  solutions  in  the  form  of  series.  The  solutions  in  series 
can  be  built  up  by  means  of  solid  spherical  harmonics  ( F„)  expressed  in  terms  of  polar 
coordinates,  and  related  functions  (U)  which  satisfy  equations  of  the  form  V^C=  F„. 

(6)  Cylindrical  coordinates.  Solutions  in  series  have  been  obtained  ||  by  observing 
that,  if  J^  is  the  symbol  of  Bessel's  function  of  order  n,  e'  J^Qcr)  is  a  solution  of 
Laplace's  equation.  It  is  not  difficult  to  deduce  suitable  forms  for  the  displacements 
Uy,  Mj,  u^.  The  case  in  which  u^  vanishes  and  u^  and  u^  are  independent  of  6  will  occupy 
us  presently  (Article  188).  In  the  case  of  plane  strain,  when  u^  vanishes  and  u,.  and  u^ 
are  independent  of  z,  use  may  be  made  of  the  stress-function  (cf.  Article  144  supra). 
The  general  form  of  this  function  expressed  as  a  series  proceeding  by  sines  and  cosines  of 
multiples  of  6  has  been  given  by  J.  H.  MichelllT. 

(c)  Plane  strain  in  non-circular  cylinders.  When  the  boundaries  are  curves  of  the 
family  a  =  const.,  and  a  is  the  real  part  of  a  function  of  the  complex  variable  x  +  lt/,  we. 
know  from  Article  144  that  the  dilatation  A  and  the  rotation  ■m  are  such  functions  of  x 
and  y  that  (\-(-2^)  AH-i2/xnr  is  a  function  of  x+ii/,  and  therefore  also  of  a-Hift  where  /3  is 
the  function  conjugate  to  u.  For  example,  let  the  elastic  solid  medium  be  bounded 
internally  by  an  elliptic  cylinder.     Ws  take 

a;  -f  jy = c  cosh  (a  -t- 1/3), 

so  that  the  curves  a  =  const,  are  confooal  ellipses,  and  2c  is  the  distance  between  the  foci. 
Then  the  appropriate  forms  of  A  and  cr  are  given  by  the  equation 

(\  +  '2fi)A  +  S/im = 2e  "  ""  (4„  cos  mjS  -I-  B„  sin  %/3). 

If  we  denote  by  h  the  absolute  value  of  the  complex  quantity  d{a  +  i^)ld{x-\-i.y),  then 
the  displacements  u^  and  Ug  are  connected  with  A  and  kt  by  the  equations 

In  the  case  of  elliptic  cylinders  m^ /A  and  uJhcan  be  expressed  as  series  in  cos»/3  and 
sin%)3  without  much  difficulty. 

*  J.  de  Math.  (Liouville),  t.  19  (1854).  See  also  Legom  sur  les  coordonnSes  curvilignes,  Paris, 
1859. 

t  Berlin  Monatsberichte,  1873. 

t  Cambridge  Phil.  Soc.  Trans.,  vol.  14  (1889). 

§  Amer.  J.  of  Math.,  vol.  16  (1894). 

II  L.  Poohhammer,  J.  f.  Math.  (Grelle),  Bd.  81  (1876),  p.  33,  and  C.  Chree,  Cambridge  Phil. 
Soe.  Trans.,  vol.  14  (1889). 

IT  Lmdon  Math.  Soc.  Proc,  vol.  31  (1900),  p.  100. 
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As  an  example*  we  may  take  the  case  where  au  elliptic  cylinder  of  semi-axes  a  and  6  is 
turned  about  the  line  of  centres  of  its  normal  sections  through  a  small  angle  (f>.  In  this 
case  it  can  be  shown  that  the  displacement  produced  outside  the  cylinders  is  expressed  by 
the  equations 


h 


-aH^^,a,,f,  C-r:^-.-)  {^J  1^^,-^^cos  .,} 


(d)  Solids  of  revolution.  If  r,  6,  z  are  cylindrical  coordinates,  and  we  can  find  a 
and  /3  as  conjugate  functions  of  z  and  r  in  such  a  way  that  an  equation  of  the  form 
a  =  const,  represents  the  meridian  curve  of  the  surface  of  a  body,  we  transform  Laplace's 
equation  V^^^q  to  the  form 

9aV  8a/"'"a/3V  8/3;"*"  »•  8^2  ~  '  • 
where  J  denotes  the  absolute  value  of  d  {z+ ir)/d{a  +  iff).  If  we  can  find  solutions  of  this 
equation  in  the  cases  where  V  is  independent  of  6,  or  is  proportional  to  sin  nd  or  cos  nd, 
we  can  obtain  expressions  for  the  dilatation  and  the  components  of  rotation  as  series. 
Wangerint  has  shown  how  from  these  solutions  expressions  for  the  displacements  can 
be  deduced.  The  appropriate  solutions  of  the  above  equation  for  V  are  known  in  the  case 
of  a  number  of  solids  of  revolution,  including  ellipsoids,  cones  and  tores. 

188.     Symmetrical  strain  in  a  solid  of  revolution. 

When  a  solid  of  revolution  is  strained  symmetrically,  so  that  the  dis- 
placement is  the  same  in  all  planes  through  the  axis  of  revolution,  we  may 
express  all  the  quantities  that  occur  in  terms  of  a  single  function,  and  reduce 
the  equations  of  equilibrium  of  the  body  strained  by  surface  tractions  only 
to  a  single  partial  differential  equation.  Taking  r,  6,  z  to  be  cylindrical 
coordinates,  we  have  the  stress-equations  of  equilibrium  in  the  forms 


drr      drz      rr  —  66      „    drz      dzz      rz     „  ,„,, 

-^  +  ^-  + =0,    ^— +  ^-  +  -=0 (61) 

or        dz  r  or         oz        r  ' 

Writing  U,  w  for  the  displacements  in  the  directions  of  r  and  z,  and  sup- 
posing that  there  is  no  displacement  at  right  angles  to  the  axial  plane,  we 
have  the  expressions  for  the  strain-components 

_dU         _U        _dw         _dU     dw  _  .        ,_„, 

err  -  g^  ,  699  -  ^  ,  e^z  -  g^  ,  e,2  -  -g^  -I-  g^  ,    erg-  e^g  -  0.  . .  .(02) 

We  begin  by  putting,  by  analogy  with  the  corresponding  theory  of  plane  strain, 
Then  the  second  of  equations  (61)  gives  us 


drdz' 


*  The  problem  was  proposed  by  li,  E.  Webb.  For  a  difierent  method  of  obtaining  the  solution 
see  D.  Edwardes,  Quart.  J.  of  Math.,  vol.  26  (1893),  p.  270. 

t  Archiv  f.  Math.  (Grunert),  vol.  55  (1873).  The  theory  has  been  developed  further  by 
P.  Jaerisch,  /./.  Math.  (Crelle),  Bd.  104  (1889).  The  solution  for  au  ellipsoid  of  revolution  with 
given  surface  displacements  has  been  expressed  in  terms  of  series  of  spheroidal  harmonics  by 
0.  Tedone,  Rome  Ace.  Lincei  Rend.  (Ser.  5),  t.  14  (1905). 
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no  arbitrary  function  of  r  need  be  added  for  any  such  function  can  be  included  in  ^. 
We  observe  that  err=f-{regg),  and  write  down  the  equivalent  equation  in  terms  of  stress- 
components,  viz. : 

rr—a-dd—  <tsz=~-  {{dd  -  arr  —  crzz)  r}, 

and  hence  we  obtain  the  equation 

Pj 
{l  +  a-){rr-ee)=r^{ee-a-rr-<rzz). 

We  introduce  a  new  function  R  by  the  equation 

and  then  the  first  of  equations  (61)  can  be  written 

and  we  may  put 

6e  =  av^<l>-R, 

where  v^  denotes  d^jdr^+r'^-d/dr+d^jdz^,  the  subjects  of  operation  being  independent  of  6. 
No  arbitrary  function  of  z  need  be  added  because  any  such  function  can  be  included 
in  0.  All  the  stress-components  have  now  been  expressed  in  terms  of  two  functions  ip  and 
R.     The  sum  e  of  the  principal  stresses  is  expressed  in  terms  of  <^  by  the  equation 

e  =  ?T-f  ^-)-S'=(l-|-(r)v^<^, 
and,  since  9  is  an  harmonic  function,  we  must  have  v*'/>=0. 

The  functions  cf)  and  R  are  not  independent  of  each  other.     To  obtain  the  relations 
between  them  we  may  proceed  as  follows: — The  equation  Ujr=eg^  can  be  written 

U=r  {§3-  (Trr-(TTz)IE, 

or  U=-(l  +  (T)rRIE; 

and  then  the  equation  rz=fie^^  can  be  written 

8ig_     2(l-Ho-)  ag(j.      1-fo-    aft 
^r~  E       drdz"^    E    ^  dz  ' 

Also  the  equation  e^g=(zz  —  a-rr  —  cr6d)IE  asm  be  written 

dw     1-1-0- /S^^  ,  ld4,         „,\ 
N  =  -E^[^+r^-''^V- 

The  equations  giving  dw/dr  and  dw/dz  are  compatible  if 

and,  if  we  introduce  a  new  function  Q  by  means  of  the  equation 

dr      dr  ' 
we  have  , 

3^°       /I  N„2^ 

g^  =  (l-<r)vV, 
where,  as  before,  no  arbitrary  function  of  z  need  be  added. 
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The  stress-components  are  now  expressed  in  terms  of  the  functions  cj}  and  a  which  are 
connected  by  the  equation  last  written.  The  equations  giving  dw/di-  and  dw/dz  become, 
when  Q  is  introduced, 

dw  _  1  +  a  dfda_d^\        dw^  l  +  o"  _3  /?«  _  ^\ 
i?~~E^  dr\dz       dzj'       dz         £    dz\dz       dz  J ' 

We  may  therefore  express  U  and  w  in  terms  of  Q  and  (/>  by  the  formulae 

1  +  <T /da     3<>\  _l  +  (rrda     d(j>~\ 

^-~^'\dr'^drj'       '*"    E    Idz      dz  J 

From  these  formulas  we  can  show  that  a  must  be  an  harmonic  function,  for  we  have  at 
the  same  time 

and         A  =  l^e  =  i^(l+.)V^<^. 

It  follows  that,  besides  satisfying  the  equation  32J2/9z2=(l-o-)  v^<^,  the  function  Q  also 
satisfies  the  equation  V^Q  =  0. 

Instead  of  using  the  two  functions  4>  and  fl  we  may  express  the  stress-components  in 
terms  of  a  single  function.  To  this  end  we  introduce  a  new  function  i^/-  by  the  equation 
\jr=(f>-^Q.     Then  we  have 

^   d^     ld(h     Ida      ,,     d'(h     d^a    32j2        , ,     d^^ 
and  we  have  also 

The  first  of  equations  (61)  would  enable  us  at  once  to  express  rz  in  terms  of  a  function  x 
such  that  \j/-—dx/dz.    "We  therefore  drop  all  the  subsidiary  functions  and  retain  x  oi^ly. 

In  accordance  with  the  above  detailed  vi^ork  we  assume 

r,  =  l((2-.)V.x-g) (63) 

Then  the  first  of  equations  (61)  gives  us 

,.S=-.,i.v,+,||4|-l| (6« 

and  the  second  is  satisfied  by  this  value  of  rz  if 

V^X  =  0 (65) 

The  stress-components  are  now  expressed  in  terms  of  a  single  function  ■)( 
which  satisfies  equation  (65) 


t;\* 


*  A  method  of  expressing  all  the  quantities  in  terms  of  a  single  function,  which  satisfies  a 
partial  diflferential  equation  of  the  fourth  order  different  from  (65),  has  been  given  by  J.  H. 
Michell,  Londrni  Math.  Soc.  Proc,  vol.  31  (1900),  pp.  144—146. 
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The  corresponding  displacements  are  easily  found  from  the  stress-strain 
relations  in  the  forms 

189.     Symmetrical  strain  in  a  cylinder. 

When  the  body  is  a  circular  cylinder  with  plane  ends  at  right  angles  to 
its  axis,  the  function  x  will  have  to  satisfy  conditions  at  a  cylindrical  surface 
r  =  a,  and  at  two  plane  surfaces  2;  =  const.  It  must  also  satisfy  equation  (65). 
Solutions  of  this  equation  in  terms  of  r  and  z  can  be  found  by  various 
methods. 

The  equation  is  satisfied  by  any  solid  zonal  harmonic,  i.e.  by  any  function 

9" 
of  the  form  (r-^  +  i'Y'^^  ^-^  {r''  +  z^Y^,  and  also  by  the  product  of  such  a 

oz 

function  and  (r^  +  ^^).  All  these  functions  are  rational  integral  functions  of 
r  and  z,  which  contain  even  powers  of  r  only.  Any  sum  of  these  functions 
each  multiplied  by  a  constant  is  a  possible  form  for  ■)(. 

The  equation  (65)  is  satisfied  also  by  any  harmonic  function  of  the  form 
e^^"  Jt^ihr),  where  k  is  any  constant,  real  or  imaginary,  and  Jo(*)  stands  for 
Bessel's  function  of  zero  order.     It  is  also  satisfied  by  any  function  of  the 

form  e**2r  —  JAkr),  for  we  have 
or 

3**«r  ~  Jo{hr)\  =  -  2A;^e**^ /„(jfcr). 

When  k  is  imaginary  we  may  write  these  solutions  in  the  form 

J„(iKr)  (A  cos  Kz  +  B  sin  kz)  +  ir  ^  Joiticr)  (0 cos  kz  +  D  sin  kz),  . .  .(67) 

in  which  «  is  real  and  A,  B,  G,  D  are  real  constants.  Any  sum  of  such 
expressions,  with  different  values  for  k,  and  different  constants  A,  B,  C,  D, 
is  a  possible  form  for  t^. 

The  formulae  for  the  displacements  U,  w  that  would  be  found  by  each  of 
these  methods  have  been  obtained  otherwise  by  C.  Chree*.  They  have  been 
applied  to  the  problem  of  a  cylinder  pressed  between  two  planes,  which  are  in 
contact  with  its  plane  ends,  by  L.  N.  G.  Filonf.  Of  the  solutions  which  aire 
rational  and  integral  in  r  and  z,  he  keeps  those  which  could  be  obtained  by 
the  above  method  by  taking  t^  to  contain  no  terms  of  degree  higher  than 
the  seventh,  and  to  contain  uneven  powers  of  z  only.  Of  the  solutions  that 
could  be  obtained  by  taking  ^^  to  be  a  series  of  terms  of  type  (67),  he  keeps 

*  Cambridge  Phil.  Soc.  Trans.,  vol.  14  (1889),  p.  250. 

t  Phil.  Trans.  Roy.  Soc.  (Ser.  A),  vol.  198  (1902).     Filon  gives  in  the  same  paper  the  solutions 
of  other  problems  relating  to  symmetrical  strain  in  a  cylinder. 
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those  which  result  from  putting  k  =  mrjc,  where  n  is  an  integer  and  2c  is 
the  length  of  the  cylinder,  and  omits  the  cosines.  He  finds  that  these 
solutions  are  sufficiently  general  to  admit  of  the  satisfaction  of  the  following 
conditions : 

(i)    the  cylindrical  boundary  ?■  =  a.  is  free  from  traction ; 

(ii)    the  ends  remain  plane,  or  w  =  const,  when  z=±c; 

(iii)  the   ends  do  not  expand  at  the  perimeter,  or   C/  =  0   when   r  =  a 
and  z=±c; 

(iv)   the  ends  are  subjected  to  a  given  resultant  pressure. 

He  shows  also  how  a  correction  may  be  made  when,  instead  of  condition 
(iii),  it  is  assumed  that  the  ends  expand  by  a  given  amount.  The  results  are 
applied  to  the  explanation  of  certain  discrepancies  in  estimates  of  the  strength 
of  short  cylinders  to  resist  crushing  loads,  the  discrepancies  arising  from  the 
employment  of  different  kinds  of  tests  ;  and  they  are  applied  also  to  explain  the 
observation  that,  when  cylinders  (or  spheres)  are  compressed  between  parallel 
planes,  pieces  of  an  approximately  conical  shape  are  sometimes  cut  out  at  the 
parts  subjected  to  pressure. 


OHAPTEK  XII. 

VIBRATIONS  OF  SPHERES  AND  CYLINDERS. 

190.  In  this  Chapter  we  shall  illustrate  the  method  explained  in 
Article  126  for  the  solution  of  the  problem  of  free  vibrations  of  a  solid 
body.  The  free  vibrations  of  an  isotropic  elastic  sphere  have  been  worked 
out  in  detail  by  various  writers*  In  discussing  this  problem  we  shall 
use  the  method  of  Lamb  and  record  some  of  his  results. 

When  the  motion  of  every  particle  of  a  body  is  simple  harmonic  and  of 
period  l-n-jp,  the  displacement  is  expressed  by  formulae  of  the  type 

u=  Au' cos  {pt  +  e),     v  =  Av'  cos{'pt  +  e),     w  =  Aw' cob  {pt  +  e),  ...(1) 

in  which  u',  v',  w'  are  functions  of  x,  y,  z,  and  A  is  an  arbitrary  small 
constant  expressing  the  amplitude  of  the  vibratory  motion.  When  the 
body  is  vibrating  freely,  the  equations  of  motion  and  boundary  conditions 
can  be  satisfied  only  if  'p  is  one  of  the  roots  of  the  "  frequency  equation," 
and  m',  v' ,  w'  are  "  normal  functions."  In  general  we  shall  suppress  the 
accents  on  v!,  tf,  w ,  and  treat  these  quantities  as  components  of  displace- 
ment. At  any  stage  we  may  restore  the  amplitude-factor  A  and  the 
time-factor  cos  {pt  +  e)  so  as  to  obtain  complete  expressions  for  the  dis- 
placements. 

The  equations  of  small  motion  of  the  body  are 

9m      dv     dw  ,-, 

^^'''  ^  =  9^  +  9^  +  97 (^) 

When  u,  v,  w  are  proportional  to  cos  {pt  +  e)  we  obtain  the  equations 

^^'^'^^\d^'  ~dy'   aj)'^'^^'*^"' '"'  '^)  +  ^^Hw.  ^'  «<^)  =  o (4) 

*  Reference  may  be  made  to  P.  Jaeriseh,  /.  /.  Math.  (Orelle),  Bd.  88  (1880);  H.  Lamb,  London 
Math.  Soc.  Proc,  vol.  13  (1882);  C.  Chree,  Cambridge  Phil.  Soe.  Tram.,  vol.  14  (1889). 
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Differentiating  the  left-hand  members  of  these  equations  with  respect  to 
X,  y,  z  respectively,  and  adding  the  results,  we  obtain  an  equation  which 
may  be  written 

(V2+A2)A  =  0,  (5) 

where 

h'  =  p'pl{\  +  2ij,) (6) 

Again,  if  we  write 

'c"-  =  P'pIi^>   (7) 

equations  (4)  take  the  form 


(V^+«=)(.,..«;)=(l-g)f^, 


dA     dA     dA 
dy  '    dz 


We  may  suppose  that  A  is  determined  so  as  to  satisfy  equation  (5),  then  one 
solution  (w^,  Di,  w-i)  of  the  equations  last  written  is 

,  ^  I  (dA     dA      BA 

and  a  more  complete  solution  is  obtained  by  adding  to  these  values  for 
Ml,  Vi,  Wi,  complementary  solutions  (m^,  v^,  w^)  of  the  system  of  equations 

{V^+k')u^=0,     (V^-I-a;^)  1)2=0,     (V=+a;2)w,  =  0,  (8) 

and  |i^  +  |i=  +  |^  =  0 (9) 

ox      ay      oz 

When  these  functions  are  determined  the  displacement  can  be  written  in 
the  form 

{u,  V,  w)  =  A(uj+U2,  V1  +  V2,  Wi  +  W2)  cos  (pt  +  e) (10) 

191.     Solution  by  means  of  spherical  harmonics. 

A  solution  of  the  equation  (V^  +  A^)  A  =  0  can  be  obtained  by  supposing 
that  A  is  of  the  form  f{r)8n,  where  r^  =  os'  +  y^  +  z',  and  Sn  is  a  spherical 
surface  harmonic  of  degree  ?i.  We  write  Rn  instead  of  /(r).  Thea  rRn  is 
a  solution  of  Riccati's  equation 

of  which  the  complete  primitive  is  expressible  in  the  form 

rR^  =  ^n+i  (I  1\"  An  sin  hr+B„  cos  hr 
\r  dr)  r  ' 

An  and  £„  being  arbitrary  constants.  The  function  r">S„  is  a  spherical  solid 
harmonic  of  degree  n.  When  the  region  of  space  within  which  A  is  to  be 
determined  contains  the  origin,  so  that  the  function  A  has  no  singularities  in 
the  neighbourhood  of  the  origin,  we  take  for  A  the  formula 

A  =  Sa,„^„(Ar), (11) 
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where  &>„  is  a  spherical  solid  harmonic  of  positive  degree  n,  the  summation 
refers  to  different  values  of  n,  and  i|r„  (x)  is  the  function  determined  by 
the  equation 

*-«-(ii)"(^i (1^' 

The  function  i^„  («)  is  expressible  as  a  power  series,  viz. : 

"kn.  (*)  =  !.  3  ,  5  ___  (2n+l)  Y~2{2n  +  3)  "^2.4.  (2m  +  3)  (2m  +  5)~  ""J  '    '"^^^^ 

which  is  convergent  for  all  finite  values  of  x.  It  is  an  "integral  function."  It  may  be 
expressed  in  terms  of  a  Bessel's  function  by  the  formula 

^l'u(^)  =  (-)"4v/(2^)*"^"+*'^«+jW (14) 

It  satisfies  the  difierential  equation 

W+  -^  dx+^)  ^"  ^^)  =  ° ^''^ 

The  functions  !//■„  (x)  for  consecutive  values  of  n  are  connected  by  the  equations 

^,c?V^^>)^^,^^^^^^_^^__^^^^_^2„_i)^„_j(,^) (16) 

The  function  *■„  (x)  determined  by  the  equation 


-.«=fis)"(^'). 


which  ha.s  a  pole  of  order  2n+l  at  the  origin,  and  is  expressible  by  means  of  a  Bessel's 
function  of  order  —  (w+ J),  satisfies  equations  (15)  and  (16). 

In  like  manner  solutions  of  equations  (8)  and  (9)  which  are  free  from  sin- 
gularities in  the  neighbourhood  of  the  origin  can  be  expressed  in  the  forms 

Ma  =  C/„l|r„  («r),      V2=Vny}rn(Kr),      Wa  =  Fm^x/r^  (/cr) (17) 

where  f7„,  F„,  Wn  are  spherical  solid  harmonics  of  degree  n,  provided  that 
these  harmonics  are  so  related  that 

p  +  p  +  ^^  =  0 (dUs) 

000      oy      oz 

One  way  of  satisfying  this  equation  is  to  take  Tin,  Vn,  Wn  to  have  the  forms 

^^-y^z''^'  ^""-'dx  ""dz'  ^^-^ dy  y dx' ^^^^ 

where  %„  is  a  spherical  solid  harmonic  of  degree  n ;   for  with  these  forms 
we  have 

?|^  +  ^  +  ^  =  0     and    xTJn  +  yVn+zWn=0. 
ox        oy         oz 

A  second  way  of  satisfying  equation  (9  Us)  results  from  the  observation  that 


268  DISPLACEMENT   IN   A  [CH.  XII 

curl  (Wo,  ■Wj,  W2)  satisfies  the  same  system  of  equations  (8)  and  (9)  as  (u^,  t'o,  w.,). 
If  we  take  u^',  v^,  w,'  to  be  given  by  the  equations 

we  find  such  formulae  as 

where  •\|r„'(«r)  means  d-\lrn(icr)jd{Kr).     By  means  of  the  identity 

and  the  relations  between  yjr  functions  with  consecutive  suffixes,  the  above 
formula  is  reduced  to  the  following : — 

dy        dz       2n  +  l  '''"-' * "' ''  8^       2n  +  1  ^"+^ *■'"''  "'^       9«  [r^^+'J  ' 
of  which  each  term  is  of  the  form    Un'^n{Kr).     In  like  manner  the  other 
components  of  curl  {u^,  v^',  w^)  can  be  formed. 

Hence,  taking  ;)^„  and  ^n+\  to  be  any  two  solid  harmonics  of  degrees 
indicated  by  their  suffixes,  we  have  solutions  of  the  equations  (8)  and  (9)  in 
such  forms  as 


M2=  2 


t„(.r)(/j^-.^,^"  +  ^-^ 


dz  dy         dx 

-^^^„,.M«V-1(^^)] (20) 

The  corresponding  forms  of  v^  and  w^  are  obtained  from  this  by  cyclical 
interchange  of  the  letters  x,  y,  z. 

192.     Formation    of    the    boundary    conditions    for    a    vibrating 
sphere. 

We  have  now  to  apply  this  analysis  to  the  problem  of  the  free  vibrations 
of  a  solid  sphere.  For  this  purpose  we  must  calculate  the  traction  across 
a  spherical  surface  with  its  centre  at  the  origin.  The  components  A'^, 
F,.,  Zr  of  this  traction  are  expressed,  as  in  Article  175,  by  formulae  of 
the  type 

=  -  a;A  +  ^  (ux  +  vy  +  wz)  +  r u (21) 

In  this  formula  A  has  the  form  given  in  (11),  viz.:  2«„-v/r„(/ir),  and  u,  v,  w 
have  such  forms  as 


^  =  -^-^9^+^ 


dy 

9    /^„..\"l 

(22) 


■  ^^  ylr  ^  («r)  «-y«»+»  -  1^^'^ 
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We  find 

r  9A 
2«a;  +  Dy  +  w^  =  -  p  —  +  S  (n  +  1)  {-f  „  {kt)  +  «VY„+2  («»•)}  ^«+i , 


or 


j^^{nyjr,i{hr)+hryfrn'(hr)]con-(n+l)(2n+B)y}rn+iiKr)(j)n+i 

(23)" 

This  formula  gives  us  an  expression  for  the  radial  displacement 

(ux  +  vy  +  wz}/r. 

In  forming  the  typical  terms  of  asA,  ^  (ux  +  vy  +  wz),  r^ u  we  make 

continual  use  of  identities  of  the  type  (19)  and  of  the  equations  satisfied  by 
the  ■yjr  functions.  We  shall  obtain  in  succession  the  contributions  of  the  several 
harmonic  functions  (»„,  (f>n,  %n  to  each  of  the  above  expressions. 

The  function  a)„  contributes  to  a;A  the  terms 

5^+"<*'){-^-'-8^(^)} (^*) 

and  the  functions  (^„,  Xn  contribute  nothing  to  xA. 

The  function  a>n  contributes  to  9  (ux  +  vy  +  'wz)/dx  the  terms 

-  ^,  ((.  +  1)  krf„'  ihr)  +  AV^„"  (hr)]  ^^  |^  -  .-  ^1  (-^J}  . 
which  reduce  to 

-K«.'^f.-«|SI(^.) <^5, 

The  function  ^„  contributes  to  d  {ux  +  vy  +  wz)/dx  the  terms 

-  n  {(2n  +  1)  ^„  (Kr)  +  Krf^'  («r-)}  ^  +  rt«,|r„'  («r)  r^+^  1  (^^)  .   . .  .(26) 

The  function  Xn  contributes  nothing  to  this  expression. 
The  function  Wn  contributes  to  u  the  terms 

(27) 


•270 


DISPLACEMENT   IN   A 


[CH.  XII 


and  it  contributes  to  r  ;:;- 
or 


the  terms 


^"('-)  +  2]^^-^"'M^"-2^ 


'■  +  - 
1    (2(91  +  1),     ,    ,n    \  ,      ''"'''      I    "/J,   nI  ^"" 


Ar>/.„'(Ar)r-+'|(^,) 


+  (2^=  {'"'^"'  ^'^^)  -^  '^^^^^»"  ^'^^^  ^^"  a-,  (r-^)  ' 


which  reduce  to 
_  1 


h^r' 


(n  -  2)  -  2^^^|  t„  (hr)  +  ^^^—  Ar^^'  (/^r) 


dx 


-[^.ikr).^^^^^nr)]^^l[^) (28) 


The  function  <^n  contributes  to  rdu/dr  —  u  the  terms 
{{n  -  2)  t«-a  («r)  +  «r>/r'„_,  («r)}  ^ 


n  + 


0n 


.(29) 


-  «^  [n^^+,  («r)  +  «rt'„+,  (/cr)}  r»+^  ^^  (^^j  . 
The  function  Xn  conti'ibutes  to  the  same  expression  the  terms 

K7i-l)^„(«r)  +  /.r./.„'(«r)}(2/^"-^^) (30) 

Complete  expressions  for  the  tractions  Xr,  Yr,  Zr  can  now  be  written 
down  in  accordance  with  (21),  and  we  may  express  the  conditions  that  these 
tractions  vanish  at  the  surface  of  a  sphere  r  =  a  in  forms  of  which  the  type  is 


4.C   ^+d  r™+sl  /_^V 


=  0, 


.(31) 


where  p„,  a„,  6„,  c„,  dn  are  constants.  The  values  of  these  constants  can  be 
found  from  the  above  analysis.  When  we  write  k^/Ii^  —  2  for  X//i,  and  use  the 
equations  satisfied  by  the  -yjr  functions,  we  find  the  following  expressions  for 
the  constants 

Pn  =  («  -  1)  V^n  («a)  +  «ai/r„'  (ko), 

""  "  (2n  +  l)h'  ya'fn  (ha)  +  2  (n  -  1)  fn_,  (ha)], 


.  1       K  »    ,,    s  ,  2(w  +  2)   ,,,,., 

c„  =  «W-\|r„  (/ca)  +  2  (n  -  1)  i/r^i  (/ca) 


w      1                   2(n  +  2) 
«'  — — r  ■(  V'm  («a)  -1 ^  Y«  («a) 


n+  1 


.(32) 
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There  are  two  additional  equations  of  the  type  (31)  which  are  to  be  obtained 
from  the  one  written  down  by  cyclical  interchange  of  the  letters  x,  y,  z. 
These  equations  hold  at  the  surface  r  =  a. 

193.     Incompressible  material. 

In  the  case  of  incompressible  material  we  have  to  take  A=0  and  to  replace  XA  by  -n, 
where  n  denotes  a  finite  pressure.     The  equations  of  motion  become  three  of  the  type 

an         ,         32m 

in  which  du/dx  +  dv/dy  +  dw/d2=^0.  We  find  at  once  that  n  must  be  an  harmonic  function, 
and  we  may  put 

n=-/i2(o„, 

in  which  a)„  is  a  spherical  solid  harmonic  of  degree  n.  When  u,  v,  w  are  simple  harmonic 
functions  of  t  with  period  ^/p,  the  equations  of  motion  become  three  equations  of  the 
type 

and  the  integrals  can  be  found  in  such  forms  as 

1  dcOn 


where  u^  is  given  by  (20).     The  formula  for  rXrlii  now  becomes 
rX~        xTl      d  ,  .       du 

and  the  terms  contributed  to  the  right-hand  member  by  <o„  are 


while  the  terms  contributed  by  (^„  and  Xn.  3're  the  same  as  before.  The  result  of  assuming 
inoompressibihty  of  the  material  is  therefore  to  change  Un  into =- ^^ — ^ —   ^^^i  b„ 

into  —  5 =■ ,  without  altering  the  remaining  coefficients  in  the  left-hand  member  of  (31). 

194.     Frequency  equations  for  vibrating  sphere. 

The  left-hand  members  of  the  equations  of  type  (31)  are  sums  of 
spherical  solid  harmonics  of  positive  degrees,  and  they  vanish  at  the 
surface  r  =  a.  It  follows  that  they  vanish  everywhere.  If  we  differentiate 
the  left-hand  members  of  these  equations  with  respect  to  x,  y,  z  respectively 
and  add  the  results  we  obtain  the  equation 

6„Q)„-l-ci„^„  =  0 (33) 

If  we  multiply  the  left-hand  members  of  the  equations  of  type  (31)  by 
X,  y,  z  respectively  and  add  the  results,  we  find,  after  simplification  by  means 
of  (33),  the  equation 

0"nO>n+  c„<^n  =  0 (34) 
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The  equations  of  type  (31)  then  show  that  we  must  have 

''■(^'i--^)-"'  ^•(^i=-'l')=''-  "-(^'f-^fc")-"' 

It  follows  that  the  vibrations  fall  into  two  classes.      In  the  first  class 
a>n  and  (pn  vanish  and  the  frequency  is  given  by  the  equation 

Pn^O,   (35) 

where  ja„  is  given  by  the  first  of  (32).  In  the  second  class  Xn  vanishes 
and  the  frequency  is  given  by  the  equation 

andn-  6nCm  =  0 (36) 

where  a„,  6„,  c„,  cZ„  are  given  by  (32).  In  the  vibrations  of  this  class  &>„ 
and  (^„  are  connected  with  each  other  by  the  compatible  equations  (33) 
and  (34). 

195.     Vibrations  of  the  first  class*. 
When  the  vibration  is  of  the  first  class  the  displacement  is  of  the  form 

K.,«,)  =  4cos(p.  +  0^l'..(-)(/i"-|^    ^"-^l''   ^l"-^'!")'  -(37) 

where  K^  =  p''pliJ.;  and  the  possible  values  of  p  are  determined  by  the  equation 

{n-l)-^n{Ka')  +  Ka-^n  {Ka)=Q (38) 

The  dilatation  vanishes.  The  radial  displacement  also  vanishes,  so  that  the  displacement 
at  any  point  is  directed  at  right  angles  to  the  radius  drawn  from  the  centre  of  the  sphere. 
It  is  also  directed  at  right  angles  to  the  normal  to  that  surface  of  the  family  Xn= const, 
which  passes  through  the  point.  The  spherical  surfaces  determined  by  the  equation 
,|,„(Kr)  =  0  are  "nodal,"  that  is  to  say  the  displacement  vanishes  at  these  surfaces.  The 
spherical  surfaces  determined  by  the  equation 

in  which  k  is  a  root  of  (38),  are  "anti-nodal,"  that  is  to  say  there  is  no  traction  across 
these  surfaces.  If  kj,  k^,  ...  are  the  values  of  k  in  ascending  order  which  satisfy  (38),  the 
anti-nodal  surfaces  corresponding  with  the  vibration  of  frequency  (27r)"^^(/i/p)  kj  have 
radii  equal  to  kiCi/k,,  K^a/Kg,  ...  i^g-ia/K,. 

If  n  =  l  we  have  rotatory  vibrations  ■{.     Taking  the  axis  of  z  to  be  the  axis  of  the 
harmonic  xn  ^^^  displacement  is 

(«,  V,  w}  =  A  COB  {pt+€)\jfi{Kr)(j/,  -X,  0), 

so  that  every  spherical  surface  concentric  with  the  boundary  turns  round  the  axis  of  i 
through  a  smaU  angle  proportional  to  \|^j  («?•),  or  to  (kt)-^  cos  Kr  -  (xr)'^  sin  nr.  The 
possible  values  of  k  are  the  roots  of  the  equation  i//-i'(Ka)  =  0,  or 

tan  Ka  =  3Ka/(S  -  kV). 

*  The  results  stated  in  this  Article  and  the  following  are  due  to  H.  Lamb,  loc.  cit.  p.  265. 
+  Modes  of  vibration  analogous  to  the  rotatory  vibrations  of  the  sphere  have  been  found 
for  any  solid  of  revolution  by  P.  Jaerisch,  J.f.  Math.  {Crelle),  Bd.  104  (1889). 
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The  lowest  roots  of  this  equation  are 

—  =  1-8346,   2-8950,   3-9225,   4-9385,  5-9489,  6-9563,.... 

7r 

The  number  Tr/ica  is  the  ratio  of  the  period  of  oscillation  to  the  time  taken  by  a  wave  of 
distortion*  to  travel  over  a  distance  equal  to  the  diameter  of  the  sphere.  The  nodal 
surfaces  are  given  by  the  equation  tan  K?-=Kr,  of  which  the  roots  are 

—  =  1-4303,   2-4590,   3-4709,   4-4774,   5-4818,   6-4844,.... 

TT 

196.     Vibrations  of  the  second  class. 

When  the  vibration  is  of  the  second  class  the  components  of  displacement  are  expressed 
by  equations  of  the  type 

The  frequency  equation  (36)  cannot  be  solved  numerically  until  the  ratio  k/A  is  known. 
We  shall  consider  chiefly  incompressible  material,  for  which  A/k  =  0,  and  material  ful- 
filling Poisson's  condition  (X=/i),  for  which  KJh=iJ3. 

Radial  vibrations. 

When  n=0  we  have  radial  vibrations.     The  normal  functions  are  of  the  form 

«=^^o'W.     «=f  V'o'C^'-),    w=^-^ir„' (hr),    (40) 


and  the  frequency  equation  is  6o  =  0,  or 
which  is 


4 
^o{^«)+-2-2^'*^o'(^«)  =  0,      (41'> 


tan  ha 


ha  1-J(k2/A2)^2(i2- 

There  are,  of  course,  no  radial  vibrations  when  the  material  is  incompressible.     When 
K^/h^=3,  the  six  lowest  roots  of  the  frequency  equation  are  given  by 

—  =  •8160,    1-9285,   2-9359,   3-9658,  4-9728,   5-9774. 

The  number  n/ha  is  the  ratio  of  the  period  of  oscillation  to  the  time  taken  by  a  wave  of 
dilatation  t  to  travel  over  a  distance  equal  to  the  diameter  of  the  sphere. 

Spheroidal  vibrations. 

When  a  =  2  and  mg  and  (^2  ^^^  zonal  harmonics  we  have  what  may  be  called  spheroidal 
vibrations,  in  which  the  sphere  is  distorted  into  an  ellipsoid  of  revolution  becoming 
alternately  prolate  and  oblate  according  to  the  phase  of  the  motion.  Vibrations  of  this 
type  would  tend  to  be  forced  by  forces  of  appropriate  period  and  of  the  same  type  as  tidal 
disturbing  forces.  It  is  found  that  the  lowest  root  of  the  frequency  equation  for  free 
vibrations  of  this  type  is  given  by  Ka/7r  =  -848  when  the  material  is  incompressible,  and  by 
(ca/jT  =  -840  when  the  material  fulfils  Poisson's  condition.  For  a  sphere  of  the  same  size 
and  mass  as  the  Earth,  supposed  to  be  incompressible  and  as  rigid  as  steel,  the  period  of 
the  gravest  free  vibration  of  the  type  here  described  is  about  66  minutes. 

*  The  velocity  of  waves  of  distortion  is  (yii/p)  •     See  Chapter  XIII. 
f  The  velocity  of  waves  of  dilatation  is  s/{{'>^  +  ^l^)lp}-     See  Chapter  XIII. 
L.  E.  18 
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197.  Further  investigations  on  the  vibrations  of  spheres. 

The  vibrations  of  a  sphere  that  would  be  forced  by  surface  tractions  proportional  to  simple 
harmonic  functions  of  the  time  have  been  investigated  by  Chree*.  Free  vibrations  of  a 
shell  bounded  by  concentric  spherical  surfaces  have  been  discussed  by  Lambt,  with  special 
reference  to  the  case  in  which  the  shell  is  thin.  The  influence  of  gravity  on  the  free 
vibrations  of  an  incompressible  sphere  has  been  considered  by  Bromwich|.  He  found,  in 
particular,  that  the  period  of  the  "spheroidal"  vibrations  of  a  sphere  of  the  same  size 
and  mass  as  the  Earth  and  as  rigid  as  steel  would  be  diminished  from  66  to  55  minutes  by 
the  mutual  gravitation  of  the  parts  of  the  sphere.  A  more  general  discussion  of  the 
effects  of  gravitation  in  a  sphere  of  which  the  material  is  not  incompressible  has  been 
given  by  Jeans  §. 

198.  Radial  vibrations  of  a  hollow  sphere||. 

The  radial  vibrations  of  a  sphere  or  a  spherical  shell  may  be  investigated  very  simply 
in  terms  of  polar  coordinates.  In  the  notation  of  Article  98  we  should  find  that  the  radial 
displacement  D  satisfies  the  equation 

or'      r   or      r' 
and  that  the  radial  traction  rr  across  a  sphere  of  radius  r  is 

(X  +  2;.)  1^+2X^=0. 

The  primitive  of  the  differential  equation  for  U  may  be  written 

d      [A  sin  hr  +  B  cos  hr\ 


U= 


')' 


d  {hr)  \  hr 

and  the  condition  that  the  traction  rr  vanishes  at  a  spherical  surface  of  radius  r  is 
[(X  +  2/i)  {(2  —  AV^)  sin  hr  —  2Ar'5Cos  hr}  +  2X  {hr  cos  hr  -  sin  hr)'\  A 

+  [(X  +  2/x)  {(2  -  AV)  cos  hr  +  2Aj-  sin  hr}  -  2X  {hr  sin  hr  +  cos  hr)]  B  =  0. 

When  the  sphere  is  complete  up  to  the  centre  we  must  put  B=0,  and  the  condition  for  the 
vanishing  of  the  traction  at  r  =  a  is  the  frequency  equation  which  we  found  before.  In 
the  case  of  a  spherical  shell  the  frequency  equation  is  found  by  eliminating  the  ratio 
A  :  B  from  the  conditions  which  express  the  vanishing  of  rr  at  r  =  a  and  at  r  =  h.  We 
write 

so  that  2X/(X  +  2;i)  =  2  — v,  and  then  the  equation  is 

vha+{h^a^-  i/)  tan  ha      vhh-\-{h%'^  —  v)tsun  hh 
{h^a'  —  v)  —  vha  tan  ha     {h''b^  —  v)  —  vhb  tan  hb ' 

In  the  particular  case  of  a  very  thin  spherical  shell  this  equation  may  be  replaced  by 

9   vha-^{h^a'^  —  v)iei.rLha_ 
da  {K'ofi  —  v)  —  vha  tan  ha       ' 
which  is 

K^a^  sec2  ha  {h^a^  -v{3-v)}  =  0, 

*  Loc.  cit.  p.  265.  t  London  Math.  Soc.  Proc,  vol.  14  (1883). 

t  London  Hath.  Soc.  Proc,  vol.  30  (1899). 
§  Phil.  Tram.  Boy.  Soc.  (Ser.  A),  vol.  201  (1903). 

II  The  problem  of  the  radial  vibrations  of  a  solid  sphere  was  one  of  those  discussed  by  Poisson 
in  his  memoir  of  1828.     See  Introduction,  footnote  36. 
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and  we  have  therefore 

ha  =  ^{v(3-v)}. 

In  terms  of  Poisson's  ratio  o-  the  period  is 
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V  Vi+J' 


199.     Vibrations  of  a  circular  cylinder. 

We  shall  investigate  certain  modes  of  vibration  of  an  isotropic  circular 
cylinder,  the  curved  surface  of  which  is  free  from  traction,  on  the  assumption 
that,  if  the  axis  of  z  coincides  with  the  axis  of  the  cylinder,  the  displace- 
ment is  a  simple  harmonic  function  of  z  as  well  as  of  i*.  Vibrations  of  these 
types  would  result,  in  an  unlimited  cylinder,  from  the  superposition  of  two 
trains  of  waves  travelling  along  the  cylinder  in  opposite  directions.  When 
the  cylinder  is  of  finite  length  the  frequency  of  free  vibration  would  be 
determined  by  the  conditions  that  the  plane  ends  are  free  from  traction. 
We  shall  find  that,  in  general,  these  conditions  are  not  satisfied  exactly  by 
modes  of  vibration  of  the  kind  described,  but  that,  when  the  radius  of  the 
cylinder  is  small  compared  with  its  length,  they  are  satisfied  approximately. 

We  use  the  equations  of  vibration  referred  to  cylindrical  coordinates 
r,  0,  z.     The  equations  are 


1  9A 

'r  dd 


p'^  =  iX  +  2^)^'^-2f.'^  +  2f."^' 


~dr' 


d^u. 


aA     2)1  d 


2fjj  9OTy 


in  which 


p^^  =  Q,  +  2^)----(^r^,)  +  :^    3^' 


1  d{rUr)      1  du^     9mz 
r      dr         r  dd       dz  ' 


.(42) 


.(43) 


and 


1  aw^     dug  dur     du^  1/9  (rug)     duA         .... 


so  that  OTr,  -are,  '^z  satisfy  the  identical  relation 
1  9  (risTf)      1  dzjg      d-a:. 


dr 


r   da        dz 


.(45) 


The  stress-components  rr,  rd,  rz  vanish  at  the  surface  of  the  cylinder 
r  =  a.     These  stress-components  are  expressed  by  the  formulae 


rr-  =  XA  -I-  2/1. 


du^ 
dr 


r6  = 


H' 


1   dUr  9    /Ug 

r  dO         dr  \r 


rz 


fdUr     du^\ 


*  The  theory  is  effectively  due  to  L.  Pochhammer,  J.  f.  Math.  {Crelle),  Bd.  81  (1876),  p.  324. 
It  has  been  discussed  also  by  C.  Chree,  loc.  cit.  p.  265. 
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In  accordance  with  what  has  been  said  above  we  shall  take  Ur,  Ug,  Uz  to 
be  of  the  forms 

Ur=Ue'^y'+P^K     «j=Fe"T"'+*",     m^  =  Fe'<i'^+-P", (47) 

in  which    U,   V,   W  are  functions  of  r,  6. 

200.     Torsional  vibrations. 

We  can  obtain  a  solution  in  which  U  and  W  vanish  and  V  is  independent 
of  6.  The  first  and  third  of  equations  (42)  are  satisfied  identically,  and  the 
second  of  these  equations  becomes 

d'V     IdV     1 

^-v  +  -^^ ;  V  +  icW=Q,    (48) 

dr^       r  or      r^ 

where  K''  =  p'p//j.  —  j'.  Hence  V  is  of  the  form  BJi(K'r),  where  5  is  a 
constant,  and  Ji  denotes  Bessel's  function  of  order  unity.  The  conditions 
at  the  surface  r  =  a  are  satisfied  if  k   is  a  root  of  the  equation 

d    f  Ji  («'»)]  ^  ^ 


da  [      a 

One  solution  of  the  equation  is  k'=  0,  and  the  corresponding  form  of  V  given 
by  equation  (48)  is  V=  Br,  where  5  is  a  constant. 

We  have  therefore  found  a  simple  harmonic  wave-motion  of  the  type 

M^  =  0,     ue  =  Bre''fy'+P*\    u,=  0,  (49) 

in  which  y'  =  p'pl/J-     Such  waves  are  waves  of  torsion,  and  they  are  propa- 
gated along  the  cylinder  with  velocity  \/(fi/p)*. 

The  traction  across  a  normal  section  z  =  const,  vanishes  if  dug/dz  vanishes ; 
and  we  can  have,  therefore,  free  torsional  vibrations  of  a  circular  cylinder  of 
length  I,  in  which  the  displacement  is  expressed  by  the  formula 

-=cos-p5„cos(^^  Vp+V'    ^^^ 

n  being  any  integer,  and  the  origin  being  at  one  end. 

201.     Longitudinal  vibrations. 

We  can  obtain  a  solution  in  which  V  vanishes  and  U  and  W  are 
independent  of  6.  The  second  of  equations  (42)  is  then  satisfied  identically, 
and  from  the  first  two  of  these  equations  we  find 

dr'      r  dr  ' 

dr^       r  dr       r' 
where  A'==^^p/(A,-f  2/a) -7^     K''  =  p^p//j,- y^ (52) 

*  Cf.  Lord  Eayleigh,  Theory  of  Sound,  Chapter  VII. 


.(51) 
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We  must  therefore  take  A  and  tn-g,  as  functions  of  r,  to  be  proportional 
to  JoQi'r)  and  Ji(K'r).     Then  to  satisfy  the  equations 

we  have  to  take  U  and  W  to  be  of  the  forms 


dr 


gi  lyz+vt) 


.(53) 


where  A  and  G  are  constants. 

The  traction  across  the  cylindrical  surface  r  =  a  vanishes  if  A  and  G  are 
connected  by  the  equations 


2fi 


5^  Jo  {h'a)       p'pX 


da'' 


X+2/i 


Jo  (h'a) 


+  2^Gy^-^^  =  0,' 


2Ary^J^+c[2j^-P'P)j,Wa)  =  0. 


.(64) 


On  eliminating  the  ratio  4  :  C  we  obtain  the  frequency  equation. 

When  the  radius  of  the  cylinder  is  small  we  may  approximate  to  the 
frequency  by  expanding  the  Bessel's  functions  in  series.     On  putting 

Jo  {h'a)  =  l-i  h'^a"  +  ^h''a\     J^  (xa)  =  «'»  -  -J  re'^a^ 
the  frequency  equation  becomes 


•  27^^  K'a 


K''a' 
"8~ 


hHl-ia%'^)-^l^(l-la%'^) 


+  27V  (1  -  f  aV^)  ah'^il-^a^'")  =  0. 
It  is  easily  seen  that  no  wave-motion  of  the  type  in  question  can  be  found  by 
putting  K  =  0.     Omitting  the  factor  «'a  and  the  terms  of  order  a\  we  find  a 
first  approximation  to  the  value  of  p  in  terms  of  7  in  the  form 

p^y^/iE/p), (65) 

where  E,  =  fi  (3X  +  2fi)/(X  +  fi),  is  Young's  modulus.  The  waves  thus  found 
are  "longitudinal"  and  the  velocity  with  which  they  are  propagated  along 
the  cylinder  is  >^/(E/p)  approximately*. 

When  we  retain  terms  in  a^,  we  find  a  second  approximation f  to  the 
velocity  in  the  form 

p  =  7V(^^)(l-ic7Y«^),  (56) 

where  cr,  =  ^X/(K  +  fi),  is  Poisson's  ratio. 

*  Of.  Lord  Eayleigh,  Theory  of  Sound,  Chapter  VII. 

t  The  result  is  due  to  L.  Poohhammer,  loc.  cit.  p.  275.  It  was  found  independently  by 
0.  Chree,  Quart.  J.  of  Math.,  vol.  21  (1886),  and  extended  by  him,  Quart.  J.  of  Math., 
vol.  24  (1890),  to  oases  in  which  the  normal  section  of  the  cylinder  is  not  circular  and  the 
material  is  not  isotropic  ;  in  these  cases  the  term  ^ff^-y^a^  of  the  above  expression  (56)  is  replaced 
by  Jff^7V,  where  k  is  the  radius  of  gyration  of  the  cylinder  about  the  Hue  of  centres  of  the 
normal  sections. 
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When  the  cylinder  is  terminated  by  two  plane  sections  z  =  0  and  z  =  l, 
and  these  sections  are  free  from  traction,  zz  and  zr  must  vanish  at  z=0  and 
a.t  z  =  l.     We  find  for  the  values  of  zz  and  zr  at  any  section  the  expressions 


zz  ■■ 


zr  =  /it 


Aif-p 


\+2/j, 


+  2,j,yAj,(h'r)  +  2^jG 


2Ay^-^^g^  +  C[2y^-^]M.'r) 


dr 


fp 


dr  r 

gi^yz+pt)  _ 


^{yz+pt) 


Now  we  can  have  a  solution  of  the  form 

nirz 


Ur  = 


.    dJo  (h'r)     nw  ,-,    t  ,  /  •. 
An      g^    ^  +  -J-  C„ Ji  («'r) 


sin  ~j-~  <20S  (pnt  +  e), 


"^  AnJ.  (h'r)  +  0„  ^-i^  +  ^'^' 


n-TTZ 


cos— ^  cos(p„i  +  6), 


.(57) 


in  which  the  ratio  An  :  0^  is  known  from  the  conditions  which  hold  at  r  =  a, 
7  has  been  replaced  by  mr/l,  and  pn  is  approximately  equal  to  {mrjl)  \/(Ejp) 
when  a  is  small  compared  with  I.      This  solution   satisfies  the  condition 

zz  =  0  at  z  =  0  and  at  z  =  1,  but  it  does  not  satisfy  the  condition  zr  =  0  at 

these  surfaces.      Since,  however,  zr  =  0  at  the  surface  r=  a  for  all  values 

of  z,  the  traction  zr  is  very  small  at  all  points  on  the  terminal  sections 
z  =  0  and  z  =  1  when  a  is  small  compared   with  I. 

If  we  take  u^  to  contain  cos  (mrz/l),  and  u^  to  contain  —  sin  {mTZJl),  the 
other  factors  being  the  same  as  before,  we  have  a  solution  of  the  problem  of 
longitudinal  vibrations  in  a  cylinder  of  which  the  centres  of  both  ends  are 
fixed. 

202.     Transverse  vibrations. 

Another  interesting  solution  of  equations  (42)  can  be  obtained  by  taking 
Ur  and  Mz  to  be  proportional  to  cos  6,  and  u^  to  be  proportional  to  sin  6. 
Modifying  the  notation  of  (47)  in  Article  199,  we  may  write 

Ur  =Ucose  e'lr^+p*',     Ug=V sin  6 e'fv^+J'",     u^=W cos  6  e"Y^+-P«,  (-58) 

where  U,  V,  W  are  functions  of  r.     Then  we  have 

A=     cose&^y'+P'>(~  +  ~  +  -  +  iyW)/ 
\dr        r       r  / 


2^r  =  -  sin  ^  e'(v^+P«)  (E  +  ^yV)  , 

2-Ers  =     cos  d & 'v^+i'O  LyU-  l^'j , 

2t3-z  =     sin  e  e  <v^+-P*)  ( ^  +  -  +  - 
\or       r       r 


.(.59) 
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From  equations  (42)  we  may  form  the  equation 

a^A      1  8A     A      ,,  ,      „ 

^^rd^-V^^^^  =  ^ (60) 

where  h""  is  given  by  the  first  of  equations  (52);   and  it  follows  that  A 
can  be  written  in  the  form 

^  =  -~^  A  J,  {h'r)  cose  &^y'+P<'\    (61) 

where  -4  is  a  constant. 

Again,  we  may  form  the  equation 

_fp    ^1 1  /  a5|\_^^_  a^  fi  9_,     .    la^] 

ti"^'     rdr\drj      r^      dz  \r  dr^'^'^'' ^  r   dO  ]  ' 
which,  in  virtue  of  (45),  is  the  same  as 

where  k"^  is  given  by  the  second  of  equations  (52).     It  follows  that  2^2  can 
be  written  in  the  form 

1'm^  =  K'^GJ^{ic'r)siue  e'^y+p^i,    (63) 

where  0  is  a  constant. 

We  may  form  also  the  equation 


which,  in  virtue  of  (45),  is  the  same  as 

7^  fi^(^^ -?+'''''"'• +^^'^^=^ <6^> 

In  this  equation  2^^  has  the  value  given  in  (63),  and  it  follows  that  2ot,.  can 
be  written  in  the  form 

2^,=  |,^0?^>  +  cB^  ^>}  sin^^'fr^+i-" (65) 

where  5  is  a  constant.     The  equations  connecting  the  quantities  U,  V,  W 
with  A,  ■BTy,  lij-j  can  then  be  satisfied  by  putting 

dr  dr  r       ' 

r  r  dr       ' 

W=iAyJ,  {h'r)  -  iBk''  J,  (k't). 

When  these  forms  for  U,  V,  W  are  substituted  in  (58)  we  have  a  solution 
of  equations  (42).     Since  Ur  sin  6+Ug  cos  6  vanishes  when  r  =  0,  the  motion 


.(66) 
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of  points  on  the  axis  of  the  c}-linder  takes  place  in  the  plane  containing  the 
unstrained  position  of  that  axis  and  the  line  from  which  6  is  measured ;  and, 
since  w^  vanishes  when  r  =  0,  the  motion  of  these  points  is  at  right  angles  to 
the  axis  of  the  cylinder.  Hence  the  vibrations  are  of  a  "  transverse "  or 
"  flexural "  type. 

We  could  form  the  conditions  tliat  the  cylindrical  surface  is  free  from 
traction.  These  conditions  are  very  complicated,  but  it  may  be  shown  by 
expanding  the  Bessel's  functions  in  series  that,  when  the  radius  a  of  the 
cylinder  is  very  small,  the  quantities  p  and  7  are  connected  by  the 
approximate  equation* 

^^  =  iaV(^/p),     (67) 

where  E  is  Young's  modulus.  This  is  the  well-known  equation  for  the 
frequency  ^/27r  of  flexural  waves  of  length  27r/7  travelling  along  a  cylindrical 
bar.  The  ratios  of  the  constants  A,  B,  C  which  correspond  with  any  value  of 
7  are  determined  by  the  conditions  at  the  cylindrical  surface. 

When  the  cylinder  is  terminated  by  two  normal  sections  z  =  0  and  z  =  l, 
we  write  m/l  for  the  real  positive  fourth  root  of  ^p^pja^E.  We  can  obtain 
four  forms  of  solution  by  substituting  for  47  in  (52),  (58),  (66)  the  four 
quantities  +  mjl  and  +  i/injl  successively.  With  the  same  value  of  p  we 
should  have  four  sets  of  constants  A,  B,  G,  but  the  ratios  A  :  B  :  C  in  each 

set  would  be  known.  The  conditions  that  the  stress-components  zz,  z6 
vanish  at  the  ends  of  the  cylinder  would  yield  sufficient  equations  to 
enable  us  to  eliminate  the  constants  of  the  types  A,  B,  G  and  obtain  an 

equation  for  p.  The  condition  that  the  stress-component  zr  vanishes  at 
the  ends  cannot  be  satisfied  exactly ;  but,  as  in  the  problem  of  longitudinal 
vibrations,  it  is  satisfied  approximately  when  the  cylinder  is  thin. 

'  Cf.  Lord  Eayleigh,  Theory  of  Sound,  Chapter  VIII. 


CHAPTEE  XIII. 

THE  PROPAGATION  OF  WAVES  IN  ELASTIC  SOLID  MEDIA. 

203.  The  solution  of  the  equations  of  free  vibration  of  a  body  of  given 
form  can  be  adapted  to  satisfy  any  given  initial  conditions,  when  the 
frequency  equation  has  been  solved  and  the  normal  functions  determiued ; 
but  the  account  that  w^ould  in  this  way  be  given  of  the  motion  that  ensues 
upon  some  local  disturbance  originated  within  a  body,  all  points  (or  some 
points)  of  the  boundary  being  at  considerable  distances  from  the  initially 
disturljed  portion,  would  be  difficult  to  interpret.  In  the  beginning  of  the 
motion  the  parts  of  the  body  that  are  near  to  the  boundary  are  not  disturbed, 
and  the  motion  is  the  same  as  it  would  be  if  the  body  were  of  unlimited 
extent.  We  accordingly  consider  such  states  of  small  motion  in  an  elastic 
solid  medium,  extending  indefinitely  in  all  (or  in  some)  directions,  as  are  at 
some  time  restricted  to  a  limited  portion  of  the  medium,  the  remainder  of 
the  medium  being  at  rest  in  the  unstressed  state.  We  begin  with  the  case 
of  an  isotropic  medium. 

204.  Waves  of  dilatation  and  waves  of  distortion. 

The  equations  of  motion  of  the  medium  may  be  written 

If  we  differentiate  the  left-hand  and  right-hand  members  of  these  three 
equations  with  respect  to  x,  y,  z  respectively  and  add  the  results,  we  obtain 
the  equation 

(\  +  2/.)V^'A  =  p^ (2) 

If  we  eliminate  A  from  the  equations  (1)  by  performing  the  operation  curl 
upon  the  left-hand  and  right-hand  members  we  obtain  the  equations 

h^-  {^x,  ^y,  ^z)  =  P  ^ii'^x,  ■=^».  ^z) (3) 
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If  A  vanishes  the  equations  of  motion  become 

/iV=(((.,  V,  w)  =  p^Ju,  V,  w) (4) 

If  ■cTj;,  ts-y,  OT^  vanish,  so  that  {u,  v,  w)  is  the  gradient  of  a  potential  <f>,  we  may 
put  ^-(f>  for  A,  and  then  we  have 

/a  A     9  A     9A\ 


,9^-    dy'    aw -^^  («.''.«')• 


In  this  case  the  equations  of  motion  become 


9^ 
(\  +  2/i)  V^ (m,  ■!),  w)  =  p^^(u,  V,  w) (5) 


Equations  (2),  (3),  (4),  (5)  are  of  the  form 

9^<^ 


dt' 


=  c^V2</);   (6) 


for  A,  &  has  the  value  (X  +  2/i)/p ;  for  era,,...  it  has  the  value  fijp.  The 
equation  (6)  will  be  called  the  "  characteristic  equation." 

If  <^  is  a  function  of  t  and  of  one  coordinate  only,  say  of  x,  the  equation  (6)  becomes 

which  may  be  integrated  in  the  form 

(^=f{a)-ct)+P{x-\-ct), 

f  and  F  denoting  arbitrary  functions,  and  the  solution  represents  plane  waves  propagated 
with  velocity  c.  If  <^  is  a  function  of  t  and  r  only,  r  denoting  the  radius  vector  from  a 
fixed  point,  the  equation  takes  the  form 

dfi  ~  r  dr^  ^'^'^'' 
which  can  be  integrated  in  the  form 

.J{r-ct)     F{r  +  ct) 
r  r        ' 

and  again  the  solution  represents  waves  propagated  with  velocity  c.  A  function  of  the 
form  r~^f(r-ct)  represents  spherical  waves  diverging  from  a  source  at  the  origin  of  r. 

We  learn  that  waves  of  dilatation  involving  no  rotation  travel  through  the 
medium  with  velocity  {(X,  +  '2fj,)/p}i,  and  that  waves  of  distortion  involving 
rotation  without  dilatation  travel  with  velocity  {p-lp}^.  Waves  of  these  two 
types  are  sometimes  described  as  "  irrotational "  and  "  equivoluminal " 
respectively  * 

*  Lord  Kelvin,  Phil.  Mag.  (Ser.  5),  vol.  47  (1899).  The  result  that  in  an  isotropic  solid  there 
are  two  types  of  waves  propagated  with  different  velocities  is  due  to  Poisson.  The  recognition  of 
the  irrotational  and  equivoluminal  characters  of  the  two  types  of  waves  is  due  to  Stokes.  See 
Introduction. 
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If  plane  waves  of  any  type  are  propagated  through  the  medium  with  any 
velocity  c  we  may  take  u,  v,  w  to  be  functions  of 

Ix  +  my  +  nz  +  ct, 

in  which  I,  m,  n  are  the  direction  cosines  of  the  normal  to  the  plane  of  the 
waves.  The  equations  of  motion  then  give  rise  to  three  equations  of 
the  type 

/oc=m"  =  {X  +  fA.)l  (lu"  +  mv"  +  nw")  +  fj.{P  +  'm'  +  n^)  u", 

where  the  accents  denote  differentiation  of  the  functions  with  respect  to  their 
argument.     On  elimination  of  u",  v",  w"  we  obtain  an  equation  for  c,  viz. : 

(X  +  2^-pcO(^-pc^)»=0,    (7) 

showing  that  all  plane  waves  travel  with  one  or  other  of  the  velocities  found 
above. 

205.     Motion  of  a  surface  of  discontinuity.    Kinematical  conditions. 

If  an  arbitrary  small  disturbance  is  originated  within  a  restricted  portion 
of  an  elastic  solid  medium,  neighbouring  portions  will  soon  be  set  in  motion 
and  thrown  into  states  of  strain.  The  portion  of  the  medium  which  is  dis- 
turbed at  a  subsequent  instant  will  not  be  the  same  as  that  which  was  disturbed 
initially.  We  may  suppose  that  the  disturbed  portion  at  any  instant  is 
bounded  by  a  surface  S.  If  the  medium  is  isotropic,  and  the  propagated 
disturbance  involves  dilatation  without  rotation,  we  may  expect  that  the 
surface  S  will  move  normally  to  itself  with  velocity  {(X  +  2fjL)/p}i;  if  it  involves 
rotation  without  dilatation,  we  may  expect  the  velocity  of  the  surface  to  be 
{/i/p}^.  We  assume  that  the  surface  moves  normally  to  itself  with  velocity  c, 
and  seek  the  conditions  that  must  be  satisfied  at  the  moving  surface. 

On  one  side  of  the  surface  S  at  time  t  the  medium  is  disturbed  so  that 

there  is  displacement  (u,  v,  w) ;  on  the  other  side  there  is  no  displacement. 

We  take  the  velocity  c  to  be  directed  from  the  first  side  towards  the  second, 

so  that  the  disturbance  spreads  into  parts  of  the  medium  which  previously 

were  undisturbed.     The  displacement  (m,  v,  w)  is  necessarily  continuous  in 

crossing  S,  and  it  therefore  vanishes  at  this  moving  surface.     Let  the  normal 

to  S  in  the  direction  in  which  c  is  estimated  be  denoted  by  v ;   and  let  s 

denote  any  direction  in  the  tangent  plane  at  a  point  of  S,  so  that  s  and  v  are 

at  right  angles  to  each  other.     Since  u  vanishes  at  every  point  of  S,  the 

equation 

du  ,  .  du  ,  .  du  ,  \  r, 
—  cos  (x,  s)  +  t:-  cos  (v,  s)  +  ;^  cos  iz,  s)  =  0 
dx        ^      '     oy        ^^  dz 

holds  for  all  directions  s  which  satisfy  the  equation 

cos  (x,  s)  cos  {x,  v)  +  cos  {y,  s)  cos  {y,  v)  +  cos  {z,  s)  cos  {z,  v)  =  0. 
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It  follows  that,  at  all  points  of  S, 

dujdx    _    dujdy     _    du/dz    _du  , 

cos{x,v)     cos{y,v)     cos{z,v)      dv 

Again  m  =  0  is  an  equation  which  holds  at  the  moving  surface  8,  and  this 
equation  must  be  satisfied  to  the  first  order  in  ht  when  for  x,  y,  z,  t  we 
substitute 

a;  +  c  cos  {x,  v)  Bt,     y  +  c  cos  (y,  v)  8t,     z  +  c  cos  {z,  v)  Bt,     t  +  St. 
It  follows  that  at  every  point  of  *Si  we  must  have 

g^  +  c  jcos  (x,  v)^  +  cos  (y,  v)^+  cos  (z,  v)^^  =  0 (9) 

On  combining  the  equations  (8)  and  (9)  we  find  that  the  following 
equations  must  hold  at  all  points  of  8 : — 

du/dx     _    du/dy     _    du/dz    _du _     Idu  ,   . 

cos  {x,  v)     cos  {y,  v)     cos  {z,  v)      dv         c  dt 

Exactly  similar  equations  hold  with  v  and  w  in  place  of  u.  In  these 
equations  the  differential  coefficients  of  m, ...  are,  of  course,  to  be  calculated 
from  the  expressions  for  it,...  on  that  side  of  S  on  which  there  is  disturbance 
at  time  t. 

206.     Motion  of  a  surface  of  discontinuity.     Dynamical  conditions. 

The  dynamical  conditions  which  hold  at  the  surface  8  are  found  by 
considering  the  changes  of  momentum  of  a  thin  slice  of  the  medium  in  the 
immediate  neighbourhood  of  8.  We  mark  out  a  small  area  B8  of  8,  and 
consider  the  prismatic  element  of  the  medium  which  is  bounded  by  8,  by  the 
normals  to  8  at  the  edge  of  Ss  and  by  a  surface  parallel  to  (S  at  a  distance  cSt 
from  it.  In  the  short  time  Bt,  this  element  passes  from  a  state  of  rest  without 
strain  to  a  state  of  motion  and  strain  corresponding  with  the  displacement 
(m,  V,  w).  The  change  is  effected  by  the  resultant  traction  across  the 
boundaries  of  the  element,  that  is  by  the  traction  across  B8,  and  the  change 
of  momentum  is  equal  to  the  time-integral  of  this  traction.  The  traction  in 
question  acts  across  the  surface  normal  to  v  upon  the  matter  on  that  side  of 
the  surface  towards  which  v  is  drawn,  so  that  its  components  per  unit  of  area 
are  —  X„,  —  Y^,  —  Zy.  The  resultants  are  obtained  by  multiplying  these  by 
S/S,  and  their  impulses  by  multiplying  by  Bt.  The  equation  of  momentum  is 
therefore 

from  which  we  have  the  equations 

/9m     dv     dw\ 

p'[dt'  dt-  ^j=-a^.i^^.^^) (11) 
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In  these  equations  du/dt, . . .  and  X^,...  are  to  be  calculated  from  the  values 
of  M, ...  on  that  side  of  S  on  which  there  is  disturbance;  and  the  equations 
hold  at  all  points  of  S. 

In  the  case  where  there  is  motion  and  strain  on  both  sides  of  the  surface  S,  but  the 
displacements  on  the  two  sides  of  S  are  expressed  by  different  formulae,  we  may  denote 
them  by  {u-^,  v^,  w^)  and  {u^,  v^,  w^).    At  all  points  of  S  the  displacement  must  be  the 

same  whether  it  is  calculated  from  the  expressions  for  Mj,  ...  or  from  those  for  ti^, 

We  may  prove  that  the  values  at  S  of  the  differential  coefficients  of  Mj,  ...  are  connected 
by  equations  of  the  type 

3%     3m2     9tti     3tt2     3^1     3™2 

dx      dx      dy       3y  _dzdz  _3m^     9m2_     1  /Smj     du^ 

cos  (x,  v)  ~  cos {y,  v)     cos {s,  v)      dv       dv  ~     c\dt       dt  )' 

with  similar  equations  in  which  u  is  replaced  by  v  or  by  w.  If  we  denote  the  tractions 
calculated  from  {u^,  v^,  Wj)  by  Xjl^),  ...  and  those  calculated  from  (u^,  v^,  w^  by  XJ!''), ... 
we  may  show  that  the  values  at  S  of  these  quantities  and  of  dujdt,  ...  are  connected  by 
the  equations 

f'ydt     dt'    dt     dt'    dt     dt)~^  "     •^"  '    ^''     -^■'  '  ^--^'-^vi')- 

207.     Velocity  of  waves  in  isotropic  medium. 

If  we  write  I,  m,  n  for  the  direction  cosines  of  v,  the  equations  (11)  become 
three  equations  of  the  type 


du      f,^   ,     ^  ,9m  ,       fjdu         du         du\ 


of  which  the  right-hand  member  may  also  be  written  in  the  form 

„   ,  ,  fdu      dv     dw\  \     du  ,       dv     „,  dv 

^'^+^>'^id-.  +  dy  +  Y.)'-''rdy  +  '^r.-^%, 

\    du         dw         dw] 

These  equations  hold  at  the  surface  S,  at  which  also  we  have  nine  equations 

of  the  type 

du        1  ,9m 

d^  =  -Jdi'    (1^) 

so  that,  for  example, 

J  dv  _     dv  _     Imdv 
dy        dx         c  dt' 

On  substituting  for  9M/9a;, ...  from  (14)  in  (12),  we  obtain  the  equation 

pc^|={(X  +  ^)i^  +  /.}^  +  (X  +  M)(Zm|  +  Z..^|); (15) 
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and,  on  eliminating  du/dt,  dv/dt,  dw/dt  from  this  and  the  two  similar  equations, 
we  obtain  the  equation  (7)  of  Article  204.  The  form  (13)  and  the  equations 
of  type  (14)  show  that  equation  (12)  may  also  be  written 

-pCg^      =      (X      +      2M)«(g-+g^+g^)-/.m(^g--g^J+M«(^g^-g^J.  (l6) 

Hence  it  follows  that,  when  the  rotation  vanishes,  we  have  three  equations  of 
the  type 


from   which   we    should    find   that   pc'  =  \  +  2/m  ;    and,  when    the    dilatation 
vanishes,  we  have  three  equations  of  the  type 

pc^|  =  /.|(m^  +  n^)|-Zm|-k|'}, 

from  which  we  should  find  that  pc^  =  p.. 

These  results  show  that  the  surface  of  discontinuity  advances  with  a 
velocity  which  is  either  {(\  +  2fj,)/p]i  or  (p^/p)^,  and  that,  if  there  is  no 
rotation,  the  velocity  is  necessarily  [(X  +  2tJ,)/p]\  and,  if  there  is  no  dilatation, 
the  velocity  is  necessarily  (m/p)*. 

208.     Velocity  of  waves  in  seolotropic  solid  medium. 

Equations  of  the  types  (10)  and  (11)  hold  whether  the  solid  is  isotropic  or 
not.     The  former  give  the  six  equations 


_      -M                               _          V  _          '^ 

Six „  '  ^VV  —       ^Z,'  ^"^  —       **  "^  ' 

C                                                      C  G 

I     w        v\                  (    u      ■,w\  f.i)  u 

ey,  =  -[m-  +  n-j,  e,^  =  - [n- +  I -j  ,  e^=~[l~  +  m- 


(17) 


in  which  the  dots  denote  differentiation  with  respect  to  t,  and  I,  m,  n  are 
written  for  cos  {x,  v),....     The  equations  (11)  can  be  written  in  such  forms  as 

-pcu  =  l—+m^  +,i  — (18) 

^^xx  ^^xy  ^^zx 

where    TF   denotes   the   strain-energy-function    expressed    in    terms    of   the 
components  of  strain. 

Now  let  ^,  7?,  f  stand  for  w/c,  w/c,  w/c.  Equations  (17)  are  a  linear 
substitution  expressing  e^x,---  in  terms  of  ^,r),  f.  When  this  substitution 
is  carried  out  TF  becomes  a  homogeneous  quadratic  function  of  ^,  17,  f. 
Denote  this  function  by  IT.  We  observe  that,  since  e^y,  e^^,  Byz  are  in- 
dependent of  ^,  we  have  the  equation 

3n         ,3F         -bW       dW 
0?  oe^x         OBxy        oe^x 


0 (21) 
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and  we  have  similar  equations  for  dUjdr]  and  Dll/Sf.     Hence  the  equations  of 
type  (18)  can  be  written 

^^'w  ^■'•''^-  '■«'f=w '"^ 

Now  suppose  that  11  is  given  by  the  equation 

n  =  H^ir'  +  ^'?'  + ^33?^ +2X^7/? +2X31?^ +  2X^,^7,] (20) 

then  the  equations  (19)  show  that  c^  satisfies  the  equation 

Xii  —  pc',        X12,  Xi3 

X12,         X22  —  pc  ,  X23 

Xis,  X23,       X33  — pc^ 

Since  ^,  77,  f  are  connected  with  exx,---  by  a  real  linear  substitution,  the 
homogeneous  quadratic  function  11  is  necessarily  positive,  and  therefore 
equation  (21)  yields  three  real  positive  values  for  c^  The  coefficients  of 
this  equation  depend  upon  the  direction  (I,  m,  n).  There  are  accordingly 
three  real  wave-velocities  answering  to  any  direction  of  propagation  of  waves  *- 

The  above  investigation  is  effectively  due  to  E.  B.  Ohristoffelt,  who  has  given  the 
following  method  for  the  formation  of  the  function  n : — Let  the  six  components  of  strain 
e-cx,  tiyy,  ■••  «iy  be  denoted  by  x^,  x^,  ...  x^  ;  and  let  c^  denote  the  form 

in  which  Cj,  c^,  ...  have  no  quantitative  meaning,  but  c^  is  to  be  replaced  by  Cu,  c^c^  by  c^ 
and  so  on,  Cu,  Cjg, ...  being  the  coefficients  in  the  strain-energy-function.  Then  we  may 
write 

Again,  let  \,  \,  X3  be  defined  by  the  symbolical  equations 

then  we  have  -C:^  =  \^  +  \rf\-\i,     W=Q<^^  +  \ri  +  \^()\ 

and  therefore  the  coefficients  Xn,  ...  in  the  function  n  are  to  be  obtained  by  squaring  the 
form  XiH-XaJz-l-Xgf,  or  we  have 

Xii  =  Cji  Z^-f  Cg^m^ -l-Cjjn^  +  acjgmTC-l- 2ci5»iZ -f- Scie^jre, 

Xl2  =  <'l6^^+C28™^  +  C46™^  +  («46  +  %)™»  +  («14  +  «66)»^  +  («12  +  «66)K 


209.     Wave-surfaces. 

The  envelope  of  the  plane  lx+my-\-nz  =  c (22) 

in  which  c  is  the  velocity  of  propagation  of  waves  in  the  direction  (I,  m,  n)  is  the  "wave- 
surface"  belonging  to  the  medium.  It  is  the  surface  bounding  the  disturbed  portion  of 
the  medium  after  the  lapse  of  one  unit  of  time,  beginning  at  an  instant  when  the  dis- 
turbance is  confined  to  the  immediate  neighbourhood  of  the  origin.  In  the  case  of 
isotropy,  c  is  independent  of  I,  m,  n,  and  is  given  by  the  equation  (7);  in  the  case  of 

*  For  a  general  discussion  of  the  three  types  of  waves  we  may  refer  to  Lord  Kelvin,  Baltimore 
Lectures,  London  1904. 

t  Ann.  di  Mat.  (Ser.  2),  t.  8  (1877). 


288  WAVE-SURFACES  [CH.  XIII 

iBolotropy  0  is  a  function  of  I,  m,  n  given  by  the  equation  (21).  In  the  general  case  the 
wave-surface  is  clearly  a  surface  of  three  sheets,  corresponding  with  the  three  values  of  c^ 
which  are  roots  of  (21).  In  the  case  of  isotropy  two  of  the  sheets  are  coincident,  and 
all  the  sheets  are  concentric  spheres. 

Green*  observed  that,  in  the  general  case  of  seolotropy,  the  three  possible  directions 
of  displacement,  answering  to  the  three  velocities  of  propagation  of  plane  waves  with  a 
given  wave-normal,  are  parallel  to  the  principal  axes  of  a  certain  ellipsoid,  and  are,  therefore, 
at  right  angles  to  each  other.  The  ellipsoid  would  be  expressed  in  our  notation  by  the 
equation  (Xj,,  X22,  ...  \i)  ix,  y,  2)^  =  const.     He  showed  that,  when  W  has  the  form 

h-^{e^  +  evv  +  «zzf-\-^L{ey^^-ieyye,,)  +  \M{eJ-4:e^e^)+^N{e^'^~Ae^eyy), (23) 

the  wave-surface  is  made  up  of  a  sphere,  corresponding  with  the  propagation  of  waves  of 
irrotational  dilatation,  and  Fresnel's  wave-surface,  viz. :  the  envelope  of  the  plane  (22) 
subject  to  the  condition 

+  ^^ur+is-wr.=-'^ (24) 


c^-LIp  '  c^-M/p  '  c^-Njp 

The  two  sheets  of  this  surface  correspond  with  the  propagation  of  waves  of  equivoluminal 
distortion.  Green  arrived  at  the  above  expression  for  W  as  the  most  general  which  would 
allow  of  the  propagation  of  purely  transverse  plane  waves,  i.  e.  of  waves  with  displacement 
parallel  to  the  wave-fronts. 

Green's  formula  (23)  for  W  is  included  in  the  formula  (15)  of  Article  110,  viz. ; 
2TF=:(.4,  B,  C,  F,  G,  H){e,„  eyy,  e,,f^Uy,^^MeJ^Ne^\ 
which  characterizes  elastic  solid   media  having  three  orthogonal  planes  of  symmetry. 
To  obtain  Green's  formula  we  have  to  put 

A=B  =  C,     F=A-iL,     0=A-2M,     H=A-2K 
It  is  noteworthy  that  these  relations  are  not  satisfied  in  cubic  crystals. 

Green's  formula  for  the  strain-energy-function  contains  the  strain-components  only; 
the  notion  of  a  medium  for  which 

W=:2{Lm^^  +  M-uuy^  +  M^/)  (25) 

was  introduced  by  MaoCullaghf.     The  wave-surface  is  Fresnel's  wave-siirface. 

Lord  Rayleighf,  following  out  a  suggestion  of  Rankine's,  has  discussed  the  propagation 
of  waves  in  a  medium  in  which  the  kinetic  energy  has  the  form 

jjii[p^(Mf+p^(^^y+p^(M)y'"^^'^'' ^^^^ 

while  the  strain-energy-function  has  the  form  appropriate  to  an  isotropic  elastic  solid. 
Such  a  medium  is  said  to  exhibit  "aeolotropy  of  inertia.''  When  the  medium  is  incom- 
pressible the  wave-surface  is  the  envelope  of  the  plane  (22)  subject  to  the  condition 

P  rrfl  rfi         ^  ,  ^, 

-i -I--2 -1-^ =0;  27) 

c'pi-li     c^p^-p.     c'p^-p 

it  is  the  first  negative  pedal  of  Fresnel's  wave-surface  with  respect  to  its  centre. 

*  'On  the  propagation  of  light  in  crystallized  media,'  Cambridge  Phil.  Soc.  Trans.,  vol.  7 
(1839),  or  Mathematical  Papers,  London  1871,  p.  293. 

+  'An  essay  towards  a  dynamical  theory  of  crystalline  reflexion  and  refraction,'  Dublin, 
Trans.  R.  Irish  Acad.,  vol.  21  (1839),  or  Collected  Works  of  James  MacCullagh,  Dublin  1880, 
p.   145. 

t  '  On  Double  Befraction,'  Phil.  Mag.  (Ser.  4),  vol.  41  (1871),  or  Scientific  Papers,  vol.  1, 
Cambridge  1899. 
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The  case  where  the  energy-function  of  the  medium  is  a  function  of  the  components  of 
rotation  as  well  as  of  the  strain-components,  so  that  it  is  a  homogeneous  quadratic  func- 
tion of  the  nine  quantities  ^,    ^,    3-,  •■■,  has  been  discussed  by  H.  M.  Macdonald*. 

The  most  general  form  which  is  admissible  if  transverse  waves  are  to  be  propagated 
independently  of  waves  of  dilatation  is  shown  to  lead  to  Fresnel's  wave-surface  for  the 
transverse  waves. 

The  still  more  general  case  in  which  there  is  seolotropy  of  inertia  as  well  as  of  elastic 
quality  has  been  investigated  by  T.  J.  PA.  Bromwichf.  It  appears  that,  in  this  case,  the 
requirement  that  two  of  the  waves  shall  be  purely  transverse  does  not  lead  to  the  same 
result  as  the  requirement  that  they  shall  be  purely  rotational,  although  the  two  require- 
ments do  lead  to  the  same  result  when  the  seolotropy  does  not  affect  the  inertia.  The 
wave-surface  for  the  rotational  waves  is  derived  from  Fresnel's  wave-surface  by  a  homo- 
geneous strain. 

210.     Motion  determined  by  the  characteristic  equation. 

It  appears  that,  even  in  the  case  of  an  isotropic  solid,  much  complexity  is 
introduced  into  the  question  of  the  propagation  of  disturbances  through  the 
solid  by  the  possible  co-existence  of  two  types  of  waves  propagated  with 
different  velocities.  It  will  be  well  in  the  first  instance  to  confine  our 
attention  to  waves  of  a  single  type — irrotational  or  equivoluminal.  The 
motion  is  then  determined  by  the  characteristic  equation  (6)  of  Article  204, 
viz.  d''^/dt^  =  d'V^(J3. 

This  equation  was  solved  by  Poisson  j  in  a  form  in  which  the  value  of  <j}  at 
any  place  and  time  is  expressed  in  terms  of  the  initial  values  of  ^  and  d(f>/dt. 
Poisson's  result  can  be  stated  as  follows :  Let  ^„  and  0„  denote  the  initial 
values  of  ^  and  d<f)/dt.  With  any  point  {x,  y,  z)  as  centre  describe  a  sphere  of 
radius  ct,  and  let  ^^  and  (^„  denote  the  mean  values  of  ^0  and  4>o  on  this  sphere. 
Then  the  value  of  0  at  the  point  {x,  y,  z)  at  the  instant  t  is  expressed  by  the 
equation 

If  the  initial  disturbance  is  confined  to  the  region  of  space  within  a  closed 
surface  2o,  then  ^0  and  ^0  have  values  different  from  zero  at  points  within  2o, 
and  vanish  outside  So-  Taking  any  point  within  or  on  2,,  as  centre,  we  may 
describe  a  sphere  of  radius  ct ;  then  the  disturbance  at  time  t  is  confined  to 
the  aggregate  of  points  which  are  on  the  surfaces  of  these  spheres.  This 
aggregate  is,  in  general,  bounded  by  a  surface  of  two  sheets — an  inner  and 
an  outer.    When  the  outer  sheet  reaches  any  point,  the  portion  of  the  medium 

*  London  Math.  Soc.  Proc,  vol.  32  (1900),  p.  311. 

t  London  Math.  Soc.  Proc,  vol.  34  (1902),  p.  807. 

i  Paris,  Mim.  de  I'Institut,  t.  3  (1820).  A  simple  proof  was  given  by  Liouville,  J.  de  Math. 
(Liouville),  t.  1  (1856).  A  symbolical  proof  is  given  by  Lord  Eayleigh,  Theory  of  Sound, 
Chapter  XIV. 
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which  is  close  to  the  point  takes  suddenly  the  small  strain  and  velocity 
implied  by  the  values  of  <p  and  9</>/3i ;  and  after  the  inner  sheet  passes  the 
point,  the  same  portion  of  the  medium  returns  to  rest  without  strain*. 

The  characteristic  equation  was  solved  in  a  more  general  manner  by 
Kirchhoff  f .  Instead  of  a  sphere  he  took  any  surface  S,  and  instead  of  the 
initial  values  of  <^  and  3</)/3i  on  S  he  took  the  values  of  ^  and  its  first 
derivatives  at  points  on  S  and  at  certain  instants  previous  to  the  instant  t. 
If  Q  is  any  point  on  S,  and  r  is  the  distance  of  Q  from  the  point  (x,  y,  z),  the 
values  of  <^  and  its  first  derivatives  are  estimated  for  the  point  Q  at  the  instant 
t  —  r/c.  Let  [(/)], . . .  denote  the  values  oi <}>,...  estimated  as  stated.  Then  the 
value  of  <f>  at  the  point  (x,  y,  z)  at  the  instant  t  is  expressed  by  the  equation 

where  v  denotes  the  direction  of  the  normal  to  S  drawn  towards  that  side  on 
which  {x,  y,  z)  is  situated. 

Kirohhoflf's  formula  (29)  may  be  obtained  very  simply  J,  by  substituting  t-rjc  for  t  in 
</>  {x,  y,  i,  t),  where  r  now  denotes  the  distance  of  {x,  y,  z)  from  the  origin.  Denoting  the 
function  <^  {x,  y,  z,  t-  r/c)  by  i/r  {x,  y,  z,  t),  we  may  show  that  when  <^  (x,  y,  z,  t)  satisfies 
the  characteristic  equation  (6),  \jr  satisfies  the  equation 


r      '>''^c{jlx\r^  dt)'^dy\r^  dtJ'^dzXr^  dt 


=0 (30) 

If  this  equation  holds  throughout  the  region  within  a  closed  surface  ;S  which  does  not 
contain  the  origin,  we  integrate  the  left-hand  member  of  this  equation  through  the 
volume  within  S  and  transform  the  volume  integral  into  a  surface  integral,  thus  obtaining 
the  equation 

'  '^x  ^  _  1  ?]^  _  i  ?!:  ?i^  ds-o 

'  ^   Bk       r  dv      cr  dv  dt  J 


IK^ 


If  now  [(^], ...  denote  the  values  of  (ji,  ...  at  the  instant  t-rjc,  this  equation   is  the 
same  as 

since,  as  is  easily  proved, 


dj,  _  ra^"]  _idr  r30~| 


When  the  origin  is  within  the  surface  S  we  integrate  the  left-hand  member  of  (.30)  through 
the  volume  contained  between  S  and  a  small  sphere  2  with  its  centre  at  the  origin,  and 
pass  to  a  limit  by  contracting  the  radius  of  2  indefinitely.  We  thus  find  for  the  value 
of  <f)  at  the  origin  the  formula  (29),  and  the  same  formula  gives  the  value  of  cj)  at  any  point 

*  Of.  Stokes,  '  Dynamical  theory  of  diffraction,'  Cambridge  Phil.  Soc.  Trans.,  vol.  9  (1849), 
or  Math,  and  Phys.  Papers,  vol.  2,  p.  243. 

t  Ann.  Phys.  Ghem.  (Wiedemann),  Bd.  18  (1883).     See  also  Kirchhoff,  Vorlesungen  iiber  math 
Physik,  Optik,  Leipzig,  1891. 

J  Cf.  Beltrami,  Rome,  Ace.  Lincei  Rend.  (Ser.  5),  t.  4  (1895). 
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and  instant.  The  formula  holds  for  a  region  of  space  bounded  internally  or  externally  by 
a  closed  surface  S,  provided  that,  at  all  instants  which  come  into  consideration,  <j)  and  its 
first  derivatives  are  continuous,  and  its  second  derivatives  are  finite  and  are  connected  by 
equation  (6),  at  all  points  of  the  region*.  In  case  the  region  is  outside  S,  <f>  must  tend  to 
zero  at  infinite  distances  in  the  order  /--i  at  least.  These  conditions  may  be  expressed  by 
saying  that  all  the  sources  of  disturbance  are  on  the  side  of  S  remote  from  (x,  y,  z). 

Kirchhofi''s  formula  (29)  can  be  shown  to  include  Poisson'sf.     The  formula  may  also  be 
written  in  the  form 

^-hwim-^my^ <-' 

where  ^  (  —  J  is  to  be  formed  by  first  substituting  t  —  ric  for  <  in  ^  and  then  difi'erentiat- 

ing  as  if  r  were  the  only  variable  quantity  in  [0]/n  The  formula  (31)  is  an  analogue  of 
Green's  formula  (7)  of  Article  158.  It  can  be  interpreted  in  the  statement  that  the 
value  of  (^  at  any  point  outside  a  closed  surface  (which  encloses  all  the  sources  of  dis- 
turbance) is  the  same  as  that  due  to  a  certain  distribution  of  fictitious  sources  and  double 
sources  on  the  surface.  It  is  easy  to  prove,  in  the  manner  of  Article  124,  that  the  motion 
inside  or  outside  S,  that  is  due  to  given  initial  conditions,  is  uniquely  determined  by  the 
values  of  either  ^  or  3^/3j<  at  S.  The  theorem  expressed  by  equation  (31)  can  be  deduced 
from  the  properties  of  superficial  distributions  of  sources  and  double  sources  and  the 
theorem  of  uniqueness  of  solution  J. 

211.     Arbitrary  initial  conditions. 

When  the  initial  conditions  are  not  such  that  the  disturbance  is  entirely 
irrotational  or  equivoluminal,  the  results  are  more  complicated.  Expressions 
for  the  components  of  the  displacement  which  arises,  at  any  place  and  time, 
from  a  given  initial  distribution  of  displacement  and  velocity,  have  been 
obtained§,  and  the  result  may  be  stated  in  the  following  form  : — 

Let  (mo.^oj  Wo)  be  the  initial  displacement,  supposed  to  be  given  throughout 
a  region  of  space  T  and  to  vanish  on  the  boundary  of  T  and  outside  T,  and 
let  (lio,  Vo.Wo)  he  the  initial  velocity  supposed  also  to  be  given  throughout  T 
and  to  vanish  outside  T.  Let  a  and  6  denote  the  velocities  of  irrotational 
and  equivoluminal  waves.  Let  B^  denote  a  sphere  of  radius  at  having  its 
centre  at  the  point  («,  y,  z),  and  82  a  sphere  of  radius  ht  having  its  centre  at 
the  same  point.  Let  V  denote  that  part  of  the  volume  contained  between 
these  spheres  which  is  within  T.  Let  r  denote  the  distance  of  any  point 
{x',  if,  /)  within  V,  or  on  the  parts  of  S-^  and  /Sa  that  are  within  T,  from  the 
point  {x,  y,  z),  and  let  q^  denote  the  initial  displacement  at  (»',  y',  z'),  and  ^„ 
the  initial  velocity  at  the  same  point,  each  projected  upon  the  radius  vector 

*  For  the  case  where  there  is  a  moving  surface  of  discontinuity  outside  8,  see  a  paper  by  the 
Author,  London  Math.  Soc.  Proc.  (Ser.  2),  vol.  1  (1904),  p.  37. 

t  See  my  paper  just  cited. 

X  Cf.  J.  Larmor,  London  Math.  Soc.  Proc.  (Ser.  2),  vol.  1  (1904). 

§  For  references  see  Introduction,  p.  18.    Keference  may  also  be  made  to  a  paper  by  the 
Author  in  London  Math.  Soe.  Proc.  (Ser.  2),  vol.  1  (1904),  p.  291. 
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r,  supposed  drawn  from  {x,  y,  z).     Then  the  displacement  u  at  {x,  y,  z)  at  the 
instant  t  can  be  written 

1    /•/•(    /     a^r-i         a^r-^  9V-'\      3r-'/  .    ,        ,      clqX\    ,„ 

1    /•/•(   /    8V-1        SV-i  a=r-i\  ,  8r-i/  •    ,       ,      3?o\ 


1  /..    .  9^0 


+  4. 


47r., 

-^,(^«u„  +  «„+r:^»j|d>S, (32) 

and  similar  expressions  for  v  and  w  can  be  written  down.     The  surface- 
integrations  extend  over  the  parts  of  8^  and  8^  that  are  within  T. 

The  dilatation  and  the  rotation  can  be  calculated  from  these  formula, 
and  it  can  be  shown  that  the  dilatation  is  entirely  confined  to  a  wave  of 
dilatation  propagated  with  velocity  a,  and  the  rotation  to  a  wave  of  rotation 
propagated  with  velocity  h.  If  r-i  and  r^  are  the  greatest  and  least  distances 
of  any  point  0  of  the  medium  from  the  boundary  of  T,  the  motion  at  0 
begins  at  the  instant  t  =  rja,  the  wave  of  dilatation  ends  at  the  instant 
t  =  rja,  the  wave  of  rotation  begins  at  the  instant  t  =  j-j/S,  and  the  motion 
ceases  at  the  instant  t  =  r-^jb.  If  the  wave  of  dilatation  ends  before  the  wave 
of  rotation  begins,  the  motion  between  the  two  waves  is  of  the  character  of 
irrotational  motion  in  an  incompressible  fluid*;  at  a  distance  from  T  which 
is  great  compared  with  any  linear  dimension  of  T  this  motion  is  relatively 
feeble. 

The  problem  of  the  integration  of  the  equations  of  small  motion  of  an  isotropic  elastic 
solid  has  been  the  subject  of  very  numerous  researches.  Eeference  may  be  made  to  the 
following  memoirs  in  addition  to  those  already  cited: — V.  Cerruti,  'SuUe  vibrazioni  de' 
corpi  elastici  isotropi,'  Borne,  Ace.  Idncei,  Mem.  fis.  mat,  1880;  V.  Volterra,  'Sur  les  vibra- 
tions des  corps  ^lastiques  isotropes,'  Acta  Math.,  t.  18  (1894);  G.  Lauricella,  'SuUe 
equazioni  del  moto  dei  corpi  elastici,'  Torino  Mem.  (Ser.  2),  t.  45  (1895);  0.  Tedone,  'SuUe 
vibrazioni  dei  corpi  solidi  omogenei  ed  isotropi,'  Torino  Mem.  (Ser.  2),  t.  47  (1897) ;  J.  Coulon, 
'Sur  I'int^gration  des  Equations  aux  d^riv^es  partielles  du  second  ordre  par  la  m^thode  des 
caract^ristiques,'  Paris  {Tkhe)  1902.  Hadamard's  treatise,  Legons  sur  la  propagation  des 
ondes,  Paris  1903,  also  may  be  consulted. 

212.     Motion  due  to  body  forces. 

Exactly  as  in  Article  130  we  express  the  body  forces  in  the  form 
(Z,  F,  Z)  =  gradient  of  *  -H  curl  {L,  M,  N), 
and  the  displacement  in  the  form 

(m,  V,  w)  =  gradient  oi  <j)  +  curl  (F,  G,  H). 

*  Cf.  Stokes,  loc.  cit. 
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Then  the  equations  of  motion  of  the  type 

can  be  satisfied  if  (p,  F,  0,  H  satisfy  the  equations 

h^^^F  =  L, . 


9-^-a=V^0  =  a>,     ''^ 


and  particular  solutions  can  be  expressed  in  the  forms* 


^-^^llll^'i'-^l)'^''^''''' 


.(33) 


The  values  oi  ^,  L, ...  are  given  in  terms  of  X,  Y,  Z  by  the  equations  (7) 
of  Article  130,  and  the  integrations  expressed  in  (33)  can  be  performed. 

Taking  the  case  of  a  single  force  of  magnitude  %  (i),  acting  at  the  origin 
in  the  direction  of  the  axis  of  x,  we  have,  as  in  Article  130, 


* 


M' 


4nrp 


aj    dx' 


t--. 


h)  dy' 


4!Trp  ^\  bj  de'  '  *'  V"  bj  47r/3 
where  R  denotes  the  distance  of  («',  y',  z)  from  the  origin.  We  may  partition 
space  around  the,  point  (x,  y,  z)  iuto  thin  sheets  by  means  of  spherical  surfaces 
having  that  point-as  centre,  and  thus  we  may  express  the  integrations  in  (83) 
in  such  forms  as 

where  dS  denotes  an  element  of  surface  of  a  sphere  with  centre  at  {x,  y,  z) 
and  radius  equal  to  r.  Now  JJ(dR~^/dx')  dS  is  equal  to  zero  when  the  origin 
is  inside  S,  and  to  47rr^  (du~^/dx)  when  the  origin  is  outside  S,  r„  denoting  the 
distance  of  (x,  y,  z)  from  the  origin.  In  the  former  case  r^  <  r,  and  in  the 
latter  r^  >  r.  We  may  therefore  replace  the  upper  limit  of  integration  with 
respect  to  r  by  r^,  and  find 

1     dn-^  f« 


0  =  -. 


-1  fro 

-Jo 


t  -  -]  dr. 


4<iTa''p    dx 

Having  found  <j)  we  have  no  further  use  for  the  r  that  appears  in  the 
process,  and  we  may  write  r  instead  of  r^,  so  that  r  now  denotes  the  distance 
of  {x,  y,  z)  from  the  origin.     Then  we  have 

^  47r|0   dx  }  Q 

*  Of.  L.  Lorenz,  J.  f.  Math.  (Crelle),  Bd.  58  (1861),  or  (Euvres  Scientifiques,  t.  2  (Copenhagen, 
1899),  p.  1.     See  also  Lord  Eayleigh,  Theory  of  Sound,  vol.  2,  §  276. 


-[yx(i-t')dt' (34) 
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In  like  manner  we  should  find 

1      a,,-i  Mb  \ 

4<irp  dy  Jo 
The  displacement  due  to  the  force  %  (t)  is  given  by  the  equations* 


.(35) 


■^  47rp6V  ^V     b)' 


1    9V-1  rW6 .    ^^     ^,^  . ,         1     ar  ar  f  1       a      r\       1       /       r\] 


1(36) 


213.     Additional  results  relating  to  motion  due  to  body  forces. 

(i)     The  dilatation  and  rotation  calculated  from  (36)  are  given  by  the  equations 
1       3/1 


A  = 


Atto^P  dx  ]i 


U{'-'^}'  -^=°'  ^^''=4^aMr'^('~9}' 


2737a  — 


1 


1/1 


:)}• 


.(37) 


.  |'l){^xH} (-) 


(ii)  The  expressions  (36)  reduce  to  (11)  of  Article  130  when  x(.i)  is  replaced  by  a 
constant. 

(iii)  The  tractions  over  a  spherical  cavity  required  to  maintain  the  displacement 
expressed  by  (36)  are  statically  equivalent  to  a  single  force  parallel  to  the  axis  of  x. 
When  the  radius  of  the  cavity  is  diminished  indefinitely,  the  magnitude  of  the  force 
is  x(0- 

(iv)  As  in  Article  132,  we  may  find  the  effects  of  various  nuclei  of  strain  t.  In  the 
case  of  a  "centre  of  compression"  we  have,  omitting  a  constant  factor, 

K  %  ,«)=(£, 

representing  irrotational  waves  of  a  well-known  type.     In  the  case  of  a  "centre  of  rotation 
about  the  axis  of  z"  we  have,  omitting  a  factor, 

("'  ^'  -)=(!'  -I'  °)  {^^0-9}' ^''^ 

representing  equivoluminal  waves  of  a  well-known  type. 

(v)  If  we  combine  two  centres  of  compression  of  opposite  signs  in  the  same 
way  as  two  forces  are  combined  to  make  a  "double  force  without  moment"  we  obtain 
irrotational  waves  of  the  type  expressed  by  the  equation 

(^'^.-)=&'^'£)^(-3} (-) 

*  Formulse  equivalent  to  (36)  were  obtained  by  Stokes,  loc.  cit. 
t  For  a  more  detailed  discussion,  see  my  paper  cited  on  p.  291. 
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If  we  combine  two  pairs  of  centres  of  rotation  about  the  axes  of  x  and  y  and  about 
parallel  axes,  in  the  same  way  as  two  pairs  of  forces  are  combined  to  make  a  centre  of 
rotation,  we  obtain  equivoluminal  waves  of  the  type 

in  which  the  displacement  is  expressed  by  the  same  formulae  as  the  electric  force  in  the 
field  around  Hertz's  oscillator*.  Lord  Kelvin  t  has  shown  that  by  superposing  solutions 
of  the  types  (40)  and  (41)  we  may  obtain  the  effect  of  an  oscillating  rigid  sphere  close  to 
the  origin. 

(vi)  When  x  (0  is  a  simple  harmonic  function  of  the  time,  say  x  (0  =  -^  cos  pt,  we 
find 

/^%x(*-Oc?*'=|{cosp(*-g-cos^(i-3-fsinp(^-0+fsinp(*-^)}, 

and  complete  expressions  for  the  effects  of  the  forces  can  be  written  down  by  (36)  J. 
In  this  case  we  may  regard  the  whole  phenomenon  as  consisting  in  the  propagation  of  two 
trains  of  simple  harmonic  waves  with  velocities  respectively  equal  to  a  and  b;  but  the 
formulse  (36)  show  that,  in  more  general  cases,  the  effect  produced  at  the  instant  <  at  a 
point  distant  r  from  the  point  of  application  of  the  force  does  not  depend  on  the 
magnitude  of  the  force  at  the  two  instants  t  —  r/a  and  t  —  rjb  only,  but  also  on  the  magni- 
tude of  ;the  force  at  intermediate  instants.  It  is  as  if  certain  effects  were  propagated 
with  velocities  intermediate  between  a  and  b,  as  well  as  the  definite  effects  (dilatation  and 
rotation)  that  are  propagated  with  these  velocities  §. 

(vii)  Particular  integrals  of  the  equations  of  motion  under  body  forces  which  are 
proportional  to  a  simple  harmonic  function  of  the  time  (written  e'^*)  can  be  expressed  in 
the  forms 

fi'-p*  r  r  r    p-'-p'^i'^ 
e'-pi  r  r  r    p-'-p^l^ 


where  *=  _i.  JJJ(x'?£^+ F' ^f^  +  Z' ^)c^.'c^,W, 

214.     Waves  propagated  over  the  surface  of  an  isotropic  elastic 
solid  body II . 

Among  periodic  motions  special  importance  attaches  to  those  plane  waves 
of  simple  harmonic  type,  propagated  over  the  bounding  surface  of  a  solid 

*  Hertz,  Electric  Waves,  English  edition,  p.  137.  For  the  discussion  in  regard  to  the  result 
see  W.  Konig,  Ann.  Phys.  Ghem.  (Wiedemann),  Bd.  37  (1889),  and  Lord  Eayleigh,  Phil.  Mag. 
(Ser.  6),  vol.  6  (1903),  p.  385. 

t  Phil.  Mag.  (Ser.  5),  vols.  47  and  48  (1899). 

X  For  the  efEeots  of  forces  which  are  simple  harmonic  functions  of  the  time,  see  Lord  Eayleigh, 
Theory  of  Sound,  vol.  2,  pp.  418  et  seq. 

§  Cf .  my  paper  cited  on  p.  291,  and  Stokes's  result  recorded  on  p.  292. 

II  Cf.  Lord  Eayleigh,  London  Math.  Soc.  Proc,  vol.  17  (1887),  or  Scientific  Papers,  vol.  2, 
p.  441. 


296  WAVES   PROPAGATED   OVER   THE  [CH.  XIII 

body,  which  involve  a  disturbance  that  penetrates  but  a  little  distance  into 
the  interior  of  the  body.  We  shall  take  the  body  to  be  bounded  by  the  plane 
z  =  0,  and  shall  suppose  that  the  positive  sense  of  the  axis  of  z  is  directed 
towards  the  interior  of  the  body.  We  shall  suppose  that  the  components  of 
displacement,  besides  being  proportional  to  e'**,  are  proportional  to  e't/^+w), 
so  that  2irl>J{f''  +  g^)  is  the  wave-length.  As  in  Article  190,  we  denote 
p''p/(X,  +  2/it)  by  h-  and  p'p/fi  by  k\  The  dilatation  A  satisfies  the  equation 
(V'  +  h')  A  =  0,  and  since  it  is  proportional  to  e'  (J^+i/y)  we  must  have 

A  =  Pe-"+''-i'''"+«'2'+^*),  (42) 

where  P  is  a  constant,  and 

r' =  f' +  g' -  h'' (43) 

A  particular  integral  (u^,  Vi,  w^)  of  the    equations    of  motion   is   then 
expressed  by  the  equations 

(u„  v„  w,)  =  (-  if,  -  eg,  r)  h-'Pe-"+'<f''+oy+pO,   (44) 

and  a  more  general  integral  will  be  found  by  taking  (u,  v,  w)  to  be  of  the 
form  (M1  +  M2,  fi  +  v^,  w^  +  Wi),  where  ii^,  V2,  w^  are  given  by  the  equations 

(M2,t)2,  M'2)  =  (^,-B,(7)e-«+'(/^+^9+*«),    (45) 

in  which  A,  B,  C  are  constants  connected  by  the  equation 

i,fA  +  igB-sC=0, (46) 

and 

S^=f^+g^-K' (47) 

The  surface  z  =  0  being  free  from  traction,  we  must  have  the  equations 
sA  =  cfG  +  ^P,     sB=cgC  +  ^P, 

the  third  of  which  can  be  written 

[k'  -  2  (/»  +  g')]  P  -  ih'sG  =  0. 

We  may  solve  these  equations  so  as  to  express  A,  B,  G  in  terms  of  P 
Writing 

'^'"-=ic'Kf'  +  g%     h''  =  hyip  +  g% (48) 

we  find 

r-'^l~-lp      A-?.-     «''  -  2  +  4rg/(/^  +  g^) 
"  2h'^s      •     fg''  2A,'^  (1  -  k")  {p  +  g'')  ' 

and,  on  substituting  in  (46),  we  obtain  the  equation 

(«'^-2)^  =  4rs/(/^+£r^),  (49) 

which  becomes,  on  elimination  of  r  and  s  by  means  of  (43)  and  (47), 

«:'8_8k'6-|-24«:'<-16(1+A'0«''-I-16/i'==0 (50) 

When  the  material  is  incompressible,  or  A'Y/c'^  =  0,  the  equation  for  k'^ 
becomes   a  cubic   «'"— 8«:'''+ 24k'^  — 16  =  0,   which  has  a  real  positive  root 
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•91275...  and  two  complex  roots  (3-5436...)  +  t(2-2301...).  Since  «V(/'  +  9^) 
is  finite  and  h^JK^  =  0,  equation  (43)  shows  that  r  is  real.  Equation  (49) 
shows  that  for  the  complex  values  of  k 

4rs/(/2  +  ^2)  =  -(2-7431...)  +  i(6-8846...) (51) 

Since  the  real  part  of  s,  as  given  by  this  equation,  has  the  opposite  sign  to  r, 
there  are  no  motions  of  the  type  under  discussion  which  correspond  with  the 
complex  values  of  k'.  But  when  we  take  the  real  root,  viz.  «'"  = -91275..., 
we  find 

r^=p  +  g'^,     s^  =  (-08724...)(/2+^2),  (52) 

and  we  have  a  wave-motion  of  the  required  type.  The  velocity  of  propagation 
of  the  waves  is 

i'M/^  +  5'=)  =  C9554...)VW/') (53) 

which  is  a  little  less  than  the  velocity  of  equivoluminal  waves  propagated 
through  the  solid. 

When  the  material  satisfies  Poisson's  condition  {X  —  fi),  we  have  K"^jh"^  =  ^, 
and  then  there  is  a  wave-motion  of  the  required  type,  in  which 

a;'2  =  -8453...,     »-=  (-7182 ...)  (/=-|-^^),    s^  =  (-1546...)  (/=-1-^0>    (54) 
and  the  velocity  of  propagation  is  now 

(-9194...)  V(Wp) (55) 

Concerning  the  above  type  of  waves  Lord  Rayleigh  (loc.  cit.)  remarked : 
"It  is  not  improbable  that  the  surface  waves  here  investigated  play  an 
important  part  in  earthquakes,  and  in  the  collision  of  elastic  solids. 
Diverging  in  two  dimensions  only,  they  must  acquire  at  a  great  distance 
from  the  source  a  continually  increasing  preponderance."  The  subject  has 
been  investigated  further  by  T.  J.  I' A.  Brpmwich*  and  H.  Lambf.  The 
former  showed  that,  when  gravity  is  taken  into  account,  the  results  obtained 
by  Lord  Rayleigh  are  not  essentially  altered.  The  latter  has  i  discussed  the 
effect  of  a  limited  initial  disturbance  at  or  near  the  surface  of  a  solid  body. 
He  showed  that,  at  a  distance  from  the  source,  the  disturbance  begins  after 
an  interval  answering  to  the  propagation  of  a-  wave  of  irrotational  dilatation ; 
a  second  stage  of  the  motion  begins  after  an  interval  answering  to  the  propa- 
gation of  a  wave  of  equivoluminal  distortion,  and  a  disturbance  of  much 
greater  amplitude  begins  to  be  received  after  an  interval  answering  to  the 
propagation  of  waves  of  the  type  investigated  by  Lord  Rayleigh.  The 
importance  of  these  waves  in  relation  to  the  theory  of  earthquakes  has 
perhaps  not  yet  been  fully  appreciated. 

*  London  Math.  Soc.  Proc,  vol.  30  (1899). 

+  Phil.  Trans.  Roy.  Soc.  (Ser.  A),  vol.  203  (1904). 


CHAPTER  XIV. 

TORSION. 

215.     Stress  and  strain  in  a  twisted  prism. 

In  Article  86(d)  we  found  a  stress-system  which  could  be  maintained  in 
a  cylinder,  of  circular  section,  by  terminal  couples  about  the  axis  of  the 
cylinder.  The  cylinder  is  twisted  by  the  couples,  so  that  any  cross-section 
is  turned,  relatively  to  any  other,  through  an  angle  proportional  to  the 
distance  between  the  planes  of  section.  The  traction  on  any  cross-section 
at  any  point  is  tangential  to  the  section,  and  is  at  right  angles  to  the  plane 
containing  the  axis  of  the  cylinder  and  the  point ;  the  magnitude  of  this 
traction  at  any  point  is  proportional  to  the  distance  of  the  point  from  the 
axis. 

When  the  section  of  the  cylinder  or  prism  is  not  circular,  the  above 
stress-system  does  not  satisfy  the  condition  that  the  cylindrical  boundary  is- 
free  from  traction.  We  seek  to  modify  it  in  such  a  way  that  all  the  conditions 
may  be  satisfied.  Since  the  tractions  applied  at  the  ends  of  the  prism  are 
statically  equivalent  to  couples  in  the  planes  of  the  ends,  and  the  portion 
of  the  prism  contained  between  any  cross-section  and  an  end  is  kept  in 
equilibrium  by  the  tractions  across  this  section  and  the  couple  at  the  end, 
the  tractions  in  question  must  be  equivalent  to  a  couple  in  the  plane  of  the 
cross-section,  and  the  moment  of  this  couple  must  be  the  same  for  all  cross- 
sections.  A  suitable  distribution  of  tangential  traction  on  the  cross-sections 
must  be  the  essential  feature  of  the  stress-system  of  which  we  are  in  search. 
Accordingly,  we  seek  to  satisfy  all  the  conditions  by  means  of  a  distribution 
of  shearing  stress,  made  up  of  suitably  directed  tangential  tractions  on  the 
elements  of  the  cross-sections,  combined,  as  thej^  must  be,  with  equal 
tangential  tractions  on  elements  of  properly  chosen  longitudinal  sections. 

We  shall  find  that  a  system  of  this  kind  is  adequate ;  and  we  can  foresee, 
to  some  extent,  the  character  of  the  strain  and  displacement  within  the 
prism.  For  the  strain  corresponding  with  the  shearing  stress,  which  we 
have  described,  is  shearing  strain  which  involves,  in  general,  two  simple 
shears  at  each  point.    One  of  these  simple  shears  consists  of  a  relative  sliding 
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in  a  transverse  direction  of  elements  of  different  cross-sections ;  this  is  the 
type  of  strain  which  occuiTed  in  the  circular  cylinder.  The  other  simple 
shear  consists  of  a  relative  sliding,  parallel  to  the  length  of  the  prism,  of 
different  longitudinal  linear  elements.  By  this  shear  the  cross-sections 
become  distorted  into  curved  surfaces.  The  shape  into  which  any  cross- 
section  is  distorted  is  determined  by  the  displacement  in  the  direction  of 
the  length  of  the  prism. 

216.     The  torsion  problem*. 

We  shall  take  the  generators  of  the  surface  of  the  prism  to  be  parallel  to 
the  axis  of  z,  and  shall  suppose  that  the  material  is  isotropic.  The  discussion 
in  the  last  Article  leads  us  to  assume  for  the  displacement  the  formulae 

u  =  —  Tyz,    v  =  TZx,    w  =  T<f>,     (1) 

where  ^  is  a  function  of  x  and  y,  and  t  is  the  twist.  We  work  out  the 
consequences  of  this  assumption. 

The  strain-components  that  do  not  vanish  are  e^x  and  e^j,  and  these  are 
given  by  the  equations 

'-=K^~^)'   'y^  =  ''C4  +  ^) ^^> 

The  stress-components  that  do  not  vanish  are  X^  and  Y^,  and  they  are  given 
by  the  equations 

^-"-(s-')-  ^-''^(|+«) (') 

The  equations  of  equilibrium,  when  there  are  no  body  forces,  are  satisfied  if 
the  equation 

dx'^df^^ ^*^ 

holds  at  all  points  of  any  cross-section.  The  condition  that  the  cylindrical 
bounding  surface  of  the  prism  is  free  from  traction  is  satisfied  if  the  equation 

^  =  2/cos  (x,  v)  —  xcos{y,  v)     (5) 

holds  at  all  points  of  the  bounding  curve  of  any  cross-section.  The  com- 
patibility of  the  boundary  condition  (5)  with  the  differential  equation  (4)  is 
shown  by  integrating  the  left-hand  and  right-hand  members  of  (5)  round  the 
boundary,  and  transforming  the  line-integrals  into  surface-integrals  taken 
over  the  area  of  the  cross-section.  The  integral  of  the  left-hand  member  of 
(5)  taken  round  the  boundary  is  equivalent  to  the  integral  of  the  left-hand 
member  of  (4)  taken  over  the  area  of  the  cross-section ;  it  therefore  vanishes. 
The  integral  of  the  right-hand  member  of  (5)  taken  round  the  boundary  also 
vanishes. 

*  The  theory  isjiue  to  Saint-Venant.     See  Introduction,  footnote  50  and  p.  19. 
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The  tractions  on  any  cross-section  are,  of  course,  statically  equivalent  to 
a  single  force  (which  may  be  zero)  at  the  origin  of  (x,  y)  and  a  couple.  We 
show  that  tbey  are  equivalent  to  a  couple  only.  The  axis  of  the  couple  is 
clearly  parallel  to  the  generators  of  the  surface  of  the  prism.  We  have  to 
show  that 

{{x^dxdy  =  0,     ijY.dxdy  =  0. 

Now  llX^dxdy  =  /j,Tli(^—y]dxdy, 

and  this  may  be  replaced  by 


-//SHS-^aiHi-: 


dxdy, 

by  the  help  of  the  differential  equation  (4).    The  expression  last  written  may 
be  transformed  into  an  integral  taken  round  the  bounding  curve,  viz. 

fiT  Ix  <^  —  y  cos  (x,  v)  +  x  cos  (y,  vn  ds, 

where  ds  is  the  element  of  arc  of  the  bounding  curve.    This  integral  vanishes 
in  consequence  of  the  boundary  condition  (5).     We  have  thus  proved  that 

jjX2dxdy  =  0,  and  in  a  similar  way  we  may  prove  that  jlYgdxdy  =  Q.     It 

follows  that  the  tractions  on  a  cross-section  are  statically  equivalent  to  a 
couple  about  the  axis  of  z  of  moment 

^rjj{a^  +  f  +  x^^-y^^)dxdy (6) 

We  have  now  proved  that  the  prism  can  be  held  in  the  displaced  position 
given  by  equations  (1)  by  means  of  couples  applied  at  its  ends,  the  axes  of 
the  couples  being  parallel  to  the  central-line  of  the  prism.  The  moment  of 
the  couple  when  the  twist  is  r  is  a  quantity  Gt,  where 


G  =  ^jj(x^  +  f  +  x^^-y^£jdxdy (7) 


dy 

The  quantity  G  is  the  product  of  the  rigidity  of  the  material  and  a  quantity 
of  the  fourth  degree  in  the  linear  dimensions  of  the  cross-section.  C  is 
sometimes  called  the  "torsional  rigidity"  of  the  prism. 

The  complete  solution  of  the  problem  of  torsion,  for  a  prism  of  any  form 
of  section,  is  effected  when  ^  is  determined  so  as  to  satisfy  the  equation  (4) 
and  the  boundary  condition  (5).  The  problem  of  determining  cj)  for  a  given 
boundary  is  sometimes  called  the  "  torsion  problem  "  for  that  boundary.  The 
function  <j>  is  sometimes  called  the  "  torsion-function  "  for  the  boundary. 
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In  the  above  solution  the  twisting  couple  is  applied  by  means  of  tractions  X^,  T^,  which 
are  expressed  by  (3).  The  practical  utility  of  the  solution  is  not  confined  to  the  case  where 
the  couple  is  applied  in  this  way.  When  the  length  of  the  prism  is  great  compared  with 
the  linear  dimensions  of  its  cross-section,  the  solution  will  represent  the  state  of  the 
prism  everywhere  except  in  comparatively  small  parts  near  the  ends,  whether  the  twisting 
couple  is  applied  in  the  specified  way  or  not.  [Cf.  Article  89.] 
The  potential  energy  per  unit  of  length  of  the  twisted  prism  is 

fd(j> 


and  this  is  equal  to 


'"■//{©-^)"-(|-)"}-* 


Nov 


i-'H..//K|-,|+CI)'.(|)')«,. 

0  {y  cos  {x,  v)-x  cos  (y,  v)}  ds 


'Hi' 


dx 


■x'^)dxd,. 


It  follows  that  the  potential  energy  per  unit  of  length  is  ^CtK 
217.     Method  of  solution  of  the  torsion  problem. 
Since  ^  is  a  plane  harmonic  function,  there  exists  a  conjugate  function  ■\}r 
which  is  such  that  <p  +  i-yjr  is  a  function  of  the  complex  variable  so  +  ty;  and, 
if  1^  can  be  found,  (f>  can  be  written  down  by  means  of  the  equations 

d(j)      dyjr       dtp  _      dy^r 
dx~  dy'    dy  dx  ' 


Fig.  21. 

The  function  .-i/r  satisfies  the  equation  -^  +  ^='^'^^  ^^^  ^°^^^^  '^^^''^  *^® 
bounding  curve  of  the  cross-section,  and  a  certain  condition  at  this  boundary. 
We  proceed  to  find  the.  boundary-condition  for  -v|r. 
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Taking  ds  for  the  element  of  arc  of  the  bounding  curve,  and  observing 
that,  when  the  senses  of  s  and  v  are  those  indicated  by  arrovirs  in  Fig.  21, 
cos  (x,  v)  =  dy/ds,  cos  (y,  j')  =  -  dx/ds,  the  condition  (5)  may  be  written 
d±dy_^d±dx^dy_^^dx 
dy  ds      dx  ds         ds         ds  ' 

and  it  follows  that  at  the  boundary, 

t/t  - -^  («=  +  2/=)  =  const (8) 

The  problem  is  thus  reduced  to  that  of  finding  a  plane  harmonic  function 
which  satisfies  this  condition.  Apart  from  additive  constants  the  functions  <j> 
and  -v/r  are  uniquely  determinate  *- 

218.     Analogies  with  Hydrodynamics. 

(a)  The  functions  <^  and  yjr  are  mathematically  identical  with  the 
velocity-potential  and  stream-function  of  a  certain  irrotational  motion  of 
incompressible  frictionless  fluid,  contained  in  a  vessel  of  the  same  shape  as 
the  prismf.  This  motion  is  that  which  would  be  set  up  by  rotating  the 
"vessel  about  its  axis  with  angular  velocity  equal  to  —  1. 

(6)  The  function  -^  — -^  (i^  +  y'')  is  mathematically  identical  with  the 
velocity  in  a  certain  laminar  motion  of  viscous  fluid.  The  fluid  flows  under 
pressure  through  a  pipe,  and  the  section  of  the  pipe  is  the  same  as  that 
of  the  prism  j. 

(c)  The  function  y]r  —  ^(x'^  +  y^)  is  also  mathematically  identical  with  the 
stream-function  of  a  motion  of  incompressible  frictionless  fluid  circulating 
writh  uniform  spin,  equal  to  unity,  in  a  fixed  cylindrical  vessel  of  the  same 
shape  as  the  prism  §.  The  moment  of  momentum  of  the  liquid  is  equal  to 
the  quotient  of  the  torsional  rigidity  of  the  prism  by  the  rigidity  of  the 
material.  The  velocity  of  the  fluid  at  any  point  is  mathematically  identical 
with  the  shearing  strain  of  the  material  of  the  prism  at  the  point. 

In  the  analogy  (a)  the  vessel  rotates  as  stated  relatively  to  some  frame  regarded  as 
fixed,  and  the  axes  of  x  and  y  rotate  with  the  vessel.  The  velocity  of  a  particle  of  the 
fluid  relative  to  the  fixed  frame  is  resolved  into  components  parallel  to  the  instantaneous 
positions  of  the  axes  of  x:  and  y.  These  components  are  3<^/3a;  and  90/3y.  The  velocity  of 
the  fluid  relative  to  the  vessel  is  utilized  in  the  analogy  (o). 

We  may  use  the  analogy  in  the  form  (o)  to  determine  the  efiect  of  twisting  the  prism 
about  an  axis  when  the  efi'ect  of  twisting  about  any  parallel  axis  is  known.  Let  (j)^  be  the 
torsion-function  when  the  axis  meets  a  cross-section  at  the  origin  of  (x,  y) ;  and  let  ^'  be 
the  torsion-function  when  the  prism  is  twisted  about  an  axis  parallel  to  the  first,  and 
meeting  the  section  at  a  point  {x',  y').  Eotation  of  the  vessel  about  the  second  axis  is 
■equivalent  at  any  instant  to  rotation  about  the  first  axis  combined  with>a  certain  motion  of 

*  The  functions  are  determined  for  a  number  of  forms  of  boundary  in  Articles  221,  222  mfra, 

t  Kelvin  and  Tait,  27af.  FMl.  Part  ;i.,  pp.  242  et  seq. 

X  J.  Boussinesq,  J.  de  math.  {Liouville),  {S6t.  2),  t.  16  (1871). 

§  A.  G.  Greenhill,  Article  'Hydromechanics,'  Ency.  Brit.,  9th  edition. 
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translatioD,  which  is  the  same  for  all  points  of  the  vessel.  This  instantaneous  motion 
of  translation  is  the  motion  of  the  first  axis  produced  by  rotation  about  the  second  ;  and 
the  component  velocities  in  the  directions  of  the  axes  are  —  y  and  V,  since  the  angular 
velocity  of  the  vessel  is  -1.  It  follows  that  we  must  have  <^'  =  <l)^-xif+ya/.  The 
component  displacements  are  therefore  given  by  the  equations 

u=  —  t(j/  -y')z,    v  —  t{oc-x')z,    w=t(J>'; 

and  the  stress  is  the  same  as  in  the  case  where  the  axis  of  rotation  passes  through 
the  origin.  The  torsional  couple  and  the  potential  energy  also  are  the  same  in  the 
two  cases. 

219.     Distribution  of  shearing  stress. 

The  stress  at  any  point  consists  of  two  superposed  stress-systems.  In  one 
system  we  have  shearing  stresses  Xg  and  Y^  of  amounts  —  firy  and  fMTX 
respectively.  In  this  system  the  tangential  traction  per  unit  of  area  on  the 
plane  z  =  const,  is  directed,  at  each  point;  along  the  tangent  to  a  circle, 
having  its  centre  at  the  origin  and  passing  through  the  point.  There  must 
be  equal  tangential  traction  per  unit  of  area  on  a  cylindrical  surface  standing 
on  this  circle,  and  this  traction  is  directed  parallel  to  the  axis  of  z.  In  the 
second  system  we  have  shearing  stresses  X^  and  Y^  of  amounts  fird^/da;  and 
IxTd^jdy.  The  corresponding  tangential  traction  per  unit  of  area  on  the 
plane  z  =  const,  is  directed  at  each  point  along  the  normal  to  that  curve  of 
the  family  ^  =  const,  which  passes  through  the  point,  and  its  amount  is 
proportional  to  the  gradient  of  <^.  There  must  be  equal  tangential  traction 
per  unit  of  area  on  a  cylindrical  surface  standing  on  that  curve  of  the  family 
t^  =  const,  which  passes  through  the  point,  and  the  direction  of  this  traction 
is  that  of  the  axis  of  z.  These  statements  concerning  the  stress  are  inde- 
pendent of  the  choice  of  axes  of  x  and  y  in  the  plane  of  the  cross-section,  so 
long  as  the  origin  remains  the  same. 

The  resultant  of  the  two  stress-systems  consists  of  shearing  stress  with 
components  X^  and  Yz,  which  are  given  by  the  equations  (3).     If  we  put 

t-H«'  +  2/0  =  ^ (9) 

the  direction  of  the  tangential  traction  {X^,  Y^  across  the  normal  section  at 
any  point  is  the  tangent  to  that  curve  of  the  family  '^  =  const,  which  passes 
through  the  point,  and  the  magnitude  of  this  traction  is  fird'i'/dv,  where  dv 
is  the  element  of  the  normal  to  the  curve.  The  curves  ^  =  const,  may  be 
called  "lines  of  shearing  stress." 

The  magnitude  of  the  resultant  tangential  traction  may  also  be  expressed 
by  the  formula 


and  this  result  is  independent  of  the  directions  of  the  axes  of  x  and  y.  If 
we  choose  for  the  axis  of  a;  a  line  parallel  to  the  direction  of  the  tangential 
traction  at  one  point  P,  the  shearing  stress  at  P  will  be  equal  to  the  value 
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at  P  of  the  function  /ir  (d(f>/da;  —  y),  and  the  is-component  of  the  traction  at 
any  other  point  Q  will  be  equal  to  the  value  of  the  same  function  at  Q. 
Xow  this  function,  being  harmonic,  cannot  have  a  maximum  or  a  minimum 
value  at  P ;  there  is  therefore  some  point,  Q,  in  the  neighbourhood  of  P,  at 
which  it  has  a  greater  value  than  it  has  at  P.  Thus  the  a;-component  of  the 
traction  at  some  point  Q  near  to  P  is  greater  than  the  traction  at  P ;  and 
the  traction  at  Q  must  therefore  be  greater  than  that  at  P  It  follows  that 
the  shearing  stress  cannot  be  a  maximum  at  any  point  within  the  prism; 
and  therefore  the  greatest  value  of  the  shearing  stress  is  found  on  the 
cylindrical  boundary  *. 

220.     Strength  to  resist  torsion. 

The  resultant  shearing  strain  is  proportional  to  the  resultant  shearing 
stress,  and  the  extension  and  contraction  along  the  principal  axes  of  the 
strain  at  any  point  are  each  equal  to  half  the  shearing  strain  at  the  point ; 
and  thus  the  strength  of  the  prism  to  resist  torsion  depends  on  the  maximum 
shearing  stress.  Practical  rules  for  the  limit  of  safe  loading  must  express  the 
condition  that  this  maximum  is  not  to  exceed  a  certain  value. 

Some  results  of  practical  importance  can  be  deduced  from  the  form  of 
hydrodynamical  analogy  [Article  218(c)]  in  which  use  is  made  of  a  circu- 
lating motion  with  uniform  spin.  Suppose  a  shaft  transmitting  a  couple  to 
contain  a  cylindrical  flaw  of  circular  section  with  its  axis  parallel  to  that  of 
the  shaft.  If  the  diameter  of  the  cavity  is  small  compared  with  that  of 
the  shaft,  and  the  cavity  is  at  a  distance  from  the  surface  great  compared 
with  its  diameter,  the  problem  is  very  nearly  the  same  as  that  of  liquid 
streaming  past  a  cylinder.  Now  we  know  that  the  velocity  of  liquid  streaming 
past  a  circular  cylinder  has  a  maximum  value  equal  to  twice  the  velocity  of 
the  stream,  and  we  may  infer  that,  in  the  case  of  the  shaft,  the  shear  near 
the  cavity  is  twice  as  great  as  that  at  a  distance.  If  the  cavity  is  a  good  deal 
nearer  to  the  surface  than  to  the  axis,  or  if  there  is  a  semicircular  groove  on 
the  surface,  the  shear  in  the  neighbourhood  of  the  cavity  (or  the  groove) 
may  be  nearly  twice  the  maximum  shear  that  would  exist  if  there  were  no 
cavity  (or  groove)  f. 

If  the  boundary  has  an)'where  a  sharp  corner  projecting  outwards,  the 
velocity  of  the  fluid  at  the  corner  vanishes,  and  therefore  the  shear  in  the 
torsion-problem  is  zero  at  such  a  corner.  If  the  boundary  has  a  sharp  corner 
projecting  inwards,  the  velocity  is  theoretically  infinite,  and  the  torsion  of 
a  prism  with  such  a  section  will  be  accompanied  by  set  in  the  neighbourhood 
of  the  corner. 

*  This  theorem  was  first  stated  hy  J.  Boussinesq,  loc.  cit.  The  proof  in  the  text  will  be  found 
in  a  paper  by  L.  N.  G.  Filon,  Phil.  Trans.  Roy.  Soc.  (Ser.  A),  vol.  193  (1900).  Boussinesq 
had  supposed  that  the  points  of  maximum  shearing  stress  must  be  those  points  of  the  contour 
•which  are  nearest  to  the  axis;  but  Filon  showed  that  this  is  not  necessarily  the  case. 

t  Cf.  J.  Larmor,  Phil.  Mag.  (Ser.  5),  vol.  33  (1892). 
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Saint- Venant  in  his  memoir  of  1855  called  attention  to  the  inefficiency 
of  corners  projecting  outwards,  and  gave  several  numerical  illustrations  of 
the  diminution  of  torsional  rigidity  in  prisms  having  such  corners  as  compared 
with  circular  cylinders  of  the  same  sectional  area. 

221.     Solution  of  the  torsion  problem  for  certain  boundaries. 

We  shall  now  show  how  to  find  the  function  0  from  the  equation  (4)  and 
the  condition  (5)  when  the  boundary  of  the  section  of  the  prism  has  one  or 
other  of  certain  special  forms.  The  arbitrary  constant  which  may  be  added 
to  ^  will  in  general  be  adjusted  so  that  (f)  shall  vanish  at  the  origin. 

(a)     The  circle. 

If  the  cylinder  of  circular  section  is  twisted  about  its  axis  of  figure, 
(j)  vanishes,  and  we  have  the  solution  already  given  in  Article  86  (d).  If  it 
is  twisted  about  any  parallel  axis  <p  does  not  vanish,  but  can  be  determined 
by  the  method  explained  in  Article  218.  In  the  latter  case  the  cross-sections 
are  not  distorted,  but  are  displaced  so  as  to  make  an  angle  differing  slightly 
from  a  right  angle  with  the  axis. 

(6)     The  ellipse. 

The  function  i|r  is  a  plane  harmonic  function  which  satisfies  the  condition 
i/r  —  |(a;2  +  y^)  =  const,  at  the  boundary  x'/a"  +  y^jb'  =  1.  If  we  assume  for  yjr 
a  form  A{oci'  —  y%  we  find  the  equation 

{\-A)a'  =  {\  +  A)h\ 
It  follows  that  we  must  have 

It  is  clear  that  this  solution  is  applicable  to  the  case  of  a  boundary 
consisting  of  two  concentric  similar  and  similarly  situated  ellipses.  The 
prism  is  then  a  hollow  elliptic  tube. 

(c)     The  rectangle*. 

The  boundaries  are  given  by  the  equations  x=±a,  y=±h.  The  function 
■>^  differs  by  a  constant  from  \ {y^  +  a?)  when  x=  ±a  and  h  >y  >  —  h;  it 
differs  by  the  same  constant  from  ^ (x^  +  b^)  when  y  =  ±b  and  a> x>  —  a. 
We  introduce  a  new  function  y^'  by  means  of  the  equation 

f'  =  f-i(x^-f)-^b\ 

Then  yjr'  is  a  plane  harmonic  function  within  the  rectangle ;  and  we  may 
take  -\|r'  to  vanish  on  the  sides  y=±b,  and  to  be  equal  to  y^  —  6^  on  the  sides 
x  =  ±  a.  Since  the  boundary  conditions  are  not  altered  when  we  change  x 
into  —X  or  y  into  —  y,  we  seek  to  satisfy  all  the  conditions  by  assuming  for 
yjr'  a  formula  of  the  type  tA,n  cosh  mx  cos  my.     The  conditions  which  hold  at 

*  The  corresponding  hydrodynamical  problem  was  solved  by  Stokes,  Cambridge  Phil.  Soc. 
Trans.,  vol.  8  {18^3)  =  Math,  and  Phys.  Papers,  vol.  1,  p.  16. 

L.  K  20 
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the  boundaries  y  =  ±h  require  that  m  should  be  ^  (2?i  +  l)'7r/b,  where  n  is  an 
integer.  If  we  assume  that,  when  h>y  >  —  h,  the  function  y^  —  h^  can  be 
expanded  in  a  series  according  to  the  form 

,-  6=  =  24_  cosh  <i!L±i)^«  cos  <^^^±il^^ , 

we  may  determine  the  coefficients  by  multiplying  both  members  of  this 
equation  by  cos  {(2n  +  V)'jryl2b},  and  integrating  both  members  with  respect 
to  y  between  the  extreme  values  —  b  and  b.     We  should  thus  find 


.             ,  (2?i  +  l)7ra      ,    ,„ ,,  .,„ 
A^+,  cosh  ^ ^ —  =  (-)"+'  46= 


2^ 


26  ^    '  (2n  +  iy7r^" 

This  process  suggests  that  when  b>  y>  —  b  the  sum  of  the  series 

3o    U7rJ(2n+l)^'°'  26  ^^^^ 

is  y^  —  61  We  cannot  at  once  conclude  that  this  result  is  proved  by  Fourier's 
theorem*,  because  a  Fourier's  series  of  cosines  of  multiples  of  Try /2b  represents 
a  function  in  an  interval  given  by  the  inequalities  26  >  y  >  —  26,  and  the 
value  y'  —  ¥  of  the  function  to  be  expanded  is  given  only  in  the  interval 
b  >  y>  —  b.  If  the  Fourier's  series  of  cosines  contains  uneven  multiples  of 
■jryjib  only,  the  sign  of  every  term  of  it  is  changed  when  for  y  we  put  2b  —  y; 
it  follows  that,  if  the  series  (13)  is  a  Fourier's  series  of  which  the  sum  is 
y^  —  6=  when  b>  y>  0,  the  sum  of  the  series  when  26  >  y  >  6  is  6=  —  (26  —  yf. 
Now  we  may  show  that  the  Fourier's  series  for  an  even  function  of  y,  which 
has  the  value  y^  —  6^  when  6  >  y  >  0,  and  the  value  6^  —  (26  —  yf  when 
2b>  y  >b,  is  in  fact  the  series  (13).  We  may  conclude  that  the  form 
of  ■\{r  is 

cosh  ^^"-+^)^^ 

xb^+i(cc^-  y^)  -  46^  (ir  i  -^^ ^^—  COS  (2^+i)^y 

ib+i{x      y)     46  y^2     2,^+l)3— ^72^+I)^«os 26 ' 


and  hence  that 


26 


.   ,   (2w  +  l)7ra! 
smh  ^^ r-r'- 


VW  «=o  (2n  + 1)^       ,  (2n  +  l)7ra  26  ^     ' 

'''''^ 26 

222.     Additional  results. 

The  torsion  problem  has  been  solved  for  many  forms  of  boundary.  One  method  is  to 
assume  a  plane  harmonic  function  as  the  function  i|^,  and  determine  possible  boundaries 

*  Observe,  for  example,  that  the  Fourier's  series  of  cosines  of  multiples  of  vyllh  which  has 
the  sum  y-  -V  throughout  the  interval  26>j/>-26is 

tt'  „  =  i    11-  26 

t  The  expression  for  0  must  be  unaltered  when  x  and  y,  a  and  ft,  are  interchanged.  For  an 
account  of  the  identities  which  arise  from  this  observation  the  reader  is  referred  to  a  paper  by 
F.  Purser,  Messenger  of  Math.,  vol.  11  (1882). 
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from  the  equation  ^-^  {x^+y^)  =  const.  As  an  example  of  this  method  we  may  talse  ip-  to 
be  A  iafi-Zxy^) ;  if  we  put  A=  -1/Qa,  the  boundary  can  be  the  equilateral  triangle*,  of 
altitude  3a,  of  which  the  sides  are  given  by  the  equation 

(x-a){3!-t/^3  +  2a)  {/v+y  ^d  +  2a)=0. 

Other  examples  of  this  method  have  been  discussed  by  Saint-Venant. 

Another  method  is  to  use  conjugate  functions  ^,  rj  such  that  |  +  «;  is  a  function  of 
sc-\-iy.  If  these  functions  can  be  chosen  so  that  the  boundary  is  made  up  of  curves  along 
which  either  |  or  ?;  has  a  constant  vahio,  then  ■>//■  is  the  real  part  of  a  function  of  l  +  tij, 
which  has  a  given  value  at  the  boundary  ;  and  the  problem  is  of  the  same  kind  as  the 
torsion  problem  for  the  rectangle.     We  give  some  examples  of  this  method : — 

(i)     A  sector  of  a  circlet,  boundaries  given  by  r=0,  r  =  a,  6=  +8. — We  find 

,      ,    ,cos2i9        ,oor  fr\&n+l)^  (         ,,,rren 

^=*'-'S^0  +  '''!K"t)  ^^cos{(2»  +  l)-|J, 

where  ^2"  +  i  =  (-)"'''[(2»  +  l)  7r-4^  "  (2»  +  l)  tt  +  (2»  +  l)  7r  +  4^J- 

If  we  write  re'-^=as:,  then 

'^      ^     ^     cos  2^     20  I     _/  0         -  ■^  ■^  J  0         - 

where  |  x  \  ^1,  and  tan~'a;'^'^^  denotes  that  branch  of  the  function  which  vanishes  with  x. 

In  case  7r/2/3  is  an  integer  greater  than  2  the  integrations  can  be  performed,  but 
when  7r/2j3  =  2  the  first  two  terms  become  infinite,  and  their  sum  has  a  finite  limit,  and  we 
find  for  a  quadrantal  cylinder 

,|,_i^  =  ^  ^  -xnogx+ta.n--^x^  +  ifx^-^^  log(l+.r4)1 

For  a  semi-circular  cylinder 

^-.<^  =  ^^[i..^-.-(.  +  l)+i.(.H^,-2)logi±|]. 

(ii)  For  a  curvilinear  rectangle  bounded  by  two  concentric  circular  arcs  and  two  radii, 
we  use  conjugate  functions  a  and  ft  which  are  given  by  the  equation 

x  +  iy  =  ce°-'^'^; 

we  take  the  outer  radius,  a  to  be  ce"'  and  the  inner,  6  to  be  ce~°°  (so  that  c  is  the  geome- 
trical mean  of  the  radii),  and  we  take  the  bounding  radii  to  be  given  by  the  equations 
0=±/3o-     We  find 

cob  ^Po  0 


where  *„  = 


.  ,   (2ra  +  1)  TO  ,   (2«  +  1)  na 

^'""^         28  °°''^  28 

''"^^  '"0      ,.(2.+  l).ao  +  -^°^  ^°°.,(2.+  lU| 


,     .     .    (2m  +  l)7r/3 
(-)"S'P        2g 
and  An=  " 


"{(2»  +  l)7r-4/3o}  (2m+l)  t  {(2m+l)7r-|-4/3o}' 

*  See  Figures  23  and  24  in  Article  223. 

+  See  A.  G.  Greenhill,  Messenger  of  Math.,  vol.  8  (1877),  p.  89,  and  vol.  10  (1880),  p.  83. 
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(iii)     When  the  twisted  prism  is  a  hollow  shaft,  the  inner  and  outer  boundaries  being 

circles  which  are  not  concentric,  we  may  use  the  conjugate  functions  |,  rj  determined 

by  the  equation 

^  +  iy=c  tan^d  +  ii;); 

and,  if  j)  =  a  represents  the  outer  boundary,  and  r)  =  p  the  inner,  we  may  prove*  that 

„«,     ,   e""^coth8sinh?t(n-a)  +  e~'"'cothasinh«0-n)       ,    . 
n=i  smhreO-a) 

(iv)    When  the  boundaries  are  confocal  ellipses  and  hyperbolas  we  may  use  the  conju- 
gate functions  |,  i;  determined  by  the  equation 

a;+iy  =  ccoah(^  +  ir]). 
In  the  case  of  a  hollow  tube,  of  which  the  section  is  bounded  by  two  confocal  ellipses 
Id  and  li,  we  may  prove  t  that 


^       sinh2(^o-g)  +  sinh2(g-gO  ^^^ 
*  smh2{|„-fi) 


223.     Graphic  expression  of  the  results. 

(a)    Distortion  of  tlie  cross-sections. 

The  curves  <^  =  const,  are  the  contour  lines  of  the  surface  into  which  any  cross- 
section  of  the  prism  is  distorted.  These  curves  were  traced  by  Saint-Venant  for  a  number 
of  forms  of  the  boundary.     Two  of  the  results  are  shown  in  Fig.  22  and  Fig.  23.     In]^both 


Fig.  22. 
cases  the  cross-section  is  divided  into  a  number  of  compartments,  4  in  Fig.  22,  6  in 
Fig.  23,  and  <^  changes  sign  as  we  pass  from  any  compartment  to  an  adjacent  com- 
partment, but  the  forms  of  the  curves  (^  =  const,  are  unaltered.  If  we  think' of  the  axis 
of  the  prism  as  vertical,  then  the  curved  surface  into  which  any  cross-section  is  strained 
lies  above  its  initial  position  in  one  compartment  and  below  it  in  the]  adjacent  compart- 
ments. Saint-Venant  showed  that  the  sections  of  a  square  prism  are  divided  in  this  way 
into  8  compartments  by  the  diagonals  and  the  lines  drawn  parallel  to  the  sides  through 
the  centroid.  When  the  prism  is  a  rectangle,  of  which  one  pair  of  opposite  sides  is  much 
longer  than  the  other  pair,  there  are  only  4  compartments  separated  by  the  lines  drawn 
parallel  to  the  sides  through  the  centroid.  The  limiting  case  between  rectangles  which 
are  divided  into  4  compartments  and  others  which  are  divided  into  8  compartments 

*  H.  M.  JIaedonald,  Cambridge  Phil.  Soc.  Proc,  vol.  8  (1893). 

+  Cf.  A.  G.  Greenhill,  Quart.  J.  of  Math.,  vol.  16  (1879).     Other  examples  of  elliptic  and 
hyperbolic  boundaries  are  worked  out  by  Filon,  loc.  cit.  p.  304. 


222,  223] 


OF   A  TWISTED  PRISM 


309 


occurs  when  the  ratio  of  adjacent  sides  is  1-4513.  The  study  of  the  figures  has  promoted 
comprehension  of  the  result  that  the  cross-sections  of  a  twisted  prism,  of  non-circular 
section,  do  not  remain  plane. 

y 


Fig.  23. 
(6)     Lines  of  shearing  stress. 

The  distribution  of  tangential  traction  on  the  cross-sections  of  a  twisted  prism  can  be 
represented  graphically  by  means  of  the  lines  of  shearing  stress.  These  lines  are  deter- 
mined by  the  equation 

They  have  the  property  that  the  tangential  traction  on  the  cross-section  is  directed  at  any 
point  along  the  tangent  to  that  curve  of  the  family  which  passes  through  the  point.     If 
the  curves  are  traced  for  equidifferent  values  of  c,  the  tangential  traction  at  any  point  is 
measured  by  the  closeness  of  consecutive  curves. 
In  the  case  of  the  prism  of  elliptic  section 

and  the  lines  of  shearing  stress  are  therefore  concentric  similar  and  similarly  situated 
ellipses.     In  the  case  of  the  equilateral  triangle 

and  the  lines  of  shearing  stress  are  of  the  forms  shown  in  Fig.  24. 


Fig.  24. 
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224.     Analogy    to    the    form    of   a    stretched    membrane    loaded 
uniformly*. 

Let  a  homogeneous  membrane  be  stretched  with  uniform  tension  T  and  fixed  at  its 
edge.  Let  the  edge  be  a  given  curve  in  the  plane  of  x,  y.  When  the  membrane  is 
subjected  to  pressure,  of  amount  p  per  unit  of  area,  it  will  undergo  a  small  displacement 
i,  and  0  is  a  function  of  x  and  y  which  vanishes  at  the  edge.  The  equation  of  equilibrium 
of  the  membrane  is 


The  function  2Tzlp  is  determined  by  the  same  conditions  as  the  function  *  of  Article  219, 
provided  that  the  edge  of  the  membrane  is  the  same  as  the  bounding  curve  of  the  cross- 
section  of  the  twisted  prism.  It  follows  that  the  contour  lines  of  the  loaded  membrane 
are  identical  with  the  lines  of  shearing  stress  in  the  cross-section  of  the  prism. 

Further  the  torsional  rigidity  of  the  prism  can  be  represented  by  the  volume  contained 
between  the  surface  of  the  loaded  membrane  and  the  plane  of  its  edge.  We  have  seen 
already  in  Article  216  that  the  torsional  rigidity  is  given  by  the  equation 

<'-//{(g-)'H|--)}-* 

or,  in  terms  of  ■*■,  we  have 


=  2/i  /  I'^cUdy, 


g2^     gz^ 
since  *  vanishes  at  the  edge  and  ^—^  +  ^-^  +  2=0.     It  follows  that  the  volume  in  question 

is  (,pI4ixT)C.  '^        ^ 

225.     Twisting  couple. 

The  couple  can  be  evaluated  from  (6)  of  Article  216  when  the  function  cj) 
is  known.     We  shall  record  the  results  in  certain  cases. 

(a)     The  circle. 

If  a  is  the  radius  of  the  circle  the  twisting  couple  is 

^fj,T7ra-' (15) 

(6)     The  ellipse. 

From  the  value  of  ^  in  Article  221  (b)  we  find  that  the  twisting  couple  is 

IMTTra'lfl{a^  +  ¥) (16) 

(c)     The  rectangle. 

From  the  result  of  Article  221  (c)  we  find  for  the  twisting  couple  the 
formula 

lir^ah  (a-  +  b')  -  /MT^ab  (a"  -  b')  +  4>ij,t¥  (-] 


f    9*        3<I>1    ,    , 


*  The  analogy  here  described  was  pointed  out  by  L.  Praudtl,  Pkys.  Zeitschr.,  Bd.  4  (1903), 
it  affords  a  means  of  exhibiting  to  the  eye  the  distribution  of  stress  in  a  twisted  prism. 
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where  $  stands  for  the  series 

I      (-)»     ^'""^  26         '^'^         26 

„=o(2n  +  l)»  ,(2w  +  l)7ra 

"°^^         26 

Taking  one  term  of  the  series,  we  have  a  term  of  the  integral,  viz. : 

(2*i+l)2cosh{(2n  +  l)'n-a/26}  26  jjf^^'^''         26  °^         26 

,  (2n  +  l)-7rx   .    (2n  +  1)  ify]   ,    , 
—  y  cosh  ^^ ^ —  sm  ^^^ ^ — -Y  dxdy. 


Now 


/: 


.,(2w  +  l)7r«,  26         r„  ,  (2w+l)7ra 

;  smh  ^ ^ —  dx  =  -^ — --——     2a  cosh  ^ ^ — 

26  (2n  + 1)  TT  L  26 


26 


2sinh(?^^±^" 


(271+1)  tt'  26 


/: 


/ 


a  26  (2n+l)7r  26 

/OS  2^         ^2/-(2n  +  l)7r^^    ^-^  ' 

*        .    (2n  +  l)7rw,              86='         .     ,,„ 
y  sm  ^ ^/    ■^  iv  =  7S TTT— „  (- 1)". 


/: 


Hence  the  twisting  couple  is  equal  to 

f^ra63  +  fi)Vra63i  ,^l---^.6^fiYi  t^^  tanh  <?^1)^ . 
^'^  VW  '^        „=o(2?i  +  l)*     ^       V7r/„=o(2?i+l)=  26 

00 

Since  2  {2n+l)~*  is  7rY96,  we  may  write  down  the  value  of  the  twisting 
couple  in  the  form 

The  series  in  (17)  has  been  evaluated  by  Saint- Venant  for  numerous  values  of  the 
ratio  a  :  b.     When  a  >  36  it  is  very  nearly  constant,  and  the  value  of  the  twisting  couple 

is  nearly  equal  to  /iraS^    — (3'361)    .     For  a  square  the  couple  is  (4'4985)  /ira*. 

The  twisting  couple  was  also  calculated  by  Saint- Venant  for  a  number  of  other  forms 
of  section.  He  found  that  the  resistance  of  a  prism  to  torsion  is  often  very  well  expressed 
by  replacing  the  section  of  the  prism  by  an  ellipse  of  the  same  area  and  the  same  monient 
of  inertia*.  The  formula  for  the  twisting  couple  in  the  case  of  an  ellipse  of  area  A  and 
moment  of  inertia  /  is  utA'^/Ajt^I. 

*  Saint- Venant,  Paris,  C.  B.,  t.  88  (1879). 
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226.     Torsion  of  seolotropic  prism. 

The  theory  which  has  been  explained  in  Article  216  can  be  extended  to  a  prism  of 
seolotropic  material  when  the  normal  section  is  a  plane  of  symmetry  of  structure.  Taking 
the  axis  of  z  to  be  parallel  to  the  generators  of  the  bounding  surface,  we  have  the  ^train- 
energy-function  expressed  in  the  form  belonging  to  crystalline  materials  that  correspond 
with  the  group  C^  (Article  109).  The  displacement  being  expressed  by  the  formulse  (1), 
the  stress-components  that  do  not  vanish  are  X^  and  Y^,  and  these  are  given  by  the 
equations 

The  equations  of  equilibrium  are  equivalent  to  the  equation 
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"55  a  ^2  +  ^^44  a;;?  +  ^^^46  57:^.  -  0. 


which  must  hold  over  the  area  of  the  cross-section  ;  and  the  condition  that  the  bounding 
surface  may  be  free  from  traction  is  satisfied  if  the  equation 

«66gf  C0S(.r,  ./)  +  C44g^(C0Sy,  y) -I-O45  |^  COS  (^,  v)-|-g|  cos(y,  r)| 

=  C55 y  cos {x,  v) - Cn X cos (y,  p)  - c^^  {x  cos {x,  v)-  y  cos  (y,  v)} 

holds  at  all  points  of  the  bounding  curve.  Exactly  in  the  same  way  as  in  the  case 
of  isotropy,  we  may  prove  that  the  differential  equation  and  the  boundary  condition 
are  compatible,  and  that  the  tractions  across  a  normal  section  are  equivalent  to  a 
couple  of  moment 

T  ^ j\c^x^+c^y^-'ic,,xy  +  Ci,x^-c,,y^^  +  c^,{x^^-y'^:^dxdy. 

The  analysis  is  simplified  considerably  in  case  0^5  =  0.     If  we  put  L  for  c^^  and  M  for 
C55,  the  differential  equation  may  be  written 

and,  if/(:c,  y)  =  0  is  the  equation  of  the  bounding  curve,  the  boundary  condition  may 
be  written 

ex  ox        oy  oy  ox  oy 

We  change  the  variables  by  putting 

^=W^2--    y^ys/^T'    "^='^2V(IF)- 

Then  0'  satisfies  the  equation 

320'    aV'_o 

3^2  +  32^2-"- 
The  equation /(j;,  y)=0  becomes  P(x\y')  =  0,  where 


80  that  ^^-^f      1^^         ^^-^f      /  2i 
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and  the  boundary  condition  is  transformed  into 

ji  J/ 
which  is  ^~y' °°^  ^•^''  "')  —  ^'  cos (y,  v), 

if  dv  is  the  element  of  the  normal  to  the  transformed  boundary.  Thus  <f)  can  be  found  for 
any  boundary  if  ^'  can  be  found  for  an  orthographic  projection  of  that  boundary ;  and 
the  problem  of  finding  (j/  is  the  simple  torsion  problem  which  we  considered  before. 

As  an  example  we  may  take  a  rectangular  prism  with  boundaries  given  by  .v=±a, 
y=  +6.     We  should  find  that  the  formula  for  (p  is 


,  ,       /M2%^  -      (-) 


^.^j^(2^  +  l).^V£ 


2b  JM  .    (2k +  1)  Try 


and  that  the  twisting  couple  is  expressed  by  the  formula 

(3      a^X  VV  „=o(2re+l)6  2b  ^M      j 

This  formula  has  been  used  by  W.  Voigt  in  his  researches  on  the  elastic  constants  of 
crystals.     [See  Article  113.] 


CHAPTER  XV. 


THE  BENDING  OF  A  BEAM  BY  TERMINAL  TRANSVERSE  LOAD. 

227.     Stress  in  a  bent  beam. 

In  Article  87  we  described  the  state  of  stress  in  a  cylinder  or  prism  of 
any  form  of  section  held  bent  by  terminal  couples.  The  stress  at  a  point 
consisted  of  longitudinal  tension,  or  pressure,  expressed  by  the  formula 

tension  =  —  Mxjl, 

where  M  is  the  bending  moment,  the  plane  of  {y,  z)  contains  the  central-line, 
the  axis  of  x  is  directed  towards  the  centre  of  curvature,  and  /  is  the  moment 
of  inertia  of  the  cross-section  about  an  axis  through  its  centroid  at  right 
angles  to  the  plane  of  bending.  In  Article  9-5  we  showed  how  an  extension 
of  this  theory  could  be  made  to  the  problem  of  the  bending  of  a  rectangular 
beam,  of  small  breadth,  by  terminal  transverse  load.  We  found  that  the 
requisite  stress-system  involved  tangential  traction  on  the  cross-sections  as 
well  as  longitudinal  tensions  and  pressures,  but  that  the  requisite  tension, 
or  pressure,  was  determined  in  terms  of  the  bending  moment  by  the  same 
formula  as  in  the  case  of  bending  by  terminal  couples.  This  theory  will  now 
be  generalized  for  a  beam  of  any  form  of  section*.  Tangential  tractions  on 
the  elements  of  the  cross-sections  imply  equal  tangential  tractions,  acting  in 
the  direction  of  the  central-line,  on  elements  of  properly  chosen  longitudinal 
sections,  the  two  tangential  tractions  at  each  point  constituting  a  shearing 
stress.  It  is  natural  to  expect  that  the  stress-system  which  we  seek  to 
determine  consists  of  longitudinal  tensions,  and  pressures,  determined  as 
above,  together  with  shearing  stress,  involving  suitably  directed  tangential 
tractions  on  the  elements  of  the  cross-sections.  We  shall  verify  this  antici- 
pation, and  shall  show  that  there  is  one,  and  only  one,  distribution  of 
shearing  stress  by  means  of  which  the  problem  can  be  solved. 

*  The  theory  is  due  to  Saint-Venant.     See  Introduction,  footnote  50,  and  p.  20. 
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228.     Statement  of  the  problem. 

To  fix  ideas  we  take  the  central -line  of  the  beam  to  be  horizontal,  and 
one  end  of  it  to  be  fixed,  and  we  suppose  that  forces  are  applied  to  the  cross- 
section  through  this  end  so  as  to  keep  the  beam  in  a  nearly  horizontal 
position,  and  that  forces  are  applied  to  the  cross-section  containing  the  other  end 
in  such  a  way  as  to  be  statically  equivalent  to  a  vertical  load  TT  acting  in  a  line 
through  the  centroid  of  the  section.  We  take  the  origin  at  the  fixed  end, 
and  the  axis  of  z  along  the  central-line,  and  we  draw  the  axis  of  x  vertically 
downwards.  Further  we  suppose  that  the  axes  of  x  and  y  are  parallel  to  the 
principal  axes  of  inertia  of  the  cross-sections  at  their  centroids.  We  denote 
the  length  of  the  beam  by  I,  and  suppose  the  material  to  be  isotropic.  We 
consider  the  case  in  which  there  are  no  body  forces  and  no  tractions  on  the 
cylindrical  bounding  surface. 


->z 


Fig.  25. 

The  bending  moment  at  the  cross-section  distant  z  from  the  fixed  end  is 
W  {I  —  z).  We  assume  that  the  tension  on  any  element  of  this  section  is 
given  by  the  equation 

Z,  =  -W{l-z)xlI,     (1) 

where  /  stands  for  the  integral  jlx^dxdy  taken  over  the  area  of  the  cross- 
section.  We  assume  that  the  stress  consists  of  this  tension  Z^  and  shearing 
stress  having  components  X^  and  T^,  so  that  the  stress-components  X^,  Ty, 
Xy  vanish ;  and  we  seek  to  determine  the  components  of  shearing  stress  X^ 
and  Yg. 

Two  of  the  equations  of  equilibrium  become  dX^/dz  =  0,  9  Tg/dz  =  0,  and  it 
follows  that  Xz  and  Y^  must  be  independent  of  z.  The  third  of  ~th§  equations 
of  equilibrium  becomes 

t-f-^^-- (^) 

The  condition  that  the  cylindrical  bounding  surface  is  free  from  traction  is 
Z'2Cos(«,  v)+  Fjcos  (y,  v)  =  0 (3) 

The  problem  before  us  is  to  determine  X^  and  Yz  as  functions  of  x  and  y 
in  accordance  with  the  following  conditions : — 

(i)  The  differential  equation  (2)  is  satisfied  at  all  points  of  the  cross- 
section  of  the  beam. 
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(ii)  The  condition  (3)  is  satisfied  at  all  points  of  the  bounding  curve  of 
this  section. 

(iii)  The  tractions  on  the  elements  of  area  of  the  terminal  cross-section 
(z  =  I)  are  statically  equivalent  to  a  force  W,  directed  parallel  to  the  axis  of 
X,  and  acting  at  the  centroid  of  the  section. 

(iv)  The  stress-system  in  which  X^  =  Yy  =  Xy  =  0,  Z^  is  given  by  (1),  and 
Xz,  Fz  satisfy  the  conditions  already  stated,  is  such  that  the  conditions  of 
compatibility  of  strain-components  (Article  17)  are  satisfied. 

229.     Necessary  type  of  shearing  stress. 
The  assumed  stress-system  satisfies  the  equations 

X,  =  Yy  =  Xy  =  0,    Z,  =  -W(l-z)x/I,    ^-^J-^  =  0, 

and  consequently  the  strain-components  satisfy  the  equations 

W(l-z)x  _       __  _.      de^x  __  deyi  _  ^ 

where  E  and  cr  denote  Young's  modulus  and  Poisson's  ratio  for  the  material. 
The  equations  of  compatibility  of  the  type 

dz^        dy^      dydz 
are  satisfied  identically,  as  also  is  the  equation 

dxdy     dz  \  dx       dy        dz 
The  remaining  equations  of  compatibility  of  this  type  become 
d  /deyi     de^^  _  -       9  /dey^     dezx\  _     2crF" 


dx\dx       dy  J        '    dy  \ dx       dy  J  EI 

From  these  equations  we  deduce  the  equation 

9^_3ez2_  20-TF" 

dx       dy  ~  EI  y' 

where  2t  is  a  constant  of  integration ;  and  from  this  equation  it  follows  that 
Byz  and  Bzx  can  be  expressed  in  the  forms 


''yz 


9(^0 


9<fro     tW  , 


=  ™+a^'     .z.=-ry  +  ^"+^3/^ (4) 


where  (^o  is  a  function  of  *■  and  y. 

On  substituting  from  these  equations  in  the  formulae  Xi  =  fjueix  and 
Yz  =  fJ-Byz,  and  using  the  relation  /a  =  ^E/{1  +  a),  we  see  that  equation  (2) 
takes  the  form 

d^<i>.d^4>.    2(i-t-<r)r 

dx^      32/"  EI  ' 
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and  condition  (3)  takes  the  form 

-^°  =  T  {2/  cos  {x,  v)-x  cos  iy,  v)]  -^y"  cos  («,  v). 

These  relations  are  simplified  by  putting 

W 

'f>o  =  rcf>-^{x  +  i<Tx'  +  (l  +  i'T)xf} (6) 

Then  ^  is  the  torsion  function  for  the  section  (Article  216),  and  %  is  a 
function  which  satisfies  the  equation 

B+^^-o « 

at  all  points  of  a  cross-section,  and  the  condition 

^  =  -  {^ax'  +  {l  -  io-)2/=}  cos  (x,  v)-{2  +  cr)xy  cos(y,  v) (7) 

at  all  points  of  the  bounding  curve.  The  compatibility  of  the  differential 
equation  (6)  and  the  boundary  condition  (7)  is  shown  by  observing  that,  since 

the  integral  1 1  xdxdy  taken  over  the  cross-section  vanishes,  the  integral  of  the 

right-hand  member  of  (7)  taken  round  the  boundary  vanishes.  The  problem 
of  determining  the  function  ^  from  equation  (6)  and  condition  (7)  may  be 
called  the  "  flexure  problem  "  for  the  section. 

When  the  functions  0  and  ^  are  known  the  shearing  stresses  X^  and  Y^ 
are  known  in  the  forms 

The  terms  that  contain  t*  express  a  system  of  tractions  on  the  elements 
of  area  of  the  cross-section,  which  are  statically  equivalent  to  a  couple  about 
the  axis  z  of  moment 

^,^^{^^.  +  y.+  J^-y^£^dxdy; 

and  the  terms  which  contain  W  would  give  rise  to  a  couple  about  the  same 
axis  of  moment 

We  adjust  t  so  that  the  sum  of  these  couples  vanishes. 

The  tractions  on  the  elements  of  area  of  a  cross-section  are  statically 
equivalent  to  a  certain  force  at  the  centroid  of  the  section  and  a  certain 

*  They  are  of  the  same  form  as  the  tractions  in  the  torsion  problem. 
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couple.  We  show  that  the  force  is  of  magnitude  Tf  and  is  directed  parallel 
to  the  axis  of  x,  and  that  the  couple  is  of  moment  W  {I  —  z)  and  has  its  axis 
parallel  to  the  axis  of  y.     These  statements  are  equivalent  to  the  equations 

jjX,dxdy  =  W,    jJY,dxdy  =  0,    jjz,dxdy  =  0,    (9) 

and 

jjyZ,dxdy  =  0,    {\-xZ,dxdy  =  W{l-z),    jjixY,-yX,)dxdy  =  0.  ...(10) 

Now  by  (2)  and  (3)  we  may  write  down  the  equations 

jjx.dxdy=fj{x.  +  x(^-§  +  '^)+^]dxdy 

=  W  +  jx  {Xj  cos  (x,  v)  +  Fj  cos  (y,  i')}  ds 

In  like  manner,  observing  that    I  Ixydxdy  vanishes,  we  may  prove  the 

second  of  equations  (9).  The  third  of  these  equations  and  the  first  two  of 
equations  (10)  follow  at  once  from  the  formula  (1)  for  Z^,  and  the  constant  t 
has  already  been  adjusted  so  that  the  third  of  equations  (10)  shall  be 
satisfied. 

The  functions  (p  and  %  are  each  determinate,  except  for  an  additive 
constant  which  does  not  affect  the  stress.  We  have  therefore  shown  that  the 
problem  stated  in  Ai-ticle  228  admits  of  one,  and  only  one,  solution. 

230.     Formulae  for  the  displacement. 

The  displacement  can  be  deduced  from  the  strain  without  determining 
the  forms  of  <j)  and  %.     The  details  of  the  work  are  as  follows : — 

"We  have  the  equation 

dvj         W(l  —  z)m 
di^~        EI       ' 
from  which  we  deduce  the  equation 

Wl         I  W      ,     ^,  • 

'"'=-EI^^'^^m'^^'    ^  ^ 

where  ^'  is  a  function  of  x  and  y.    Again,  we  have  the  equation.? 


cu 


Wl  W 


ox        EI  El     ' 

du_Wl    _1_W^  2  o^  2    dj}j     80' 

dz~El'    2El'     ''^'^El^'^dx       a^ 

of  which  the  second  is  obtained  from  (11)  and  the  second  of  (4).     These  two  equations  are 
compatible  if 

vx'-  EI 
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and  these  are  compatible  if 
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Again,  we  have  the  equations 

dv_     Wl  W        '\ 

^  =  ra;  +  ^-^- 
dz  dy       dy  ' 

dy^       +"  EI 

/Art/  OW 

Purther,  by  differentiating  the  left-hand  member  of  the  equation  ^  +  =-  =  0  with  respect 
to  2,  we  obtain  the  equation 

dxdy  EI" 

The  three  equations  for  ^q  -  <^'  show  that  we  must  have 

W 
^'  =  <i>o  +  <T-^j{l«?  +  \xy^)-^a:+ayJry', 

where  u,  ft  y'  are  constants.    When  we  substitute  for  0o  from  (5)  we  find  the  following 
expression  for  ^' : — 

W 

The  displacement  w  is  now  determined.     When  we  substitute  for  <f)'  in  the  equations  for 
du/dz  and  dv/dz,  we  obtain  the  equations 

rh/  W 

dv  W 

From  the  equations  for  du/dx  and  dujdz  ire  obtain  the  following  form  for  u : — 
W 

U=-  ryz+^^  [il  (22+0-^2)  -  iza-  («2  _3/2)  _  j23]+^2  +  irj  (y)^ 

where  F^  (y)  is  an  unknown  function  of  y.    In  like  manner  we  find  the  following  form 
for  v. — 

W 
v=TZX+-^  a- (l~z) xy  —  az+F2(jx:), 

where  E^ix)  is  an  unknown  function  of  x.     Since  du/dy  +  dv/dx=0,  the  functions  F^,  F^ 
satisfy  the  equation 

dF^     dF.         TF  ,      „ 

and  we  must  have 

W 

where  a,  fi',  y  are  constants  of  integration. 

We  have  now  found  the  displacement  in  the  form 


W 


EI 

W 
V  =  Tzx  +  =^  o-  (Z  —  2;)  OT  +  7a;  -  a^  +  /3', 
M/I 

w 

w  =  T^  - -gj  [a;  (i^  - 1-^^)  +  X  +  «!/']  - /3a;  +  ay  +  7', 


...(12) 
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in  which  a,  /3,  -y,  a',  j8',  7'  are  constants  of  integration.  These  equations  give 
the  most  general  possible  form  for  the  displacement  (u,  v,  w)  when  the  stress 
is  determined  by  the  conditions  stated  in  Article  228. 

The  terms  of  (12)  that  contain  a,  ^,  y,  a',  j3',  7'  represent  a  displacement 
which  would  be  possible  in  a  rigid  body,  and  these  constants  are  to  be 
determined  by  imposing  some  conditions  of  fixity  at  the  origin.  (Of. 
Article  18.) 

We  have  supposed  that  the  origin  is  fixed,  and  we  must  therefore  have 
a  =0,  ^'  =  0.  We  shall,  in  general,  suppose  that  the  additive  constants  in 
the  expressions  for  (f>  and  x  are  determined  so  that  these  functions  vanish  at 
the  origin.     Then  we  must  also  have  7'  =  0. 

Besides  fixing  a  point,  we  may  fix  a  line  through  the  point.  We  shall 
suppose  that  the  linear  element  which,  in  the  unstressed  state,  lies  along  the 
axis  of  y  retains  its  primitive  direction.     Then  we  must  have  a  =  0,  7  =  0. 

Besides  fixing  a  point,  and  a  linear  element  through  the  point,  we  may 
fix  a  surface  element  through  the  line.  The  value  of  the  constant  /3  depends 
upon  the  choice  of  this  element.  If  we  choose  the  element  of  the  cross- 
section,  we  must  have  dwjdos  =  0  at  the  origin.  If  we  choose  the  element  of 
the  neutral  plane  (i.e.  the  plane  x  =  0),  we  must  have  dujdz  =  0  at  the  origin. 
In  the  former  case  the  central  element  of  the  cross-section  at  the  fixed  end 
remains  vertical ;  in  the  latter  case  the  element  of  the  central-line  at  the 
fixed  end  remains  horizontal.  There  is  no  reason  for  assuming  that  in  all 
practical  cases  either  of  these  conditions  holds ;  most  probably  different 
values  of  /3  fit  the  circumstances  of  different  particular  cases. 

231.     Solution  of  the  problem  of  flexure  for  certain  boundaries. 

We  shall  now  show  how  to  find  the  function  'y^  from  the  equation  (6)  and 
the  condition  (7)  when  the  boundary  of  the  section  of  the  beam  has  one  or 
other  of  certain  special  forms.  The  constant  which  may  be  added  to  x  '^il^ 
generally  be  chosen  so  that  ^(^  vanishes  at  the  origin. 

(a)     The  circle. 

The  equation  of  the  bounding  curve  is  x^  +  y"^  =  a^.  In  terms  of  polar 
coordinates  (r,  6)  the  boundary  condition  at  the  curve  r  =  a  is 

^  =  -  a^  cos  ^  {^o-  cos^  6  +  {l-  ^a)  sin''  6}  -  a'  sin  d  {(2  +  <t)  sin  0  cos  6}, 

or      |^  =  -(f-|-|o-)a2cos6l-(-|a^cos3^. 

Since  %  is  a  plane  harmonic  function  within  the  circle  r  =  a,  we  must  have 

X  =  -  (f  +  J  0-)  aV  cos  d  +  li^  cos  dO, 
or  x  =  -(i+ho')(^''^  +  l('^-^'^f) (13) 


and  denote 
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(6)     Concentric  circles. 

The  beam  has  the  form  of  a  hollow  tube.     If  a^  is  the  radius  of  the  outer  circle,  and  a^ 
that  of  the  inner,  we  may  prove  that  x  is  of  the  form 

X=-(i+i<^)  |(ao'  +  ai^)»-  +  ^^|cosi9+;|r3cos35+const (14) 

In  this  case  we  cannot  adjust  the  additive  constant  so  as  to  make  x  vanish  at  the  origin, 
but  the  origin  is  in  the  cavity  of  the  tube. 

(c)     The  ellipse. 

The  equation  of  the  bounding  curve  is  oo^ja?  +  y'^jh^  =  1.     We  introduce 
conjugate  functions  f,  ri  by  means  of  the  relation 

x+  iy  =  (a"  -  6^)*  cosh  (f  +  ltj), 

-T^ — —    by  h.     The  value  of  A  at  a  point  on  the  boundary  is 
d{x+iy)      ■'  ^ 

p/ab,  where  p  is  the  central  perpendicular  on  the  tangent  at  the  point.     The 

boundary  condition  may  be  vcritten 

or 
-^  =  —  6  cos  ?7  {i  aa^  cos^  r}  +  {l  —  i(T)b^  sin^  "v}  —  a  sin  r)(2  +  a-)  ah  sin  ?;  cos  ?; ; 

a? 

and  this  is  the  same  as 

^  =  -  [(i  + 1<^)  «'&  +  (i  -  h'^)  ^']  «<?«  '7  +  [(i  +  i<^)  a'&  +  (i  -  4<^)  ^']  °os  377. 

Hence  we  must  have 

cosn.  ? 
%  =  -[(*  +  i<^)  c^'b  +  (i  -  i<7)  6^]  ^^^  cos 7, 

+  na  +  l<^)  0^'b  +  a  -  i<r)  ¥]  ^^^  cos  3^, 

where  fo  denotes  the  value  of  f  at  the  boundary,  so  that 

(a"  -  60*  cosh  lo  =  a.     (o^'  -  b'f  sinh  ^„  =  6. 
Now  we  have 

(a;  +  oyf  =  (a'  -  b'^f  i  {cosh  3  (^  +  it?)  +  3  cosh  (f  +  it,)], 

so  that  4  ^^|- 3^^^^^  =  cosh  3^  cos  3,7. 

Also  we  have  sinh  3^o  =  *  sinh'  |o  +  3  sinh  f„. 

Hence  we  find 

+  ¥LV¥  +  s'^/''  +  U     ¥°^.'''J  3a^  +  62  ' 

a^{2(l  +  ^)a-  +  6n         l  2a' +  6^  +  i<r (a- - 6^ 
""^     ^ 3^,^^^ ''  +  3  3a^  +  b^  ^^      3xy)....{15) 

L.  E.  21 
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In  the  above  analj'sis  we  have  proceeded  as  if  a  were  greater  than  h,  but 
it  is  easy  to  verify  that  the  final  result  holds  also  when  h  >  a.  In  case  b  =  a 
it  reduces  to  the  result  already  found  for  the  circle. 

{d)     Confocal  ellipses. 

By  an  analysis  similar  to  the  above  the  problem  might  be  solved  for  a  section  bounded 
by  two  confocal  ellipses.  The  result  could  not  be  expressed  rationally  in  terms  of  x  and  y. 
Taking  I,,  and  |j  to  be  the  values  of  ^  which   correspond  with  the  outer  and   inner 

boundaries,  and  writing  c  for  (a^-fe^)*,  we  may  show  that 

X  =  c^  cos  Ti  {{I-  J(t)  cosh  I  -  (i+|o-)  {cosh  |„  cosh  |i  cosh  (fo  +  li)  cosh  ^ 

-  sinh  lo  sinh  |i  sinh  (|o  +  li)  sinh  |}] 

,5        o   fi         1.0^     /  ;;    ,  1    vSinh|oCosh3(|-|,)-sinh|,cosh3(fo-|)l     /-./.n 
+  c3cos3,|_J^cosh3|-(^  +  J<r) ^5 ^\Ji;^3(g^_g;; ^^^J-  (16) 

(e)     The  rectangle. 

The  equations  of  the  boundaries  are  x=±a,  y  =  ±b.  The  boundary 
condition  at  x  =  ±  a  is 

^^  =  -{Xaa^  +  {l-^a)y%     (b>y>-b). 

The  boundary  condition  at  y  =  +  6  is 

^  =  +  (2  +  (7)bx,     (a>x>-  a). 

We  introduce  a  new  function  y^  by  the  equation 

x'  =  X-H2  +  <r)(^-3a^2/=) (17) 

Then  p^;'  is  a  plane  harmonic  function  within  the  rectangle,  d^'/dy  vanishes  at 
y  =  ±b,  and  the  condition  at  a;  =  +  a  becomes 


dx 


=  -  (1  +  0-)  a^  +  ay\ 


Now  when  b  >  y  >—b  the  function  y^  can  be  expanded  in  a  Fourier's  series 
as  follows : — 

3      tt''  „=i    n"  b 

Hence  x  can  be  expressed  in  the  form 

.    ,    yiTTX 

y^  =  \-{:V+„)a?  +  lcb-^\x+a—^   i  ^ ^  cos '^,...(18) 

cosh  -^— 
0 

and,  by  means  of  this  and  (17),  ;i^  can  be  written  down. 

(/)     Additional  results. 

The  results  for  the  circle  and  ellipse  are  included  in  the  formula 

X=Ax  +  B{a?-Zxy^); 
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the  solution  for  the  eUipse  was  first  found  by  adjusting  the  constants  A  and  B  of  this 
formula,  and  several  other  examples  of  the  same  method  were  discussed  by  Saint-Venant. 
Among  sections  for  which  the  problem  is  solved  by  this  formula  we  may  note  the  curve  of 
which  the  ordinate  is  given  by  the  equation 

3^=±6|(l-^7aTI,     (a>x>-a). 
The  corresponding  function  ^  is 

X  =  -  "^■a;  +  i  (1  -  i<r)  («3  _  3^2)_ 

When  <r=i  the  above  equation  becomes  x^ja^+yi/b^^l.  The  curve  is  shown  in  Kg.  2ff 
for  the  case  where  a=2b. 


X 
Fig.  26. 


Fig.  27. 


As  another  example  we  may  observe  that  the  formula* 
X  =  -  a^a; + J  (2  +  <r)  (^  -  3a^2) 

solves  the  problem  for  a  section  bounded  by  two  arcs  of  the  hyperbola  so''  (l  +  (T)-y^<r=a^ 
and  two  straight  lines  y=  ±a.     The  section  is  shown  in  Fig.  27,  cr  being  taken  to  be  J. 

232.     Analysis  of  the  displacement. 

(a)     Curvature  of  the  strained  central-line. 

The  central-line  of  the  beam  is  bent  into  a  curve  of  which  the  curvatures 
in  the  planes  (x,  z)  and  {y,  z)  are  expressed  with  sufficient  approximation  by 
the  values  of  d^u/dz^  and  d^v/dz"  when  x  and  y  vanish.  These  quantities  can 
be  calculated  from  the  expressions  for  the  components  of  strain  by  means  of 
the  formulae 

9^_9e^_3f«      d^v  _deyz     de^z 
dz''       dz       dx  '     dz"^       dz       dy  ' 

or  they  may  be  calculated  from  equations  (12).     We  find 

a%_  W(l-z) 
dz^  ^ 


EI 


^  =  0. 

dz' 


It  follows  that  the  plane  of  the  curve  into  which  the  central-line  is  bent  is 
the  plane  of  (x,  z),  and  that  its  radius  of  curvature  R  at  any  point  is  equal 
to  EI/W(l  —  z).    The  denominator  of  this  expression  is  the  bending  moment, 


*  Grashof,  Elasticitat  und  Festigkeit,  p.  246. 
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M  say ;  and  therefore  the  curvature  l/iJ  of  the  central-line  is  connected  with 
the  bending  moment  M  by  the  equation 

M  =  EI/R, (19) 

and  the  curvature  at  any  point  is  the  same  as  it  would  be  if  the  beam  were 
bent  by  terminal  couples  equal  to  the  value  of  M  at  the  point. 

(6)     Neutral  plane. 

The  extension  of  any  longitudinal  filament  is  given  by  the  equation 

ezz  =  -xlR (20) 

It  follows  that  filaments  which  lie  in  the  plane  x  =  0  suffer  no  extension  or 
contraction  ;  in  other  words,  this  plane  is  a  "  neutral  plane."  The  extension, 
or  contraction,  of  any  longitudinal  linear  element  is  determined  by  its 
distance  from  the  neutral  plane  and  the  curvature  of  the  central-line,  by 
exactly  the  same  rule  as  holds  in  the  case  of  bending  by  terminal  couples. 

(c)     Obliquity  of  the  strained  cross-sections. 

The  strained  central-line  is  not  at  right  angles  to  the  strained  cross- 
sections,  but  the  cosine  of  the  angle  at  which  they  cut  is  the  value,  at  any 
point  of  the  central-line,  of  the  strain-component  e^x-  We  shall  denote  it 
by  So-     Then  we  have 

shearing  stress  at  centroid  . 

°  rigidity  of  material        '     

and  we  may  calculate  Sq  by  the  formula 

s,  =  -{WIEI){dxldx\ (22) 

where  the  sufiSx  0  indicates  that  zero  is  to  be  substituted  for  x  and  y  after 
the  differentiation  has  been  performed. 

The  quantity  «„  is  a  small  constant,  so  that  all  the  strained  cross- sections 
cut  the  strained  central-line  at  the  same  angle  \ir—s^.  The  relative  situation 
of  the  strained  central-line  and  an  initially  vertical  filament  is  illustrated  by 
Fig.  14  in  Article  95. 

If  the  element  of  the  strained  cross-section  at  the  centroid  of  the  fixed 
end  is  vertical,  the  constant  /3  in  the  displacement,  as  given  by  (12),  is 
equal  to  So*- 

When  the  bounding  curve  is  the  elKpse  x^/a^+^^/V'^l,  we  find 

If  in  (21)  the  shearing  stress  at  the  centroid  were  replaced  by  the  average  shearing  stress 
(  W/irab),  the  estimated  value  of  s^  would  be  too  small,  in  a  ratio  varying  from  f ,  when  a  is 
large  compared  with  6,  to  |  when  6  is  large  compared  with  at. 

*  In  Saint- Venant's  memoir  p  is  identified  with  Sj . 
t  In  obtaining  these  numbers  a-  is  put  equal  to  J . 
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When  the  boundary  is  a  rectangle  we  find 


3Tr(l  +  o-) 
iEah 


o-     62 


[h^. 


(-1)" 


1        O  T_    ' 

71- cosh- 


.(23) 


The  expression  in  square  brackets  was  tabulated  by  Saint-Venant,  <r  being  taken  to  be  J, 
with  the  following  results : — 


ajb 

•25 

•5          ^75           1 

■ 
1 

1^25 

1^5 

2 

2-6 

3 

value  of 
expression 

•676 

•849      ^907 

•94 

•962 

•971 

•983 

•989 

■993 

(d)    Deflexion. 

The  deflexion  of  the  beam  is  the  displacement  of  a  point  on  the  central- 
line  in  the  direction  of  the  load ;  it  is  the  value  of  u  when  x  =  y  =  0.  If  we 
denote  it  by  f  we  have 


W 


^=  —  (^zH-lz^)  +  ^z. 


.(24) 


The  equation 


EI 


6?^ 


=  W{l-z),   (25) 


which  expresses  the  proportionality  of  the  bending  moment  to  the  curva- 
ture, would  suffice  to  determine  the  deflexion  if  the  direction  of  the  strained 
central-line  at  the  origin  were  known.  Equation  (24)  is  the  primitive  of  (25) 
when  the  condition  that  ^  vanishes  with  z  is  imposed.  The  term  ^z  in  (24) 
depends  on  the  mode  of  fixing,  as  has  been  explained  at  the  end  of  Article 
230 ;  the  other  term  depends  on  the  bending  moment, 
(e)     Twist. 

The  terms  of  (11)  which  contain  the  constant  t  indicate  that  the  beam 
twists  under  the  load.  The  amount  of 
the  twist  cannot  be  determined  until  the 
functions  <f>  and  -^^  have  been  found.  In 
each  of  the  particular  cases  that  we  have 
solved  T  vanishes.  This  is  due  to  the 
symmetry  of  the  sections.  An  example 
of  an  unsymmetrical  form  of  section  for 
which  the  analysis  could  be  worked  out 
is  shown  in  Fig.  28,  which  represents  the 
cross-section  of  a  hollow  tube  with  a 
cavity  placed  excentrically.  (Cf.  Article 
222,  Result  iii.) 

(/)    Anticlastic  curvature. 

The  terms  of  u,  v,  as  given  by  (12), 
which  depend  on  x,  y,  but  not  on  t, 
represent     changes    of    shape    of    the 


Fig.  28. 
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cross-sections  in  their  own  planes.  These  changes  are  of  the  same  kind  as 
those  described  in  Article  88.  It  follows  that  the  neutral  plane  is  deformed 
into  an  anticlastic  surface.  The  strained  central-line  is  one  of  the  lines  of 
curvature  of  this  surface ;  the  corresponding  centres  of  curvature  are  below 
the  neutral  plane,  and  the  corresponding  radii  of  curvature  are  expressed  by 
the  formula  EljWil  —  z).  The  other  centre  of  curvature  of  the  surface,  at 
any  point  of  the  central-line,  is  above  the  neutral  plane ;  and  the  corre- 
sponding radii  of  curvature  are  expressed  by  the  formula  EIja-WQ  —  z). 


{g)    Distortion  of  the  cross-sections  into  curved  surfaces. 
The  expression  for  w  may  be  written 


W  =  T(p- 


W 


■  ^Z^)  -^X  +  SoX  - 


EI 


X 


dx  J, 


+  xy- 


\ 


.(26) 


The  term  t<^  corresponds  with  the  twisting  of  the  beam  by  the  load,  and 
we  know  that  it  represents  a  distortion  of  the  cross-sections  into  curved 
surfaces.  The  terms  —x{W{lz  —  \z^)lEI-\-^\  represent  a  displacement  by 
which  the  cross-sections  become  at  right  angles  to  the  strained  central-line. 
The  term  s^x  represents  a  displacement  by  which  each  cross-section  is  turned 
back,  towards  the  central-line,  through  an  angle  s„,  as  explained  in  (c)  above. 
The  remaining  terms  in  WjEI  represent  a  distortion  of  the  cross-sections 
into  curved  surfaces,  independent  of  that  which  depends  upon  t0.  If  we 
construct  the  surface  which  is  given  by  the  equation 

'=-m[^~^^i)^'"y]^'^' 

and  suppose  it  to  be  placed  so  that  its  tangent  plane  at  the  origin  coincides 
with  the  tangent  plane  of  a  strained  cross-section  at  its  centroid,  the  strained 
cross-section  will  coincide  with  this  surface. 


.(27) 
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In  the  case  of  a  circular  boundary  the  value  of  the  right-hand  member  of  (27)  is 

and  the  contour  lines  of  the  strained  cross-section  are  found  by  equating  this  expression 
to  a  constant.     Some  of  these  lines  are  traced  in  Fig.  29. 

233.     Distribution  of  shearing  stress. 

The  importance  of  the  transverse  component  Y^  of  the  tangential  traction 
on  the  cross-sections  may  be  seen  in  the  case  of  the  elliptic  boundary.  When 
a  is  large  compared  with  b,  the  maximum  value  of  Y^  is  small  compared  with 
that  of  Xz ;  as  the  ratio  of  6  to  a  increases,  the  ratio  of  the  maximum  of  Yg 
to  that  of  Xz  increases ;  and,  when  b  is  large  compared  with  a,  the  maximum 
of  Yz  is  large  compared  with  that  of  X^.  Thus  the  importance  of  Y^  increases 
as  the  shape  of  the  beam  approaches  to  that  of  a  plank. 

We  may  illustrate  graphically  the  distribution  of  tangential  traction  on 
the  cross-sections  by  tracing  curves,  which  are  such  that  the  tangent  to  any 
one  of  them  at  any  point  is  in  the  direction  of  the  liae  of  action  of  the 
tangential  traction  at  the  point.  As  in  Article  219,  these  curves  may  be 
called  "lines  of  shearing  stress."  The  differential  equation  of  the  family  of 
curves  is 

di€/X,  =  dy/Y„  (28) 


or 

Since  dX^/dcc  +  dYz/dy  is  not  equal  to  zero,  the  magnitude  of  the  shearing 
stress  is  not  measured  by  the  closeness  of  neighbouring  curves  of  the 
family. 

As  an  example  we  may  consider  the  case  of  the  elliptic  bovmdary.     The  differential 
equation  is 

,   r(4-fo-)a^-K2-o-)6^     ,„^    ,-| 

=[3^2^^"'  ^^  +  ")  +  *'^  "  £+S  ^^^^i")  «H(1  -i<r)  b^}-i^  {x^-  f)-f'\dy' 
and  this  may  be  expressed  in  the  form 

2.,;^{(l  +  o-)aHo-62}--{2(l-|-<7)a2  +  62}+^{2(l-(-o-)a2-f-6-^}-y(l-2o-)a='=0. 

(iy  y  y 

2(1-1- (r)a»+6' 
This  equation  has  an  integrating  factor  y  0.+a)a,^+<7¥ ^  and  the  complete  primitive  may  be 
expressed  in  the  form 

2         2  2  (H-0-)  ga-fig 

where  G  is  an  arbitrary  constant.  Since  it<\  all  the  curves  of  the  family  touch  the 
elliptic   boundary  at  the   highest   and  lowest  points  (±a,  0).     The  case  of  a  circular 
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boundary  is  included,  and  the  lines  of  shearing  stress   are  in  this  case  given  by  the 
equation  3+2g- 

Some  of  these  curves  are  traced  in  Pig.  30,  <r  being  taken  to  be  J. 


234.     Generalizations  of  the  preceding  theory. 

{a)    Asymmetric  loading. 

When  the  load,  W  say,  is  directed  parallel  to  the  axis  of  y  instead  of  the  axis  of  x,  the 
requisite  stress-components  are,  as  before,  X^,  Y^,  Z^,  given  by  the  equations 

W'(l-£)y 
^z— Y' ' 

where  /'  denotes  the  integral  I  \y'^dxdy  taken  over  the  area  of  the  cross-section,  and  x'  is 
a  plane  harmonic  function  which  satisfies  the  boundary  condition 


ay' 

^=-{^  +  a)xycos{x,  v)-{\<Ty'^  +  {\-\cr)x'^}coB.{j/,  v). 


.(29) 


The  constant  t  is  adjusted,  as  before,  so  that  the  tractions  on  a  cross-section  may  not  yield 
any  couple  about  the  axis  of  z.  Apart  from  a  displacement  which  would  be  possible  in  a 
rigid  body,  the  displacement  is  given  by  the  equations 


W 


u=-Tyz+-^j.,cr(}-z)xy, 


W' 


Tzx+^,  {^{l-z)^{,f-x'^)+^lz-^-lz\ 


W 


«>=    ■^<i>-^,{y{i^-¥^)+x'+yA- 


.(30) 
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When  the  direction  of  the  load  is  not  that  of  one  of  the  principal  axes  of  the  cross- 
sections  at  their  centroids,  we  may  resolve  the  load,  P  say,  into  components  W  and  W 
parallel  to  the  axes  of  x  and  y.  The  solution  is  to  he  obtained  by  combining  the  solutions 
given  in  Articles  229,  230  with  that  given  here.  Omitting  displacements  which  would 
be  possible  in  a  rigid  body  we  deduce  from  the  expressions  (12)  and  (30)  the  equations  of 
the  strained  central-line  in  the  form 

W  W 

and  this  line  is  therefore  a  plane  curve  in  the  plane 

W'x/r=  WyjI. 
The  neutral  plane  is  determined  by  the  equation  62^  =  0,  and,  since 

W  W 

this  is  the  plane  Wa;II+  W'yjr  =  Q. 

The  neutral  plane  is  therefore  at  right  angles  to  the  plane  of  bending.  The  load  plane  is 
given  by  the  equation  ylx=  W'j  W.  Since  /  and  /'  are  respectively  the  moments  of  inei-tia 
of  the  cross-section  about  the  axes  of  y  and  x,  the  result  may  be  expressed  in  the  form : — 
The  traces  of  the  load  plane  and  the  neutral  plane  on  the  cross-section  are  conjugate 
diameters  of  the  ellipse  of  inertia  of  the  cross-section  at  its  centroid*. 

(6)     Combined  strain. 

We  may  write  down  the  solution  of  the  problem  of  a  beam  held  bent  by  terminal 
couple  about  any  axis  in  the  plane  of  its  cross-section,  by  means  of  the  results  given  in 
Article  87 ;  we  have  merely  to  combine  the  results  for  two  component  couples  about  the 
principal  axes  of  the  cross-section  at  its  centroid.  By  combining  the  solution  of  the 
problems  of  extension  by  terminal  tractive  load  [Articles  69  and  70  (A)],  of  torsion 
(Chapter  xiT.),  of  bending  by  couples,  and  of  bending  by  terminal  transverse  load,  we 
may  obtain  the  state  of  stress  or  strain  in  a  beam  deformed  by  forces  applied  at  its  ends 
alone  in  such  a  way  as  to  be  statically  equivalent  to  any  given  resultant  and  resultant 
moment.     In  all  these  solutions  the  stress-components  denoted  by  Xx,  Yy,  Xy  vanish. 

As  regards  the  strength  of  a  beam  to  resist  bending  we  may  remark  that,  when  the 
linear  dimensions  of  the  cross-section  are  small  compared  with  the  length,  the  most 
important  of  the  stress-components  is  the  longitudinal  tension,  and  the  most  important 
of  the  strain-components  is  the  longitudinal  extension,  and  the  greatest  values  are  found 
in  each  case  in  the  sections  at  which  the  bending  moment  is  greatest,  and  at  the  points 
of  these  sections  which  are  furthest  from  the  neutral  plane.  The  condition  of  safety  for 
a  bent  beam  can  be  expressed  in  the  form : — The  maximum  bending  moment  must  not 
exceed  a  certain  limiting  value. 

The  condition  of  safety  of  a  twisted  prism  was  considered  in  Article  220.  The  quantity 
which  must  not,  in  this  case,  exceed  a  certain  limiting  value  is  the  shear;  and  this  is 
generally  greatest  at  those  points  of  the  boundary  which  are  nearest  to  the  central-line. 
When  the  beam  is  at  the  same  time  bent  and  twisted,  the  components  of  stress  which  are 
different  from  zero  are  the  longitudinal  tension  Z^  due  to  bending  and  the  shearing  stresses 
X^  and  Y^.  If  the  length  of  the  beam  is  great  compared  with  the  linear  dimensions  of  the 
cross-section  the  values  of  Z^  near  the  section  0=0  and  the  terms  of  X^  and  7^  that 
depend  upon  twisting  can  be  comparable  with  each  other,  and  they  are  large  compared 

*  The  result  was  given  by  Saint- Venant  in  the  memoir  on  torsion  of  1855. 
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with  the  terms  of  A'^  and  }\  that  are  due  to  bending.  For  the  purpose  of  an  estimate  of 
strength  we  might  omit  the  shearing  stresses  and  shearing  strains  that  are  due  to  bending, 
and  take  account  of  those  only  which  are  due  to  twisting. 

In  any  case  in  which  the  stress-components  Jl^,  T^,  Z^  are  different  from  zero  and 
A'j,  Yy,  Xy  vanish,  the  principal  stress-components  can  be  found  by  observing  that  the 
stress-quadric  is  of  the  form 

2(2A>-|-2r,2/+^^2)=const., 
and  therefore  one  principal  plane  of  stress  at  any  point  is  the  plane  drawn  parallel  to  the 
central-line  to  contain  the  direction  of  the  resultant,  at  the  point,  of  the  tangential  tractions 
on  the  cross-section.     The  normal  traction  on  this  plane  vanishes,  and  the  values  of  the 
two  principal  stresses  which  do  not  vanish  are 

i^,  +  H^/+4(A7+F/)]* (31) 

In  any  such  case  the  strain-quadric  is  of  the  form 

i[-<rZ,(a;2-|-,y2  +  22)  +  (l-l-<T)2(2X,.r-)-2r,y-)-2,0)]  =  const., 

and  the  principal  extensions  are  equal  to 

-^'  ^4^±^[^^'  +  4(^»'+^^'A  (32) 

the  first  of  these  being  the  extension  of  a  line  at  right  angles  to  that  principal  plane  of 
stress  on  which  the  normal  traction  vanishes. 

(c)     jEolotropic  material. 

The  complexity  of  the  problem  of  Article  228  is  not  essentially  increased  if  the  material 
of  the  beam  is  taken  to  be  seolotropicr.provided  that  the  planes  through  any  point,  which 
are  parallel  to  the  principal  planes,  are  planes  of  symmetry  of  structure.  We  suppose  the 
axes  of  X,  y,  z  to  be  chosen  in  the  same  way  as  in  Article  228,  and  assume  that  the  strain- 
energy-function  has  the  form 

\{,A,  B,  C,  F,  a,  H){e„,  e„,  e,,f+l{LeJ  +  MeJ^NeJ). 
We  denote  the  Young's  modulus  of  the  material  for  tension  in  the  direction  of  the  axis 
of  z  by  E,  and  we  denote  the  Poisson's  ratios  which  correspond  respectively  with  con- 
tractions parallel  to  the  axes  of  x  and  y  and  tension  in  the  direction  of  the  axis  of  z,  by  ai 
and  a-2.     We  assume  a  stress-system  restricted  by  the  equations 

W 
X^=Yy=Xy  =  0,     Z,=  -^{l-z)x (33) 

Then  we  may  show  that  X^  and  Y^  necessarily  have  the  forms : 
where  ^  and  -j^  are  solutions  of  the  same  partial  differential  equation 


.(34) 


0 


3^2        dy^jx       ' 


which  respectively  satisfy  the  following  boundary  conditions : — 
cos(^,  v)MJl-+cos{y,  v)L^=     cos(a;,  v)My  —  cos(y,  v) Lx, 

cos  [x,  ^)  J/  ?|  -)-  cos  (y,  ^)  i  1^  =  -  cos  {x,  ^)  M  {\,t^  x'  -1-  ^^^^^^  y 

—  cos  (y,  v)  {E-M<T^  xy. 
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Further  we  may  show  that  the  displacement  corresponding  with  the  stress-system  expressed 
by  (33)  and  (34)  necessarily  has  the  form : 

W 
M= -Ty2 +;^[i(^-^)(o■l^-(^22^2)+p2_l23]_^+^^^.„', 

W 
"=     ■r^^'  +^G-^)cr23y+yX-az+^',  l    (35) 

As  in  Article  230,  we  may  take  a'=0=y'  =  O  and  a =7=0.  The  constant  of  integration  t- 
can  be  adjusted  so  that  the  traction  at  the  loaded  end  may  be  statically  equivalent  to  a 
single  force,  W,  acting  at  the  centroid  of  the  terminal  section  in  the  direction  of  the  axis 
of  X.     The  results  may  be  interpreted  in  the  same  way  as  in  Article  232. 

235.     Criticisms  of  certain  methods. 

(a)  In  many  treatises  on  Applied  Mechanics*  the  shearing  stress  is  calculated  from 
the'stress-equations  of  equilibrium,  without  reference  to  the  conditions  of  compatibility  of 
strain-components,  by  the  aid  of  certain  assumptions  as  to  the  distribution  of  tangential 
traction  on  the  cross-section.  In  particular,  when  the  section  is  a  rectangle,  and  the  load 
is  a  force  W  parallel  to  the  axis  of  x,  it  is  assumed  (i)  that  F^  is  zero,  (ii)  that  X^  is 
independent  of  y.  Conditions  (i)  and  (ii)  of  Article  228,  combined  with  these  assumptions, 
lead  to  the  following  stress-system : — 

w  /  r      \  w 

X,=  Yy  =  Xy=Y,=0,     ^y.=2j(3--.r2j,    Z,=  -^{l~z)x,    (36) 

in  which  a>  is  the  area  of  the  cross-section,  and  /  is  the  moment  of  inertia  previously  so 
denoted.     The  resultant  traction  /  IX^dxdy  is  equal  to  W. 

If  this  stress-system  could  be  correct,  there  would  exist  functions  u,  v,  w  which  would 
be  such  that 

3y_o-Pr  du     dw_  W  /   I       \       dw     dv     dv     du     . 

Now  we  have  the  identical  equation 


■  \9y      'bzj      dy^  \dz      dx)      dydz  \dx      oy)  ' 


dxdydz     dxdy ' 

but  this  equation  is  not  consistent  with  the  above  values  for  dv/dy, ...  ;  for,  when  these 
values  are  substituted,  the  left-hand  member  is  equal  to  —2a-W/JSI,  and  the  right-hand 
member  is  equal  to  zero.  It  foUows  that  the  stress-system  expressed  by  (36)  is  not  possible 
in  an  isotropic  solid  body. 

We  know  already  from  Article  95  that  the  stress-system  (36)  gives  correctly  the  average 
stress  across  the  breadth  of  the  section,  and  therefore  gives  a  good  approximation  to  the 
actual  stress  when  the  breadth  is  small  compared  with  the  depth.  The  extent  to  which  it 
is  inadequate  may  be  estimated  by  means  of  the  table  in  Article  232  (c) ;  for  it  would  give 
for  Sp  the  factor  outside  the  square  bracket  in  the  right-hand  member  of  (23).  It  fails  also 
to  give  correctly  the  direction  of  the  tangential  traction  on  the  cross-sections,  for  it  makes 
this  traction  everywhere  vertical,  whereas  near  the  top  and  bottom  bounding  lines  it  is 
nearly  horizontal. 

*  See  for  example  the  treatises  of  Rankine  and  Grashof  quoted  in  the  Introduction  footnotes 
94  and  95,  and  those  of  Ewing,  Bach  and  Foppl  quoted  in  the  footnote  on  p.  110. 
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(6)  In  the  extension  of  this  method  to  sections  which  are  not  rectangular  it  is 
recognized*  that  the  component  Y^  of  shearing  stress  must  exist  as  well  as  A',.  The  case 
selected  for  discussion  is  that  in  which  the  cross-section  is  symmetrical  with  respect  to  a 
vertical  axis.     The  following  assumptions  are  made : — 

(i)  -i'j  is  independent  of  y,  (ii)  the  resultants  of  X^ 
and  Fj  at  all  points  P'  which  have  a  given  x  meet  in 
a  point  on  the  axis  of  x.  To  satisfy  the  boundary 
condition  (3)  this  point  must  be  that  marked  T  in 
Fig.  31,  viz.  the  point  where  the  tangent  at  P  to  the 
bounding  curve  of  the  section  meets  this  axis. 

To  express  the  assumption  (ii)  analytically,  let  q  be 
the  ordinate  (NP)  of  P  and  y  that  of  P',  then 


Equation  (2)  then  becomes 


-I'h 


dx 


A'. 


.(37) 


dx  '^rjdx      '^    I   ~    ' 

and  the  solution  which  makes  X^  vanish  at  the  highest 
point  {x=  —a)  is 

r}X^=  — J-  I      xrjdx, 

and  it  is  easy  to  see  that  this  solution  also  makes  X^ 
vanish  at  the  lowest  point. 

The  stress-system  obtained  by  these  assumptions  is  expressed  by  the  equations 


Jlx  —  Jy  —  Xy 0,         Jlj  : 


"^l^Xqdx,      r.=  -:^^ 


ril 


z.=  - 


.(38) 


it  satisfies  the  equations  of  equilibrium  and  the  boundary  condition,  and  it  gives  the  right 
value  W  for  the  resultant  of  the  tangential  tractions  on  the  section.  But,  in  general,  it  is 
not  a  possible  stress-system,  for  the  same  reason  as  in  the  case  of  the  rectangle,  viz.  the 
conditions  of  compatibility  of  strain-components  cannot  be  satisfied. 

(c)     These  conditions  may  be  shown  easily  to  lead  to  the  following  equation : — 

i{?£/>W  =  i^' '''' 

which  determines  >;  as  a  function  of  x,  and  therewith  determines  those  forms  of  section  for 
which  the  stress-system  (38)  is  a  possible  one.     To  integrate  (39)  we  put 


/: 


Xrj  dx  =  ^,  . 


.(40) 


and  then  |  satisfies  the  equation 


d^ 

dx 


i'f'-i 


l  +  cr' 


where  |',  ^"  mean  d^jdx,  d^/dx^.     The  complete  primitive  can  be  shown  to  be 

I  2a'  2g  ]  l+ir 

I  =  C  |(a'  -  xf-*-"'  (x  +  a )"+«!        , 


*  See,  in  particular,  the  treatise  of  Grashof  already  cited. 
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where  G,  a  and  a'  are  arbitrary  constants.  On  eliminating  ^  by  means  of  the  relation  (40) 
we  see  that  the  equation  of  the  bounding  curve  must  have  the  form 

The  constants  a  and  a'  express  the  height  of  the  highest  point  of  the  curve,  and  the  depth 
of  its  lowest  point,  measured  from  the  centroid. 

Unless  the  bounding  curve  of  the  section  has  one  of  the  forms  included  in  equation  (41) 
the  stress  is  not  correctly  given  by  (38).  It  may  be  observed  that,  if  the  section  is 
symmetrical  with  respect  to  the  axis  of  y,  so  that  a'  =  a,  the  equation  (41)  is  of  the 
form  {r)lhfl''+ss^la^  =  \.  We  saw  in  Article  231  (/)  that  the  problem  of  flexure  could  be 
solved  for  this  section,  and  the  curve  was  traced  iu  Fig.  26  for  the  case  where  (r=J  and 
a  =  26. 

{d)  "We  may  observe  that  in  the  case  of  the  elliptic  (or  circular)  boundary  this 
method  would  make  the  lines  of  shearing  stress  ellipses,  having  their  axes  in  the  same 
direction  as  those  of  the  bounding  curve  and  touching  this  curve  at  the  highest  and  lowest 
points.  Fig.  30  shows  that  the  correct  curves  are  flatter  than  these  ellipses  in  the 
neighbourhood  of  these  points.  In  regard  to  the  obliquity  of  the  strained  cross-sections, 
the  method  would  give  iox^s^,  the  value  8  W{\+a)IZEnah,  which  is  nearly  correct  when  the 
breadth  is  small,  or  6  is  smaU  compared  with  a,  but  is  too  small  by  about  5  per  cent,  in 
the  case  of  the  circle,  and  by  nearly  20  per  cent,  when  h  is  large  compared  with  a. 

(e)  The  existence  of  a  term  of  the  form  /32  in  the  expression  for  the  deflexion 
[Article  232  {d)\  has  been  recognized  by  writers  of  technical  treatises.  The  term  was 
named  by  Rankine  {loc.  cit.)  "the  additional  deflexion  due  to  shearing."  In  view  of  the 
discussion  at  the  end  of  Article  230  concerning  the  meaning  of  the  constant  /3,  the  name 
seems  not  to  be  a  good  one. 

(/)  The  theorem  of  Article  120  is  sometimes  used  to  determine  the  additional 
deflexion*.     The  theorem  yields  the  equation 

=i  j j ji{X,'+r/+ZJ'~2<r{r,Z,  +  ...)}IE+{XJ^+r/  +  Xy^Mclxdydz.     ...(42) 

When  the  tractions  over  the  ends  are  assigned  in  a  special  manner  in  accordance  with 
the  formulse  (1)  and  (8),  so  that  the  displacement  is  given  by  (12),  the  first  term  of  the 
left-hand  member  of  (42)  becomes  J  WH^/EI+^  W^l,  and  the  second  term  becomes 

-iW^l-ijj[(^J,u+  r,vl^o-{Wl'^/^)W<l>-  W(x  +  .vy^)/EI}]d^dy, 

where  the  expression  under  the  sign  of  integration  is  independent  of  /3.     The  right-hand 

member  of  (42)  becomes  ^WH^IEI+^ljx'^  i  I  {X}-^Y^)dxdy,  which  also  is  independent 

of  /3.  Thus,  in  this  case,  equation  (42)  fails  to  determine  the  additional  deflexion.  When 
the  tractions  over  the  ends  are  not  distributed  exactly  in  accordance  with  (1)  and  (8),  the 
displacement  is  practically  of  the  form  given  by  (12)  in  the  greater  part  of  the  beam,  but 
must  be  subject  to  local  irregularity  near  the  ends.  The  left-hand  member  of  (42)  is 
approximately  equal  to  \  TF8,  where  8  is  the  deflexion  at  the  loaded  end,  and  the  right- 
hand  member  is  approximately  equal  to  \  WWIEI ;  but,  for  a  closer  approximation  we 
should  require  a  knowledge  not  only  of  X^  and  T^  in  the  greater  part  of  the  beam,  but  also 
of  the  terminal  irregularity. 

*  See  e.g.  W.  J.  M.  Eankine,  loc.  cit.,  or  J.  Perry,  Applied  Mechanics  (London,  1899),  p.  461. 


CHAPTER  XVI. 


THE  BENDING  OF  A  BEAM  LOADED  UNIFORMLY  ALONG  ITS  LENGTH. 

236.  In  this  Chapter  we  shall  discuss  some  problems  of  the  equilibrium 
of  an  isotropic  body  of  cylindrical  form,  by  imposing  particular  restrictions  on 
the  character  of  the  stress.  Measuring  the  coordinate  z  along  the  length 
of  the  cylinder,  we  shall  in  the  first  place  suppose  that  the  stress  is  in- 
dependent of  z,  then  that  it  is  expressed  by  linear  functions  of  z,  and  finally 
that  it  is  expressed  by  quadratic  functions  of  z.  We  shall  find  that  the 
first  two  restrictions  lead  to  solutions  which  have  been  obtained  in  previous 
Chapters*,  but  that  the  assumption  of  quadratic  functions  of  z  enables  us  to 
solve  the  problem  of  the  bending  of  a  beam  by  a  load  distributed  uniformly 
along  its  length. 

237.  Stress  uniform  along  the  beam. 

We  take  the  axis  of  z  to  be  the  central-line  of  the  beam,  and  the  axes  of 
X  and  y  to  be  parallel  to  the  principal  axes  of  the  cross-sections  at  their 
centroids.  We  suppose  that  there  are  no  body  forces,  and  that  the  cylindrical 
bounding  surface  is  free  from  traction.  We  investigate  those  states  of  stress 
in  which  the  stress-components  are  independent  of  z. 

The  equations  of  equilibrium  take  the  form 

az^_^aXy^Q    ?^  +  ^  =  o    ^^-(-— ^=0 (i) 

"dm        dy         '      dx        dy         '      dx       dy        ' 

and  the  conditions  which  hold  at  the  cylindrical  boundary  are 

cos  («,  v)  Xx  +  cos  {y,  v)  Xy  =  0,      cos  {x,  v)  Xy  +  cos  {y,  v)  Yy  =  0, 

cos  {x,  v)  X^  -f  cos  (y,  v)  Fz  =  0.  . .  .(2) 

The  conditions  of  compatibility  of  strain-components  take  the  forms 

'df~      9^~      a^-"'  ^^' 

,,ith  9/9e^._aM  =  o,  l(^-^^-^-^)  =  o, (4) 

dx  \dx       dy  J  dy  \dx       dy  J 

3V  d''fi  Sv 

and  ^^  +  1%_^  =  0 (5) 

dx^       dy"      dxdy 

*  Cf.  W.  Voigt,  Gottingen  Abhandlungen,  Bd.  34  (1887). 
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The  equations  (3)  show  that  e^^  is  a  linear  function  of  oo  and  y,  say 

6^1=  €—  KX  —  Ky  (6) 

where  e,  k,  k  are  constants.  Whenever  this  is  the  case  equations  (1)  and 
conditions  (2)  lead  to  the  conclusion  that  X^,  Yy,  Xy  vanish.  To  prove  this 
we  observe  that,  if  u',  v'  are  any  functions  of  x  and  y,  these  equations  and 
conditions  require  that 


du'      „  dv'      „    fdv'     du'W   ,    ,        „  ,„> 

3^+F,g^  +  X,(g-+g^)}d.d2/  =  0, (7) 


the  integration  being  taken  over  the  cross-section ;  for  the  left-hand  member 
is  at  once  transformable  into 

I  \_\Xx  cos  {x,  v)  -h  Xy  cos  {y,  v)]  u  -f-  [Xy  cos  {x,  v)  -f-  Yy  cos  {y,  v)]  «']  ds 

where  ds  is  an  element  of  arc  of  the  bounding  curve  of  the  cross-section. 
Now  in  equation  (7)  put 

(i)      u'  =  x,  v'  =  0,  we  find  1 1  X^dxdy  =  0, 
(ii)     u'  =  a;^  v'  =  0,  we  find  1 1  xX^dxdy  =  0, 

(iii)     u'  =  xy,  v'  =  —  \a?,  we  find  1 1  yX^dxdy  =  0; 
and  in  like  manner  we  may  prove  that 

1 1  Yydxdy  =  0,     \\  xYydxdy  =  0,     11  yYydxdy  =  0. 

It  follows  from  these  results  and  (6)  that 

1 1  X^e^dxdy  =  0,      1 1  YyBi^dxdy  =  0. 

Again,  in  equation  (7)  let  m',  v'  be  the  components  parallel  to  the  axes  of 
X  and  y  of  the  displacement  which  corresponds  with  the  stress  X^,  ...,  then 
this  eqiiation  becomes 

j^{X^e^+  YyByy  +  Xye^y)  dxdy  =  0 (8) 

But  we  have 

X^e^^  +  YyByy  =  -a{X^  +  Yy) 6,,  +  E-' (1  +  (t)  {(1  - ct)  (X^^  +  F/) -  2oX^Yy] . 

The  integral  of  the  term  —  o-  (Xx  +  Yy)  ejz  vanishes,  and  the  quadratic  form 
(l-a-)(Xj'-{-Yy')-2a-XxYy  is  definite  and  positive,  since  o-<^;  also  we 
have    XyBxy  =  fi~^Xy''.      Hence    the    expression    X^cexx  +  YyByy  +  XySxy    is 


■■=^[^-y 


)'   '^^  =  Ka|  +  ^) (1^) 
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necessarily  positive,  and  equation  (8)  cannot  be  satisfied  unless  X^,  Yy,  Xy 
vanish  identically. 

It  follows  that  we  must  have 

^xx^~m^^zz>      ^yy  ^       ""^zzj      ^ij/ ~  ">     \"/ 

where  e^i  is  given  by  (6) ;  and  then  equation  (5)  is  satisfied  identically. 

The  remaining  equations  and  conditions  are  the  third  of  the  equations  (1), 
the  third  of  the  conditions  (2),  equations  (4),  and  the  relations  Xz  =  fi,ezx, 
Y^^fiByz.  From  these  we  find,  as  in  Article  229,  that  the  most  general 
forms  for  e^^,  ^yz  a'l'e 

where  r  is  a  constant  of  integration,  and  ^  is  the  torsion  function  for  the 
cross-section  (Article  216). 

The  strain  is  expressed  by  equations  (6),  (9),  (10),  and  it  follows  that  the 
most  general  state  of  strain  which  is  consistent  with  the  conditions  (i)  that 
the  stress  is  uniform  along  the  beam,  (ii)  that  no  forces  are  applied  to  the 
beam  except  at  the  ends,  consists  of  the  strain  associated  with  simple 
longitudinal  tension  (cf  Article  69),  two  simple  flexures  involving  curvatures 
K  and  K  in  the  planes  of  («,  z)  and  (y,  z)  [c£  Article  87],  and  torsion  t  as  in 
Chapter  xiv. 

The  theorem  proved  in  this  Article  for  isotropic  solids,  viz.,  that,  if  e^^  is  linear  in 
x  and  y,  and  if  there  are  no  body  forces  and  no  surface  tractions  on  the  cylindrical 
boundary,  the  stress-components  X^,  Yy,  Xy  must  vanish,  is  true  also  for  seolotropio 
materials,  provided  that  the  plane  of  {x,  y)  is  a  plane  of  symmetry*. 

238.     Stress  varying  uniformly  along  the  beam. 

We  take  the  axes  of  x,  y,  z  in  the  same  way  as  before,  and  retain  the 
suppositions  that  there  are  no  body  forces  and  that  the  cylindrical  bounding 
surface  of  the  beam  is  free  from  traction ;  and  we  investigate  those  states 
of  stress  in  which  the  stress-components,  and  strain-components,  are  linear 
functions  of  z.  We  write  the  stress-components  and  strain-components  in 
such  forms  as 

X^  =  X^('>.2r  +  X^'»),     e^  =  e^w^  +  e^(«' (11) 

The  equations  of  equilibrium  take  such  forms  as 


and  the  conditions  at  the  cylindrical  boundary  take  such  forms  as 
z  {cos  («,  v) X^w  -(-  cos  (y,  v)  X^w}  -I-  cos  {x,  v)  Xa;«"  +  cos  {y,  v)  Xy(»>  =  0. . .  .(13) 

*  J.  Boussinesq,  J.  de  Math.  (Liouville),  (S6r.  2),  t.  16  (1871). 
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The  conditions  of  compatibility  of  strain-components  are 

dy'  dy 
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9^e,,<»      a^e,,(«i      8e^")      . 


da^ 


da?  dx  '  dy- 

3^ezzi»'     ae«'"      de,J» 


■  +  : 


=  0, 


?)2z>      (1) 

'^  '^  dx 


with 


dxdy  dxdy 


dy 


=  0, 


.(14) 


9  /9e„.«' 


/9V: 


0, 


and 


'  dx\  dx  dy  J  ^ dx\   dx  dy   J  dy  dx 

^  9  /9e^/'     9e.^'"\      9/9V°'     9e,^i°'\     ^9^'"  ,  Se^.y'^' ^q^ 
9?/  \  9i»  9y  /      92/\  9a;  93/   /  dx  dy 


r...(15) 


,   9a;2  dy'^         dxdy)        dx^  dy^         dxdy        

In  all  these  equations  the  terms  containing  z  and  the  terms  independent  of  z 
must  vanish  separately.  The  relations  between  components  of  stress  and 
components  of  strain  take  such  forms  as 

E {e^J^^z  +  ea,a,(»')  =  X^^^^z  +  Z^,'"'  -  o-  (F„'%  +  Fj,(»)  +  Z.^^^z  +  Z,i<»), 

in  which  the  terms  that  contain  z,  and  those  which  are  independent  of  z,  on 
the  two  sides  of  the  equations  must  be  equated  severally. 

Selecting  first  the  terms  in  z,  we  observe  that  all  the  letters  with 
index  (1)  satisfy  the  same  equations  as  are  satisfied  by  the  same  letters 
in  Article  237,  and  it  follows  that  we  may  put 

ejs'^'  =  fii  -  «i«  -  K^'y, 

W 

in  which  e^,  «i,  «/,  Tj  are  constants,  and  <f>  is  the  torsion  function  for  the 
cross-section. 


e.-.g-. 


=  ^^(1+^)' 


(17) 


Again,  selecting  the  terms  independent  of  z,  we  find  from  the  first  two 
of  equations  (12) 

=  jy  {cos  {x,  v)  Za,!"'  +  cos  {y,  v)  Xyi'i]  -  x  {cos  {x,  v)  Zj,*")  -1-  cos  {y,  v)  Yyf^]  ds, 
which  vanishes  by  the  first  two  of  equations  (13).     Also  we  have  by  (17) 
jj{xY,i^^  -  2/Z,w}  dxdy  =  f.T,jj  ^x^  +  f  +  x^^-y^^^  dxdy, 


L.  E. 


22 
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where  the  integral  on  the  right  is  the  coefficient  of  fx  in  the  expression  for  the 
torsional  rigidity  of  the  beam.  It  follows  that  Tj  must  vanish*,  and  hence 
that  X^'"  and  F^«)  vanish. 

By  selecting  the  terms  independent  of  ^  in  the  third  of  equations  (12)  and 
conditions  (13)  we  find  the  diiferential  equation 

dec  oy 

and  the  boundary  condition 

X^«"  cos  {x,  v)  +  F^i"'  cos  {y,  v)  =  0, 
which  are  inconsistent  unless 


//^ 


I  Z^^Hxdy  =  0. 

Since  Z^^^^  =  E{ei  —  k^x  —  /c/y),  this  equation  requires  e^  to  vanish. 

We  may  now  rewrite  equations  (17)  in  the  form 

e,,w  ^-K,x- K/y,    e^^^w  =  ej,y«  =  -  ^e,,!",     e^,w  =  e,^w  =  e^^ w  =  0.  . . .(18) 

Since  Xz'^'  and  Y^^'-^  vanish,  we  find,  by  selecting  the  terras  independent 
of  z  in  the  first  two  of  equations  (12)  and  conditions  (13),  that  Xa,'°',  Fj,'°',  Xj,'"" 
vanish  and  that  e^'-"''  is  a  linear  function  of  x  and  y.     We  may  therefore  put 

e«<°'  =  6o  -  ic,x  -  K^y,     e^^(»)  =  eyy^"^  =  -  <re,,(»',     e^^""  =0, (19) 

where  e„,  k„,  k„'  are  constants.     Equation  (16)  is  satisfied  identically. 

Further,  by  selecting  the  terms  independent  of  z  in  the  third  of  equations 
(12),  and  the  third  of  conditions  (13),  and  in  equations  (15),  we  find,  as  in 
Articles  229  and  234  (a),  that  e^^^"^  and  6^,2""  must  have  the  forms 


(20) 


where  ^  ^^d  p^;'  are  the  flexure  functions  for  the  cross-section,  corresponding 
with  bending  in  the  planes  of  (x,  z)  and  (y,  z),  and  To  is  a  constant. 

We  have  shown  that,  in  the  body  with  a  cylindrical  boundary,  the  most  general  state 
of  stress  consistent  with  the  conditions  that  no  forces  are  applied  except  at  the  ends,  and 
that  the  stress-components  are  linear  functions  of  z,  has  the  properties  (i)  that  X^  and  T^ 
are  independent  of  2,  (ii)  that  X^,  Yy,  Xy  vaniish.     Thus  the  only  stress-component  that 

*  This  conclusion  is  otherwise  evident ;  for  if  tj  did  not  vanish  we  should  have  twist  of 
variable  amount  t-^z  maintained  by  tractions  at  the  ends.  The  torsional  couples  at  different 
sections  could  not  then  balance. 
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depends  upon  z  is  Z^  which  is  a  linear  function  of  z.  Conversely,  if  there  are  no  body 
forces  and  X^,  Yy,  Xy  all  vanish,  the  equations  of  equilibrium  become 

and  it  follows  from  these  that  X^  and  Y^  are  independent  of  z  and  that  Z^  is  a  linear  func- 
tion of  a.  Thus  the  condition  that  the  stress  varies  uniformly  along  the  beam  is  the  same 
as  the  conditions  that  X„  Yy,  Xy  vanish*. 

The  most  general  state  of  strain  which  is  consistent  with  the  conditions 
(i)  that  the  stress  varies  uniformly  along  the  beam,  (ii)  that  no  forces  are 
applied  to  the  beam  except  at  the  ends,  consists  of  extension  due  to  terminal 
tractive  load,  bending  by  transverse  forces,  and  by  couples,  applied  at  the 
terminal  sections,  and  torsion  produced  by  couples  applied  to  the  same 
sections  about  axes  coinciding  with  the  central-line.  The  resultant  force 
at  any  section  has  components  parallel  to  the  axes  of  x,  y,  z  which  are 
equal  to 

—  EIk^,     —  EI'  K^,    Ee^, 

where  I=\\  x'^dxdy  and  I'  =  II  y'dxdy;   and  the  resultant  couple  at  any 

section  has  components  about  axes  parallel  to  the  axes  of  x,  y  which  are 

equal  to 

-  EI'  («„'  +  K^'z),     EI{ko+  Ki  z), 

and  a  component  about  the  axis  of  z  which  is  equal  to 
^njj[af  +  f  +  x^^-y^£)dxdy 

+  f,>c,jj^x^-y^^  +  {2+^a-)x^y-(l-^a)yjdxdy 

+  /MK,'jj  ja,  ^'  -  2/  ^'  -  (2  +  ^a)  xf  +  (1  -  icr)  y^  dxdy. 

The  solutions  of  the  problems  thus  presented  have  been  discussed  in  previous 
Chapters. 

239.  Uniformly  loaded  beam.  Reduction  of  the  problem  to  one 
of  plane  strainf . 

Taking  the  axes  in  the  same  way  as  before,  we  shall  now  suppose  that  all 
the  components  of  stress  and  strain  are  expressed  by  quadratic  functions  of  z 
so  that  for  example 

X^  =  X^i^'^^  +  Xj'^z  +  Z^i«>,        e^^  =  e^^(^)^=  +  e^^:'"^  +  e^^'"' (21) 


*  For  the  importance  of  these  results  in  connexion  with  the  historical  development  of  the 
theory,  see  Introduction,  p.  21. 

t  The  theory  is  due  to  J.  H.  Miohell,  Quart.  J.  of  Math.,  vol.  32  (1901). 
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We  shall  suppose  also  that  there  is  body  force,  specified  by  components  X,  Y 
parallel  to  the  axes  of  x,  y,  and  surface  traction  on  the  cylindrical  boundary, 
specified  similarly  by  X^,  Y„,  these  quantities  being  independent  oi  z.  Then 
in  the  equations  of  equilibrium,  the  boundary  conditions,  the  equations  of 
compatibility  of  strain-components,  and  the  stress-strain  relations,  the  terms 
of  the  second,  first  and  zero  degrees  in  z  may  be  taken  separately. 

Selecting  first  the  terms  that  contain  z"^,  we  find,  exactly  as  in  Article  238, 
that  we  may  put 


•crea 


^0, 


.(22) 


where  62,  k^,  k^ ,  T2  are  constants,  and  ^  is  the  torsion  function  for  the  section. 

Again,  selecting  the  terms  that  contain  z,  we  may  show  that  t^  and  e„ 
must  vanish,  and  that  we  may  put 

622'"  =  El  -  «!«  -  K^y,  \ 

p      m  —  p      (1)  —  ^n-p     (1)  p      (1)  —  0 


(1)  =, 


90 
9a; 


y]  +  2ic. 


^^  +  ^aaf  +  (l-^a)yj  +  2KA^^  +  (2  +  ,T)xy\, 


p   (1) 


(23) 

where  £1,  k^,  k/,  t,  are  constants,  and  x  and  x  are  the  two  flexure  functions 
for  the  section. 

For  the  determination  of  Xa;*"',  ...  we  have  the  equations  of  equilibrium 

dXJ"'      dX  "» 


dy 


az„(«'     9F<») 


-t-- 


dx 

9X^<»i    gr^c' 


g|-+F/)+pF  =  0, 


+-^^'« 


=  0, 


.(24) 


dx     '     dy 
and  the  boundary  conditions 

Z^<«)  cos  (x,  v)  +  Xj,(»i  cos  (y,  v)-X,=^  0, 

Zj,<»'  cos  {x,  v)  +  Fy(»i  cos  (y,  v)  -  F,  =  0,  -    (25) 

Z^<«'  cos  (x,  v)  +  F^w'  cos  {y,  v)  =  0, , 

The  third  of  equations  (24)  and  of  conditions  (25)  are  incompatible  unless 
the  constant  61  of  (23)  vanishes. 
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Further  we  have  eja,'"*,  ...  and  Za,"",  ...  connected  by  the  ordinary  stress- 
strain  relations,  and  we  have  the  equations  of  compatibility  of  strain- 
components  in  the  forms 


asfl  (0)  3fl  (1) 


dap' 


dx    ' 


with 


de   <^' 
dxdy        dx  dy 


.(26) 


dx  V   dx 


dy 


d_/dj^_d_ej^ 
dy  V  dx  dy 


-  2C7«,  =  0, 


.(27) 


and 


a2„       (0)  52g       (0)  aSp       (0) 


.(28) 


dy^  dx''        dxdy 

Equations  (26)  give  us  the  form  of  ezj<°',  viz.: 

'««""  =  e„  -  K,x  -  x:,'y  +  2k,  (x  +  xy')  +  2k/  (%'  +  aPy)  +  t^^;     ..  .(29) 
and,  by  a  similar  process  to  that  in  Article  238,  we  find 


«..'"' =^o(E  -  y)  +  «i{^+*<^^'+(i  -  l<^)2/j +«i'{^' +  (2  +  '^)^  / 


9^ 

9a; 


+  '^)+ ''^^+(^+'')'^y\  +''^'fB^+^''f+(^-^''^'^']\ 


(30) 


wherein  eo.  '^oi  '^o'j  '''o  are  constants,  and  <^,  %,  %'  are  the  functions  previously 
named. 

It  remains  to  determine  XJ'^  F^"",  Xj,(°'  from  the  first  two  of  (24),  the 
first  two  of  (25),  the  appropriate  stress-strain  relations  and  the  equation  (28). 
This  determination  requires  in  effect  the  solution  of  a  problem  of  plane 
strain.     If  we  put 

X^(«'  =  Xe^,<»'  +  X^',     Fj,(«'  =  Xe^^w  +  ¥,/, (31) 

then  the  equations  of  the  problem  of  plane  strain  are 


[pX- 


SZ  <»'  .  9F' 


de^ 
dx 


=  0, 
=  0, 


.(32) 


r  I"'    9F'    r  f 

9^+1^  + [^^+^^"'  +  ^9, 
together  with  equation  (28),  the  equations 

XJ  =  \ej,„'»)  +  (\+  2fM)  e^:,<»>,     Yy'  =  Xe^^'"'  -I-  (X  +  2m)  ey,/\    Z/  =  y(.e^(«', 

(33) 
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and  the  boundary  conditions 

X^  cos  {x,  v)  +  Xy<°'  cos  {y,  v)  =  [Z,  -  Xe^i"  cos  («,  v)\  \ 


,  (34.) 

X„«"  cos  {x,  v)  +  7/ cos  (y,  v)  =  \_\\-  Xe^^'"'  cos {y,  v)\  ) 

The   expressions  in  square  brackets  in   (32)  and  (34)  may  be  regarded  as 
known. 

The  theory  here  explained  admits  of  extension  to  any  case  in  which  the  forces  applied  to 
the  beam  along  its  length  have  longitudinal  components  as  well  as  transverse  components, 
provided  that  all  these  components  are  independent  of  z*.  This  restriction  may  be 
removed,  and  the  theory  extended  further  to  any  case  in  which  all  the  forces  applied  to  the 
beam  along  its  length  are  represented  by  rational  integral  functions  of  z\. 

240.     The  constants  of  the  solution. 

Let  W,  W  denote  the  components  parallel  to  the  axes  of  x  and  y  of  the 
uniform  load,  so  that  we  have 

W  =  jjpXdxdy  +  j  X,dS 

with  a  similar  formula  for  W.     From  equations  (32)  and  (34)  we  find 

W  =  -jjxwdxdy,     W'  =  -jJY,''^dxdy (35) 

Now  we  may  write  down  the  equations 

//z.c^^,=//{^l(.X.)  +  |(.F.)-.g^  +  |j}cZ.i, 

=  jx{X^  cos  (x,  v)  +  Y^  cos  {y,  v)}  ds  +  jjx  {Zji"  +  2zZ^i'>}  dxdy 
=  -EI  («i  +  2zK^), 
with  similar  equations  for  \\  Y^dxdy.     Hence  we  find 

1EIk^=W,     2ErK^=W' (.36) 

Thus  the  constants  k^,  k^  are  determined  in  terms  of  the  load  per  unit  of 
length. 

If  the  body  forces  and  the  surface  tractions  on  the  cylindrical  bounding 
surface  give  rise  to  a  couple  about  the  axis  of  z,  the  moment  of  this 
couple  is 

'  p  {xY-yX)  dxdy  +  \{xY,  -  yX,)  ds, 
and  from  equations  (32)  and  (34)  we  find  that  this  expression  is  equal  to 

-jj{xY,f'^-yX,w}dxdy. 

*  J.  H.  Michell,  U>c.  cit.  p.  339. 

t  E.  Almansi,  Rome,  Ace.  Lincei  Rend.  (Ser.  6),  t.  10  (1901). 
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On  substituting  yu.eja;<«  for  Z^"*  and  /Ciey^'^'  for  F^i'',  and  using  the  expressions 
given  in  (23)  for  eja,w  and  ej^jO*,  we  have  an  equation  to  determine  Tj.  When 
no  twisting  couple  is  applied  along  the  length  of  the  beam,  and  the  section  is 
symmetrical  with  respect  to  the  axes  of  x  and  y,  Tj  vanishes. 

The  constants  k^,  k/,  tj  depend,  therefore,  on  the  force-  and  couple- 
resultants  of  the  load  per  unit  of  length.  The  terms  of  the  solution  which 
contain  the  remaining  constants  6o,  «„,  «„',  kj,  «/,  t„  are  the  same  as  the  terms 
of  the  complete  solution  of  the  problem  of  Article  238.  These  constants 
depend  therefore  on  the  force-  and  couple-resultants  of  the  tractions  applied 
to  the  terminal  sections  of  the  beam.  Since  the  terms  containing  k^,  k^,  tj 
alone  would  involve  the  existence  of  tractions  on  the  normal  sections,  the 
force-  and  couple-resultants  on  a  terminal  section  must  be  expressed  by 
adding  the  contributions  due  to  the  terms  in  k^,  kI,  Tj  to  the  contributions 
evaluated  at  the  end  of  Article  238.  The  remaining  constants  to,  ...  are  then 
expressed  in  terms  of  the  load  per  unit  of  length  and  the  terminal  forces  and 
couples. 

When  the  functions  ^,  y^,  ■x^  are  known  and  the  problem  of  plane  strain  is 
solved,  we  know  the  state  of  stress  and  strain  in  the  beam  bent  by  uniform 
load,  distributed  in  any  assigned  way,  and  by  terminal  forces  and  couples. 
As  in  Chapters  XIV.  and  XV.,  the  terminal  forces  and  couples  may  be  of  any 
assigned  amounts,  but  the  tractions  of  which  they  are  the  statical  equivalents 
must  be  distributed  in  certain  definite  ways. 

241.     Strain  and  stress  in  the  elements  of  the  beam. 
Three  of  the  components  of  strain  are  determined  without  solving  the 
problem  of  plane  strain.     These  are  e^z,  ezxt  Syz-     We  have 

e^  =  6o  -  (ko  +  K^z  +  K-iZ")  «  -  («o'  -f-  niz  -f-  KaV)  y  \-  2k^  (^  -t-  xy^)        \ 


=  =  (T„+.T,^)(g-2/)+(«,-F2«,^)|g  +  icr^^  +  (l-i<7)2/^ 


-f(«/  +  2«/^)|||  +  (2  +  (r>aJ!/[-, 


V  ...(37) 


+  («/  +  2k^z)  ?^+{l-\a)x-'  +  ^ay- 

The  constant  €o  is  the  extension  of  the  central-line.  We  shall  see  presently 
that,  in  general,  it  is  not  proportional  to  the  resultant  longitudinal  tension. 
The  constants  tq  and  Tj  are  interpreted  by  the  observation  that  t^  +  TiZ  is  the 
twist  of  the  beam. 

To   interpret   the   constants   denoted   by  Kq,  ...,  we  observe   that   the 
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curvature  of  the  central-line  in  the  plane  of  (x,  z)  is  the  value  of  d^u/dz^  when 
x  =  y=0.     Now  we  have 

dz^       dz       dx 

=  (ko  +  KyZ  +  K^z'')  -  Tii/  +  K^a- {a?  -  2/')  +  'ix^ffxy,     (38) 

and  therefore  the  curvature  in  question  is  «» +  KiZ  +  k^z'^.  In  like  manner  we 
should  find  that  the  curvature  of  the  central-line  in  the  plane  of  (y,  z), 
estimated  as  the  value  of  d'^v/dz'  when  x  =  y  =  0,  is  «■„'  +  k^'z  +  k^'z^ 

The  presence  of  the  terms 

e„  +  2K,(x  +  a>y')  +  2k,'  (x'  +  oi?y)  +  t,<j> 

in  the  expression  for  e^  shows  that  the  simple  relation  of  the  extension  of  the 
longitudinal  filaments  to  the  curvature  of  the  central-line,  which  we  noticed 
in  the  case  of  bending  by  terminal  forces  [Article  232  (6)],  does  not  hold 
in  the  present  problem. 

Of  the  stress-components  two  only,  Xg  and  Fj,  are  determined  without 
solving  the  problem  of  plane  strain.  The  resultants  of  these  for  a  cross-section 
are  respectively  —UI(ki  +  2k2z)  and  —EI'{k-[  +  2k2z).  The  distribution 
over  the  cross-section  of  the  tangential  tractions  X2  and  Fj  which  are 
statically  equivalent  to  these  resultants  is  the  same  as  in  Saint-Venant's 
solutions  (Chapter  xv.).  When  there  is  twist  tq  -I-  t-^z,  the  tractions  X^  and  Y^ 
which  accompany  the  twist  are  distributed  over  the  cross-sections  in  the 
same  way  as  in  the  torsion  problem  (Chapter  xiv.). 

The  stress-component  Z^  is  not  equal  to  Eea  because  the  stress- 
components  Xx,  Ty  are  not  zero,  but  the  force-  and  couple-resultants 
of  the  tractions  Z^  on  the  elements  of  a  cross-section  can  be  expressed  in 
terms  of  the  constants  of  the  solution  without  solving  the  problem  of  plane 
strain.  The  resultant  of  the  tractions  .Z^  is  the  resultant  longitudinal  tension. 
The  moments  of  the  tractions  Z^  about  axes  drawn  through  the  centroid  of  a 
cross-section  parallel  to  the  axes  of  y  and  x  are  the  components  about  these 
axes  of  the  bending  moments  at  the  section. 

To  express  the  resultant  longitudinal  tension  we  observe  that 
jj  Z,dxdy=jj  Z.^o^dxdy^^jjlEe^,^"^  +<7(Xx^<"  +  Y,/>)]dxdy. 
Now  we  may  write  down  the  equations 

=  jx  [Z^i»'  cos  (x,  v)  +  Zj,!"'  cos  (y,  v)}  ds+  jj  x  (X,«  +  pX)  dxdy. 
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The  integral  1 1  F^""  dxdy  may  be  transformed  in  the  same  way,  and  hence 
we  find  the  formula 

JJ  Z, dcody  =  jj  [^e,,(»>  +  ax  (Z,«  +  pX)  +  ay  ( F,'"  +  pY)]  dxdy 

+  <7{{xX,-^yY,)ds (39) 

Since  the  resultant  longitudinal  tension  is  the  same  at  all  sections,  and  is 
equal  to  the  prescribed  terminal  tension,  this  equation  determines  the 
constant  e^. 

To  express  the  bending  moments,  let  M  be  the  bending  moment  in  the 
plane  of  {x,  z).     Then 

M=-  II xZ.dxdy,  (40) 

and  therefore  we  have 

1^  =  _  ff  -c  (Z^oi  +  2zZ/'^)  dxdy  =  BI  {k,  +  2sk^). 

This  equation  shows  that  M  is  expressible  in  the  form 

M=^  EI  {Ka  +  KiZ  +  KiZ^)  +  comt (41) 

In  like  manner  we  may  show  that  the  bending  moment  in  the  plane  of  {y,  z) 
is  expressible  in  the  form 

EF  {ko  +  K-[z  +  K^sP)  +  const. 

We  shall  show  immediately  how  the  constants  may  be  determined. 

242.     Relation  between  the  curvature  and  the  bending  moment. 

We  shall  consider  the  case  in  which  one  end  ^^  =  0  is  held  fixed,  the  other 
end  z  =  l  'w,  free  from  traction,  and  the  load  is  statically  equivalent  to  a 
force  W  per  unit  of  length  acting  at  the  centroid  of  the  cross-section  in  the 
direction  of  the  axis  of  x*.  The  bending  moment  M  is  given  by  the 
equation 

M=^W(l-zy, (42) 

and  the  comparison  of  this  equation  with  (41)  gives  the  equations 

K-,==-WllEI,     K,  =  iWIEI.    (43) 

We  observe  that,  if  the  constant  added  to  the  right-hand  member  of  (41) 
were  zero,  the  relation  between  the  bending  moment  and  the  curvature 
would  be  the  same  as  in  uniform  bending  by  terminal  couples  and  in  bending 

*  The  important  case  of  a  beam  supported  at  the  ends,  and  carrying  a  load  W  per  unit  of 
length,  can  be  treated  by  compounding  the  solution  for  a  beam  with  one  end  free,  bent  by  the 
uniform  load,  with  that  for  a  beam  bent  by  a  terminal  transverse  load  equal  to  -  J  Wl. 
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by  terminal   load.     The  constant  in    question   does  not  in  general  vanish. 
To  determine  it  we  observe  that  the  value  of  ilf  at  .s  =  0  is 

-jjx  [EeJ"^  +  ^(Z^i«'  +  Fy(«))]  dxdy, 

and  therefore 

M  -EI(ko  +  /c,2  +  k,z')  =jj-x[E  (e,,'«'  +  «„«)  +  a  (Z^'»'  +  7^  <»' )]  dxdy. 

(44) 

Now  we  may  write  down  the  equations 

xiX^^"'  +Yy^''^)dxdy 


II 
-II 


'  7^  r) 


{i  (^  -  f)  X,<»i  +  ..yZ,(«)}  +  £  {^{x^  -  f)  Z,<«'  +  xyYy^o^} 

dxdy 


dx  dy   J       ^  \   dx  dy 

=  /  [i  (^'  -  y')  X,  +  xyY;\  ds  +  J|[i  {x'^-f)  (pX  +  Z,W)  +  xy{pY+Y,^'^)]  dxdy. 
Hence  we  have  the  result 

=  -\{Ex  (e2j'»>  +  «„«)  dxdy  -  o-  f  [i(«=  -  y^  X,  +  xyY,]  ds 

-^^^[)^{x-'-f){pX+X,^^^)  +  xy{pY+  Y,^'^)]dxdy (45) 

Since  M  is  given  by  (42)  this  equation  determines  the  constant  /Cq.  The 
right-hand  member  of  (45)  is  the  value  of  the  added  constant  in  the  right- 
hand  member  of  (41).  ' 

The  result  that  the  bending  moment  is  not  proportional  to  the  curvature*,  when 
load  is  applied  along  the  beam,  may  be  illustrated  by  reference  to  cases  in  which  curvature 
is  produced  without  any  bending  moment.  One  such  case  is  afforded  by  the  results  of 
Article  87,  if  we  simply  interchange  the  axes  of  y  and  z.  It  then  appears  that  a  stress- 
system  in  which  all  the  stress-components  except  Fy  vanish,  while  Yy  has  the  form  Box, 
can  be  maintained  by  surface  tractions  of  amount  Eaiv  cos  (y,  v)  parallel  to  the  axis  of  if. 
These  tractions  are  self- equilibrating  on  every  section,  and  there  is  no  bending  moment. 
The  corresponding  displacement  is  given  by  the  equations 

ii=—^a{a-a;''+2/^  —  <rz^),     v=axy,     w=  -a-ajcz, 

so  that  the  central-line  (a;=0,  y=0)  is  bent  to  curvature  era. 

Another  case  is  afforded  by  the  state  of  stress  expressed  by  the  equations 

Xj^  =  E/aXf     Yy = Max.,     Xy  =  —  Eay^     X^  =Yz=Z^=0, 

which  can  be  maintained  by  surface  tractions  of  amounts 

Ea{x  COS  (a;  v)  —  ycos{y,  v)},     Ea{xco»{i/,  v)—y  cos  {so,  v)} 

parallel  to  the  axes  of  x  and  y.     These  tractions  are  self-equilibrating  on  every  section, 

*  The  result  was  obtained  first  by  K.  Pearson.  See  Introduction,  footnote  92.  The  formula 
(45)  is  due  to  J.  H.  Michell,  loc.  cit.  p.  339.  The  amount  of  the  extra  curvature  in  some  special 
cases  is  calculated  in  Article  244. 
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and  there   is  no  bending  moment.     The  corresponding  displacement  is  given  by  the 
equations 

u  =  a{^(l-o-)3^-^{3  +  a-)i/^  +  (Tz'},     v  =  a{\  —  cr)xy,     W=-Zaaxz, 
and  the  curvature  of  the  central-line  is  2o-a. 

If  we  consider  a  slice  of  the  beam  between  two  normal  sections  as  made  up  of  filaments 
having  a  direction  transverse  to  that  of  the  beam,  and  regard  these  filaments  as  bent  by 
forces  applied  at  their  ends,  it  is  clear  that  the  central  line  of  the  beam  must  receive  a 
curvature,  arising  from  the  contractions  and  extensions  of  the  longitudinal  filaments,  in 
exactly  the  same  waj'  as  transverse  filaments  of  a  beam  bent  by  terminal  load  receive  a 
curvature.  The  tendency  to  anticlastic  curvature  which  we  remarked  in  the  case  of  a 
beam  bent  by  terminal  loads  affords  an  explanation  of  the  production,  by  distributed 
loads,  of  some  curvature  over  and  above  that  which  is  related  in  the  ordinary  way  to  the 
bending  moment.  This  explanation  suggests  that  the  effect  here  discussed  is  likely  to  be 
most  important  in  such  structures  as  suspension  bridges,  where  a  load  carried  along  the 
middle  of  the  roadway  is  supported  by  tensions  in  rods  attached  at  the  sides. 

243.  Extension  of  the  central-line. 

The  fact  that  the  central-line  of  a  beam  bent  by  transverse  load  is,  in  general,  extended 
or  contracted  was  noted  long  ago  as  a  result  of  experiment*,  and  it  is  not  dif&cult  to  see 
beforehand  that  such  a  result  must  be  true.  Consider,  for  example,  the  case  of  a  beam  of 
rectangular  section  loaded  along  the  top.  There  must  be  pressure  on  any  horizontal 
section  increasing  from  zero  at  the  lower  surface  to  a  finite  value  at  the  top.  With  this 
pressure  there  must  be  associated  a  contraction  of  the  vertical  filaments  and  an  extension 
of  the  horizontal  filaments.  The  value  of  the  extension  of  the  horizontal  central-line  is 
determined  by  means  of  the  formula  (39).  Since  the  stress  is  not  expressed  completely  by 
the  vertical  pressure,  this  extension  is  not  expressed  so  simply  as  the  above  argument 
might  lead  us  to  infer. 

The  result  that  ft^^Q  may  be  otherwise  expressed  by  saying  that  the  neutral  plane,  if 
there  is  one,  does  not  contain  the  central-line.  In  general  the  locus  of  the  points  at  which 
e^j  vanishes,  or  there  is  no  longitudinal  extension,  might  be  called  the  "  neutral-surface." 
If  it  is  plane  it  is  the  neutral  plane. 

244.  Illustrations  of  the  theory. 

(a)  Form  of  the  solution  of  the  problem  of  plane  strain.  When  the  body  force  is 
the  weight  of  the  beam,  and  there  are  no  surface  tractions,  we  may  make  some  progress 
with  the  solution  of  the  problem  of  plane  strain  (Article  239)  without  finding  x-  In  this 
case,  putting  X=cf,  F=0,  we  see  that  the  solution  of  the  stress-equations  (32)  can  be 
expressed  in  the  form 


F;=^-XeJ»)  -  2k,^  [x  +  (1  +^<^)  ^/]. 


.(46) 


X(o)=-^ 

where  JJ  must  be  adjusted  so  that  the  equation  of  compatibility  (28)  is  satisfied.     We  may 
show  that  this  equation  leads  to  the  following  equation  for  Q : — 

V^Q.  =  %i>.K^(^-V<T)x (47) 

If  we  take  the  particular  solution 

J2=^g^)^(^2+y2)^    (48) 

*  Fabr6,  Faris  G.  R.,  t.  46  (1858). 


.(50) 
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we  find  for  X^,  ...  a  set  of  values  involving  surface  traotion,  and  an  additional  stress- 
system  must  be  superposed  so  as  to  annul  this  surface  traction  without  involving  any  body 
force  ;  in  other  words  a  complementary  solution  of  Vi*Q  =  0  must  be  added  to  the  value  of 
a  given  in  (48),  and  this  solution  must  be  adjusted  so  that  the  boundary  conditions  are 
satisfied. 

(A)  Solution  of  the  problem  of  plane  strain  for  a  beam  of  circular  section  bent  by  its 
ovm  weight.     "When  the  boundary  is  a  circle  x^+y''  =  a'^,  we  have 

x=-(i+i"-)«'^+i(^-3^/);  (49) 

and  the  surface  values  of  the  stress-components  given  by  (46),  when  il  is  given  by  (48),  can 
be  simpUfied  by  observing  that,  in  accordance  with  (36),  gp  =  nii,^a^  {l+a).  It  wiU  be  found 
that  these  values  are  given  by  the  equations 

X^=^K,^^{a^  +  Zxy^)-\eJ'»-lpaK^{a^-Zxy'^),  "^ 

^«'=t^<i  ^  (5:^:3-1-3^/)  -  XeJ0)  +  ij.ic^  (1  -|-|<7)  a^x  +  if.crK^  {x^  -  Zxy^), 

The  surface  tractions  arising  from  the  terms  in  /ikj    _      can  be  annulled  by  superposing 

the  stress-system* 

,. ,         2-(-(r  ,  _,  2-I-0-  „  „„     2H-cr  ,  ,.., 

The  surface  tractions  arising  from  the  term  in  fiK^a^x  can  be  annulled  by  superposing  the 
stress-system 

Ay=o,    r;=-^.K,{i+i,T)a^x,    x„o=o (52) 

The  surface  tractions  arising  from  the  terms  in  /jutk^  (x^  —  Zxy'^)  can  be  annulled  by  super- 
posing the  stress-system 

XJ  =  t,^^^x{lx'~y^  +  r^a^),     F;=,x<rK2^(-vf^^Hi2/Hfa2), 

Xy'>  =  ,.<TK,y{--ix'^  +  ij{y'^-a^)] (53) 

The  stress-components  X^,  YJ,  XJ.")  are  therefore  determined,  and  thus  the  problem  of 
plane  strain  is  solved  for  a  circular  boundary. 

(c)  Correction  of  tlie  curvature  in  this  case.  In  the  case  of  a  beam  of  circular 
section  bent  by  its  own  weight  we  may  show  that  eo  =  '^i  o'"  ^^^  central-line  is  unextended, 
and  that 

7-|-12<r-Mof  a2N^ 

r)      I'j 

If  the  curvature  were  calculated  from  the  bending  moment  by  the  ordinary  rule  the  second 
term  in  the  bracket  would  be  absent.  Thus  the  correction  to  the  curvature  arising  from 
the  distribution  of  the  load  is  small  of  the  order 

linear  dimension  of  cross-sectionH^ 
length  of  beam  J 

A  consideration  of  the  form  of  (45)  would  show  that  this  result  holds  in  general  for  a  beam 
bent  by  its  own  weight  t. 


"'-  E    a^y-         6(l-h(r)       "' ^^  ^ 


P 


Some  of  the  solutions  of  the  problem  of  plane  strain  in  a  circular  cylinder  which  are 
required  here  were  given  in  Article  186. 

t  Solutions  of  the  problem  of  the  bending  of  a  circular  or  elliptic  cylinder  by  loads  dis- 
tributed in  certain  special  ways  have  been  given  by  Pearson,  Quart.  J.  of  Math.,  vol.  24  (1889), 
and  by  Pearson  and  Filon,  Quart.  J.  of  Math.,  vol.  31  (1899). 
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(d)  Narrow  rectangvZar  beam  loaded  along  the  top. 
The  theory  may  be  illustrated  further  by  the  case  of  a  beam  of  rectangular  section 
and  small  breadth  loaded  uniformly  along  its  upper  surface.  "We  shall  treat  the  problem 
as  one  of  generalized  plane  stress*,  and  we  shall  neglect  the  weight  of  the  beam.  Let  2a 
be  the  depth  of  the  beam,  26  the  breadth,  and  I  the  length.  Take  the  axis  of  z  along  the 
horizontal  central-line,  and  the  axis  of  x  vertically  downwards  at  the  iixed  end,  0=0.  Let 
TT  denote  the  load  per  unit  of  length.  The  average  stress-components  X^,  Z^,  X^  can  be 
expressed  in  the  forms 


X^=-^+E<^{a^x-^:>^), 


(55) 


Z,=  -EAx  +  %E<iX^-E{K^z  +  K.iZ^)x, 

where,  in  order  to  satisfy  equation  (42),  we  must  have 

_  ZW                   ZWl         .ZWP'  A  ,2  an 
"^'SEa^h'     ">"     4^36'     '^-%Ea%\'^bl^) ^°^> 

The  curvature  of  the  central-line  can  be  shown  to  be 

A-{%  +  <t)  Kia-^+  K^Z  +  KiZ'^, 

which  is  equal  to 

The  term  containing  (f -|-<r)  a^  gives  the  correction  of  the  curvature  that  would  be  calculated 
by  the  ordinary  rule. 

The  extension  of  the  central-line  can  be  shown  to  be  a-  W/4bE ;  it  is  just  half  as  great 
as  the  extension  of  the  beam  when  free  at  the  ends,  supported  along  the  base,  and 
carrying  the  same  load  along  the  top.     The  neutral  surface  is  given  by  the  equation 


"3^-^  +  3(f  +  a)-(2  +  <r)^']  =  2,ra. 


At  a  considerable  distance  from  the  free  end  the  depth  of  this  surface  below  the  central- 
line  is  nearly  equal  to  ^a-a^/(l  —  z)^.  The  result  that  the  neutral  surface  is  on  the  side  of 
the  central-Une  towards  the  centres  of  curvature  has  been  verified  experimentally  t. 

(e)  Doubly/  supported  beam.  If  we  superpose  on  the  stress-system  foxmd  in  (55) 
that  due  to  a  load  —  ^  PfZ  at  the  end  z  =  l,we  shall  obtain  the  solution  for  a  narrow  rect- 
angular beam  bent  by  uniform  load  W  per  unit  of  length  and  supported  at  both  ends. 
The  additional  stress-system  is  given,  in  accordance  with  the  results  of  Article  95,  by 
the  equations 

and  the  average  stress  in  the  beam  is  expressed  by  the  formulse 
I.=  -l^^{a-xy{Sia+x), 

*  The  problem  has  been  discussed  by  J.  H.  Micbell,  Quart.  J.  of  Math.,  vol.  31  (1900),  and 
also  by  L.  N.  G.  Filon,  Phil.  Trans.  Boy.  Soc.  (Ser.  A),  vol.  201  (1903),  and  Proc.  Boy.  Soc, 
vol.  72  (1904). 

t  See  a  paper  by  E.  G.  Coker,  Edinburgh  Boy.  Soc.  Trans.,  vol.  41  (1904),  p.  229. 


CHAPTER  XVII. 

THE  THEORY  OF  CONTINUOUS  BEAMS. 

245.     Extension  of  the  theory  of  the  bending  of  beams. 

In  previous  Chapters  we  have  discussed  certain  exact  solutions  of  the 
problem  of  tlie  bending  of  beams  by  loads  which  are  applied  in  special 
ways.  In  the  problem  of  the  beam  bent  by  a  load  concentrated  at  one 
end  (Chapter  XV.)  we  found  that  the  "  Bernoulli- Eulerian  "  theorem  of  the 
proportionality  of  the  curvature  to  the  bending  moment  is  verified.  In  the 
problem  of  the  beam  bent  by  a  load  distributed  uniformly  along  its  length 
(Chapter  xvi.)  we  found  that  this  theorem  is  not  verified,  but  that,  over  and 
above  the  curvature  that  would  present  itself  if  this  theorem  were  true,  there 
is  an  additional  constant  curvature,  the  amount  of  which  depends  upon  the 
distribution  over  the  cross-section  of  the  forces  constituting  the  load.  We 
appear  to  be  justified  in  concluding  from  these  results  that,  in  a  beam 
slightly  bent  by  any  forces,  the  law  of  proportionality  of  the  bending  moment 
to  the  curvature  is  sufficiently  exact  at  sections  which  are  at  a  considerable 
distance  from  any  place  of  loading  or  of  support,  but  that,  in  the  neighbour- 
hood of  such  a  place,  there  may  be  an  additional  local  curvature.  We 
endeavoured  to  trace  the  circumstances  in  which  the  additional  curvature 
can  become  very  important,  and  we  solved  some  problems  in  which  we  found 
it  to  be  unimportant.  From  the  results  that  we  obtained  we  appear  to 
be  justified  in  concluding  that,  in  most  practical  problems  relating  to  long 
beams,  the  additional  curvature  is  not  of  very  much  importance. 

The  state  of  stress  and  strain  that  is  produced  in  the  interior  of  a  beam, 
slightly  bent  by  any  forces,  may  be  taken  to  be  given  with  sufficient 
approximation  by  Saint-Venant's  solution  (Chapter  XV.)  at  all  points  which 
are  at  a  considerable  distance  from  any  place  of  loading  or  of  support*  ;  and 
again,  at  a  place  near  the  middle  of  a  considerable  length  over  which  the 
load  is  distributed  uniformly  or  nearly  uniformly,  they  may  be  taken  to  be 

*  This  view  is  confirmed  by  L.  Poohhammer's  investigation  of  the  strain  in  a  circular  cylinder 
deformed  by  given  forces.  See  his  Untersuchungen  iiber  das  Gleichgetiiicht  del  elastischen  Stabes, 
Kiel,  1879. 
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given  with  sufficient  approximation  by  Michell's  solution  (Chapter  XVI.). 
But  we  have  not  so  detailed  information  in  regard  to  the  state  of  stress  or 
strain  near  to  a  place  of  concentrated  load  or  to  a  place  of  support.  Near  to 
such  a  place  the  actual  distribution  of  the  forces  applied  to  the  beam  must 
be  very  influential.  Attempts  have  been  made  to  study  the  state  of  strain 
at  such  places  experimentally.  In  the  research  of  Carus  Wilson*  a  beam  of 
glass  of  rectangular  section,  supported  symmetrically  on  two  rollers  B,  G,  was 
bent  by  means  of  a  third  roller  A  above  its  middle,  and  the  state  of  strain  in 
the  line  AD  (Fig.  32)  was  examined  by  means  of  polarized  light  transmitted 
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Fig.  32. 

horizontally  through  the  beam.  The  results  of  the  research  were  explained 
by  Stokes  f  by  the  aid  of  certain  empirical  assumptions.  Stokes  pointed  out 
that,  if  the  problem  is  taken  to  be  a  two-dimensional  one,  the  pressure  W 
at  A  could  be  balanced  by  applying  to  the  side  BC  of  the  beam  pressures 
distributed  according  to  the  law  of  a  simple  radial  distribution  of  pressure 
(Article  149)  directed  towards  A.  In  like  manner  the  pressures  ^W  a.t  B 
and  C,  together  with  radial  tension  directed  from  A,  and  applied  along  the 
side  BG  according  to  the  same  law  as  before,  would  be  a  system  of  forces  in 
statical  equilibrium.  By  superposing  these  two  systems  of  forces  we  obtain 
a  system  in  which  the  only  forces  are  those  actually  applied  to  the  beam. 
The  state  of  stress  produced  by  the  forces  of  the  first  system  is  that  which  we 
found  in  Article  150.  The  state  of  stress  produced  by  the  forces  of  the 
second  system  cannot  be  determined  theoretically,  but,  at  any  point  of  AB, 
it  must  consist  of  a  certain  vertical  pressure  and  a  certain  horizontal  tension. 
Stokes  assumed  that  each  of  these  stress-components  varies  uniformly  along 
the  length  of  AD.  The  vertical  pressure  calculated  from  the  two  systems 
vanishes  at  D,  and  that  calculated  from  the  second  system  vanishes  at  A  ; 
these  conditions  together  with  the  knowledge  of  the  resultant,  and  resultant 
moment  about  A,  of  the  horizontal  tensions,  are  sufficient,  when  the  above 
assumption  is  made,  to  determine  the  stress  at  any  point  of  AD.  Taking  A 
as  origin,  and  AD  as  axis  of  y,  we  find  by  this  method  the  following  values 
for  the  stress-components  at  any  point  of  AD: 

*  Phil.  Mag.  (Ser.  5),  vol.  32  (1891). 

t  Stokes's  work  is  published  in  Carus  Wilson's  paper ;  it  is  reprinted  in  Stokes's  Math,  and 
Phys.  Papers,  vol.  5,  p.  238. 
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honzontal  tension,  X^,  = -r- [ rJ'''~^2~\A 1^' 

vertical  pressure,  —  ly,  = (  —  ^  1 , 

where  b  is  the  depth  of  the  beam,  and  2a  is  the  span  BC.  The  stress  is 
equivalent  to  mean  tension  unaccompanied  by  shearing  stress  at  those 
points  at  which  X^=  F^,.  In  order  that  these  points  may  be  real  we  must 
have  6a/&  >  40/7r,  or  (span/depth)  >  4'25  nearly.  When  this  condition  is 
satisfied  there  are  two  such  points.  The  positions  of  these  points  can  be 
determined  experimentally,  since  they  are  characterized  by  the  absence  of 
any  doubly  refractive  property  of  the  glass,  and  the  actual  and  calculated 
positions  were  found  to  agree  very  closely. 

A  general  theory  of  two-dimensional  problems  of  this  character  has  been 
given  by  Filon*-  Among  the  problems  solved  by  him  is  included  that  of  a 
beam  of  infinite  length  to  one  side  of  which  pressure  is  applied  at  one  point. 
The  components  of  displacement  and  of  stress  were  expressed  by  means  of 
definite  integrals,  and  the  results  are  rather  diflacult  to  interpret.  It  is  clear 
that,  if  the  solution  of  this  special  problem  could  be  obtained  in  a  manage- 
able form,  the  solution  of  such  questions  as  that  discussed  by  Stokes  could  be 
obtained  by  synthesis.  Filon  concluded  from  his  work  that  Stokes's  value  for 
the  horizontal  tension  requires  correction,  more  especially  in  the  lower  half 
of  the  beam,  but  that  his  value  for  the  vertical  pressure  is  a  good  approxi- 
mation. As  regards  the  question  of  the  relation  between  the  curvature  and 
the  bending  moment,  Filon  concluded  that  the  Bernoulli-Eulerian  theorem  is 
approximately  verified,  but  that,  in  applying  it  to  determine  the  deflexion 
due  to  a  concentrated  load,  account  ought  to  be  taken  of  a  term  of  the  same 
kind  as  the  so-called  "  additional  deflexion  due  to  shearing  "  [Article  235  (e)]. 
Consider  for  example  a  beam  BG  supported  at  both  ends  and  carrying  a 
concentrated  load  W  at  the  middle  point  A  (Fig.  33).     Either  part,  AC  or 
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Fig.  33. 

*  Phil.  Trans.  Boy.  Soc.  (Ser.  A),  vol.  201  (1903).     Reference  may  also  be  made  to  a  thesis 
by  C.  Ribi^re,  Sur  divers  cas  de  la  flexion  des  prismes  rectangles,  Bordeaux,  1888. 
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AB,  of  the  beam  might  be  treated  as  a  cantilever,  fixed  at  A  and  bent  by 
terminal  load  ^ TT acting  upwards  at  the  other  end;  but  Saint-Venant's  solution 
would  not  be  strictly  applicable  to  the  parts  A B  or  AC,  for  the  cross-sections 
are  distorted  into  curved  surfaces  which  would  not  fit  together  at  A.  In 
Saint-Venant's  solution  of  the  cantilever  problem  the  central  part  of  the  cross- 
section  at  A  is  vertical,  and  the  tangent  to  the  central-line  at  A  makes  with 
the  horizontal  a  certain  small  angle  Sq-  [Article  232(c).]  Filon  concluded 
from  his  solution  that  the  deflexion  of  the  centrally  loaded  beam  may  be 
determined  approximately  by  the  double  cantilever  method,  provided  that  the 
central-line  at  the  point  of  loading  A  is  taken  to  be  bent  through  a  small 
angle,  so  that  AB  and  AG  are  inclined  upwards  at  the  same  small  angle  to 
the  horizontal.     He  estimated  this  small  angle  as  about  f  s,,. 

The  correction  of  the  central  deflexion  which  would  be  obtained  in  this  way  would  be 
■equivalent,  in  the  case  of  a  narrow  rectangular  beam,  to  increasing  it  by  the  fraction 
4S>(P/16l^  of  itself,  where  I  is  the  length  of  the  span,  and  d  is  the  depth  of  the  beam.  The 
■correction  is  therefore  not  very  important  in  a  long  beam. 

It  must  be  understood  that  the  theory  here  cited  does  not  state  that  the  central-line  is 
tent  through  a  small  angle  at  the  point  immediately  under  the  concentrated  load.  The 
■exact  expression  for  the  displacement  shows  in  fact  that  the  direction  is  continuous  at  this 
point.  What  the  theory  states  is  that  we  may  make  a  good  approximation  to  the  deflexion 
by  assuming  the  Bernoulli-Eulerian  curvature-theorem — which  is  not  exactly  true — and 
at  the  same  time  assuming  a  discontinuity  of  direction  of  the  central-line — which  does  not 
really  occur. 

246.     The  problem  of  continuous  beams*. 

In  what  follows  we  shall  develope  the  consequences  of  assuming  the 
Bernoulli-Eulerian  curvature-theorem  to  hold  in  the  case  of  a  long  beam,  of 
small  depth  and  breadth,  resting  on  two  or  more  supports  at  the  same  level,  and 
bent  by  transverse  loads  distributed  in  various  ways.  We  shall  take  the  beam 
to  be  slightly  bent  in  a  principal  plane.  We  take  an  origin  anywhere  in  the  line 
■of  the  supports,  and  draw  the  axis  of  x  horizontally  to  the  right  through  the 
supports,  and  the  axis  of  y  vertically  downwards.  The  curvature  is  expressed 
with  sufficient  approximation  by  d'yjdx''.  The  tractions  exerted  across  a 
normal  section  of  the  beam,  by  the  parts  for  which  x  is  greater  than  it  is  at 
tTie  section  upon  the  parts  for  which  x  is  less,  are  statically  equivalent  to 
a  shearing  force  N,  directed  parallel  to  the  axis  of  y,  and  a  couple  G  in  the 
plane  of  {x,  y).  The  conditions  of  rigid-body  equilibrium  of  a  short  length 
Ax  of  the  beam  between  two  normal  sections  yield  the  equation 

t^"-" m 

*  The  theory  was  initiated  by  Navier.  See  Introduction,  p.  22.  Special  oases  have  been 
diaoussed  by  many  writers,  among  whom  we  may  mention  Weyrauch,  Aufgaben  zur  Theorie 
■dastischer  Korper,  Leipzig  1885. 
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The  couple  G  is  taken  to  be  expressed  by  the  equation 

°=«g « 

where  B  is  the  product  of  Young's  modulus  for  the  material  and  the  moment 
of  inertia  of  a  normal  section  about  an  axis  through  its  centroid  at  right 
angles  to  the  plane  of  (x,  y)*-  The  senses  of  the  force  and  couple,  estimated 
as  above,  are  indicated  in  Fig.  34.  Except  in  estimating  B  no  account  is 
taken  of  the  breadth  or  depth  of  the  beam. 


In  the  problems  that  we  shall  consider  the  points  of  support  will  be 
taken  to  be  at  the  same  level.  At  these  points  the  condition  y  =  0  must  be 
satisfied.  At  a  free  end  of  the  beam  the  conditions  N=0,  G  =  0  must  be 
satisfied.  At  an  end  which  rests  freely  on  a  support  (or  a  "  supported  "  end) 
the  conditions  are  y  =  0,  G  =  0.  At  an  end  which  is  "  built-in  "  (encastre) 
the  direction  of  the  central-line  may  be  taken  to  be  prescribedf.  In  the 
problems  that  we  shall  solve  it  will  be  taken  to  be  horizontal.  The  displace- 
ment y  is  to  be  determined  by  equating  the  flexural  couple  G  at  any  section, 
of  which  the  centroid  is  P,  to  the  sum  of  the  moments  about  P  of  all  the 
forces  which  act  upon  any  portion  of  the  beam,  terminated  towards  the  left 
at  the  section^.  This  method  yields  a  differential  equation  for  y,  and  the 
constants  of  integration  are  to  be  determined  by  the  above  special  conditions. 
The  expressions  for  y  as  a  function  of  x  are  not  the  same  in  the  two  portions 
of  the  beam  separated  by  a  point  at  which  there  is  a  concentrated  load,  or  by 
a  point  of  support,  but  these  expressions  must  have  the  same  value  at  the 
point ;  in  other  words,  the  displacement  y  is  continuous  in  passing  through 
the  point.  We  shall  assume  also  that  the  direction  of  the  central-line,  or 
dyjdx,  is  continuous  in  passing  through  such  a  point.  Equations  (1)  and  (2) 
show  that  the  curvature,  estimated  as  d'y/dx^,  is  continuous  in  passing 
through  the  point.  The  difference  of  the  shearing  forces  N  calculated  from 
the  displacements  on  the  two  sides  of  the  point  must  balance  the  concen- 
trated load,  or  the  pressure  of  the  support ;  and  thus  the  shearing  force, 
and  therefore  also  d^yjda?,  is  discontinuous  at  such  a  point. 

*  B  is  often  called  the  "  flexural  rigidity." 
+  Such  an  end  is  often  described  as  " clamped." 

X  This  is,  of  course,  the  same  as  the  sum  of  the  moments,  with  reversed  signs,  of  all  the 
forces  which  act  upon  any  portion  of  tie  beam  terminated  towards  the  right  at  the  section. 
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247.     Single  span. 

We  consider  first  a  number  of  cases  in  which  there  are  two  points  of 
support  situated  at  the  ends  of  the  beam.  In  all  these  cases  we  denote  the 
length  of  the  span  between  the  supports  by  I. 

(a.)     Terminal  forces  and  couples. 

AY 


f 


M, 


Fig.  35. 

Let  the  beam  be  subjected  to  forces  Y  and  couples  l/„  and  M-^  at  the  ends 
A  and  B.  The  forces  Y  must  be  equal  and  opposite,  and,  when  the  senses 
are  those  indicated  in  Fig.  35,  they  must  be  expressible  in  terms  of  M^ 
and  ilfo  by  the  equation 

IY=M,-M^. 

The  bending  moment  at  any  section  x  i&  (I  —  x)  Y+  M^^,  or 

M,{l-x)ll  +  M^xll. 
The  equation  of  equilibrium  is  accordingly 

Integrating  this  equation,  and  determining  the  constants  of  integration 
so  that  y  may  vanish  at  a;  =  0  and  at  x  =  l,  we  find  that  the  deflexion  is  given 
by  the  following  equation  : 

■By  =  -^l-^x{l-x){M,{2l-x)  +  MS  +  oo)] (3) 

The  deflexion  given  by  this  equation  may  be  described  as  "  due  to  the 
couples  at  the  ends  of  the  span." 

(6)     Uniform  load.     Supported  ends. 
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Fig.  36. 

Taking  w  to  be  the  weight  per  unit  of  length  of  the  beam,  we  observe 
that  the  pressures  on  the  supports  are  each  of  them  equal  to  ^l.     The 

23—2 
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moment  about  any  point  P  of  the  weight  of  the  part  BP  of  the  beam  is 
\w(l  —  xf,  and  therefore  the  bending  moment  at  P,  estimated  in  the  sense 
already  explained,  is  the  sum  of  this  moment  and  —^wl{l-  x),  or  it  is 

—  \wx{l  —  x). 
The  equation  of  equilibrium  is  accordingly 


dx" 


■■  —  \wx  (I  —  x). 


Integrating  this  equation,  and  determining  the  constants  of  integration 
so  that  y  may  vanish  at  «  =  0  and  a,t  x  =  1,  we  find  the  equation 

■By  =  .^^wx{l-x)[l'  +  x{l-x)] (4) 

If  we  refer  to  the  middle  point  of  the  span  as  origin,  by  putting  x  =  ^l  +  x', 
we  find 

(c)  Uniform  load.    Built-in  ends. 

The  solution  is  to  be  obtained  by  adding  to  the  solution  in  case  (6)  a  solution  of  case  (a) 
adjusted  so  that  dyjdx  may  vanish  at  ^  =  0  and  x=l.  It  is  clear  from  symmetry  that 
M.^  =  Mf)  and  T=0.    We  have  therefore 

By  =  i^wx  {l-x){P  +  lx-x^)-  ^Mx  (l-x), 

where  J/  is  written  for  Mg  or  M-^.     The  terminal  conditions  give 

and  the  equation  for  the  deflexion  becomes 

or,  referred  to  the  middle  point  of  the  span  as  origin  of  x',  it  becomes 

(d)  Concentrated  load.     Supported  ends. 
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Fig.  37. 


Let  a  load  W  be  concentrated  at  a  point  Q  in  AB,  at  which  x  =  ^.  We 
shall  write  ^'  for  l  —  ^,  so  that  AQ=^  and  BQ  =  ^'.  The  pressures  on  the 
supports  A  and  B  are  equal  to  W^'/l  and  W^/l  respectively.  The  bending 
moment  at  any  point  in  AQ,  where  ^>  a;>  0,  is  —  W^'x/l ;  and  the  bending 
moment  at  any  point  in  BQ,  where  l>x>  ^,is  —W^(l  —  x)jl. 
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in  AQ    B 
inBQ    B 


dx^ 


I    •"' 


We  integrate  these  in  the  forms 

B  (2/  -  a;  tan  a)  =  -  ^  l-^  W^'a?, 
■B  [y -  {I- x)Un ^\  =  -^l-^W^{l-a;f, 
where  tana  and  tan^S  are  the  downward  slopes  of  the  central-line  at  the 
points  A  and  B.     The  conditions  of  continuity  of  y  and  dyjdx  at  Q  are 
B  I  tan  a  - 1. 1'^  Ff  f  =  Bf  tan  /3  -  ^  l'^  W^^'\ 
B  tan  a  -  i  l-^  Fff  =  -  B  tan  /3  +  i  i-^  W^^'\ 
These  equations  give 

B  tan  a  =  ^  l-^  W^^'  (^  +  2f ),     B  tan  /3  =  ^  Z-^ Ff  f '  (2^  + 1'). 
Hence  in  J.Q,  where  ^>x>0,  we  have 

B2/  =  ^i-Fr{f(?+2r)^-a;»}, (5) 

and  in  BQ,  where  l>x>^,  we  have 

By  =  il-^WH^'i2^  +  ^'){l-x)-(l-xy\ (6) 

We  observe  that  the  deflexion  at  any  point  P  when  the  load  is  at  Q  is  equal  to  the 
deflexion  at  Q  when  the  same  load  is  at  P. 

The  central  deflexion  due  to  the  weight  of  the  beam,  as  determined  by  the  solution 
of  case  (6),  is  the  same  as  that  due  to  f  of  the  weight  concentrated  at  the  middle  of 
the  span. 

(e)     Concentrated  load.    Built-in  ends. 


Fig.  38. 

To  the  values  of  "Ry  given  in  (5)  and  (6)  we  have  to  add  the  value  of  By  given 
in  (3),  and  determine  the  constants  M^  and  i/,  by  the  conditions  that  dyjdx  vanishes 
at  x=0  and  at  x=l.    We  find 

W^f^(2?  +  f)-(^o+2i^i)Z'  =  0, 
from  which  M^=W^^'^li\    M^=W^^'/IK 
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Hence  in  AQ,  where  ^>:!;>0,  we  have 
and  in  BQ,  where  l>x>^,  we  have 

We  notice  that  the  deflexion  at  P  when  the  load  is  at  Q  is  the  same  as  the  deflexion 

at  Q  when  the  same  load  is  at  P. 

The  points  of  inflexion  are  given  by  dh//dx^=0,  and  we  find  that  there  is  an  inflexion 

at  P,  in  A  Q  where 

AP,  =  AQ.AB/{3A(i  +  BQ). 

In  like  manner  there  is  an  inflexion  at  P^  in  BQ  where 

BP2  =  BQ.AB/{3BQ  +  AQ). 

The  point  where  the  central-line  is  horizontal  is  given  by  d7//dx=0.  If  such  a  point 
is  in  AQ  it  must  be  at  a  distance  from  A  equal  to  twice  AP^,  and  for  this  to  happen 
AQ  must  be  >BQ.  Conversely,  if  AQ<BQ,  the  point  is  in  BQ  at  a  distance  from  B  equal 
to  twice  BP^. 

The  forces  Yq  and  Y^  at  the  supports  are  given  by  the  equations 
Y,=  Iff  2  m  +  k')ll\     Y,=  F|2  (|  +  3r)/i3. 


248.     The  theorem  of  three  moments*. 
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Let  A,  B,  G  be  three  consecutive  supports  of  a  continuous  beam  resting 
on  any  number  of  supports  at  the  same  level,  and  let  Mj^,  M^,  Mq  denote  the 
bending  moments  at  A,  B,  G.  Denote  the  shearing  forces  on  the  two  sides 
of  the  support  B  by  Bo  and  Bi,  with  a  similar  notation  for  the  others.  The 
pressure  on  the  support  B  is  B^  +  Bi.  Now  B^  is  determined  by  taking 
moments  about  A  for  the  equilibrium  of  the  span  AB,  and  B^  is  determined 
by  taking  moments  about  G  for  the  equilibrium  of  the  span  BG.  Hence  the 
pressure  B^  +  B^  can  be  expressed  in  terms  of  the  bending  moments  at  A,B,G 
when  the  manner  of  loading  of  the  spans  is  known.  Again,  the  deflexion  in  the 
span  AB  may  be  obtained  by  adding  the  deflexion  due  to  the  load  on  this 
span  when  its  ends  are  supported  to  that  due  to  the  bending  moments  at  the 
ends.     [Article  247  (a).]     The  deflexion  in  the  span  BC  may  be  determined 

*  The  theorem  is  due  to  Clapeyron.  See  Introduction,  p.  22.  Generalizations  have  been 
given  by  various  writers  among  whom  may  be  mentioned  M.  L^vy,  Statique  graphique,  t.  2, 
Paris  1886,  who  treats  the  case  where  the  supports  are  not  all  in  the  same  level;  E.  E.  Webb, 
Cambridge  Phil.  Soc.  Proc,  vol.  6  (1886),  who  treats  the  case  of  variable  flexural  rigidity; 
K.  Pearson,  Messenger  of  Math.,  vol.  19  (1890),  who  treats  the  case  in  which  the  supports 
are  slightly  compressible. 
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by  the  same  method.  The  condition  of  continuity  of  direction  of  the  central- 
line  at  B  becomes  then  a  relation  connecting  the  bending  moments  atA,B,  C. 
A  similar  relation  holds  for  any  three  consecutive  supports.  This  relation 
is  the  theorem  of  three  moments.  By  means  of  this  relation,  combined  with 
the  special  conditions  which  hold  at  the  first  and  last  supports,  the  bending 
moments  at  all  the  supports  can  be  calculated. 

To  express  this  theory  analytically,  we  take  an  origin  anywhere  in  the 
line  of  the  supports,  and  draw  the  axis  of  x  horizontally  to  the  right,  and  the 
axis  of  y  vertically  downwards.  We  take  the  points  of  support  to  be  at 
x=a,  b,  c, ...  The  lengths  of  the  spans,  b  —  a,  c  —  b, ...  will  be  denoted  by 
^AB'  ^BC'---     We  investigate  a  series  of  cases. 

(a)     Uniform  load. 

Let  w  be  the  load  per  unit  of  length.  The  deflexion  in  AB  is  given, 
in  accordance  with  the  results  of  Article  247  (a)  and  (6),  by  the  equation 

By  =  -^jW{x-  a)  {b  —  x)  {{b  —  af  +  (x-a){b  —  x)] 

-^{x-a)(b-x)  {Mb  {b  +  x-2a)  +  M^  {2b -x-  a)}/(6  -  a). 

A  similar  equation  may  be  written  down  for  the  deflexion  in  BG.  The 
condition  that  the  two  values  of  dyjdx  a,i  x  =  b  are  equal  is 

-i^w  {b  -  of  +  ^{2Mj,  +  M^){b  -  a)  =  i^w{o-br  -^{2Ms  +  Ma){c  -b), 

and  the  equation  of  three  moments  is  therefore 

Iab  (M^  +  2il^s)  +  Ibc  {^Mj,  +  Mc)  =  iw  (W  +  Ibc') (7) 

To  determine  the  pressure  on  the  support  B  we  form  the  equations  of  moments  for  AB 
about  A,  and  for  BC  about  C.    We  have 

B^l^s-\wh^^-M^+M^=0, 

A  Ibc  -  ^wIbc^  -Mj,  +  Ma=Q. 

These  equations  give  Bfj  and  B^,  and  the  pressure  on  the  support  B  is  Bi^+B^.  In  this 
way  the  pressures  on  all  the  supports  may  be  calculated. 

(6)    Equal  spans. 

When  the  spans  are  equal,  equation  (7)  may  be  written  as  a  linear  difference  equation 
of  the  second  order  in  the  form 

and  the  solution  is  of  the  form 

M^=^wV^  +  Aaf'-\-B^, 

where  A  and  B  are  constants,  and  a  and  /3  are  the  roots  of  the  quadratic  x^  +  Ax+\  =  Q, 

or  we  have 

a=-2  +  V3,     j3=-2-V3. 

The  constants  A  and  B  are  to  be  determined  from  the  values  of  M  at  the  first  and  last 
supports. 

(c)     Uniform  load  on  each  span. 

Let  w^B  denote  the  load  per  unit  of  length  on  the  span  AB,  and  Wbc  that  on  BC.  Then 
we  find,  in  the  same  way  as  in  case  {a),  the  equation  of  three  moments  in  the  form 

hB  ( JC  +  2^/^)  +  Ibo  (2irB+i/„)  =  i  W^B  W  +  hWBC  W- 
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(d)     Concentrated  load  on  one  span. 

Let  a  load  W  be  concentrated  at  a  point  Q  in  BC  given  by  a;  =  ^.  The 
deflexion  in  AB  is  given,  in  accordance  with  the  results  of  Article  247  (a), 
by  the  equation 

■By  =  -l{x-a){h~x)[M^{'>h-x-a)  +  Ms{h  +  a:-  2a)}  j(b  -  a), 
and  that  in  BQ  is  given  by 

^!/  =  iW[(^-b)ic-^)(2c-b-^){x-b)-ic-^)(x-by]/{c-b) 
-^{x-b){c-x){MjB{2c-x-b)  +  Mc{c  +  x-2b)}/{c-b). 
The  condition  of  continuity  of  dyjdx  at  «  =  6  is 

l(^M^+2Mj,){b-a)  =  ^W{^-b){c-^){2c-b-mc-b)-:^{2M^+Mc){c-b), 
and  the  equation  of  three  moments  for  A,  B,  C  is  therefore 

Iab  {M^  +  2M^)  +  he  (2M^  +  Mc)  =  Wlj^^lgc  (1  +  kc/hc) (8) 

where  I^q  and  Iq^  are  the  distances  of  Q  from  B  and  G.  In  like  manner, 
if  D  is  the  next  support  beyond  C,  the  equation  of  three  moments  for 
B,  G,  D  is 

he  {Mb  +  2Mc)  +  lcj>  (2Mc  +  Mj,)  =  WI^qIqc  (1  +  IsQlho) (9) 

249.     Graphic  method  of  solution  of  the   problem  of  continuous 

beams*. 

d'v 
The  equation  of  equilibrium  (2),  viz.  B  -j-^  =  G,  is  of  the  same  form  as  the 

equation  determining  the  curve  assumed  by  a  loaded  string  or  chain,  when 

the  load  per  unit  length  of  the  horizontal  projection  is  proportional  to  —  G. 

For,  if  T  denotes  the  tension  of  the  string,  m  the  load  per  unit  length  of  the 

horizontal  projection,  and  ds  the  element  of  arc  of  the  catenary  curve,  the 

equations  of  equilibrium,  referred   to  axes  drawn  in  the  same  way  as  in 

Article  246,  are 

mdx  ^  d  ( ,„dy\         dx     . 

r^  =  const.  =  r  say,     ^,(y^J+m^  =  0, 

and  these  lead,  by  elimination  of  T,  to  the  equation 

It  follows  that  the  form  of  the  curve  assumed  by  the  central-line  of  the 
beam  in  any  span  is  the  same  as  that  of  a  catenary  or  funicular  curve 
determined  by  forces  proportional  to  Ghx  on  any  length  hx  of  the  span, 
provided  that  the  funicular  is  made  to  pass  through  the  ends  of  the  span. 
The  forces  Grhx  are  to  be  directed  upwards  or  downwards  according  as  G  is 
positive  or  negative. 

*  The  method  is  due  to  Mohr.     See  Introduction,  footnote  99. 
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The  tangents  of  such  a  funicular  at  the  ends  of  a  span  can  be  determined 
without  finding  the  funicular,  for  they  depend  only  on  the  statical  resultant 
and  moment  of  the  fictitious  forces  GBx.  To  see  this  we  take  the  ends  of  the 
span  to  be  »  =  0  and  x  =  l,  and  integrate  the  equation  (2)  in  the  forms 

and  hence  we  obtain  the  equation 

from  which  it  follows  that 


^N       _f(i-«)0.         l^-._ 


•f 

Jl. 


IB 


dx, 


dxji      JolB 


dx. 


\dxJo        J  0 

These  values  depend  only  on  the  resultant  and  resultant  moment  of  the 
forces  GSx,  and  therefore  the  direction  of  the  central-line  of  the  beam  at  the 
ends  of  the  span  would  be  determined  by  drawing  the  funicular,  not  for  the 
forces  GSx,  but  for  a  statically  equivalent  system  of  forces. 

The  flexural  couple  G  at  any  point  of  a  span  AB  may  be  found  by  adding 
the  couple  calculated  from  the  bending  moments  at  the  ends,  when  there  is 
no  load  on  the  span,  to  the  couple  calculated  from  the  load  on  the  span, 
when  the  ends  are  "  supported."  The  bending  moment  due  to  the  couples 
at  the  ends  of  the  span  is  represented  graphically  by  the  ordinates  of  the 
line  A'B'  in  Fig.  40,  where  AA'  and  BB'  represent  on  any  suitable 
scale  the  bending  moments  at  A   and  B.     The   bending   moment  due  to 


A' 


Fig.  40. 


Pig.  41. 


uniform  load  on  the  span  is  equal  to  —^wx(l  —  x),  as  in  Article  247  (6),  and 
it  may  be  represented  by  the  ordinates  of  a  parabola  as  in  Fig.  41.  The 
bending  moment  due  to  a  concentrated  load  is  equal  to  —  Wx  (I  —  ^)jl,  when 
^>x>Q,  and  to  —  W {I  —  x) ^jl,  when  ^  >  a;  >  ^,  as  in  Article  247  (d) ;  and  it 
may  be  represented  by  the  ordinate  of  a  broken  line  as  in  Fig.  42.     The 
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bending  moment  due   to  the  load  on  the  span  may  be  represented  in  a 
general  way  by  the  ordinate  of  the  thick  line  in  Fig.  43. 

A' 


Fig.  42.  Fig.  43. 

The  fictitious  forces  GBx  are  statically  equivalent  to  the  following : — 
(i)  a  force  (j)  represented  by  the  area  of  the  triangle  AA'B,  acting  upwards 
through  that  point  of  trisection  g  of  AB  which  is  nearer  to  A,  (ii)  a  force  (j)', 
represented  by  the  area  of  the  triangle  A'BB' ,  acting  upwards  through  the 
other  point  of  trisection  g'  of  AB,  (iii)  a  force  F,  represented  by  the  area 
contained  between  AB  and  the  thick  line  in  Fig.  43,  acting  downwards  through 
the  centroid  of  this  area.  We  take  the  line  of  action  of  F  to  meet  AB  in  the 
point  Q.  When  the  load  on  the  span  is  uniform,  F  = -^wP,  and  0  is  at  the 
middle  point  of  AB.  When  there  is  an  isolated  load,  F  =  ^W ^ (l  —  ^),  and 
G  is  at  a  distance  from  A  equal  to  ^(1+  ^). 

The  forces  F  and  the  points  G  are  known  for  each  span,  and  the  points 
g,  g'  are  known  also.  The  forces  ^,  (j)'  are  unknown,  since  they  are  propor- 
tional to  the  bending  moments  at  the  supports,  but  these  forces  are  connected 
by  certain  relations.  Let  A,,,  A^, ...  denote  the  supports  in  order,  let  (/>!,  <f>i,  Fi 
denote  the  equivalent  system  of  forces  for  the  first  span  A^Ai,  and  so  on. 
Let  Mg,  Mj,  M2, ...  denote  the  bending  moments  at  the  supports.  Then  we 
observe,  for  example,  that  0/  :  (f>^  =  M^.  A^A^  :  M^.A-^A^,  and  therefore  the 
ratio  ^1'  :  ^2  is  known.     Similarly  the  ratio  j>^  :  <f>s  is  known,  and  so  on. 

If  the  forces  (f>,  cj),  as  well  as  F,  were  known  for  any  span,  we  could 
construct  a  funicular  polygon  for  them  of  which  the  extreme  sides  could  be 
made  to  pass  through  the  ends  of  the  span  Since  the  direction  of  the 
central-line  of  the  beam  is  continuous  at  the  points  of  support,  the  extreme 
sides  of  the  funiculars  which  pass  through  the  common  extremity  of  two 
consecutive  spans  are  in  the  same  straight  line.  The  various  funicular 
polygons  belonging  to  the  different  spans  form  therefore  a  single  funicular 
polygon  for  the  system  of  forces  consisting  of  all  the  forces  4>,  (p',  F. 

250.     Development  of  the  graphic  method. 

The  above  results  enable  us  to  construct  the  funicular  just  described,  and 
to  determine  the  forces  (j),  or  the  bending  moments  at  the  supports,  when  the 
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bending  moments  at  the  first  and  last  supports  are  given.  We  consider  the 
case  where  these  two  bending  moments  are  zero*,  or  the  ends  of  the  beam 
are  "supported."  We  denote  the  sides  of  the  funicular  by  1,  2,  3, ...  so  that 
the  sides  1,  3,  6, ...  pass  through  the  supports  -4„,  A-^,  A^, ... . 


Fig.  44. 


We  consider  the  triangle  formed  by  the  sides  2,  3,  4.  Two  of  its  vertices 
lie  on  fixed  lines,  viz. :  the  verticals  through  g^  and  g^.  The  third  vertex  F^ 
also  lies  on  a  fixed  line.  For  the  side  3  could  be  kept  in  equilibrium  by  the 
forces  <i>i  and  <^2  and  the  tensions  in  the  sides  2,  4,  and  therefore  F,  is  on  the 
line  of  action  of  the  resultant  of  c^/  and  ^2;  but  this  line  is  the  vertical 
through  the  point  a^,  where  a^g^  =  A-^g-l  and  a^^  —  A^g^,  for  (j)/  :  ^2  =  A^g/ :  A^g^. 
Again,  the  point  C^,  where  the  side  2  meets  the  vertical  through  A,,  is 
determined  by  the  condition  that  the  triangle  formed  by  the  sides  1  and  2 
and  the  line  Afi^  is  a  triangle  of  forces  for  the  point  of  intersection  of  the 
sides  1  and  2,  and  A^C^  represents  the  known  force  ^1  on  the  scale  on  which 
we  represent  forces  by  lines.  Since  the  vertices  of  the  triangle  formed  by 
the  sides  2,  3,  4  lie  on  three  fixed  parallel  lines,  and  the  sides  2  and  3  pass 
through  the  fixed  points  G^  and  A-^,  the  side  4  passes  through  a  fixed 
point  C,  which  can  be  constructed  by  drawing  any  two  triangles  to  satisfy 
the  stated  conditions. 

In  the  above  the  point  G^  may  be  taken  arbitrarily,  but,  when  it  is  chosen, 
AJjt-i,  represents  the  constant  horizontal  component  of  the  tension  in  the 
sides  of  the  funicular  on  the  same  scale  as  that  on  which  AJJ^  represents 
the  force  F-^. 

We  may  show  in  the  same  way  that  the  vertices  of  the  triangle  formed 
by  the  sides  5,  6,  7  lie  on  three  fixed  vertical  lines,  and  that  its  sides  pass 
through  three  fixed  points.     The  vertical  on  which  the  intersection  Y^_  of 

*  The  sketch  of  the  graphic  method  given  in  the  text  is  not  intended  to  be  complete.  For 
further  details  the  reader  is  referred  to  M.  L^vy,  Zoc.  cit.  p.  358.  A  paper  by  Perry  and  Ayrtou 
in  Vroc.  Boy.  Soc,  vol.  29  (1879),  may  also  be  consulted.  The  memoir  by  Canevazzi  cited  in  the 
Introduction,  footnote  99,  contains  a  very  luminous  account  of  the  theory. 
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the  lines  5  and  7  lies  passes  through  the  point  a,,  where  a.2gz  =  A^g.^  and 
dig^'  =  A^g,.  The  fixed  point  C^,  through  which  the  side  5  passes,  is  on  the 
vertical  through  C,,  and  at  such  a  distance  from  Cj  that  this  vertical  and  the 
sides  4  and  5  make  up  a  triangle  of  forces  for  the  point  of  intersection  of  the 
sides  4  and  5.  The  line  CJJ^  then  represents  the  force  F^  on  a  certain  scale, 
which  is  not  the  same  as  the  scale  on  which  A^C.^  represents  Fi,  for  the 
horizontal  projection  of  G2Ci  represents  the  constant  horizontal  component 
tension  in  the  funicular  ou  the  scale  on  which  CiC^  represents  ^2-  Since  Oi 
is  known,  the  ratio  of  scales  in  question  is  determined,  and  C,  is  therefore 
determined.  The  side  6  passes  through  the  fixed  point  A2,  and  the  fixed 
point  Cj  through  which  the  side  7  passes  can  be  constructed  in  the  same 
way  as  C\  was  constructed. 

In  this  way  we  construct  two  series  of  points  C^,  C^,  ...  C>,/;_i,  ...  and 
C,,  G,, ...  C<,k+i,  •••  •  We  construct  also  the  series  of  points  Kj,  a^, ...  a^, ... , 
where  a,.g^'  =  Ai,g„+-i  and  a^g^+T_  —  Aj^g^.  By  aid  of  these  series  of  points 
we  may  construct  the  required  funicular. 

Consider  the  case  of  n  spans,  the  end  An,  as  well  as  A^,  being  simply 
supported.  The  line  joining  C^n^^  to  An  is  the  last  side  (3w  —  1)  of  the 
funicular,  since  the  force  <^„',  like  <^,,  is  zero.  The  side  (3n  — 2)  meets  the 
side  (3n  —  1)  on  the  line  of  action  of  F^,  and  passes  through  the  point  G^n-i- 
Let  this  side  (3w  —  2)  meet  the  vertical  through  a„_i  in  F'„_i.  Then  the  line 
yn-iGzn-i  is  the  side  (3n  — 4).  The  side  (3m— 3)  is  determined  by  joining 
the  point  where  the  side  (3n  —  2)  meets  the  vertical  through  gn  to  the  point 
where  the  side  (3n  —  4)  meets  the  vertical  through  g'n-i.  This  side  (3n  —  3) 
necessarily  passes  through  An-i  in  consequence  of  the  mode  of  construction 
of  the  points  G.     Proceeding  in  this  way  we  can  construct  the  funicular. 

When  the  funicular  is  constructed  we  may  determine  the  bending 
moments  at  the  supports  by  measurement  upon  the  figure.  For  example, 
let  the  side  4  meet  the  vertical  through  A^  in  8^.  Then  A-^S-^  and  the  sides  3 
and  4  make  up  a  triangle  of  forces  for  the  point  of  intersection  of  3  and  4. 
The  horizontal  projection  of  either  of  the  sides  of  this  triangle  which  are  not 
vertical  is  ^A^A^.  Hence  A^S^^  represents  the  force  (p^  on  the  same  scale  as 
^A-^Ai  represents  the  horizontal  tension  in  the  sides  of  the  funicular.  Thus 
A^SijAiA^  represents  the  force  <^2  on  a  constant  scale.  But  02  represents  the 
product  of  Ml  and  A-^A^.  also  on  a  constant  scale.  Hence  A^SijAt^Ai  repre- 
sents the  bending  moment  at  A-^  on  a  constant  scale.  In  like  manner,  if  the 
side  3A;+  1  meets  the  vertical  through  A^  in  the  point  (S',„  then  A^S^jA^A^+i 
represents  the  bending  moment  at  A^.. 
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GENERAL  THEORY  OF  THE  BENDING  AND  TWISTING  OF   THIN   RODS. 

251.  Besides  the  problem  of  continuous  beams  there  are  many  physical 
and  technical  problems  which  can  be  treated  as  problems  concerning  long 
thin  rods,  and,  on  this  understanding,  are  capable  of  approximate  solution.  In 
this  Chapter  we  shall  consider  the  general  theory  of  the  behaviour  of  such- 
bodies,  reserving  the  applications  of  the  theory  for  subsequent  Chapters.  The 
special  circumstance  of  which  the  theory  must  take  account  is  the  possibility 
that  the  relative  displacements  of  the  parts  of  a  long  thin  rod  may  be  by  no 
means  small,  and  yet  the  strains  which  occur  in  any  part  of  the  rod  may  be 
small  enough  to  satisfy  the  requirements  of  the  mathematical  theory.  This 
possibility  renders  necessary  some  special  kinematical  investigations,  subsidiary 
to  the  general  analysis  of  strain  con.sidered  in  Chapter  I. 

252.  Kinematies  of  thin  rods*. 

In  the  unstressed  state  the  rod  is  taken  to  be  cylindrical  or  prismatic,  so 
that  homologous  lines  in  different  cross-sections  are  parallel  to  each  other. 
If  the  rod  is  simply  twisted,  without  being  bent,  linear  elements  of  different 
cross-sections  which  are  parallel  in  the  unstressed  state  become  inclined  to 
each  other.  We  select  one  set  of  linear  elements,  which  in  the  unstressed 
state  are  parallel  to  each  other  and  lie  along  principal  axes  of  the  cross- 
sections  at  their  centroids.  Let  Sfloe  the  angle  in  the  strained  state  between 
the  directions  of  two  such  elements  which  lie  in  cross-sections  at  a  distance 
Ss  apart.     Then  lim  Sf/Ss  measures  the  twist. 

Ss=0 

When  the  rod  is  bent,  the  twist  cannot  be  estimated  quite  so  simply. 
W^e  shall  suppose  that  the  central-line  becomes  a  tortuous  curve  of  curvature 
1/p  and  measure  of  tortuosity  1/S.  We  take  a  system  of  fixed  axes  of  x,  y,  z 
of  which  the  axis  of  z  is  parallel  to  the  central-line  in  the  unstressed  state, 
and  the  axes  of  x,  y  are  parallel  in  the  same  state  to  principal  axes  of  the 

*  Cf.  Kelvin  and  Tait,  Nat.  Phil.,  Part  I,  pp.  94  et  seq.,  and  Eirchhoff,  J.f.  Math.  (Crelle), 
Bd.  56  (1859),  or  Ges.  Abhandlungen  (Leipzig  1882),  p.  285,  or  Vorlesungen  ilber  math.  Physik, 
Mechanik,  Vorlesung  28. 
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cross-sections  at  their  centroids.  Let  P  be  any  point  of  the  central-line,  and, 
in  the  unstressed  state,  let  three  linear  elements  of  the  rod  issue  from  P  in 
the  directions  of  the  axes  of  x,  y,  z.  When  the  rod  is  deformed  these  linear 
elements  do  not  in  general  continue  to  be  at  right  angles  to  each  other,  but 
by  means  of  them  we  can  construct  a  system  of  orthogonal  axes  of  x,  y,  z. 
The  origin  of  this  system  is  the  displaced  position  Pj  of  P,  the  axis  of  z  is  the 
tangent  at  Pj  to  the  strained  central- line,  and  the  plane  {x,  z)  contains  the 
linear  element  which,  in  the  unstressed  state,  issues  from  P  in  the  direction 
of  the  axis  of  x.  The  plane  of  {x,  z)  is  a  "  principal  plane ''  of  the  rod.  The 
sense  of  the  axis  of  x  is  chosen  arbitrarily.  The  sense  of  the  axis  of  z  is 
chosen  to  be  that  in  which  the  arc  s  of  the  central-line,  measured  from  some 
assigned  point  of  it,  increases ;  and  then  the  sense  of  the  axis  of  y  is  deter- 
mined by  the  condition  that  the  axes  of  x,  y,  z  in  this  order  are  a  right-handed 
system.  The  system  of  axes  constructed  as  above  for  any  point  on  the  strained 
central-line  will  be  called  the  "principal  torsion-flexure  axes"  of  the  rod  at 
the  point. 

Let  P'  be  a  point  of  the  central-line  near  to  P,  and  let  P/  be  the  displaced 
position  of  P'.  The  length  Ssj  of  the  arc  PyP-[  of  the  strained  central-line 
may  differ  slightly  from  the  length  hs  of  PP' .  If  e  is  the  extension  of  the 
central-line  at  Pj  we  have 

lim  (Ssi/Ss)  =  (1 -H  e) (1) 

6s  =  0 

The  extension  e  may  be  zero.  For  any  application  of  the  mathematical 
theory  of  Elasticity  to  be  possible,  it  must  be  a  small  quantity  of  the  order  of 
the  strains  contemplated  in  the  theory. 

Suppose  the  origin  of  a  frame  of  three  orthogonal  axes  of  x,  y,  z  to  move 
along  the  strained  central-line  of  the  rod  with  unit  velocity,  and  the  three 
axes  to  be  directed  always  along  the  principal  torsion-flexure  axes  of  the  rod 
at  the  origin  of  the  frame.  We  may  resolve  the  angular  velocity  with  which 
the  frame  rotates  into  components  directed  along  the  instantaneous  positions 
of  the  axes.  We  shall  denote  these  components  by  k,  k  ,  t.  Then  k  and  k 
are  the  components  of  curvature  of  the  strained  central-line  at  Pj,  and  t  is  the 
twist  of  the  rod  at  Pj. 

These  statements  may  be  regarded  as  definitions  of  the  twist  and  com- 
ponents of  curvature.  It  is  clear  that  the  new  definition  of  the  twist  coincides 
with  that  which  was  given  above  in  the  case  of  a  rod  which  is  not  bent,  and 
that  K,  K  are  the  curvatures,  as  defined  geometrically,  of  the  projections  of 
the  strained  central-line  on  the  planes  of  (y,  z)  and  (x,  z),  and  therefore  the 
resultant  of  k  and  k  is  a  vector  directed  along  the  binormal  of  the  strained 
central-line  and  equal  to  the  curvature  Ijp  of  this  curve. 

253.     Kinematical  formulse. 

We  investigate  in  the  first  place  the  relation  between  the  twist  of  the  rod 
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and  the  measure  of  tortuosity  of  its  strained  central-line.  Let  I,  m,  n  denote 
the  direction  cosines  of  the  binormal  of  this  curve  at  P-,  referred  to  the  prin- 
cipal torsion-flexure  axes  at  P,,  and  let  V,  m',  n'  denote  the  direction  cosines 
of  the  binormal  at  P/  referred  to  the  principal  torsion-flexure  axes  at  P/. 
Then  the  limits  such  as  lim  {l'-l)/Ssi  are  denoted  by  dl/ds^ Again  let 

6s,  =  0 

l  +  Sl,...  denote  the  direction  cosines  of  the  binormal  at  P/  referred  to  the 
principal  torsion-flexure  axes  at  Pj.     We  have  the  formulae* 

lim  Sl/Ssi  =  dl/dsi  —  mr  +  hk, 
lim  Sm/Bsi  =  dm/dsi  —  uk  +  Ir, 

Ssi=0 

lim  Sn/SS]  =  dn/dsi  —  l/c'  +  rriK. 

Ss,=0 

The  measure  of  tortuosity  1/S  of  the  strained  central-line  is  given  by  the 
formula 

1/2^=  lim  [(Blf  +  (Smy  +  (Sny]/{Ss,y, 

8s, =0 

and  the  sign  of  2  is  determined  by  choosing  the  senses  in  which  the  principal 
normal,  binormal  and  tangent  of  the  curve  are  drawn.    We  suppose  the  prin- 


Pig.  45. 


cipal  normal  (marked  n  in  Fig.  45)  to  be  drawn  towards  the  centre  of 
curvature,  and  the  tangent  to  be  drawn  in  the  sense  in  which  Si  increases, 
and  we  choose  the  sense  in  which  the  binormal  (marked  b  in  the  figure)  is 
drawn  in  such  a  way  that  the  principal  normal,  the  binormal  and  the  tangent, 
taken  in  this  order,  are  parallel  to  the  axes  of  a  right-handed  system.  Now 
we  may  put 

I  =  Kp  =  — cos  f,     m  =  k'p  =  sin  f,     n  =  0, 

where  p  is  the  radius  of  curvature ;  and  then  ^•n-  —/is  the  angle  between  the 
*  Cf.  E.  J.  Eouth,  Dynamics  of  a  system  of  rigid  bodies  (London  1884),  Part  II,  Chapter  I. 
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principal  plane  {x,  z)  of  the  rod  and  the  principal  normal  of  the  strained 
central-line.  On  substituting  in  the  expression  for  1/S^  and  making  use  of 
the  above  convention,  we  find  the  equation 


•(2) 


_dl     1 
"~(^s,"^2 

in  which  ta,n  f  =  —  {k  j k) (3) 

The  necessity  of  introducing  such  an  angle  as/"  into  the  theory  was  noted 
by  Saint- Venant*.  The  case  in  which /vanishes  or  is  constant  was  the  only 
one  considered  by  the  earlier  writers  on  the  subject.  The  linear  elements  of 
the  deformed  rod  which  issue  from  the  strained  central-line  in  the  direction 
of  the  principal  normals  of  this  curve  are,  in  the  unstressed  state,  very 
nearly  coincident  with  a  family  of  lines  at  right  angles  to  the  central-line. 
If  /  vanishes  or  is  constant  these  lines  are  parallel  in  the  unstressed  state. 
We  may  describe  a  state  of  the  bent  and  twisted  rod  in  which  /  vanishes 
or  is  constant  as  such  that  the  rod,  if  simply  unbent,  would  be  prismatic. 
When  f  is  variable  the  rod,  if  simply  unbent,  would  be  a  twisted  prism, 
and  the  twist  would  be  df/dsi. 

With  a  view  to  the  calculation  of  k,  k',  t  we  take  the  axes  of  x,  y,  z  at  P, 
to  be  connected  with  any  system  of  fixed  axes  of  x,  y,  z  by  the  orthogonal 
scheme 
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•(4) 


in  which,  for  example,  li,mi,  n^  are  the  direction  cosines  of  the  axis  of  x  at  Pj 
referred  to  the  fixed  axes.     We  have  the  nine  equations 

dlijds-i  =  l2T —  l^K,       dl2/dSi  =  lsK  —  liT,       dl3/dsi  =  liK' —  I2K, 

drOi/dsi  —  m^T—ms k,  dm^/dsi ^m^K— m^ t,  dmjdsi  =  miK,'  —  tti^k,  r . . .(p) 

drii/dsi  =  n2T  —  n3K',    dnJdsi  =  n3K  — n-iT,     dnsldsi  =  niK'  —  n^K, 

which  express  the  conditions  that  the  axes  of  x,  y,  z  are  fixed,  while  those  of 
X,  y,  z  are  moving  with  the  angular  velocity  («,  k,  t)-|-.  From  these  we 
obtain  such  equations  as 

,  dl:i  dm^         dn^ 

ic==h  ,-  +  'rriz  -J — ^  "3  -7-  • 
asi  (ZSi  asi 

The  differentiations  with  respect  to  Sy  may,  since  e  is  small,  be  replaced 
by  differentiations  with  respect  to  s,  provided  that  the  left-hand  members  of 


♦  Paris  C.  R.,  t.  17  (1843). 

t  Cf.  E.  J.  Routh,  loc.  cit.  p.  367. 
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the  equations  are  multiplied  by  1  +  e.  If  «,  k  ,  t  are  themselves  small,  and 
quantities  of  the  order  e/c  are  neglected,  the  factor  1  +  e  may  be  replaced  by 
unity.  If  K,  K,  T  are  not  regarded  as  small  quantities,  a  first  approximation 
to  their  values  can  be  obtained  by  replacing  1  +  e  by  unity.  For  the  esti- 
mation of  K,  K ,  T  we  may  therefore  ignore  the  distinction  between  ds-i  and  ds 
and  write  our  formula 


,  dl^  dm«         drh 

,      J  dl,  dm,         dn. 


ds 


ds 


T  =  l2~  +  m^  — tT^  +  «: 


drrii 
ds 


ds' 

dui 
ds  ' 


.(6) 


The  direction  cosines  li,...  can  be  expressed  in  terms  of  three  angles 
0,  ^Ir,  j>,  as  is  usual  in  the  theory  of  the  motion  of  a  rigid  body.  Let  6  be 
the  angle  which  the  axis  of  z  at  Pj  makes  with  the  fixed  axis  of  z,  \|r  the 
angle  which  a  plane  parallel  to  these  axes  makes  with  the  fixed  plane  of  (x,  z), 
^  the  angle  which  the  principal  plane  {x,  z)  of  the  rod  at  P^  makes  with  the 
plane  z,P^z.  Then  the  direction  cosines  in  question  are  expressed  by  the 
equations 

?j=  —  sin\|/'sin  ^  +  cos  i/rcos^cos  6,  mj  =  cos\|?sin0-|-sim|^  cos  0  cos  6,  «i=  -sm5cos0,~| 
^2= -sinil^cos^  — cos-\|Asin^cos5,   OT2  =  cosi//'00s<^-sim|^sm<^cos5,   ?i2=     sin^sin^,  J- 


l^=     sin  5  cos  !//■, 


=sin  8  sin  i|r, 


Fig.  46. 


cos  5. 


•(7) 


L.  E. 
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The  relations  connecting  dff/ds,  dyfr/ds,  d^jds  with  k,  k,  t  are  obtained  at 
once  from  Fig.  46  by  observing  that  k,  k  ,  t  are  the  projections  on  the 
principal  torsion-flexure  axes  at  Pj  of  a  vector  which  is  equivalent  to  vectors 
dd/ds,  d-^jds,  d<f)/ds  localized  in  certain  lines.  The  line  Pj^  in  which  d6lds 
is  localized  is  at  right  angles  to  the  plane  zP^z,  and  dyjrjds  and  d(f)/ds  are 
localized  in  the  lines  PjZ  and  P^z.     We  have  therefore  the  equations 

K=  -^sincp—  -J-  sm  0  cos  <p,     «  =  -3-  cos  ef>  +  -j-  sin  a  sin  <p, 

,  =  #  +  ^cos^ (8) 

ds      as  ^  ' 

254.     Equations  of  equilibrium. 

When  the  rod  is  deformed  the  action  of  the  part  of  it  that  is  on  one  side 
of  a  cross-section  upon  the  part  on  the  other  side  is  expressed,  in  the  usual 
way,  by  means  of  tractions  estimated  per  unit  of  area  of  the  section.  These 
tractions  are  statically  equivalent  to  a  force  acting  at  the  centroid  of  the 
section  and  a  couple.  The  axis  of  z  being  directed  along  the  tangent  to  the 
central-line  at  this  centroid,  the  tractions  on  the  section  are  denoted  by 
Xz,  Fz,  Zj.  The  components  parallel  to  the  axes  of  x,  y,  z  of  the  force-  and 
couple-resultants  of  these  tractions  are  N,  N',  T  and  G,  G',  H,  where 


N  =  jjx.dxdy,     N'  =  jJYJxdy,  T  =  jjz.dxdy, 

G  =  \\yZ^dxdy,     G'  =  \\  —xZ^dxdy,     H=\\{xY^  —  yX^dxdy, 


K9) 


the  integrations  being  taken  over  the  area  of  the  section.  The  forces  N,  N' 
are  "  shearing-forces,"  the  force  T  is  the  "  tension,"  the  couples  G,  G'  are 
"flexural  couples,''  the  couple  H  is  the  "torsional  couple."  The  forces 
N,  N',  T  will  be  called  the  stress-resultants,  and  the  couples  G,  G',  H  the 
stress-couples. 

The  forces  applied  to  the  rod  are  estimated  by  means  of  their  force-  and 
couple-resultants  per  unit  of  length  of  the  central-line,  and,  in  thus  estimating 
them,  we  may  disregard  the  extension  of  this  line.  Let  the  forces  applied  to 
the  portion  of  the  rod  between  the  cross-sections  drawn  through  Pj  and  Pi' 
be  reduced  statically  to  a  force  at  Pj  and  a  couple ;  and  let  the  components 
of  this  force  and  couple,  referred  to  the  principal  torsion-flexure  axes  at  Pi , 
be  denoted  by  [Z],  [Y],  [Z],  and  [K\,  [K'l  [6].  When  P/  is  brought  to 
coincidence  with  Pi  all  these  quantities  vanish,  but  the  quotients  such  as 
[X]/Ss  can  have  finite  limits.     Let  us  write 

lim  [Z]/Ss  =  Z, . . . ,  Km  [K]lh  =  K,...; 
then  X,  Y,  Z  are  the  components  of  the  force-resultant  at  Pj  per  unit  of 
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length  of  the  central-line,  and  K,  K',®  are  the  components  of  the  couple- 
resultant. 

Now  the  forces  applied  to  the  portion  of  the  rod  contained  between  two 
cross-sections  balance  the  resultant  and  resultant  moment  of  the  tractions 
across  these  sections.  Let  S  denote  the  excess  of  the  value  of  any  quantity 
belonging  to  the  section  through  P/  above  the  value  that  belongs  to  the 
section  through  Pi,  let  x,  y,  z  denote  the  coordinates  of  Pi  referred  to  fixed 
axes,  x',  y',  z'  those  of  any  point  on  the  central-line  between  Pi  and  P/. 
Using  the  scheme  (4),  we  can  at  once  write  down  the  equations  of  equi- 
librium of  the  portion  in  such  forms  as 

B  {kN  +  l,N'  +  kT)  +  \      {kX  +  kY  +  kZ)ds  =  0, 

J  8 

and  S(kO  +  kG'  +  hH)  +  By  {{n,N-  +  n,N'  +  n,T)  +  B  (n,N  +  n,N'  +  n,T)] 

-  Bz  [{rrhN  +  w^N'  +  m^T)  +  B  {m^N+  m,^N'  +  m,T)} 
rs+Ss 
+         {(y'  -  y)  (^1-^  +  '^2  ^+  ''s-^)  -  (z'  -  z)  (miZ  -I-  m^  Y+msZ)}  ds 

J  s 
rs+Ss 

+         (l,K  +  kK'  +  k@)ds  =  0. 

J  s 

We  divide  the  left-hand  members  of  these  equations  by  Bs,  and  pass  to  a 
limit  by  diminishing  Bs  indefinitely.  This  operation  requires  the  performance 
of  certain  differentiations.  The  results  of  differentiating  ?i, ...  are  expressed 
by  equations  (5),  since  the  extension  of  the  central-line  may  be  disregarded. 
We  choose  the  fixed  axes  of  x,  y,  z  to  coincide  with  the  principal  torsion- 
flexure  axes  of  the  rod  at  Pi.  Then,  after  the  differentiations  are  performed, 
we  may  put  l^  =  1,  mi  =  0,  and  so  on.  The  limits  of  Bx/Bs,  By/Bs,  Bz/Ss  are 
0,  0,  1.     The  limits  of  such  quantities  as 

rs+Ss  rs+Ss 

(Ss)-W      {l,X  +  kY+kZ)ds,   (Ss)-iJ       (l,K+kK'  +  k@)ds 
are  X,  Y,  Z  and  K,  K',  @.     The  limits  of  such  quantities  as 
{Bs)-A'    \y'-y){n^X  +  n^Y+n,Z)ds 

J  s 

are  zero.     We   have,  therefore,  the  following   fo]*ms   for  the   equations   of 
equilibrium*: 


} (10) 


^-N't  +  Tk'  +  X  =  Q, 
ds 

dN' 
ds 

^-Nk'+N'ic+Z=0, 
ds  I 

*  The  equations  were  given  by  Clebsoh,  Elasticitdt,  §  50,  but  they  were  effectively  contained  in 
the  work  of  Kirchhoff,  loc.  cit.  p.  365. 
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and 


.(11) 


as 

as 

^-^-Gk'  +  G'k  +  ®  =  Q. 

as  I 

In  addition  to  these  equations  there  will  in  general  be  certain  special 
conditions  which  hold  at  the  ends  of  the  rod.  These  may  be  conditions  of 
fixity,  or  the  forces  and  couples  applied  at  the  ends  may  be  given.  In  the 
latter  case  the  terminal  values  of  the  stress-resultants  and  stress-couples  are 
prescribed.  These  special  conditions  may  be  used  to  determine  the  constants 
that  are  introduced  in  the  process  of  integrating  the  equations  of  equilibrium. 

255.     The  ordinary  approximate  theory. 

The  equations  of  equilibrium  contain  nine  unknown  quantities :  N,  N',  T, 
G,  G' ,  H,  K,  K ,  T.  It  is  clear  that,  if  three  additional  equations  connecting 
these  quantities  could  be  found,  there  would  be  sufficient  equations  to  deter- 
mine the  curvature  and  twist  of  the  rod  and  the  stress-resultants  and 
stress-couples.  The  ordinary  approximate  theory — a  generalization  of  the 
"  Bernoulli-Eulerian "  theory — consists  in  assuming  that  the  stress-couples 
are  connected  with  the  curvature  and  twist  of  the  rod  by  equations  of 
the  form 

G  =  Aic,     G'  =  Bk,    H=Gr, (12) 

where  A,  B,  G  are  constants  depending  on  the  elastic  quality  of  the  material 

and  the  shape  of  the  cross-section.     The  nature  of  this  dependence  is  known 

from  the  results  obtained  in  comparatively  simple  cases.    For  isotropic  material 

we  should  have 

A  =  Euk\    B  =  Et^k'-, 

where  E  is  Young's  modulus  for  the  material,  to  is  the  area  of  the  cross- 
section,  and  ^  and  k'  are  the  radii  of  gyration  of  the  cross-section  about  the 
axes  of  X  and  y,  which  are  principal  axes  at  its  centroid.  In  the  same  case  G 
would  be  the  torsional  rigidity  considered  in  Chapter  XIV.  If  the  cross- 
section  of  the  rod  has  kinetic  symmetry,  so  that  A=B,  the  flexural  couples 
G,  G',  as  expressed  in  the  formulse  (12),  are  equivalent  to  a  single  couple,  of 
which  the  axis  is  the  binormal  of  the  strained  central-line,  and  the  magnitude 
is  B/p,  where  p  is  the  radius  of  curvature  of  this  curve. 

The  theory  is  obviously  incomplete  until  it  is  shown  that  the  formulse  (12) 
are,  at  least  approximately,  correct.  An  investigation  of  this  question,  based 
partly  on  the  work  of  Kirchhoff  and  Clebsch*  will  now  be  given. 

*  See  Introduction,  pp.  23  and  24. 
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256.     Nature  of  the  strain  in  a  bent  and  twisted  rod. 

In  Kirchhoff's  theory  of  thin  rods  much  importance  attaches  to  certain 
kinematical  equations.  These  equations  are  not  free  from  difficulty,  and  the 
following  investigation,  which  is  direct  if  a  little  tedious,  is  olfered  as  a  sub- 
stitute for  the  kinematical  part  of  Kirchhoflf's  theory.  We  suppose  that  a  thin 
rod  is  actually  bent,  so  that  the  central-line  has  a  certain  curvature,  and 
twisted,  so  that  the  "  twist "  has  a  certain  value,  and  we  seek  to  ascertain  the 
restrictions,  if  any,  which  are  thereby  imposed  upon  the  strain  in  the  rod. 
For  the  sake  of  greater  generality  we  shall  suppose  also  that  the  central-line 
undergoes  a  certain  small  extension. 

Now  we  can  certainly  imagine  a  state  of  the  rod  in  which  the  cross- 
sections  remain  plane,  and  at  right  angles  to  the  central-line,  and  suffer  no 
strain  in  their  planes ;  and  we  may  suppose  that  each  such  section  is  so 
oriented  in  the  normal  plane  of  the  strained  central-line  that  the  twist,  as 
already  defined,  has  the  prescribed  value.  To  express  this  state  of  the  rod 
we  denote  by  x,  y  the  coordinates  of  any  point  Q,  lying  in  the  cross-section  of 
which  the  centroid  is  P,  referred  to  the  principal  axes  at  P  of  this  cross- 
section.  When  the  section  is  displaced  bodilj-,  as  explained  above,  the  point 
P  moves  to  Pi,  and  the  coordinates  of  Pj,  referred  to  any  fixed  axes,  may  be 
taken  to  be  x,  y,  z.  The  principal  axes  at  P  of  the  cross-section  through  P 
are  moved  into  the  positions  of  the  axes  of  x,  y  at  Pi  defined  in  Article  252. 
The  state  of  the  rod  described  above  is  therefore  such  that  the  coordinates, 
referred  to  the  fixed  axes,  of  the  point  Q^,  to  which  Q  is  displaced,  are 

X  4-  Zja;  -I-  Ly,    y  -I-  nii^x  +  ftwy,     z  -I-  n-^x  +  ruy, 

where  ^, ...  are  the  direction  cosines  defined  by  the  scheme  (4). 

Any  state  of  the  rod,  which  involves  the  right  extension  and  curvature 
of  the  central-line  and  the  right  twist,  may  be  derived  from  the  state  just 
described  by  a  displacement  which,  in  the  case  of  a  thin  rod,  must  be  small, 
for  one  point  in  each  cross-section  and  one  plane  element  drawn  through  each 
tangent  of  the  central-line  are  not  displaced.  Let  ^,  ij,  f  be  the  components 
of  this  additional  displacement  for  the  point  Q,  referred  to  the  axes  of  x,  y,  z 
at  the  point  Pj.  The  coordinates,  referred  to  the  fixed  axes,  of  the  final 
position  of  Q  are 

^■Vl,{p-\-^-\-U{y-ir-r\)  +  liK,    y  +  '"i(a;  +  f)  +  '»2(y  +  '?)  +  in3§', 

z-|-Wi(a;-f|)  +  ?!2(2/-f  i?)-l-ns?' (13) 

To  estimate  the  strain  in  the  rod  we  take  a  point  Q'  near  to  Q.  In  the 
unstrained  state  Q'  will,  in  general,  be  in  a  normal  section  different  from  that 
drawn  through  P.  We  take  it  to  be  in  the  normal  section  drawn  through  P', 
so  that  the  arc  PF'  =  Ss.  We  take  the  coordinates  of  Q'  referred  to  the 
principal  axes  at  P'  of  the  cross-section  drawn  through  P'  to  be  a;  -t-  Bx,  y  +  By. 
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Then  Bx,  By,  Ss  are  the  projections  on  the  fixed  axes  of  the  linear  element  QQ'. 
We  take  r  to  be  the  length  of  this  element,  and  write 

Sx  =  Ir,     Sy  =  mr,    Ss  =  nr, 

so  that  I,  m,  n  are  the  direction  cosines,  referred  to  the  fixed  axes,  of  the  line 
QQ'.  We  can  write  down  expressions  like  those  in  (13)  for  the  coordinates  of 
the  final  position  of  Q',  and  we  can  therefore  express  the  length  r-^  of  the  line 
joining  the  final  positions  of  QQ'  in  terms  of  r  and  I,  m,  n.  Since  the  direction 
I,  m,  n  is  arbitrary,  the  result  gives  us  the  six  components  of  strain. 

In  obtaining  the  length  r^  we  must  express  all  the  quantities  which 
involve  r  correctly  to  the  first  order,  but  powers  of  r  above  the  first  may  be 
neglected.  To  obtain  the  expressions  for  the  coordinates  of  the  final  position 
of  Q'  we  note  the  changes  that  must  be  made  in  the  several  terms  of  (13). 
The  quantities  x,  y,  z,  li, ...  are  functions  of  s  only,  but  the  quantities  f ,  tj,  ^ 
are  functions  of  x,  y,  s.     We  must  therefore  in  (13)  replace 

X  by  X  +  g^  nr,     y  hy  y  +  ^nr,     z  by  z  +  ^^  nr, 
k  by  k  +  ^nr,... 

X  hy  x  +  lr,     y  hy  y  +  mr. 

Further  the  quantities  dx/ds, . . .  are  given  by  the  equations 
j^  =  (l  +  e)k,     g^  =  (l  +  e)m3,     j^  =  (l+e)n„ 
and  the  quantities  dk/ds, . . .  are  given  by  the  equations 

g^'  =  (l4-6)(4T-4/c'), ... 

where  the  coeflScients  of  (1  +  e)  are  the  right-hand  members  of  equations  (5). 

It  follows  that  the  difference  of  the  x-coordinates  of  the  final  positions  of 
Q  and  Q'  is 

(l+e)kn  +  h^{l  +  ^^y  +  f^m  +  ^^^n^+il  +  e)(kT-lW)nix  +  0 
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For  the  differences  of  the  y-  and  z-coordinates  we  have  similar  expressions 
with  mi,  mj,  m^  and  n^,  n^,  tzj  respectively  in  place  of  k,  4,  k.  Since  the 
scheme  (4)  is  orthogonal,  the  result  of  squaring  and  adding  these  ex- 
pressions is 

1  +  5? )  ^  +  ^.  w.  +  ^  «  +  (1  +  e)  w  {k'^-  T(y  +  7))} 


+  r- 


dccj  '  '  dy 
dr) 


+  r^ 


...(14) 


and  this  is  Vi'.  We  have  therefore  expressed  rj^  in  the  form  of  a  homogeneous 
quadratic  function  of  I,  m,  n. 

Now,  the  strains  being  small,  r^  is  nearly  equal  to  r,  and  we  can  write 

where  e  is  the  extension  in  the  direction  I,  m,  n.     Further  we  shall  have 

e  =  e-c-cZ^  +  eyytn^  +  e^^n^  +  ey:imn  +  ez^nl  +  egylm, 

where  the  quantities  ease.  ••■  are  the  six  components  of  strain.  The  coefficient 
of  I  in  the  first  line  of  the  expression  (14)  must  be  nearly  equal  to  unity, 
and  the  coefficients  of  m  and  n  in  this  line  must  be  nearly  zero.  Similar 
statements  mutatis  mutandis  hold  with  regard  to  the  coefficients  of  I,  m,  n  in 
the  remaining  lines.  We  therefore  obtain  the  following  expressions  for  the 
components  of  strain : 


and 


dx 


dr] 
dy' 


_9|     9^ 
'     dy^dx' 


.(15) 


.(16) 


e,,  =  e  +  ^^^+{l  +  e){K(y+v)->c'{x  +  l)}.  ^ 

In  obtaining  the  formulas  (15)  and  (16)  we  have  not  introduced  any 
approximations  except  such  as  arise  from  the  consideration  that  the  strains 
are  "  small,"  and,  in  particular,  that  e,  being  the  extension  of  the  central-line, 
must  be  small.  But  we  can  see,  without  introducing  any  other  considerations, 
that  the  terms  of  (16),  as  they  stand,  are  not  all  of  the  same  order  of  magni- 
tude. In  the  first  place  it  is  clear  that  the  terms  —  ry,  rx,  icy,  —  k'x  must  be 
small;  in  other  words,  the  linear  dimensions  of  the  cross-section  must  be 
small  compared  with  the  radius  of  curvature  of  the  central-line,  or  with  the 
reciprocal  of  the  twist.     Such  terms  as  «'f,  rrj, ...  are  small  also.     We  may 


.(17) 
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therefore  omit  the  products  of  e  and  these  small  quantities,  and  rewrite 
equations  (16)  in  the  forms 

6^2  =  e  —  «'«  +  Ky  +  r k'I  +  K7]. 

Now  the  position  of  the  origin  of  x,  y,  and  that  of  the  principal  plane  of 
{x,  z),  are  unaffected  by  the  displacement  (^,  t),  f),  and  therefore  this  displace- 
ment is  subject  to  the  restrictions  : 

(i)     ?>  '?>  ?  vanish  with  x  and  y  for  all  values  of  s, 

(ii)    drijdx  vanishes  with  x  and  y  for  all  values  of  s. 

We  conclude  that,  provided  that  the  strain  in  the  rod  is  everywhere 
small,  the  necessary  foi'ms  of  the  strain-components  are  given  by  equations 
(15)  and  (17),  where  the  functions  ^,  t),  f  are  subject  to  the  restrictions 
(i)  and  (ii). 

257.     Approximate  formulae  for  the  strain. 

We  have  now  to  introduce  the  simplifications  which  arise  from  the 
consideration  that  the  rod  is  "  thin."  The  quantities  ^,  t),  ^  may  be  expanded 
as  power  series  in  x  and  y,  the  coefficients  in  the  expansions  being  functions 
of  s ;  and  the  expansions  must  be  valid  for  sufficiently  small  values  of  x  and 
y,  that  is  to  say  in  a  portion  of  the  rod  near  to  the  central-line*.  There  are 
no  constant  terms  in  these  expansions  because  ^,  tj,  ^  vanish  with  x  and  y. 
Further  d^/dx  and  d^/dy  must  be  small  quantities  of  the  order  of  admissible 
strains,  and  therefore  the  coefficients  of  those  terms  of  f  which  are  linear  in 
X  and  y  must  be  small  of  this  order.  It  follows  that  f  itself  must  be  small  of 
a  higher  order,  viz.,  that  of  the  product  of  the  small  quantity  d^/dx  and  the 
small  coordinate  x.  Similar  considerations  apply  to  rj  and  ^.  As  a  first  step 
in  the  simplification  of  (17)  we  may  therefore  omit  such  terms  as  —  ttj,  k'^. 
When  this  is  done  we  have  the  formulee"!" 

dt  oP  dK  dv  ,  9t        ,_„, 

«^  =  9--Ty  +  g-,     e,,=^y  +  TX  +  ^,     e,,  =  e-.x  +  >cy+^^,...{l8) 

and  these  with  (15)  are  approximate  expressions  for  the  strain-components. 

*  The  expansions  may  not  be  valid  over  the  whole  of  a  cross-section.  The  failure  of  Cauohy's 
theory  of  the  torsion  of  a  prism  of  rectangular  cross-section  {Introduction,  footnote  85)  sufficiently 
illustrates  this  point.  But  the  argument  in  the  text  as  to  the  relative  order  of  magnitude  of 
such  terms  as  ry  and  such  terms  as  r-q  could  hardly  be  affected  by  the  restricted  range  of  validity 
of  the  expansions. 

t  It  may  be  observed  that  Saint-Venant's  formula  for  the  torsion  of  a  prism  are  included 
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Again  we  may  observe  that  similar  considerations  to  those  just  adduced 
in  the  case  of  ^  apply  also  in  the  case  of  d^/ds ;  this  quantity  must  be  of  the 
order  of  the  product  of  the  small  quantity  d^'^/dxds  and  the  small  coordinate 
X,  which  is  the  same  as  the  order  of  the  product  of  the  small  quantity  d^/dx 
and  the  small  fraction  w/l,  where  Z  is  a  length  comparable  with  (or  equal  to) 
the  length  of  the  rod.  Thus,  in  general,  d^/ds  is  small  compared  with  d^/dx. 
Similar  considerations  apply  to  dij/ds  and  d^/ds*-  As  a  second  step  in  the 
simplification  of  (17)  we  may  omit  d^/ds,  drj/ds,  d^/ds  and  obtain  the  formulaef 

e2^  =  g^-T2/,      e^^  =  g-  +  TO,      e,,  =  e-K'x  +  Ky (19) 

Again  we  may  observe  that  in  Saint-Venant's  solutions  already  cited  e 
vanishes,  and  in  some  solutions  obtained  in  Chapter  xvi.  e  is  small  compared 
with  k'x.  In  many  important  problems  e  is  small  compared  with  such  quan- 
tities as  TX  or  k'x.  Whenever  this  is  the  case  we  may  make  a  third  step  in 
the  simplification  of  the  formulae  (17)  by  omitting  e.     They  would  then  read 

^^^cte~'^^'     ^v^^di/'^'^'^'     ^zz=-K'x  +  Ky (20) 

With  these  we  must  associate  the  formulse  (15),  and  in  the  set  of  formulae  we 
may  suppose,  as  has  been  explained,  that  ^,  rj,  ^  are  approximately  independent 
of  s. 

It  appears  therefore  that  the  most  important  strains  in  a  bent  and  twisted 
rod  are  (i)  extension  of  the  longitudinal  filaments  related  to  the  curvature  of 
the  central-line  in  the  manner  noted  in  Article  232  (6),  (ii)  shearing  strains 
of  the  same  kind  as  those  which  occur  in  the  torsion  problem  discussed  in 
Chapter  XIV.,  (iii)  relative  displacement  of  elements  of  any  cross-section 
parallel  to  the  plane  of  the  section.  The  last  of  these  strains  is  approxi- 
mately the  same  for  different  cross-sections  provided  that  they  are  near 
together. 

258.     Discussion  of  the  ordinary  approximate  theory. 

To  determine  the  stress-resultants  and  stress-couples  we  require  the 
values  of  the  stress-components  X^,  Y^,  Z^.     Since 

^'  =  (1  -h  0-)  (1  -  2a-)  ^'^  ^^'"'  "^  ^^'^^  +  (1  -  °")  «^  J' 

in  the  formulae  (15)  and  (18)  by  putting  |=i7  =  0  ;  and  his  formuls  for  bending  by  terminal 
load  are  included  by  putting 

1=  -a-Kxy  +  i<rK'{x^-y^),     Ti  =  a-K'xy  +  lirK  (x^-y^). 
In  each  case  f  must  be  determined  appropriately. 

*  The  result,  so  far  as  3|/9s  and  3ij/9s  are  concerned,  is  exemplified  by  Saint- Venant's  formulse 
just  cited.     In  Saint-Venant's  solutions  f  is 

r0-^'(X  +  ^!/^)+|(x'  +  x»2/). 

where  x  and  x'  a^re  the  flexure  functions,  and  0  is  the  torsion  function,  for  the  cross- section. 
The  functions  %  and  x'  are  small  of  the  order  a^x,  where  a  is  an  appropriate  linear  dimension 
of  the  cross-section.     In  this  case  f  is  actually  independent  of  s. 
t  These  are  Kirohhoff's  formulse. 
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where  E  is  Young's  modulus  and  o-  is  Poisson's  ratio  for  the  material,  the 
expression  for  this  stress-component  cannot  be  obtained  without  finding  the 
lateral  extensions  e^.  e^y,  given  by  the  formulae  (15),  as  well  as  the  longi- 
tudinal extension  e„  given  by  the  third  of  (17),  (18),  (19)  or  (20).  To  express 
the  stress-components  completely  we  require  values  for  ^,  t?,  f,  and  these 
cannot  be  found  except  by  solving  the  equations  of  equilibrium  subject  to 
conditions  which  hold  at  the  cylindrical  or  prismatic  bounding  surface  of  any 
small  portion  of  the  rod.  If  the  rod  is  vibrating,  the  equations  of  small 
motion  ought  to  be  solved.  We  may,  however,  approximate  to  the  stress- 
resultants  and  stress-couples  by  retracing  the  steps  of  the  argument  in  the 
last  Article. 

When  there  are  no  body  forces  or  kinetic  reactions,  and  the  initially 
cylindrical  bounding  surface  of  the  rod  is  free  from  traction,  the  portion 
between  any  two  neighbouring  cross-sections  is  held  in  equilibrium  by  the 
tractions  on  its  ends.  According  to  our  final  approximation,  expressed  by 
equations  (15)  and  (20),  ^,  t),  ^  are  independent  of  s,  and,  in  the  portion  of  the 
rod  considered,  k,  k  ,  t  also  may  be  regarded  as  independent  of  s.  This  portion 
of  the  rod  may  therefore  be  regarded  as  a  prism  held  strained  by  tractions  on 
its  ends  in  such  a  way  that  the  strain,  and  therefore  also  the  stress,  are  the 
same  at  corresponding  points  in  the  intermediate  cross-sections.  The  theorem 
of  Article  237  shows  that,  in  such  a  prism,  the  stress-components  Xx,  Ty,  Xy 
must  vanish,  and,  since  e„  is  given  by  the  third  of  (20),  we  must  have 

i^i^'^^'^^-'^y^'  4+i=' (21) 

Further  the  stress-components  X„,  Y^,  Z^  must  be  given  by  Saint- Venant's 
formulae 

where  ^  is  the  torsion  function  for  the  section  (Article  216).  The  stress- 
couples  are  then  given  by  the  formulae  (12)  of  Article  255.  To  this  order  of 
approximation  the  stress-resultants  vanish. 

When  we  retain  e,  as  in  the  formulae  (19),  no  modification  is  made  in  the 
formulce  for  the  stress-couples,  and  the  shearing  forces  still  vanish.  To  the 
expression  o-  {jcx  —  icy)  in  the  right-hand  member  of  (21)  we  must  add 
the  term  —  o-e,  and  the  tension  is  given  by  the  formula 

T=E(oe,    (23) 

where  <o  is  the  area  of  the  cross-section. 

When  we  abandon  the  supposition  that  ^,  tj,  ^  are  independent  of  s,  we 
may  obtain  a  closer  approximation  by  assuming  that  the  strains,  instead  of 
being  uniform  along  the  length  of  a  small  portion  of  the  rod,  vary  uniformly 
along    this    length.     When    there    are    no   body    forces,    and   the   initially 
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cylindrical  boundary  is  free  from  traction,  the  theorem  of  Article  238  shows 
that  the  only  possible  solutions  are  Saint-Venant's.  The  stress-couples  and 
the  tension  are  given  by  the  same  formulae  as  before,  but  the  shearing  forces 
do  not  vanish. 

In  the  general  case,  in  vsrhich  forces  are  applied  to  parts  of  the  rod  other 
than  the  ends,  we  ought  to  retain  the  formulae  (17)  for  the  strains,  and  the 
formulae  (21)  do  not  hold.  We  know  from  the  investigations  of  Chapter  xvi. 
that  the  formulae  (12)  and  (23)  are  not  exact,  although  they  may  be  approxi- 
mately correct.  The  corrections  that  ought  to  be  made  in  them  depend  upon 
the  distribution  of  the  applied  forces  over  the  cross-sections. 

From  this  discussion  we  may  conclude  that  the  formulae  (12)  and  (23) 
yield  good  approximations  to  the  values  of  the  stress-couples  and  the  tension 
in  parts  of  the  rod  which  are  at  a  distance  from  any  place  of  loading  or 
support,  but  that,  in  the  neighbourhood  of  such  places,  they  are  of  doubtful 
validity. 

Since  the  equations  (10)  and  (11)  combined  with  the  formulae  (12)  determine  all  the 
stress-resultants  as  well  as  the  curvature  and  twist,  the  formula  (23)  determines  the 
extension  f. 

In  ordinary  circumstances  t  is  small  in  comparison  with  such  quantities  as  kx,  which 
represent  the  extensions  produced  in  non-central  longitudinal  filaments  by  bending.  This 
may  be  seen  as  follows  : — the  order  of  magnitude  of  T  is,  in  general,  the  same  as  that 
of  iV,  or  N',  and  this  order  is,  by  equations  (11),  that  of  dO/ds.  Hence  the  order  of  e  is 
that  of  {£Ja>)~^  (dG/ds).  Now  k  is  of  the  order  QjEaa^,  where  a  is  an  appropriate  linear 
dimension  of  the  cross-sections,  and  the  order  of  kx  is  therefore  that  of  {Ew)~^  {0/a). 
Thus  KX  is,  in  general,  a  very  much  larger  quantity  than  e. 

In  any  problem  in  which  bending,  or  twisting,  is  an  important  feature  we  may,  for  a 
first  approximation,  regard  the  central-line  as  unextended. 

The  potential  energy  per  unit  of  length  of  the  rod  is  easily  found  from  equations  (21) 

and  (22)  in  the  form 

HAk^  +  Ek'^'  +  Ct^) (24) 

If  there  is  no  curvature  or  twist  the  potential  energy  is 

259.     Rods  naturally  curved*. 

The  rod  in  the  unstressed  state  may  possess  both  curvature  and  twist,  the 
central-line  being  a  tortuous  curve,  and  the  principal  axes  of  the  cross-sections 
at  their  centroids  making  with  the  principal  normals  of  this  curve  angles  which 
vary  from  point  to  point  of  the  curve.  The  principal  axes  of  a  cross-section 
at  its  centroid  and  the  tangent  of  the  central-line  at  this  point  form  a  triad  of 
orthogonal  axes  of  «„,  y^,  z^,  the  axis  of  z^  being  directed  along  the  tangent. 
We  suppose  the  origin  of  this  triad  of  axes  to  move  along  the  curve  with  unit 

*  The  theory  is  substantially  due  to  Clebsoh,  Elasticitat,  §  55.  It  had  been  indicated  in 
outline  by  Kirchhoff,  loc.  cit.  p.  365. 
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velocity.  The  components  of  the  angular  velocity  of  the  moving  triad  of  axes, 
referred  to  the  instantaneous  positions  of  the  axes,  will  be  denoted  by 
Ko,  «'o',  To-  Then  «„,  k^  are  the  components  of  the  initial  curvature,  and  Tq  is 
the  initial  twist.  If  1/So  is  the  measure  of  tortuosity  of  the  central-line  at 
any  point,  and  ^tt— /„  is  the  angle  which  the  principal  plane  of  (.«o,  i^o)  at  the 
point  makes  with  the  principal  normal  of  the  central-line,  we  have  the 
formula 

tan/„  =  -  ko'/k,,,     t„  =  l/2o  +  dfjds, (25) 

which  are  analogous  to  (2)  and  (3)  in  Article  253. 

When  the  rod  is  further  bent  and  twisted,  we  may  construct  at  each  point 
on  the  strained  central-line  a  system  of  "  principal  torsion-flexure  axes,"  in  the 
same  way  as  in  Article  252,  so  that  the  axis  of  z  is  the  tangent  of  the  strained 
central-line  at  the  point,  and  the  plane  of  (a;,  z)  contains  the  linear  element 
which,  in  the  unstressed  state,  issues  from  the  point  and  lies  along  the  axis 
of  flJo-  By  means  of  this  system  of  axes  we  determine,  in  the  same  way  as 
before,  the  components  of  curvature  of  the  strained  central-line  and  the  twist 
of  the  rod.  We  shall  denote  the  components  of  curvature  by  /Ci,  «/,  and  the 
twist  by  Ti. 

The  equations  of  equilibrium  can  be  written  down,  by  the  method  of 
Article  254,  in  the  forms 


and 


dN 
ds 

dN' 
ds 

dT 
ds 


-  N't,  +  Tk,'  +  X  =  0, 
-Tk^  +  Nt^+  F=0, 
-NkI  +N'k^  +  Z=0, 


J 


^  -  G'ti  +  Hk,'  -N'  +  K=0,^ 


dxr 

ds 
dR 


-Gk,'  +  G'k^+  ©  =  0. 


.(26) 


.(27) 


The  rod  could  be  held  straight  and  prismatic  by  suitable  forces,  and, 
according  to  the  ordinary  approximation  (Article  255),  the  stress-couples  at 
any  cross-section  would  be  —Ak^,  —Bk^,  —  Ot„.  The  straight  prismatic  rod 
could  be  bent  and  twisted  to  the  state  expressed  by  Ki,  «/,  Tj  and  then, 
according  to  the  same  approximation,  there  would  be  additional  couples 
Aki,  Bki,  Gti.     The  stress-couples  in  the  rod  when  bent  and  twisted  from 
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the  state  expressed  by  k^,  k^,  t^  to  that  expressed  by  k^,  kI,  Tj  would  then  be 
given  by  the  formulae  * 

G=^A{k,-k,),     G'  =  B{^,'-k,'),     H=G{t,-t,) (28) 

It  is  clear  from  the  discussion  in  Article  258  that  these  formulae  can  be  used  with 
greater  certainty  if  the  rod  is  subjected  to  terminal  forces  and  couples  only  than  if  forces 
are  applied  to  it  along  its  length. 

It  may  be  not^d  that,  even  when  the  cross-section  of  the  rod  has  kinetic  symmetry 
so  that  A  =  B,  the  flexural  couples  are  not  equivalent  to  a  single  couple  about  thebinormal 
of  the  strained  central-line  unless  kj^/k(,'  =  kJkq.  When  this  condition  is  satisfied  the 
flexural  couple  is  of  amount  5(l/pi  — 1/po),  where  p^  and  p^  are  the  radii  of  curvature  of 
the  central-line  in  the  unstressed  and  stressed  states. 

The  above  method  of  calculating  the  stress-couples  requires  the  ratios  of  the  thickness 
of  the  rod  to  the  radius  of  curvature  and  to  the  reciprocal  of  the  twist  to  be  small  of  the 
order  of  small  strains  contemplated  in  the  mathematical  theory  of  Elasticity.  Unless  this 
condition  is  satisfied  the  rod  cannot  be  held  straight  and  untwisted  without  producing  in 
it  strains  which  exceed  this  order.  It  is,  however,  not  necessary  to  assume  that  this 
condition  is  satisfied  in  order  to  obtain  the  formulae  (28)  as  approximately  correct  formulae 
for  the  stress-couples.  We  may  apply  to  the  question  the  method  of  Article  256,  and  take 
account  of  the  initial  curvature  and  twist  by  means  of  the  equations 

lr=tx-yTo8s,    mr^Sy+XToSs,    nr  =  Ss  (I  -  ko'3i:  + Kf,2/), 
where  y  stands  for  Kny-RaX.    We  should  then  find  instead  of  (14) 

In  deducing  approximate  expressions  for  the  strain-components  we  denote  by  [y]  any 
quantity  of  the  order  of  the  ratio  (thickness)/(radius  of  curvature)  or  (thickness)/(reciprocal 
of  twist),  whether  initial  or  final,  and  by  [e]  any  quantity  of  the  order  of  the  strain.  Thus, 
T0  and  Tiy  axe  of  the  order  [-y] ;  d^jdx  and  {<i-K.o)y  are  of  the  order  [e].  If,  in  the  above 
expression  for  ri\  we  reject  all  terms  of  the  order  of  the  product  [y]  [e]  as  well  as  all  terms 
of  the  order  [ef,  we  find  instead  of  (19)  the  formulae 

e^=g|-(Ti-To)y,     «!,2=g^+(n-To)^,    e^2=f  +  ('^i-'<o)y-(<i'-'=o')^- 

From  these  we  could  deduce  the  formulae  (28)  in  the  same  way  as  (12)  are  deduced 
from  (19),  and  they  would  be  subject  to  the  same  limitations. 

*  These  formula,  due  to  Clebsoh,  were  obtained  also,  by  a  totally  different  process,  by 
A.  B.  Basset,  Amer.  J.  of  Math.,  vol.  17  (1895). 


CHAPTER  XIX. 


PROBLEMS  CONCERNING  THE  EQUILIBRIUM  OF  THIN  RODS. 

260.     KirchhofiF's  kinetic  analogue. 

We  shall  begin  our  study  of  the  applications  of  the  theory  of  the  last 
Chapter  with  a  proof  of  Kirchhoff's  theorem*,  according  to  which  the 
equations  of  equilibrium  of  a  thin  rod,  straight  and  prismatic  when  un- 
stressed, and  held  bent  and  twisted  by  forces  and  couples  applied  at  its  ends 
alone,  can  be  identified  with  the  equations  of  motion  of  a  heavy  rigid  body 
turning  about  a  fixed  point. 

No  forces  or  couples  being  applied  to  the  rod  except  at  the  ends,  the 
quantities  X,  Y,  Z  and  K,  K',  6  in  equations  (10)  and  (11)  of  Article  2.54 
vanish.     Equations  (10)  of  that  Article  become 

dW  f]N'  rIT 

"^-N't+Tk'  =  0,     ^-Tk  +  Nt=0,    ^-Nk'  +  N'k  =  Q,    ...(1) 
as  as  as  >       \  / 

which  express  the  constancy,  as  regards  magnitude  and  direction,  of  the 
resultant  of  N,  N',  T ;  and,  in  fact,  this  resultant  has  the  same  magnitude, 
direction  and  sense  as  the  force  applied  to  that  end  of  the  rod  towards  which 
s  is  measured.     We  denote  this  force  by  R. 

Equations  (11)  of  Article  254  become,  on  substitution  from  (12)  of 
Article  255,  and  omission  of  K,  K',  @, 

A^^-{B-C)k't  =  N',    B^-(C-A)'nc=^-N,     G^-(A- B)  kk' =  0. 

(2) 

The  terms  on  the  right-hand  side  are  equal  to  the  moments  about  the  axes 
of  x,  y,z  oi  a.  force  equal  and  opposite  to  R  applied  at  the  point  (0,  0, 1).  We 
may  therefore  interpret  equations  (2)  as  the  equations  of  motion  of  a  top, 
that  is  to  say  of  a  heavy  rigid  body  turning  about  a  fixed  point.  In  this 
analogy  the  line  of  action  of  the  force  R  (applied  at  that  end  of  the  rod 
towards  which  s  is  measured)  represents  the  vertical  drawn  upwards,  s  repre- 
sents the  time,  the  magnitude  of  R  represents  the  weight  of  the  body.  A,  B,  G 
represent  the  moments  of  inertia  of  the  body  about  principal  axes  at  the  fixed 
point,  {k,  k,  t)  represents  the  angular  velocity  of  the  body  referred  to  the 

*  G.  Kirohhoff,  loc.  cit.  p.  365. 
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instantaneous  position  of  this  triad  of  axes.  The  centre  of  gravity  of  the 
body  is  on  the  0-axis  at  unit  distance  from  the  fixed  point ;  and  this  axis, 
drawn  from  the  fixed  point  to  the  centre  of  gravity  at  the  instant  s,  is 
identical,  in  direction  and  sense,  with  the  tangent  of  the  central-line  of  the 
rod,  drawn  in  the  sense  in  which  s  increases,  at  that  point  Pi  of  this  line 
which  is  at  an  arc-distance  s  from  one  end.  The  body  moves  so  that  its 
principal  axes  at  the  fixed  point  are  parallel  at  the  instant  s  to  the  principal 
torsion-flexure  axes  of  the  rod  at  Pj. 

On  eliminating  N  and  iV'  from  the  third  of  equations  (1)  by  the  aid  of 
eqiiations  (2),  we  find  the  equation 

dT        A     CLk        -n   /dK         .   .        „.  ,       „ 

--T-+AK-T-  +Bk    -T-+(A-£)  TKK    =  0, 

or,  by  the  third  of  (2), 

giving  the  equation 

T  +  ^  (Ak^  +  Bk'^  +  Gt^)  =  const (3) 

This  equation  is  equivalent  to  the  energy-integral  of  the  equations  of 
motion  of  the  kinetic  analogue. 

261.  Extension  of  the  theorem  of  the  kinetic  analogue  to  rods 
naturally  curved*. 

The  theorem  may  be  extended  to  rods  which  in  the  unstressed  state  have  curvature  and 
twist,  provided  that  the  components  of  initial  curvature  kj,  kj'  and  the  initial  twist  tq, 
defined  as  in  Article  259,  are  constants.  This  is  the  case  if,  in  the  unstressed  state,  the 
rod  is  straight  but  not  prismatic,  in  such  a  way  that  homologous  transverse  hues  in 
different  cross-sections  lie  on  a  right  helicoid ;  or  if  the  central-line  is  an  arc  of  a  circle, 
and  the  rod  free  from  twist ;  or  if  the  central-line  is  a  portion  of  a  helix,  and  the  rod  has 
such  an  initial  twist  that,  if  simply  unbent,  it  would  be  prismatic. 

When  the  rod  is  bent  and  twisted  by  forces  and  couples  applied  at  its  ends  only,  so  that 

the  components  of  curvature  and  the  twist,  as  defined  in  Article  259,  become  k^,  k^',t^,  the 

stress-resultants  If,  N',  T  satisfy  the  equations 

iJlV  dN'  ilT 

^_,VVi+r<i'=0,   ^-T.,+Nr,=^,    ^-jr,;+ir'«i=0 (4) 

These  equations  express  the  result  that  N,  N',  T  are  the  components,  parallel  to  the 
principal  torsion-flexure  axes  at  any  section,  of  a  force  which  is  constant  in  magnitude  and 
direction.  We  denote  this  force,  as  before,  by  R.  Since  the  stress-couples  at  any  section 
are  A  {k^-  kq),  B  (k/  —  kq'))  ^ ('"i ~ ''o)  ^^  have  the  equations 


A'^-^-B  {<,'  -  <o')  r,  +  C  (r,  -  r„)  ./=#',   ^ 


J.  Larmor,  London  Math.  Soc.  Proc,  vol.  15  (1884). 


.(5) 
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The  kinetic  analogue  is  a  rigid  body  turning  about  a  fixed  point  and  carrying  a  flywheel 
or  gyrostat  rotating  about  an  axis  fixed  in  the  body.  The  centre  of  gravity  of  the  flywheel 
is  at  the  fixed  point.  The  direction  cosines  I,  m,  n  of  the  axis  of  the  flywheel,  referred  to 
the  principal  axes  of  the  body  at  the  point,  and  the  moment  of  momentum  h  of  the  fly- 
wheel about  this  axis,  are  given  by  the  equations 


—  AK^=hl,    —BKf)'=hm,     —CTD=hn. 


.(6) 


The  angular  velocity  of  the  rigid  body  referred  to  principal  axes  at  the  fixed  point  is 
(kj,  k,',  tj)  and  the  interpretation  of  the  remaining  symbols  is  the  same  as  before. 

262.     The  problem  of  the  elastica*. 

As  a  first  application  of  the  theorem  of  Article  260  we  take  the  problem 
of  determining  the  forms  in  which  a  thin  rod,  straight  and  prismatic  in  the 
unstressed  state,  can  be  held  by  forces  and  couples  applied  at  its  ends  only, 
when  the  rod  is  bent  in  a  principal  plane,  so  that  the  central-line  becomes  a 
plane  curve,  and  there  is  no  twist.  The  kinetic  analogue  is  then  a  rigid 
pendulum  of  weight  R,  turning  about  a  fixed  horizontal  axis.  The  motion 
of  the  pendulum  is  determined  completeljr  by  the  energy-equation  and  the 
initial  conditions.  In  like  manner  the  figure  of  the  central-line  of  the  rod  is 
determined  completely  by  the  appropriate  form  of  equation  (3)  and  the 
terminal  conditions. 

We  take  the  plane  of  bending  to  be  that  for  which  the  flexural  rigidity  is 
B.  Then  k  and  t  vanish,  and  the  stress-couple  is  a 
flexural  couple  G',  =Bk',  in  the  plane  of  bending. 
The  stress-resultants  are  a  tension  T  and  a  shearing 
force  N,  the  latter  directed  towards  the  centre  of 
curvature.  Let  0  be  the  angle  which  the  tangent 
of  the  central-line  at  any  point,  drawn  in  the  sense 
in  which  s  increases,  makes  with  the  line  of  action 
of  the  force  R  applied  at  the  end  from  which  s  is 
measured  (see  Fig.  47).  Then  we  have  T=  —  Rcos9, 
and  k'  =  —  dOjds,  and  the  equation  (3)  becomes 

-Rcos0  +  ^B  (de/dsf  =  const (7) 

In  the  kinetic  analogue  B  is  the  moment  of 
inertia  of  the  pendulum  about  the  axis  of  sus- 
pension, and  the  centre  of  gravity  is  at  unit 
distance  from  this  axis.  The  line  drawn  from 
the  centre  of  suspension  to  the  centre  of  gravity 
at  the  instant  s  makes  an  angle  6  with  the  vertical  drawn  downwards. 


*  The  problem  of  the  elastica  was  first  solved  by  Euler.  See  Introduction,  p.  3.  The 
systematic  application  of  the  theorem  of  the  kinetic  analogue  to  the  problem  was  worked  out  by 
W.  Hess,  Math.  Ann.,  Bd.  25  (1885).  Numerous  special  cases  were  discussed  by  L.  Saalsohutz, 
Ber  belaslete  Stab,  Leipzig,  1880. 
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Equation  (7)  can  be  obtained  very  simply  by  means  of  the  equations  of 
equilibrium.     These  equations  can  be  expressed  in  the  forms 

T=-Rcos0,     N=-Rsmd,    -f^  +  F=0, 

as 

from  which,  by  putting  G'  =  -B(d6lds),  we  obtain  the  equation 

B(d'eids')  + Rsiae  =  0,    (8) 

and  equation  (7)  is  the  first  integral  of  this  equation. 

The  shape  of  the  curve,  called  the  elastica,  into  which  the  central-line  is 
bent,  is  to  be  determined  by  means  of  equation  (7).  The  results  take  different 
forms  according  as  there  are,  or  are  not,  inflexions.  At  an  inflexion  dd/ds 
vanishes,  and  the  flexural  couple  vanishes,  so  that  the  rod  can  be  held  in  the 
form  of  an  inflexional  elastica  by  terminal  force  alone,  without  couple.  The 
end  points  are  then  inflexions,  and  it  is  clear  that  all  the  inflexions  lie  on  the 
line  of  action  of  the  terminal  force  R — the  line  of  thrust.  The  kinetic  analogue 
of  an  inflexional  elastica  is  an  oscillating  pendulum.  Since  the  interval  of 
time  between  two  instants  when  the  pendulum  is  momentarily  at  rest  is  a 
constant,  equal  to  half  the  period  of  oscillation,  the  inflexions  are  spaced 
equally  along  the  central-line  of  the  rod.  To  hold  the  rod  with  its  central- 
line  in  the  form  of  a  non-infleosional  elastica  terminal  couples  are  required  as 
well  as  terminal  forces.  The  kinetic  analogue  is  a  revolving  'pendulum.  In 
the  particular  case  where  there  are  no  terminal  forces  the  rod  is  bent  into  an 
arc  of  a  circle.  The  kinetic  analogue  in  this  case  is  a  rigid  body  revolving 
about  a  horizontal  axis  which  passes  through  its  centre  of  gravity.. 

If  the  central-line  of  the  rod,  in  the  unstressed  state,  is  a  circle,  and  there  is  no  initial 
twist,  the  kinetic  analogue  (Article  261)  is  a  pendulum  on  the  axis  of  which  a  flywheel  is 
symmetrically  mounted.  The  motion  of  the  pendulum  is  independent  of  that  of  the  fly- 
wheel, and  in  like  manner  the  possible  figures  of  the  central-line  of  the  rod  when  further 
bent  by  terminal  forces  and  couples  are  the  same  as  for  a  naturally  straight  rod.  The 
magnitude  of  the  terminal  couple  alone  is  altered  owing  to  the  initial  curvature. 

263.     Classification  of  the  forms  of  the  elastica. 

(a)     Inflexional  elastica. 

Let  s  be  measured  from  an  inflexion,  and  let  a  be  the  value  of  6  at  the  inflexion  s  =  0. 
We  write  equation  (7)  in  the  form 


hsi^  +R{aosa-cos6)=0. 


.(9) 


To  integrate  it  we  introduce  Jacobian  elliptic  functions  of  an  argument  u  with  a  modulus 
k  which  are  given  by  the  equations 

u=s^{RjB),    k  =  smia (10) 

Then  we  have 

^  =  2kon{u  +  K),     ami6  =  ksn{u  +  K),  (11) 

where  K  is  the  real  quarter  period  of  the  elliptic  functions.    To  determine  the  shape  of  the 
L.  E.  25 
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curve,  let  x,  y  be  the  coordinates  of  a  point  referred  to  fixed  axes,  of  which  the  axis  of  x 
coincides  with  the  line  of  thrust.     Then  we  have  the  equations 

dxjds  =  cos  6,    dj/ds  =  sin  6, 
and  these  equations  give 

[ (12) 

y=-2^^(|)cn{«+Z),  J 

where  Eaxau  denotes  the  elliptic  integral  of  the  second  kind  expressed  by  the  formula 

fv. 

Ea,mu=  I  dn^udu, 


fu 
Jo 


and  the  constants  of  integration  have  been  determined  so  that  x  and  y  may  vanish  with  s. 
The  inflexions  are  given  by  oosfl=cosa,  or  sn^(u+K)  =  l,  and  therefore  the  arc  between 
two  consecutive  inflexions  is  2^(B/R).  K,  and  the  inflexions  are  spaced  equally  along  the 
axis  of  X  at  intervals 

2^(BIR)  {'iE&.ra.K-  K). 

The  points  at  which  the  tangents  are  parallel  to  the  line  of  thrust  are  given  by  sin  5  =  0, 
or  sn(M  +  S^dn(M  +  ^=0,  so  that  u  is  an  uneven  multiple  of  ^.  It  follows  that  the  curve 
forms  a  series  of  bays,  separated  by  points  of  inflexion  and  divided  into  equal  half-hays  by 
the  points  at  which  the  tangents  are  parallel  to  the  line  of  thrust. 

The  change  of  the  form  of  the  curve  as  the  angle  a  increases  is  shown  by  Figs.  48 — 55. 
When  a>\iT,  x  is  negative  for  small  values  of  u,  and  has  its  numerically  greatest  negative 
value  when  u  has  the  smallest  positive  value  which  satisfies  the  equation  dn2(M+A')=^. 
Let  Mj  denote  this  value.  The  value  of  u  for  which  x  vanishes  is  given  by  the  equation 
M  =  2  {^am  (m  +  ff)  -  ^am  K}.  When  u  exceeds  this  value,  x  is  positive,  and  x  has  a  maximum 
value  when  m  =  2 A""  —  ?Ji .  Figs.  50 — 52  illustrate  cases  in  which  x^  is  respectively  greater  than, 
equal  to,  and  less  than  |  x„j  |.  Fig.  53  shows  the  case  in  which  xjr=0  or  2Ea,mIx—K. 
This  happens  when  a  =  130°  approximately.  In  this  case  all  the  double  points  and  inflexions 
coincide  at  the  origin,  and  the  curve  may  consist  of  several  exactly  equal  and  similar 
pieces  lying  one  over  another.  Fig.  54  shows  a  case  in  which  2A'amA'<  A,  or  xji:<0;  the 
curve  proceeds  in  the  negative  direction  of  the  axis  of  x.  The  limiting  case  of  this,  when 
a  =  '!r,  is  shown  in  Fig.  55,  in  which  the  rod  (of  infinite  length)  forms  a  single  loop,  and  the 
pendulum  of  the  kinetic  analogue  starts  close  to  the  position  of  unstable  equilibrium  and 
just  makes  one  comjjleto  revolution. 

(6)     Non-inflexional  elastica. 

When  there  are  no  inflexions  we  write  equation  (7)  in  the  form 


i£(gy=iJcosfl  +  ij(l  +  2l^), (13) 


where  k  is  less  than  unity,  and  we  introduce  Jacobian  elliptic  functions  of  modulus  k  and 
argument  u,  where 

u=k-U^{R/B) (14) 


We  measure  s  from  a  point  at  which  d  vanishes.     Then  we  have 

*/(-=)  dna,     s,in^6  =  snu,    (15) 


rf^_2 
ds     Ic 
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Fig.  48. 


Fig.  49. 


Fig.  52. 


Fig.  53. 


Fig.  50. 


Fig.  51. 


Fig.  54. 


Fig.  55. 
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and  the  coordinates  x  and  y  are  expressed  in  terms  of  u  by  the  equations 

»V(D[(>-I.) 


1  —  T7i  I  u+T2Ea,m.u   , 


[CH.  XIX 


.(16) 


£ 


> 


Fig.  56. 

in  which  the  constants  of  integration  are  chosen  so  that  x  vanishes  with  s,  and  the  axis  of  ' 
X  is  parallel  to  the  line  of  action  of  R,  and  at  such  a  distance  from  it  that  the  force  B  and 
the  couple  -  B  (d6/ds)  which  must  be  applied  at  the  ends  of  the  rod  are  statically  equivalent 
to  a  force  B  acting  along  the  axis  of  x.     The  curve  consists  of  a  series  of  loops  lying 
altogether  on  one  side  of  this  axis.     The  form  of  the  curve  is  shown  in  Fig.  56. 

264.     Buckling  of  long  thin  strut  under  thrust*. 

The  limiting  form  of  the  elastica  wheQ  a  is  very  small  is  obtained  by- 
writing  0  for  sin  6  in  equation  (8).     We  have  then,  as  first  approximations,. 

0  =  acos {s^/(RIB)],     x  =  s,    y  =  a>J{B/R)sm  {x^/(E/B)},  ...(17) 

so  that  the  curve  is  approximately  a  curve  of  sines  of  small  amplitude.  The 
distance  between  tv70  consecutive  inflexions  is  7rA/(-B/-R).  It  appears  therefore 
that  a  long  straight  rod  can  be  bent  by  forces  applied  at  its  ends  in  a  direction 
parallel  to  that  of  the  rod  when  unstressed,  provided  that  the  length  I  and  the 
force  R  are  connected  by  the  inequality 

l'R>'7r^B (18) 

If  the  direction  of  the  rod  at  one  end  is  constrained  to  be  the  same  as  that 
of  the  force,  the  length  is  half  that  between  consecutive  inflexions,  and  tha 
inequality  (18)  becomes 

l'R>i'!r'-B (19) 


The  theory  was  initiated  by  Euler.     See  Introduction,  p.  3^ 


263-265]  UNDER  THRUST  389 

If  the  ends  of  the  rod  are  constrained  to  remain  in  the  same  straight  line, 
the  length  is  twice  that  between  consecutive  inflexions,  and  the  inequality  (18) 
becomes 

l'R>4''7r'B ...(20) 

These  three  cases  are  illustrated  in  Fig.  57. 

Any  of  these  results  can  be  obtained  very  easily  without  having  recourse  to  the  general 
theory  of  the  elastica.  We  take  the  second  case,  and  suppose  that  a  long  thin  rod  is  set  up 
vertically  and  loaded  at  the  top  with  a  weight  R,  while  the  lower  end  is  constrained  to 
remain  vertical*.  Let  the  axes  of  x  and  y  be  the  vertical  line  drawn  upwards  through  the 
lowest  point  and  a  horizontal  line  drawn  through  the  same  point  in  the  plane  of  bending, 
as  shown  in  Fig.  57  6.  If  the  rod  is  very  slightly  bent,  the  equation  of  equilibrium  of  the 
portion  between  any  section  and  the  loaded  end  is,  with  sufficient  approximation, 

-^S+^(yi-y)=o, 

where  yj  is  the  displacement  of  the  loaded  end.     The  solution  of  this  equation  which 
satisfies  the  conditions  that  y  vanishes  with  x,  and  that  y=yi  when  x  =  l,  is 


r      sm{{l-x)^{R/E)}-\ 
^iL  sin  {1^{R/B)}     J' 


and  this  solution  makes  dy/dx  vanish  with  x  if  cos  {1^{R/B)}=0.     Hence  the  least  value 
of  I  by  Which  the  conditions  can  be  satisfied  is  \it^{BIR). 

From  the  above  we  conclude  that,  in  the  case  represented  by  Fig.  57  h,  if 
the  length  is  slightly  greater  than  ^■■7r>J(B/R),  or  the  load  is  slightly  greater 
than  ^ir^B/P,  the  rod  bends  under  the  load,  so  that  the  central-line  assumes 
the  form  of  one  half-bay  of  a  curve  of  sines  of  small  amplitude.  If  the  length 
of  the  rod  is  less  than  the  critical  length  it  simply  contracts  under  the  load. 
If  the  length  is  greater  than  the  critical  length,  and  the  load  is  truly  central 
while  the  rod  is  truly  cylindrical,  the  rod  may  simply  contract ;  but  the  equi- 
librium of  the  rod  thus  contracted  is  unstable.  To  verify  this  it  is  merely 
necessary  to  show  that  the  potential  energy  of  the  system  in  the  bent  state  is 
less  than  that  in  the  contracted  state. 

265.     Computation  of  the  strain-energy  of  the  strut. 

Let  the  length  I  be  slightly  greater  than  ^7rs/{B/R).  Let  m  denote  the  area  of  the 
cross-section  of  the  rod,  and  S  the  Young's  modulus  of  the  material.  If  the  rod  simply 
contracts,  the  amount  of  the  contraction  is  RjEa,  the  loaded  end  descends  through  a 
distance  RljEai,  and  the  loss  of  potential  energy  on  this  account  is  R^ljEa.  The  potential 
energy  of  contraction  is  ^R^l/Eco.  The  potential  energy  lost  in  the  passage  from  the 
unstressed  state  to  the  contracted  state  is,  therefore,  ^R^ljEa. 

If  the  rod  bends  into  the  form  of  one  half-bay  of  an  elastica  of  small  angle  a,  the 
potential  energy  lost  through  the  descent  of  the  load  is.  R{1—  I  cos  S  ds),  where  the  integra- 
tion extends  over  the  length  of  the  rod.    The  potential  energy  of  bending  is  \B  I  {dBjdsfds, 

*  We  neglect  the  weight  of  the  rod.  The  problem  of  the  bending  of  a  vertical  rod  under  its 
own  weight  will  be  considered  in  Article  276. 
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or  R  I  (cos  6  -  cos  a)  ds.  The  tension  T  at  any  section  is  Ea>€,  where  «  is  the  extension  of 
the  central-line,  and  it  is  also  —  R  cos  6,  and  therefore  the  potential  energy  of  contraction 
is  ^Ea  I  [R  cos  djEa>Y  ds  or  \  {R^jEa)  {?  -  I  sin^  6  ds).  Hence  the  loss  of  potential  energy 
in  the  passage  from  the  unstressed  state  to  the  bent  state  is 

iJ{;(l+cosa)-2  i  cos,  6  ds}-\{R^ I  Em)  {I-  jsm^dds}. 

The  excess  of  the  potential  energy  in  the  contracted  state  above  that  in  the  bent  state 
is  therefore 

R{l{l+cosa)-2  jcoseds}  +  i{m/Ea)  \  s\n^6ds-lR?IEa> (21) 

Now  we  have 

'"  cos  e  ds=^{BIR)  (2^ am  K-E)  =  l  (2^-i  ^am  K- 1), 


/< 


since  l  =  KJ{B/R).    Also  we  have 

E=i^{l  +  kk^+'^\k*+^..),     ^am^=Jff(l-iF-ift^-...), 
and  therefore 

2K-^Ea,mK-l  =  l-k^-lki-.... 

Hence  the  above  expression  (21)  is 

Rl{ih^-RIE<o}+i{R^/Ea,)  jsia^dds (22) 

If  we  denote  the  length  \n  J^BjR)  by  Zq,  we  have 

?o(l+p2  +  ...)  =  ^, 
and  therefore  lc''  =  i{llla- 1)  nearly,  so  that 

ik^-R/Eo>  =  4{l/lo  -  If-RjEa,, 
and  this  is  positive  if 

?>^o{l+W(^/^-»)}, 
or  l>l„+lTv^{BIEa). 

The  quantity  B  is  the  product  of  Em  and  the  square  of  the  radius  of  gyration  of  the 
cross-section  about  an  axis  drawn  through  its  centroid  at  right  angles  to  the  jplane  of 
bending.  Denoting  this  radius  of  gyration  by  c,  we  find  that  the  potential  energy  in  the 
contracted  state  is  certainly  greater  than  that  in  the  bent  state  if 

l>l„  +  livc (23) 

The  term  ^-ttc  constitutes  a  correction  of  the  formula  for  the  critical  length  as  ordinarily 
calculated ;  it  is,  of  course,  immaterial  in  any  case  to  which  the  theory  of  thin  rods  could 
be  applicable.  Another  correction  of  the  same  order  of  importance  would  result  from 
taking  account  of  the  special  state  of  the  parts  of  the  rod  that  are  near  the  ends.  If  the 
forces  applied  to  hold  the  lower  end  are  so  distributed  that  the  theory  of  thin  rods  gives 
an  adequate  account  of  the  strain  near  this  end,  then  the  terminal  section  is  not  fixed  as  a 
whole,  and  some  work  is  done  by  the  tractions  at  this  end  [cf.  Article  235  (/)].  If,  on  the 
other  hand,  it  is  kept  fixed,  then  there  are  "  local  perturbations ''  near  the  end,  and  the 
additional  energy  that  depends  upon  them  has  not  been  taken  into  account.  There  will 
be  similar  local  perturbations  near  the  loaded  end. 

266.     Resistance  to  buckling. 

The  strains  developed  in  the  rod,  whether  it  is  short  and  simply  contracts 
or  is  long  and  bends,  are  supposed  to  be  elastic  strains,  that  is  to  say  such  as 


265,  266]  UNDER  THRUST  391 

disappear  on  the  removal  of  the  load.  For  Euler's  theory  of  the  buckling  of 
a  long  thin  strut,  explained  in  Article  264,  to  have  any  practical  bearing,  it  is 
of  course  necessary  that  the  load  rfequired,  in  accordance  with  inequalities 
such  as  (19),  to  produce  bending  should  be  less  than  that  which  would 
produce  set  by  crushing.  This  condition  is  not  satisfied  unless  the  length 
of  the  strut  is  great  compared  with  the  linear  dimensions  of  the  cross-section. 
In  view  of  the  lack  of  precise  information  as  to  the  conditions  of  safety  in 
general  (Chapter  IV.)  and  of  failure  by  crushing  (Article  189),  a  precise 
estimate  of  the  smallest  ratio  of  length  to  diameter  for  which  this  condition 
would  be  satisfied  is  not  to  be  expected. 

The  practical  question  of  the  conditions  of  failure  by  buckling  of  a  rod  or 
strut  under  thrust  involves  some  other  considerations.  When  the  thrust  is 
not  truly  central,  or  its  direction  not  precisely  that  of  the  rod,  the  longitudinal 
thrust  is  accompanied  by  a  bending  couple  or  a  transverse  load.  The  con- 
traction produced  by  the  thrust  R  is  RjEco.  When  the  thrust  is  not  truly 
central,  the  bending  moment  is  of  the  order  Re,  where  c  is  some  linear 
dimension  of  the  cross-section,  and  the  extension  of  a  longitudinal  filament 
due  to  the  bending  moment  is  of  the  order  Rc^/B,  which  may  easily  be  two  or 
three  times  as  great,  numerically,  as  the  contraction  R/Eco.  The  bending 
moment  may,  therefore,  produce  failure  by  buckling  under  a  load  less  than 
the  crushing  load.  Again,  when  the  line  of  thrust  makes  a  small  angle  ^ 
with  the  central-line,  the  transverse  load  R  sin  ^  yields,  at  a  distance  compar- 
able with  the  length  I  of  the  rod,  a  bending  moment  comparable  with  IRsin^; 
and  the  extension  of  a  longitudinal  filament  due  to  this  bending  moment  is 
comparable  with  IRc  sin  ^/B.  Thus  even  a  slight  deviation  of  the  direction 
of  the  load  from  the  central-line  may  produce  failure  by  buckling  in  a  fairly 
long  strut.  Such  causes  of  failure  as  are  here  considered  can  best  be  discussed 
by  means  of  Saint-Venant's  theory  of  bending  (Chapter  XV.);  but,  for  a 
reason  already  mentioned,  a  precise  account  of  the  conditions  of  failure  owing 
to  such  causes  is  hardly  to  be  expected. 

It  is  clear  that  such  considerations  as  are  here  advanced  will  be  applicable 
to  other  cases  of  buckling  besides  that  of  the  buckling  of  a  rod  under  thrust. 
The  necessity  for  them  was  emphasized  by  E.  Lamarle*.  His  work  has 
been  discussed  critically  and  appreciatively  by  K.  Pearson  j^.  In  recent 
years  the  conditions  of  buckling  have  been  the  subject  of  considerable 
discussion  |. 

*  '  Mem.  sur  la  flexion  du  bois,'  Ann.  des  travaux  ^publics  de  Belgique,  t.  4  (1846). 

t  Todhunter  and  Pearson's  History,  vol.  1,  pp.  678  et  seq. 

J  Reference  may  be  made  to  the  writings  of  J.  Kiibler,  C.  J.  Kriemler,  L.  Prandtl  in  Zeitschr. 
d.  Deutschen  Ingenieure,  Bd.  44  (1900),  of  Kiibler  and  Kriemler  in  Zeitschr.  f.  Math.  u.  Phys. 
Bde.  45-47  (1900-1902),  and  the  dissertation  by  Kriemler,  '  Labile  u.  stabile  Gleichgewichts- 
figuren...auf  Biegung  beanspruohter  Stabe... '  (Karlsruhe,  1902). 
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267.  Elastic  stability. 

The  possibility  of  a  straight  form  and  a  bent  form  with  the  same  terminal 
load  is  not  in  conflict  with  the  theorem  of  Article  118,  because  the  thin  rod 
can,  without  undergoing  strains  greater  than  are  contemplated  in  the  mathe- 
matical theory  of  Elasticity,  be  deformed  in  such  a  way  that  the  relative 
displacements  of  its  parts  are  not  small*. 

The  theory  of  the  stability  of  elastic  systems,  exemplified  in  the  discussion 
in  Articles  264,  265,  may  be  brought  into  connexion  with  Poincares  theory  of 
"equilibrium  of  bifurcation f."  The  form  of  the  rod  is  determined  by  the 
extension  e  at  the  loaded  end  and  the  total  curvature  a ;  and  these  quantities 
depend  upon  the  load  R,  the  length  I  and  flexural  rigidity  B  being  regarded 
as  constants.  We  might  represent  the  state  of  the  rod  by  a  point,  determined 
by  the  coordinates  e  and  a,  and,  as  R  varies,  the  point  would  describe  a  curve. 
When  R  is  smaller  than  the  critical  load,  a  vanishes,  and  the  equilibrium 
state,  defined  by  e  as  a  function  of  R,  is  stable.  When  R  exceeds  the  critical 
value,  a  possible  state  of  equilibrium  would  still  be  given  by  a  =  0 ;  but  there 
is  another  possible  state  of  equilibrium  in  which  a  does  not  vanish,  and  in 
this  state  a  and  e  are  determinate  functions  of  R,  so  that  the  equilibrium 
states  for  varying  values  of  R  are  represented  by  points  of  a  certain  curve, 
This  curve  issues  from  that  point  of  the  line  a  =  0  which  represents  the 
extension,  or  rather  contraction,  under  the  critical  load.  Poincar^  describes 
such  a  point  as  a  "  point  of  bifurcation,"  and  he  shows  that,  in  general,  there 
is  an  "  exchange  of  stabilities  "  at  such  a  point,  that  is  to  say,  in  the  present 
example,  the  states  represented  by  points  on  the  line  a  =  0,  at  which  e  numeri- 
cally exceeds  the  extension  under  the  critical  load,  are  unstable,  and  the  sta- 
bility is  transferred  to  states  represented  by  points  on  the  curve  in  which  a  ^  0. 

268.  Stability  of  inflexional  elastica. 

When  the  lower  end  of  the  loaded  rod  is  constrained  to  remain  vertical,  and  the  length 
I  slightly  exceeds  ^7Tsf{B/R),  a  possible  form  of  the  central-line  is  a  curve  of  sines  of  small 
amplitude  having  two  inflexions,  as  in  Fig.  58  (6).  Another  possible  form  is  an  elastica 
illustrated  in  Fig.  58  (c).     In  general,  if  n  is  an  integer  such  that 

i{2n  +  l) n >l^{RIB)>i{2n-l) TT,  (24) 

n  forms  besides  the  unstable  straight  form  are  possible,  and  they  consist  respectively  of 
1,  3, ...  2m  -  1  half- bays  of  different  curves  of  the  elastica  family.  The  forms  of  these  curves 
are  given  respectively  by  the  equations 

K=lJ{RIB)x[l,i,...,ll(,2n-l)] (25) 

We  shall  show  that  all  these  forms  except  that  with  the  greatest  K,  that  is  the  smallest 
number  of  inflexions,  are  unstable]:. 

*  Cf.  G.  H.  Bryan,  Cambridge  Phil.  Soc.Proc,  vol.  6  (1888). 

t  Acta  Matheinatica,  t.  7  (1885). 

J  The  result  is  opposed  to  that  of  L.  Saalsehiitz,  Der  belastete  Stab  (Leipzig  1880),  but  I  do 
not  think  that  his  argument  is  quite  convincing.  The  result  stated  in  the  text  agrees  with  that 
obtained  by  a  different  method  by  J.  Larmor,  loc.  cit.  p.  383. 
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Omitting  the  practically  unimportant  potential  energy  due  to  extension  or  contraction 
of  the  central-line,  we  may  estimate  the  loss  of  potential  energy  in  -passing  from  the 
unstressed  state  to  the  bent  state  in  which  there  are  )•  + 1  inflexions,  in  the  same  way  as  in 
Article  265,  as 

iJ[Z(l-i-oosa)-2  j  cos  dds],     (26) 


and  this  is 


('2r  +  l)^{BR){4:K,-4:Er-2Krl;r^),  (27) 


D 


Fig.  58. 

where  S^  is  written  for  Ea,m.Kr,  and  the  suf&x  r  indicates  the  number  (r  +  1)  of  inflexions. 

We  compare  the  potential  energies  of  the  forms  with  r  +  \  and  s+1  inflexions,  s  being 

greater  than  r.     Since 

{2r  +  \)Kr={^s  +  l)K,,  (28) 

the  potential  energy  in  the  form  with  s  +  l  inflexions  is  the  greater  if 

(2s  + 1)  {2E,  +  K,k,^)  >  (2?-  + 1)  {^Er  +  KrK^). 


Since 

this  condition  is 


But,  since 


E&mK={l-]fi)(K+k'^\  , 

(•-«('+lf)>"-«('+l'f) '"' 


dk 


^h{\-B)(dE>^ 
K       \dk)- 


1+-^-^)  diminishes  as  k  increases.     Now  when  s>r,  Ks<Kr, 

and  /cs<kr;  and  therefore  the  inequaUty  (29)  is  satisfied. 

In  the  case  illustrated  in  Fig.  58  the  three  possible  forms  are  (as)  the  unstable  straight 
form,  (6)  the  slightly  bent  form  with  two  inflexions,  (c)  the  bent  form  with  one  inflexion. 
The  angle  u  for  the  form  (c)  is  given  by  ^=f  jt,  and  it  lies  between  175°  and  176°. 
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It  may  be  obsei-ved  that  the  conclusion  that  the  stable  form  is  that  with  a  single 
inflexion  is  not  in  conflict  with  Poincare's  theory  of  the  exchange  of  stabilities  at  a  point 
of  bifurcation,  because  the  loci  in  the  domain  of  e  and  a  which  represent  forms  with  two  or 
more  inflexions  do  not  issue  from  the  locus  which  represents  forms  with  one  inflexion  but 
from  the  locus  a  =  Q  which  represents  straight  forms. 

The  instability  of  forms  of  the  elastica  with  more  than  the  smallest  possible  number  of 
inflexions  between  the  ends  is  well  known  as  an  experimental  fact.  Any  particular  case 
can  be  investigated  in  the  same  way  as  the  special  case  discussed  above,  in  which  the 
tangent  at  one  end  is,  owing  to  constraint,  parallel  to  the  lino  of  thrust.  An  investigation 
of  this  kind  cannot,  however,  decide  the  question  whether  any  particular  form  is  stable  or 
unstable  for  displacements  in  which  the  central-line  is  moved  out  of  its  plane.  This 
question  has  not  been  solved  completely.  One  special  case  of  it  will  be  considered  in 
Article  272(e). 

269.     Rod  bent  and  twisted  by  terminal  forces  and  couples. 

We  resume  now  the  general  problem  of  Article  260,  and  express  the 
directions  of  the  principal  torsion-flexure  axes  at  any  point  Pi  on  the  strained 
central-line  by  means  of  the  angles  0,  \jr,  (j)  defined  in  Article  253.  We 
choose  as  the  fixed  direction  PjZ  in  Fig.  46  of  that  Article  the  direction  of 
the  force  applied  to  the  rod  at  the  end  towards  which  s  is  measured.  The 
stress-resultants  N,  N',  T  are  equivalent  to  a  force  R  in  this  direction,  and 

{N,  N',  T)  =  R{-  sin  6  cos  <^,  sin  6  sin  4>,cosd) (30) 

Equation  (3)  of  Article  260  becomes 

^{AK-  +  BK^+CT'-)  +  Rcosd  =  const (31) 

Since  the  forces  applied  at  the  ends  of  the  rod  have  no  moment  about  the 
line  PjZ,  the  sum  of  the  components  of  the  stress-couples  about  a  line  drawn 
through  the  centroid  of  any  section  parallel  to  this  line  is  equal  to  the  corre- 
sponding sum  for  that  terminal  section  towards  which  s  is  measured.  We 
have  therefore  the  equation 

—  Ak  sin  6  cos  (j)  +  Bk  sin  ^  sin  ^  -F  Gt  cos  d  =  const (32) 

The  analogue  of  this  equation  in  the  problem  of  the  top  expresses  the 
constancy  of  the  moment  of  momentum  of  the  top  about  a  vertical  axis 
drawn  through  the  fixed  point. 

The  equations  (31)  and  (32)  are  two  integrals  of  the  equations  (2)  of 
Article  260,  and,  if  a  third  integral  could  be  obtained,  dOjds,  d-yjr/ds,  d(plds 
would  be  expressible  in  terms  of  6,  yjr,  (p,  and  the  possible  forms  in  which  the 
rod  could  be  held  might  be  found.  In  the  general  case  no  third  integral  is 
known ;  but,  when  the  two  flexural  rigidities  A  and  B  are  equal,  the  third  of 
these  equations  yields  at  once  the  integral 

T  =  const (33) 

The  quantities  k,  k',  t  are  expressed  in  terms  of  6,  yjr,  <f),  dd/ds,...  by 
equations  (8)  of  Article    253,  and    the    equations   (31),  (32),  (33)    can   be 
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integrated*  so  as  to  express  6,  yjr,  0  as  functions  of  s,  and  then  the  form 
of  the  central-line  is  to  be  determined  by  means  of  the  equations 

dx       .  ,      dj       .     .  .     ,      dz  a 

-T-  =  sm  6/  cos  y,     -~  =  sm  6  sin  ->|r,     -^  =  cos  6, 

where  x,  y,  z  are  coordinates  referred  to  fixed  axes. 

We  shall  not  proceed  with  this  general  theory,  but  shall  consider  some 
important  special  cases. 

270.     Rod  bent  to  helical  formf. 

The  steady  motion  of  a  symmetrical  top,  with  its  axis  of  figure  inclined  at 
a  constant  angle  ^tt  —  a  to  the  vertical  drawn  upwards,  is  the  analogue  of  a 
certain  configuration  of  a  bent  and  twisted  rod  for  which  A=B.  Putting 
0  =  -|-7r  — a,  dd/ds  =  0,  we  have,  by  (8)  of  Article  253, 

d-Jr  ,         ,      rfilr  .     ,  dd>       .      d-Jr 

K  =  —  -=-  cos  a  cos  0,     «  =  -^  cos  a  sm  ^,     ''"  =  "3^  +  sm  «  -f^ , 

and,  by  (31),  (32),  (33)  of  Article  269, 

T  =  const.,     k'  +  k'^  =  const.,     difr/ds  =  const. 

The  curvature  of  the  central-line  is  constant  and  equal  to  cos  a  (dtlr/ds),  and 
the  binormal  of  this  curve  lies  in  the  plane  of  {x,  y)  and  makes  an  angle  0 
with  the  axis  of  x  reversed.  It  follows  that  ^  is  identical  with  the  angle 
denoted  by  f  in  Article  253,  and  that  the  measure  of  tortuosity  of  the  curve 
is  sin  a  {d-\jr/ds).  Since  the  central-line  is  a  curve  of  constant  curvature  and 
tortuosity,  it  is  a  helix  traced  on  a  right  circidar  cylinder.  The  axis  of  the 
helix  is  parallel  to  the  line  of  action  of  R,  and  a  is  the  angle  which  the 
tangent  at  any  point  of  the  helix  makes  with  a  plane  at  right  angles  to 
this  axis. 

Let  r  be  the  radius  of  the  cylinder  on  which  the  helix  lies.  Then  the 
curvature  l/p  and  the  measure  of  tortuosity  1/2  are  given  by  the  equations 

l/p  =  cos'a/r,     1/2  =  sin  a  cos  a/r,   (34) 

and  we  may  write 

K  =  —  cos  <f)  cos^ a/r,  «:'  =  sin  ^cos^a/r,  d->jr/ds  =  cos a/r,  d(l>/ds  =  T  —  sinacosa/r. 

(35) 

From  equations  (2)  of  Article  260  we  find 

(N,  N')  =  {-  cos  4),  sin  cfj)  [Ct  cos^  a/r  -  5  sin  a  cos^  a/r% 

and  then  from  equations  (30)  we  find 

B  =  Ct  cos  ajr  —  Bsina  cos^  a/r^ (36) 

*  See  F.  Klein  u.  A.  Sommerfeld,   Theorie  des  Kreisels,  Heft  2,  Leipzig  1898,  or  E.  T. 
Whittaker,  Analytical  Dynamics,  Cambridge  1904. 
'     t  Cf.  Kirchhoff,  loe.  cit.  p.  365. 
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The  terminal  force  is  of  the  nature  of  tension  or  pressure  according  as 
the  right-hand  member  of  (36)  is  positive  or  negative.  (See 
Fig.  59.)  For  the  force  to  be  of  the  nature  of  tension,  t 
must  exceed  B  sin  a  cos  ajGr. 

The  axis  of  the  terminal  couple  lies  in  the  tangent  plane  of 
the  cylinder  at  the  end  of  the  central-line,  and  the  components 
of  this  couple  about  the  binormal  and  tangent  of  the  helix  at 
this  point  are  B  cos^  a/r  and  Ct.  The  components  of  the  same 
couple  about  the  tangent  of  the  circular  section  and  the 
generator  of  the  cylinder  at  the  same  point  are,  therefore, 
Rr  and  K,  where  K  is  given  by  the  equation 

K=-CTsma  +  Bcos'oL/r (37) 

It  follows  that  the  rod  can  be  held  so  that  it  has  a  given 
twist,  and  its  central-line  forms  a  given  helix,  by  a  wrench  of 
which  the  force  R  and  the  couple  K  are  given  by  equations  (36) 
and  (37),  and  the  axis  of  the  wrench  is  the  axis  of  the  helix.  The  force  and 
couple  of  the  wrench  are  applied  to  rigid  pieces  to  which  the  ends  of  the  rod 
are  attached. 

The  helical  form  can  be  maintained  by  terminal  force  alone,  without  any  couple ;  and 
then  the  force  is  of  magnitude  B  cos^  a/r^  sin  a,  and  acts  as  thrust  along  the  axis  of  the  helix. 
In  this  case  there  must  be  twist  of  amount  -  B  coa^  a/Cr  sin  a.  The  form  can  be  maintained 
also  by  terminal  couple  alone,  without  any  force;  and  then  the  couple  is  of  magnitude 
B  cos  a/r,  and  its  axis  is  parallel  to  the  axis  of  the  helix.  In  this  case  there  must  be  twist 
of  amount  B  sin  a  cos  ajCr. 

When  the  state  of  the  rod  is  such  that,  if  simply  unbent,  it  would  be  prismatic,  d<j)lds 
vanishes,  and  the  twist  of  the  rod  is  equal  to  the  measure  of  tortuosity  of  the  central-line 
(cf.  Article  253).  To  hold  the  rod  so  that  it  has  this  twist,  and  the  central-line  is  a  given 
helix,  a  wrench  about  the  axis  of  the  helix  is  required ;  and  the  force  R  and  couple  K  of  the 
wrench  are  given  by  the  equations 

R=  -{B-C)  sin  a  cos^  a/r^,     K={Bcos^a  +  C sin^  a)  cos  a/r. 

271.     Theory  of  spiral  springs*. 

When  the  sections  of  the  rod  have  kinetic  symmetry,  so  that  A=B,  and 
the  unstressed  rod  is  helical  with  such  initial  twist  that,  if  simply  unbent,  it 
would  be  prismatic,  we  may  express  the  initial  state  by  the  formulae 

«„  =  0,     «„'  =  cos^a/r,     To  =  sin  a  cos  a/r (38) 

By  suitable  terminal  forces  and  couples  the  rod  can  be  held  in  the  state 
expressed  by  the  formulae 

/C]  =  0,     k/ =  cos^ai/ri,     Ti  =  sin  Hj  cos  Oi/ri ,   (39) 

*  Cf.  Kelvin  and  Tait,  Nat.  Phil.  Part  ii.  pp.  139  et  seq. 
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where  r^,  a^  are  the  radius  and  angle  of  a  new  helix.     The  stress-couples  at 
any  section  are  then  given  by  the  equations 

p_r,      p' _  f>(^°^^°^i     cos'^aN       „  _  ^ /sin  Oj  cos  «!      sin  a  cos  a' 
V    n  r    J'         ~     \        Ti  r        , 

and  the  stress-resultants  are  given  by  the  equations 

N  =  0,     T  =  N't&noi„ 

AT'  _  n  °°®^  '"i  f^^^  "'i  °°^  '*!      ®^'^ ""  *^°^  °'-\      R  ^^^  "i  ^^^  °'i  /cos^ «!      cos^  a' 

All  the  equations  of  Article  259  are  satisfied.  The  new  configuration  can 
be  maintained  by  a  wrench  of  which  the  axis  is  the  axis  of  the  helix,  and  the 
force  -R  and  couple  K  are  given  by  the  equations 

Tf  —  P  *^°^  "^  (  ^^^  "^  '^'^^  "'^      ^^^  a  cos  a\      _  sin  a^  /cos^  Hi     cos^  a.\      \ 
Vi     \         Ti  r        )  n     \    Ti  r    J ' 

^  (40) 
„      „  .        /sin  a,  cos  a,      smacosaN      „  /cos^a,      cos^a\ 

K=G sm a, ]+Bcosa.i{ . 

\       n  r      J  V   n  r   J     I 

The  theory  of  spiral  springs  is  founded  on  this  result.    We  take  the  spring 

in  the  unstressed  state  to  be  determined  by  the  equations  (38),  so  that  the 

central-line  is  a  helix  of  angle  a  traced  on  a  cylinder  of  radius  r,  and  the 

principal  normals  and  binormals  in  the  various  cross-sections  are  homologous 

lines  of  these  sections.     We  take  I  to  be  the  length  of  the  spring,  and  h  to  be 

the  length  of  its  projection  on  the  axis  of  the  helix,  then  the  cylindrical 

coordinates  r,  6,  z  of  one  end  being  r,  0,  0,  those  of  the  other  end  are  r,  x,  h, 

where 

■X,  =  {1  cos  a.)lr,     h=lsina (41) 

We  suppose  the  spring  to  be  deformed  by  a  wrench  about  the  axis  of  the 
helix,  and  take  the  force  R  and  couple  K  of  the  wrench  to  be  given.  We 
shall  suppose  that  the  central-line  of  the  strained  spring  becomes  a  helix  of 
angle  oci  on  a  cylinder  of  radius  ri,  and  that  the  principal  normals  and 
binormals  continue  to  be  homologous  lines  in  the  cross-sections.  Then  R 
and  K  are  expressed  in  terms  of  a^  and  r^  by  the  equations  (40).  When  the 
deformation  is  small  we  may  write  r  +  Br  and  a-l-Sa  for  r^,  «!,  and  suppose 
that  small  changes  S%  and  Sh  are  made  in  %  and  h.     We  have 

Bh  =  (I  cos  a)  Ba,     3%  =  -  [(I  sin  a)/r]  Bu  -  [(I  cos  a)/r^]  Br, 

from  which 

Ba  =  {Bh)/(l  cos  a),     (Br)/r^  =  —  (sin  a .  SA  4-  r  cos  a .  B'x)/lr  cos^  a. 

.  sin  a  cos  a           .                Br     cos  2a  . 
Hence;  o =  -  sin  a  cos  a  —  -I ba 

Bh       .      By 
=  cos  a  1-  -f  sin  a  -p , 
Ir  I 
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,                             5,  cos^  a  „     Sr      „   .  Sa 

and  0 =  —  cos^  a  — r  —  2  sin  a  cos  a  — 

cos  a  -        sin  a  », 

It  follows  that  the  force  R  and  the  couple  K  are  expressed  in  terms  of 
I,  r,  a,  Sh,  Sx  by  the  equations 

R  =  ^  [(C cos^  a  +  B  sin^  a)  8/1  +  (0  -  B)  sin  a  cos  a .  rS^], 

,  ,  -(42) 

i:  =  _  [(0  -  5)  sin  a  cos  a .  S/i  +  (Csin^  a  +  B  cos^  a)  rS^]. 

If  the  spring  is  deformed  by  axial  force  alone*,  without  couple,  the  axial  displacement 
8h  and  the  angular  displacement  S^  are  given  by  the  equations 

8k=lr^(^^  +  ^^^R,     8;,  =  fo.sin.cosa(^-i)iE. 

If  the  cross-section  of  the  spring  is  a  circle  of  radius  a,  1/C—  1/-B  is  'ka-JEna^,  where  a- 
is  Poisson's  ratio  and  E  is  Young's  modulus  for  the  material.  Hence  both  fi/i  and  bx  are 
positive.  In  the  same  case  br  is  negative,  so  that  the  spring  is  coiled  more  closely  as  it 
stretches. 

272.     Additional  results. 

(a)     Rod  subjected  to  terminal  couples. 

When  a  rod  which  is  straight  and  prismatic  in  the  unstressed  state  is  held  bent  and 
twisted  by  terminal  couples,  the  kinetic  analogue  is  a  rigid  body  moving  under  no  forces. 
The  analogue  has  been  worked  out  in  detail  by  W.  Hesst.  When  the  cross-section  has 
kinetic  symmetry  so  that  A=B,  the  equations  of  equilibrium  show  that  the  twist  r  and 
the  curvature  {k^+k'^)    are  constants,  and  that,  if  we  put  as  in  Article  253 

tan/=  -  k'/k, 

then  E{df/ds)  =  (B-e)r. 

It  follows  that  the  measure  of  tortuosity  of  the  central-line  is  Ct/B,  and,  therefore,  that 
this  line  is  a  helix  traced  on  a  circular  cylinder.  If  we  use  Euler's  angles  d,  1^,  </>  as  in 
Article  253,  and  take  the  axis  of  the  helix  to  be  parallel  to  the  axis  of  z  in  Fig.  46  of  that 
Article,  6  is  constant,  and  \n  —  d  is  the  angle  a  of  the  helix.  The  axis  of  the  terminal 
couple  is  the  axis  of  the  helix,  and  the  magnitude  of  the  couple  is  B  cos  ajr,  as  we  found 
before,  r  being  the  radius  of  the  cylinder  on  which  the  helix  lies. 

*  The  results  for  this  case  were  found  by  Saint-Venant,  Paris  G.  R.,  t.  17  (1843).  A 
number  of  special  cases  are  worked  out  by  Kelvin  and  Tait,  loc.  cit.,  and  also  by  J.  Perry, 
Applied  Mechanics  (London,  1899).  The  theory  has  been  verified  experimentally  by  J.  W.  Miller, 
-Phys.  Rev.  vol.  14  (1902).  The  vibrations  of  a  spiral  spring  supporting  a,  weight  so  great  that 
the  inertia  of  the  spring  may  be  neglected  have  been  worked  out  in  accordance  with  the  above 
theory  by  L.  E.  Wilberforce,  Phil.  Mag.  (Ser.  5),  vol.  38  (1894). 

t  Math.  Ann.  Bd.  23  (1884). 
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(6)     Straight  rod  with  initial  twist. 

When  the  rod  in  the  unstressed  state  has  twist  tq  and  no  curvature,  and  the  cross- 
section  has  kinetic  symmetry  so  that  ^  =  5,  the  rod  can  be  held  bent  so  that  its  central-hne 
has  the  form  of  a  helix  (a,  r),  and  twisted  so  that  the  twist  is  ti,  by  a  wrench  about  the  axis 
of  the  helix ;  and  the  force  R  and  couple  K  of  the  wrench  are  found  by  writing  t^  -  tq  for  r 
in  equations  (36)  and  (37)  of  Article  270. 

(c)     Rod  bent  into  circular  hoop  and  twisted  unifwndy^ 

When  the  rod  in  the  unstressed  state  is  straight  and  prismatic,  and  the  cross-section 
has  kinetic  symmetry,  one  of  the  forms  in  which  it  can  be  held  by  terminal  forces  and 
couples  is  that  in  which  the  central-line  is  a  circle,  and  the  twist  is  uniform  along  the 
length.  The  tension  vanishes,  and  the  shearing  force  at  any  section  is  directed  towards 
the  centre  of  the  circle,  and  its  amount  is  CV//-,  where  r  is  the  radius  of  the  circle. 

(fl?)     Stability  of  rod  subjected  to  twisting  couple  and  thrust. 

When  the  rod,  supposed  to  be  straight  and  prismatic  in  the  unstressed  state,  is  held 
twisted,  but  without  curvature,  by  terminal  couples,  these  couples  may  be  of  such  an 
amount  as  could  hold  the  rod  bent  and  twisted,  li  A  =  B  the  central-line,  if  it  is  bent, 
must  be  a  helix.  When  the  couple  K  is  just  great  enough  to  hold  the  rod  bent  without  dis- 
placement of  the  ends,  the  central-line  just  forms  one  complete  turn  of  the  helix,  the  radius 
r  of  the  helix  is  very  small,  and  the  angle  a  of  the  helix  is  very  nearly  equal  to  \ir.  We 
have  the  equations 

K=CT=Br~^  cos  a,     lcoaa=27rr, 

where  t  is  the  twist,  and  I  the  length  of  the  rod.     Hence  this  configuration  can  be 
maintained  if  %Tr  11= KjB.    We  infer  that,  under  a  twisting 
couple  which  exceeds   iirB/l,  the   straight  twisted  rod  is 
unstable. 

This  question  of  stability  may  be  investigated  in  a  more 
general  manner  by  supposing  that  the  rod  is  held  by  tei-minal 
thrust  R  and  twisting  couple  K  in  a.  form  in  which  the 
central-line  is  very  nearly  straight.  The  kinetic  analogue  is 
a  symmetrical  top  which  moves  so  that  its  axis  remains 
nearly  upright.  The  problem  admits  of  a  simple  solution  by 
the  use  of  fixed  axes  of  x,  y,  z,  the  axis  of  z  coinciding  with 
the  axes  of  the  applied  couples  and  with  the  line  of  thrust. 
The  central-line  is  near  to  this  axis,  and  meets  it  at  the 
ends.  The  twist  t  is  constant,  and  the  torsional  couple  Cl- 
ean be  equated  to  K  with  sufficient  approximation.  The 
flexural  couple  is  of  amount  B/p,  where  p  is  the  radius  of 
curvature  of  the  central-line,  and  its  axis  is  the  binormal 
of  this  curve.  The  direction  cosines  of  this  binormal  can  be 
expressed  in  such  forms  as 


fdj  d^z     dz  d^-f\ 


(d 

''  V*  ds^      ds  ds^J  ' 


and  therefore  the  components  of  the  flexural  couple  at  any 
section  about  axes  parallel  to  the  axes  of  x  and  y  can  be 
expressed  with  sufficient  approximation  in  the  forms 


Fig.  60. 


-B- 


5^. 
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For  the  equilibrium  of  the  part  of  the  rod  contained  between  this  section  and  one  end 
we  take  moments  about  axes  drawn  through  the  centroid  of  the  section  parallel  to  the  axes 
of  X  and  y,  and  we  thus  obtain  the  equations 


.(43) 


CCS  cts 

The  complete  primitives  are 

x=i,sin(5'iS  +  Ei)  +  i2sin(g'2S  +  f2)> 

y=ZiCos(5'iS  +  €i)  +  Z2Cos(g'2S+fs), 

where  L^,L^,  ej,  fj  are  arbitrary  constants,  and  q-^,  q^  are  the  roots  of  the  equation 

Bq^  +  Kq-R^O. 

The  terminal  conditions  are  (i)  that  the  coordinates  x  and  y  vanish  at  the  ends  s  =  0  and 
s  =  l,  (ii)  that  the  axis  of  the  terminal  couple  coincides  with  the  axis  of  z.  The  equations 
(43)  show  that  the  second  set  of  conditions  are  satisfied  if  the  first  set  are  satisfied.  We 
have  therefore  the  equations 

iiSinfi  +  Z2sine2  =  0,  iiCOSfi  +  Z2COSf2=0, 

and 

ZiSin(g'i?  +  ei)+Z2sin  {q,^l  +  f^=Q,     Li^cos{q^l+e^)  +  L,^cos{q^l  +  e^  =  0. 

On  substituting  for  L^  cos  ej  and  L^  sin  e2  from  the  first  pair  in  the  second  pair,  we  find  the 
equations 

Xi  {sin  (ji  ?  +  fi)  -  sin  (?2^  +  ^i)}  =  0>     -^i  {cos  (ji  ^  +  fi)  -  cos  {q^  I  +  e i)}  =  0, 

from  which  it  follows  that  q^l  and  q^l  differ  by  a  multiple  of  Stt.  The  least  length  I  by 
which  the  conditions  can  be  satisfied  is  given  by  the  equation 

2W^  =  l?i-?2l> 

The  rod  subjected  to  thrust  R  and  twisting  couple  K  is  therefore  unstable  if 

^<^'+^  (44) 

This  condition*  includes  that  obtained  above  for  the  case  where  there  is  no  thrust,  and 
also  that  obtained  in  (18)  of  Article  264  for  the  case  where  there  is  no  couple.  If  the  rod 
is  subjected  to  tension  instead  of  thrust,  R  is  negative,  and  thus  a  sufficient  tension  will 
render  the  straight  form  stable  in  spite  of  a  large  twisting  couple. 

(«)     Stability  of  flat  blade  bent  in  its  plane  f. 

Let  the  section  of  the  rod  be  such  that  the  flexural  rigidity  B,  for  bending  in  one 
principal  plane,  is  large  compared  with  either  the  flexural  rigidity  A,  for  bending  in  the 
perpendicular  plane,  or  with  the  torsional  rigidity  C.  This  would  be  the  case  if,  for 
example,  the  cross-section  were  a  rectangle  of  which  one  pair  of  sides  is  much  longer  than 
the  other  pair.  Let  the  rod,  built  in  at  one  end  so  as  to  be  horizontal,  be  bent  by  a  vertical 
transverse  load  R  applied  at  the  other  end  in  the  plane  of  greatest  flexural  rigidity.     We 

*  The  result  is  due  to  A.  G.  Greenhill,  Proc.  Inst.  Mech.  Engineers,  1883. 
t  Cf.  A.  G.  M.  Michell,  Phil.  Mag.  (Ser.  5),  vol.  48  (1899),  and  L.  Prandtl,  '  Kipperseheinungen ' 
(Diss.),  Nttrnberg  1899. 
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shall  use  the  notation  of  Article  253,  and  suppose,  as  in  Article  270,  that  the  line  of  action 
of  the  load  R  has  the  direction  and  sense  of  the  line  PjZ,  and  we  shall  take  the  plane  of 
(z,  x)  to  be  parallel  to  the  vertical  plane  containing  the  central-line  in  the  unstressed  state. 
If  the  length  I,  or  the  load  R,  is  not  too  great,  while  the  flexural  rigidity  B  is  large,  the  rod 
will  be  slightly  bent  in  this  plane,  in  the  manner  discussed  in  Chapter  xv.  But,  when  the 
length,  or  load,  exceed  certain  limits,  the  rod  can  be  held  by  the  terminal  force,  directed  as. 
above  stated,  in  a  form  in  which  the  central-line  is  bent  out  of  the  plane  (x,  z),  and  then 
the  rod  will  also  be  twisted.  It  will  appear  that  the  defect  of  torsional  rigidity  is  quite  as. 
influential  as  that  of  flexural  rigidity  in  rendering  possible  this  kind  of  buckling. 


Fig.  61. 

Let  s  be  measured  from  the  fixed  end  of  the  central-line,  and  let  Xj,  yi,  z^  be  the. 
coordinates  of  the  loaded  end  of  this  line.  Let  x,  y,  z  be  the  coordinates  of  any  point  Pj 
on  the  strained  central-line.  For  the  equilibrium  of  the  part  of  the  rod  contained  between 
the  section  drawn  through  Pj  and  the  loaded  end  we  take  moments  about  axes  drawn 
through  Pj  parallel  to  the  fixed  axes.  Using  the  direction  cosines  defined  by  the  scheme  (4) 
of  Article  253,  we  have  the  equations  , 

-{AKm,^  +  Bicm^  +  CTm^-{x^-x)R=0,    I (45) 

Aicnj^+BKn^  +  Cm^  =0.  j 

When  we  substitute  for  k,  k',  t  from  equations  (8)  of  Article  253,  and  for  ly, ...  from 
equations  (7)  of  the  same  Article,  we  have 

AkI^  +  Bk'I^  +  CtI^ 

=  [—{A  sin^  ^+B  cos^  <^)  sin  ■^+{A  —  B)  sin  <p  cos  0  cos  ^  cos  &]--=-  +  Ccos  -^maS-^ 

+  [—{Acc>s^(f)  +  Bsin^(l>)(Ma\jfamdcos8  +  {A  —  B)smcj)cos<j)8m\jrsmd  +  Cooa'^sindcosff]^r 

Akitii  -\-BK'm2  -t-  CVtoj 
=  [(ji  sin^ ^ -t- -B cos^ (\>) cos i^r  +  {A  —  B) sin  (^ cos ^ sin  -^ cos  &]-}-  + CamB sin ^ -^ 

—  [{A  cos^^-l-i? sin^ 0) sin y\r  sin  6 ooa6+{A  —  B) sin(^cos0oos\p'sin5  —  Csin^sindcos5]-j^ , 
Aiaii+BKn^ + Cm^ 

=  -{A-B)ain<j)coa4>ame^+Ccoad^+{Aaia^dcoa^(j)+Bsm'e9m^(t>  +  Ocoa^d)^. 


L.  E. 
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In  equations  (45)  we  now  approximate  by  taking  A  and  C  to  be  small  compared  with 
B,  and  d  to  be  nearly  equal  to  ^n,  while  0  and  ijf  are  small,  and  also  by  taking  Zj  to  be 
equal  to  I  and  x  to  be  equal  to  s.  We  reject  all  the  obviously  unimportant  terms  in  the 
expressions  for  {AkIi+  ...), We  thus  find  the  equations 

Since  dy /ds  =m^=sm  6 aia ylf=-\jr  nearly,  we  deduce  from  the  first  and  second  equations  of 
this  set  the  equation 

and  from  the  second  and  third  equations  of  the  same  set  we  deduce  the  equation 

A^  =  R{l-s)<j>; 
and,  on  eliminating  d^jds  between  the  two  equations  last  written,  we  find  the  equation 

G-2+^(}-'n=^ (^^) 

This  equation  can  be  transformed  into  Bessel's  equation  by  the  substitutions 

^=\{l-sfRU{AC),    <i>  =  r,{l-s)^ (47) 

rf2,       Idr,       (^  1    \ 

and  the  primitive  is  of  the  form 

4>  =  {^'Ji,{^)+B'J_^{k)]{l-sf,      (48) 

where  A'  and  B'  are  constants. 

Now  when  s=l,  d\jr/ds  vanishes,  and  the  twisting  couple  Ct  vanishes;  hence  d(f>/ds 
vanishes.  This  condition  requires  that  A'  should  vanish.  Further,  (j)  vanishes  when  s  =  0, 
and  thus  the  critical  length  is  given  by  the  equation  J,  (|)  =  0  at  ^  =  }J,^BjJ{AG),  or 

^.Q  AG^'"^^     -^   2.4...(2M).6.14...(8m-2)  ^"C^"' 

The  lowest  root  of  this  equation  for  R^l^jAC  is  16  nearly,  and  we  infer  that  the  rod  bent 
by  terminal  transverse  load  in  the  plane  of  greatest  flexural  rigidity  is  unstable  if 
l>y(ACp/R-,  where  y  is  a  number  very  nearly  equal  to  2. 

The  result  has  been  verified  experimentally  by  A.  G.  M.  Michell  and  L.  Prandtl.  It 
should  be  observed  that  the  rod,  if  of  such  a  length  as  that  found,  will  be  bent  a  good  deal 
by  the  load  R,  unless  B  is  large  compared  with  A  and  C,  and  thus  the  above  method  is  not 
applicable  to  the  general  problem  of  the  stability  of  the  elastica  for  displacements  out  of 
its  plane. 

273.     Rod  bent  by  forces  applied  along  its  length. 

When  forces  and  couples  are  applied  to  the  rod  at  other  points,  as  well  as 
at  the  ends,  and  the  stress-couples  are  assumed  to  be  given  by  the  ordinary 
approximations  (Article  255),  forms  are  possible  in  which  the  rod  could  not 
be  held  by  terminal  forces  and  couples  only.  When  there  are  no  couples 
except  at  the  ends,  the  third  of  equations  (11)  of  Article  254  becomes 

d-r 
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and  this  equation  shows  that  to  hold  the  rod  bent  to  a  given  curvature 
"without  applying  couples  along  its  length,  a  certain  rate  of  variation  of 
the  twist  along  the  length  is  requisite.  In  other  words  a  certain  twist, 
indeterminate  to  a  constant  pres,  is  requisite. 

When  there  are  no  applied  couples  except  at  the  ends,  and  the  curvature 
is  given,  while  the  twist  has  the  required  rate  of  variation,  iV  and  iV'  are 
given  by  the  first  two  of  equations  (2)  of  Article  260.  The  requisite  forces 
X,  Y,  Z  of  Article  254  and  the  tension  T  are  then  connected  by  the  three 
equations  (10)  of  that  Article.  We  may  therefore  impose  one  additional  con- 
dition upon  these  quantities.  For  example,  we  may  take  Z  to  be  zero,  and 
then  we  learn  that  a  given  rod  can  be  held  with  its  central-line  in  the  form  of 
a  given  curve  by  forces  which  at  each  point  are  directed  along  a  normal  to  the 
curve,  provided  that  the  rod  has  a  suitable  twist. 

Similar  statements  are  applicable  to  the  case  in  which  the  rod,  in  the 
unstressed  state,  has  a  given  curvature  and  twist. 

As  an  example*  of  the  application  of  these  remarks  we  may  take  the  case  of  a  rod 
which  in  the  unstressed  state  forms  a  circular  hoop  of  radius  /•(,,  with  one  principal  axis  of 
each  cross-section  inclined  to  the  plane  of  the  hoop  at  an  angle  /(,,  the  same  for  all  cross- 
sections.  We  denote  by  B  the  flexural  rigidity  corresponding  with  this  axis.  The  initial 
state  is  expressed  by  the  equations 

''o=-''o~^°os/(|,     Ko'=ro-isin/o,    to=0. 

Let  the  rod  be  bent  into  a  circular  hoop  of  radius  r^,  with  one  principal  axis  of  each 
cross-section  inclined  to  the  plane  of  the  hoop  at  an  angle/;,  the  same  for  all  cross-sections. 
The  state  of  the  rod  is  then  expressed  by  the  equations 

Ki=-J-r'cos/i,     K/=?-i-isin/i,    7-1  =  0. 

To  hold  the  rod  in  this  state  forces  must  be  applied  to  each  section  so  as  to  be  equivalent 
to  a  couple  about  the  central-line ;  the  amount  of  this  couple  per  unit  of  length  is 

-—  {A  sin/i cos/o - B cos/isin/o)  -—^{A-B)  sin/j cos/j. 

274.     Rod  bent  in  one  plane  by  uniform  normal  pressure. 

We  consider  next  the  problem  of  a  rod  held  bent  in  a  principal  plane 
by  normal  pressure  which  is  uniform  along  its  length.  The  quantity  X 
of  Article  254  expresses  the  magnitude  of  this  pressure  per  unit  of  length. 

Let  F  denote  the  resultant  of  the  shearing  force  N  and  the  tension  T  at 
any  cross-section,  F^,,  Fy  its  components  parallel  to  iixed  axes  of  x  and  y 
in  the  plane  of  the  bent  central-line.  We  may  obtain  two  equations  of 
equilibrium  by  resolving  all  the  forces  which  act  upon  any  portion  of  the  rod 
parallel  to  the  fixed  axes.     These  equations  are 

^F^  +  X^=0,     ^F,-X^  =  0. 
as  as  as  as 

*  Of.  Kelvin  and  Tait,  Nat.  Phil.,  Part  ii.,  pp.  166  et  seq. 
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It  follows  that  the  origin  0  can  be  chosen  so  that  we  have 

F,=  -jX,  F^  =  xX; 
and  therefore  the  magnitude  of  F  at  any  point  P  of  the  strained  central-line 
is  rX,  where  r  is  the  distance  OP,  and  the  direction  of  F  is  at  right  angles  to 
OP.  This  result  can  be  expressed  in  the  following  form : — Let  Pj  and  P^  be 
any  two  points  of  the  strained  central-line,  and  let  Fi  and  ^2  be  the  result- 
ants of  the  shearing  force  and  tension  on  the  cross-sections  through  Pj  and 
P2,  the  senses  of  Pi  and  Pj  being  such  that  these  forces  arise  from  the  action 
of  the  rest  of  the  rod  on  the  portion  between  Pj  and  Pj.  From  Pj,  P^ 
draw  lines  P^O,  P^O  at  right  angles  to  the  directions  of  F^,  F^.  We  may 
regard  the  arc  P1P2  as  the  limit  of  a  polygon  of  a  large  number  of  sides,  and 
this  polygon  as  in  equilibrium  under  the  flexural  couples  at  its  ends,  the 
forces  Pi,  P2,  and  a  force  XSs  directed  at  right  angles  to  any  side  of  the 
polygon  of  which  the  length  is  Zs.  The  forces  are  at  right  angles  to  the 
sides  of  the  figure  formed  by  OPi,  OP2  and  this  polygon,  and  are  propor- 
tional to  them ;  and  the  lengths  of  OPi  and  OP2  are  F^jX  and  F^jX.  The 
senses  in  which  the  lines  must  be  drawn  are  indicated  in  Fig.  62* 


Fig.  62. 
Let  r  denote  the  distance  OP.     Then 


N=- 


.p^  =  . 


X  — 
ds' 


The  stress-couple  G'  satisfies  the  equation 

—  =  -N  =  rX  — 
ds  ds' 

Hence  we  have  G'  =  ^Xr'  +  const. 

In  the  particular  case  where  the  central-line  in  the  unstressed  state  is  a 
straight  line  or  a  circle,  the  curvature  1/p  of  the  curve -into  which  it  is  bent  is 
given  by  the  equation 

B/p  =  ^Xr'  +  const (49) 

The    possible    forms    of    the    central-line    can    be    determined    from    this 
equation  f. 

*  In  the  right-hand  figure  OPiP^  is  shown  as  a  force-polygon.  The  theory  is  due  to  M.  L^yyf 
J.  de  Math.  {Liouville) ,  (S^r.  3),  t.  10  (1884). 

t  The  complete  integration  of  equation  (49)  by  means  of  elliptic  functions  was  effected  by 
G.  H.  Halphen,  Paris,  G.  B.,  t.  98  (1884).  See  also  his  TraM  des  fonctions  elliptiques,  Partie  2, 
Ch.  5  (Paris,  1888).  The  subject  has  been  investigated  further  by  A.  G.  GreenhiU,  Math.  Ann., 
Bd.  52  (1899). 
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275.     Stability  of.  circular  ring  under  normal  pressure. 

When  the  central-line  in  the  unstressed  state  is  a  circle  of  radius  a,  and  the  rod  is  very 
slightly  bent,  equation  (49)  can  be  written  in  the  approximate  form 


d^u 


j+M  =  C-|- 


applied 


where  l/u  and  6  are  the  polar  coordinates  of  a  point  on  the  central-line  referred  to  0  as 
origin,  and  c  is  a  constant.  The  value  of  m  differs  very  little  from  1/a,  and  we  may  there- 
fore put  u  =  l/a  +  ^,  where  |  is  small,  and  obtain  the  approximate  equation 

£^^2  +  6-     5«5- 

Hence  |  is  of  the  form  ^f)Cos{7i,6+y),  where  |„  and  y  are  constants,  and  n  is  given  by 
the  equation 

n^  =  l+Xa^/B. 

Now  the  function  ^  must  be  periodic  in  6  with  period  Stt,  for,  otherwise,  the  rod  would 
not  continue  to  form  a  complete  ring.  Hence  n  must  be  an  integer.  If  n  were  1,  the  circle 
would  be  displaced  without  deformation.  The  least  value  of  the  pressure  X  by  which  any 
deformation  of  the  circular  form  can  be  produced  is  obtained  by  putting  n=2.  We  infer 
that,  if  X<  3B/a^,  the  ring  simply  contracts  under  the  pressure,  but  the  ring  tends  to 
collapse  if 

X>  35/^3.      (50)* 

276.     Height  consistent  with  stabilityf. 

As  a  further  example  of  the  equilibrium  of  a  rod  under  forces 
along  its  length,  we  consider  the  problem  of  a  vertical  column, 
of  uniform  material  and  cross-section,  bent  by  its  own  weight. 
Let  a  long  thin  rod  be  set  up  in  a  vertical  plane  so  that  the 
lower  end  is  constrained  to  remain  vertical,  and  suppose  the 
length  to  be  so  great  that  the  rod  bends.  Take  the  origin  of 
fixed  axes  of  x  and  y  at  the  lower  end,  draw  the  axis  of  x 
vertically  upwards  and  the  axis  of  y  horizontally  in  the  plane 
of  bending.  (See  Fig.  63.)  For  the  equilibrium  of  the  portion 
of  the  rod  contained  between  any  section  and  the  free  end,  we 
resolve  along  the  normal  to  the  central-line,  and  then,  since 
the  central-line  is  nearly  coincident  with  the  axis  of  x,  we 

find  the  equation 

^^^Z-xdy 
I     ax 
where  W  is  the  weight  of  the  rod.    The  equation  of  equilibrium  dO/ds 
can,  therefore,  be  replaced  by  the  approximate  equation 

.1 


b'^.w- 


I 


'p  =  0, 


+  N=0 
..(51) 


where  p  is  written  for  dy/dx.    The  terminal  conditions  are  that  dp/dx  vanishes 
at  X  =  Z,  and  y  and  p  vanish  at  x  =  0. 

*  The  result  is  due  to  M.  L^vy,  toe.  cit. 

t  The  theory  is  due  to  A.  G.  Greenhill,  Cambridge  Phil.  Soc.  Proc,  vol.  i  (1881).     It  haa 
been  discussed  critically  by  C.  Chree,  Cambridge  Phil.  Soc.  Proc,  vol.  7  (1892). 
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Equation  (51)  can  be  transformed  into  Bessel's  equation  by  the  sub- 
stitutions 

^  =  I\/(S(^-^^''    i>  =  »?(i-x)i (52) 

It  becomes 

and  the  primitive  is  of  the  form 

p  =  [A'Jii^)  +  B'J^im(l-^)K    (53) 

where  A'  and  B'  are  constants. 

To  make  dp/dx  vanish  at  x  =  l  we  must  have  A'  =  0,  and  to  make  p 
vanish  at  x  =  0  we  must  have  J'_j(^)  =  0  at  ^  =  ^1{W/B)K  Hence  the 
critical  length  is  given  by  the  equation 

3.2    B   ^•■•+V   ''  3.6...(3«).2.5...(3»-l)    £»    -»-•••-"• 

The  lowest  root  of  this  equation  for  PWjB  is  (7.91  ...),  and  we  infer  that  the 
rod  will  be  bent  by  its  own  weight  if  the  length  exceeds  (2.83  ...)'J(B/W}. 

Greenhill  (loc.  cit.  p.  405)  has  worked  out  a  number  of  cases  in  which  the 
rod  is  of  varying  section,  and  has  applied  his  results  to  the  explanation  of  the 
forms  and  growth  of  trees. 


CHAPTER  XX. 

VIBRATIONS  OF  RODS.    PROBLEMS  OF  DYNAMICAL  RESISTANCE. 

277.  The  vibrations  of  thin  rods  or  bars,  straight  and  prismatic  when 
unstressed,  fall  naturally  into  three  classes :  longitudinal,  torsional,  lateral. 
The  "longitudinal"  vibrations  are  characterized  by  the  periodic  extension 
and  contraction  of  elements  of  the  central-line,  and,  for  this  reason,  they  will 
sometimes  be  described  as  "  extensional."  The  "  lateral "  vibrations  are 
characterized  by  the  periodic  bending  and  straightening  of  portions  of  the 
central-line,  as  points  of  this  line  move  to  and  fro  at  right  angles  to  its 
unstrained  direction ;  for  this  reason  they  will  sometimes  be  described  as 
"flexural."  In  Chapter  XII.  we  investigated  certain  modes  of  vibration 
of  a  circular  cylinder.  Of  these  modes  one  class  are  of  strictly  torsional  type, 
and  other  classes  are  effectively  of  extensional  and  flexural  types  when  the 
length  of  the  cylinder  is  large  compared  with  the  radius  of  its  cross-section. 
We  have  now  to  explain  how  the  theory  of  such  vibrations  for  a  thin  rod  of 
any  form  of  cross-section  can  be  deduced  from  the  theory  of  Chapter  xviii. 

In  order  to  apply  this  theory  it  is  necessary  to  assume  that  the  ordinary 
approximations  described  in  Articles  255  and  258  hold  when  the  rod  is 
vibrating.  This  assumption  may  be  partially  justified  by  the  observation 
that  the  equations  of  motion  are  the  same  as  equations  of  equilibrium  under 
certain  body  forces — the  reversed  kinetic  reactions.  It  then  amounts  to 
assuming  that  the  mode  of  distribution  of  these  forces  is  not  such  as  to 
invalidate  seriously  the  approximate  equations  (21),  (22),  (23)  of  Article 
258.  The  assumption  may  be  put  in  another  form  in  the  statement  that, 
when  the  rod  vibrates,  the  internal  strain  in  the  portion  between  two 
neighbouring  cross-sections  is  the  same  as  it  would  be  if  that  portion  were 
in  equilibrium  under  tractions  on  its  ends,  which  produce  in  it  the  instan- 
taneous extension,  twist  and  curvature.  No  complete  justification  of  this 
assumption  has  been  given,  but  it  is  supported  by  the  results,  already  cited, 
which  are  obtained  in  the  case  of  a  circular  cylinder.  It  seems  to  be 
legitimate  to  state  that  the  assumption  gives  a  better  approximation  in  the 
case  of  the  graver  modes  of  vibration,  which  are  the  most  important,  than  in 
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the   case   of  the   modes   of  greater  frequency,   and    that,  for  the   former, 
the  approximation  is  quite  sufficient. 

The  various  modes  of  vibration  have  been  investigated  so  fully  by  Lord 
Rayleigh*  that  it  will  be  unnecessary  here  to  do  more  than  obtain  the 
equations  of  vibration.  After  forming  these  equations  we  shall  apply  them 
to  the  discussion  of  some  problems  of  dynamical  resistance. 

278.     Extensional  vibrations. 

Let  w  be  the  displacement,  parallel  to  the  central-line,  of  the  centroid  of 
that  cross-section  which,  in  the  equilibrium  state,  is  at  a  distance  s  from 
some  chosen  point  of  the  line.  Then  the  extension  is  dw/ds,  and  the  tension 
is  Eco  {dwjds),  where  E  is  Young's  modulus,  and  w  the  area  of  a  cross- 
section.  The  kinetic  reaction,  estimated  per  unit  of  length  of  the  rod,  is 
p(o  (dhvjdf),  where  p  is  the  density  of  the  material.  The  equation  of  motion, 
formed  in  the  same  way  as  the  equations  of  equilibrium  in  Article  254,  is 

PW=^ds^ (1) 

The  condition  to  be  satisfied  at  a  free  end  is  dwjds  =  0 ;   at  a  fixed  end  w 
vanishes. 

If  we  form  the  equation  of  motion  by  the  energy-method  (Article  115)  we  may  take 
account  of  the  inertia  of  the  lateral  motion  t  by  which  the  cross-sections  are  extended 
or  contracted  in  their  own  planes.  If  oc  and  y  are  the  coordinates  of  any  point  in  a  cross- 
section,  referred  to  axes  drawn  through  its  centroid,  the  lateral  displacements  are 

—  <tx  {dw/ds),     —  cry  (bwlds), 
where  o-  is  Poisson's  ratio.     Hence  the  kinetic  energy  per  unit  of  length  is 


y-m-'^im)' 


where  K  is  the  radius  of  gyration  of  a  cross-section  about  the  central-line.     The  potential 
energy  per  unit  of  length  is 

and,  therefore,  the  variational  equation  of  motion  is 

fdw 


■/*i[*-(t)"-^=(ll)'}-*^-(l 


ds. 


where  the  integration  with  respect  to  s  is  taken  along  the  rod.     In  forming  the  variations 
we  use  the  identities 

\-osdtdsdt      ds^dfi^'^)~ds\dsdt   dt       dsdt^^'"-')'^dt\dsdt~dr~d^t      )' 

*  Theory  of  Sound,  Chapters  vii.  and  viii. 

+  The  lateral  strain  is  already  taken  into  account  when  the  tension  is  expressed  as  the  product 
of  E  and  w  (dwjds).  If  the  longitudinal  strain  alone  were  considered  the  constant  that  enters  into 
the  expression  for  the  tension  would  not  be  E  but  X-(-2/ci. 
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and,  on  integrating  by  parts,  and  equating  to  zero  the  coeflBcient  of  8w  under  the  sign  of 
double  integration,  we  obtain  the  equation 


By  retaining  the  term  pcrK''^wjds^dfi  we  should  obtain  the  correction  of  the  velocity 
of  wave-propagation  which  was  found  by  Pochhammer  and  Chree  (Article  201),  or  the 
correction  of  the  frequency  of  free  vibration  which  was  calculated  by  Lord  Rayleigh*. 

279.     Torsional  vibrations. 

Let  ■\jr  denote  the  relative  angular  displacement  of  two  cross-sections,  so 
that  d-^jds  is  the  tvsrist  of  the  rod.  The  centroids  of  the  sections  are  not 
displaced,  but  the  component  displacements  of  a  point  in  a  cross-section 
parallel  to  axes  of  x  and  y,  chosen  as  before,  are  —  ip^y  and  \}rx.  The  torsional 
couple  is  (7(3i|r/9s),  where  C  is  the  torsional  rigidity.  The  moment  of  the 
kinetic  reactions  about  the  central-line,  estimated  per  unit  of  length  of  the 
rod,  is  pcoK^  (d'^yjr/df).  The  equation  of  motion,  formed  in  the  same  way  as 
the  third  of  the  equations  of  equilibrium  (11)  of  Article  254,  is 

P'"^  w-^w (^) 

The  condition  to  be  satisfied  at  a  free  end  is  d-^/ds  =  0 ;    at  a  fixed  end  yjr 
vanishes. 

When  we  apply  the  energy-method,  we  may  take  account  of  the  inertia  of  the  motion 
by  which  the  cross-sections  are  deformed  into  curved  surfaces.  Let  <j)  be  the  torsion 
function  for  the  section  (Article  216).  Then  the  longitudinal  displacement  is  cf>  (dyfr/ds), 
and  the  kinetic  energy  of  the  rod  per  unit  of  length  is 


*'[-riTKi)'/*-]- 


The  potential  energy  is  ^G(dyjrldsY,  and  the  equation  of  vibration,  formed  as  before,  is 


,.K^';^-,{J^^,.)^%  =  C] 


By  inserting  in  this  equation  the  values  of  C  and  jcfy^da  that  belong  to  the  section,  we 
could  obtain  an  equation  of  motion  of  the  same  form  as  (2)  and  could  work  out  a 
correction  for  the  velocity  of  wave-propagation  and  the  frequency  of  any  mode  of  vibration. 
In  the  case  of  a  circular  cylinder  there  is  no  correction  and  the  velocity  of  propagation  is 
that  found  in  Article  200. 

280.     Plexural  vibrations. 

Let  the  rod  vibrate  in  a  principal  plane,  which  we  take  to  be  that  of 
{x,  z)  as  defined  in  Article  2.52.  Let  u  denote  the  displacement  of  the 
centroid  of  any  section  at  right  angles  to  the  unstrained  central-line.  We 
may  take  the  angle  between  this  line  and  the  tangent  of  the  strained  central- 
line  to  be  dujds,  and  the  curvature  to  be  d'^ujdsK  The  flexural  couple  G'  is 
B  d'ujds\  where  B  =  Ecok'",  k'  being  the  radius  of  gyration  of  the  cross-section 

*  Theory  of  Sound,  §  157. 
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about  aD  axis  through  its  centroid  at  right  angles  to  the  plane  of  bending. 
The  magnitude  of  the  kinetic  reaction,  estimated  per  unit  of  length,  is,  for  a 
first  approximation,  pa  (dhi/dt^),  and  its  direction  is  that  of  the  displacement  u. 
The  longitudinal  displacement  of  any  point  is  — ;» (du/ds) ;  and  therefore 
the  moment  of  the  kinetic  reactions,  estimated  per  unit  of  length,  about  an 
axis  perpendicular  to  the  plane  of  bending  is  pcok'^  (d^u/dsdt^).  The  equations 
of  vibration  formed  in  the  same  way  as  the  second  equation  of  each  of  the 
sets  of  equations  of  equilibrium  (10)  and  (11)  of  Article  254  are 

^  =  pco-^,    i:ak^^+N=pak'^^, (4) 

and,  on  eliminating  N,  we  have  the  equation  of  vibration 


P 


If  "  rotatory  inertia  ''  is  neglected  we  have  the  approximate  equation 

PW  =  -^^  di^ (^> 

and  the  shearing  force  N  at  any  section  is  —  Ecok'^d^u/ds^.  At  a  free  end 
o^u/ds^  and  d^u/ds^  vanish,  at  a  clamped  end  u  and  du/ds  vanish,  at  a 
"  supported "   end  u  and  d^u/ds^  vanish. 

By  retaining  the  term  representing  the  effect  of  rotatory  inertia  we  could  obtain 
a  correction  of  the  velocity  of  wave-propagation,  or  of  the  frequency  of  vibration,  of  the 
same  kind  as  those  previously  mentioned*.  Another  correction,  which  may  be  of  the 
same  degree  of  importance  as  this  when  the  section  of  the  rod  does  not  possess  kinetic 
symmetry,  may  be  obtained  by  the  energy-method,  by  taking  account  of  the  inertia  of  the 
motion  by  which  the  cross-sections  are  distorted  in  their  own  planes  t.  The  components 
of  displacement  parallel  to  axes  of  x  and  y  in  the  plane  of  the  cross-section,  the  axis 
of  X  being  in  the  plane  of  bending,  are 

0  u  0  111 

and  the  kinetic  energy  per  unit  of  length  is  expressed  correctly  to  terms  of  the  fourth 
order  in  the  linear  dimensions  of  the  cross-section  by  the  formula 

where  k  is  the  radius  of  gyration  of  the  cross-section  about  an  axis  through  its  centroid 
drawn  in  the  plane  of  bending.  The  term  in  o-  (k'^  -  P)  depends  on  the  inertia  of  the 
motion  by  which  the  cross-sections  are  distorted  in  their  planes,  and  the  term  in  k'^ 
depends  on  the  rotatory  inertia.     The  potential  energy  is  expressed  by  the  formula 


i^'^^'i^y- 


*  Of.  Lord  Eayleigh,  Theory  of  Sound,  §  186. 

t  The  cross-sections  are  distorted  into  curved  surfaces  and  inclined  obliquely  to  the  strained 
central-line,  but  the  inertia  of  these  motions  would  give  a  much  smaller  correction. 


9V 


dt   ds^dt     dt 
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The  variational  equation  of  motion  is 

'W'"[Kw)'-<'-)|£--(S)l-«'i 

In  forming  the  variations  we  use  the  identities 

3^2    8s2        ds*  ''^  ~  ds  V3«2  "37  ~  3^  ^7  ' 

as  well  as  identities  of  the  types  used  in  Article  278.     The  resulting  equation  of  motion  is 

p[g-{^'^a-.)+^Ma||.]^-^^i5 (7) 

Corrections  of  the  energy  such  as  that  considered  here  will,  of  course,  affect  the 
terminal  conditions  at  a  free,  or  supported  end,  as  well  as  the  differential  equation  of 
vibration.  Since  they  rest  on  the  assumption  that  the  internal  strain  in  any  small 
portion  of  the  vibrating  rod  contained  between  neighbom'ing  cross-sections  is  the  same  as 
in  a  prism  in  which  the  right  extension,  or  twist,  or  curvature  is  produced  by  forces 
applied  at  the  ends  and  holding  the  prism  in  equilibrium,  they  cannot  be  regarded  as  very 
rigorously  established.  Lord  Rayleigh  {loc.  cit.)  calls  attention  to  the  increase  of  im- 
portance of  such  corrections  with  the  frequency  of  the  vibration.  We  have  already 
remarked  that  the  validity  Of  the  fundamental  assumption  diminishes  as  the  frequency 
rises. 

281.     Rod  fixed  at  one  end  and  struck  longitudinally  at  the  other*. 

We  shall  illustrate  the  application  of  the  theory  of  vibrations  to  problems 
of  dynamical  resistance  by  solving  some  problems  in  which  a  long  thin  rod  is 
thrown  into  extensional  vibration  by  shocks  or  moving  loads. 

We  take  first  the  problem  of  a  rod  fixed  at  one  end  and  struck  at  the 
other  by  a  massive  body  moving  in  the  direction  of  the  length  of  the  rod. 
We  measure  t  from  the  instant  of  impact  and  s  from  the  fixed  end,  and 
we  denote  by  I  the  length  of  the  rod,  by  m  the  ratio  of  the  mass  of  the 
striking  body  to  that  of  the  rod,  by  F  the  velocity  of  the  body  at  the  instant 
of  impact,  by  w  the  longitudinal  displacement,  and  by  a  the  velocity  of 
propagation  of  extensional  waves  in  the  rod. 

The  differential  equation  of  extensional  vibration  is 

w^^w^ ^^^ 

The  terminal  condition  at  s  =  0  is  w  =  0.  The  terminal  condition  at 
s  =  Z  is  the   equation  of  motion  of  the  striking  body,  or  it  is 

a^w  dw  , 

™^9i?  =  -"aF ^^^ 

*  Cf.  J.  Bouesinesq,  Applications  des  potentiek...,  pp.   508  et  seq.,  or  Saint- Venant  in  the 
'Annotated  Clebsch,'  Note  finale  du  §  60  and  Changements  et  additions. 
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since  the  pressure  at  the  end  is,  in  the  notation  of  Article  278,  —  Em  (dwjds), 

and  Ecoja-  is  equal  to  the  mass  of  the  rod  per  unit  of  length.     The  initial 

condition  is  that,  when  i  =  0,  w  =  0  for  all   values  of  s  between  0  and  I, 

but  at  s  =  Z 

lim         {dwldt)  =  -V, (10) 

since  the   velocity  of   the   struck   end  becomes,   at  the  instant  of  impact, 
the  same  as  that  of  the  striking  body. 

We  have  to  determine  w  for  positive  values  of  t,  and  for  all  values  of 
s  between  0  and  I,  by  means  of  these  equations  and  conditions.  The  first 
step  is  to  express  the  solution  of  the  differential  equation  (8)  in  the  form 

w=f(at-s)+F(at  +  s) (11) 

where  /  and  F  denote  arbitrary  functions. 

The  second  step  is  to  use  the  terminal  condition  at  s  =  0  to  eliminate  one 
of  the  arbitrary  functions.     This  condition  gives  in  fact 

f(at)  +  F(at)  =  0, 

and  we  may,  therefore,  write  the  solution  of  equation  (8)  in  the  form 

w=f(at-s)-f(at  +  s) (12) 

The  third  step  is  to  use  the  initial  conditions  to  determine  the  function  / 
in  a  certain  interval.  We  think  of  /  as  a  function  of  an  argument  f,  which 
may  be  put  equal  to  at  —  s  or  at  +  s  when  required.  Since  dw/ds  and  dw/dt 
vanish  with  t  for  all  values  of  s  between  0  and  I  we  have, 

when     Z>r>0,     _/'(-t)-/'(0  =  0,    /'(- D-/'(r)  =  0. 

Hence  it  follows  that,  when  l>^>  —  I,  f'{^)  vanishes  and  /(f)  is  a 
constant  which  can  be  taken  to  be  zero ;  or  we  have  the  result 

when     1>^>-1,    fiO  =  0 (13) 

The  fourth  step  is  to  use  the  terminal  condition  (9)  a.t  s  =  l  to  form  an 
equation  by  means  of  which  the  value  of  /(f)  as  a  function  of  f  can  be 
determined  outside  the  interval  I  >  ^>  —  I.  The  required  equation,  called 
the  "  continuing  equation*,"  is 

ml  [/"  {at  -  I)  -f"  (at  +  I)]  =/'  (at  -l)+f'  (at  +  I), 

or,  as  it  may  be  written, 

/"(o+(iM)/'(o=/"(r-2Z)-(iM)/'(r-2o (14) 

We  regard  this  equation  in  the  first  instance  as  an  equation  to  determine 
f(^).  The  right-hand  member  is  known,  it  has  in  fact  been  shown  to  be 
zero,  in  the  interval  3Z>f>Z.  We  may  therefore  determine  the  form  of 
/'(f)  in  this  interval  by  integi-ating  the  equation  (14).  The  constant  of 
integration  is  to  be  determined  by  means  of  the  condition  (10).     The  function 

*  Equation  proviotrice  of  Saint- Venant. 
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/'(f)  will  then  be  known  in  the  interval  Sl>  ^>l,  and  therefore  the  right- 
hand  member  of  (14)  is  known  in  the  interval  5l>  ^>  31.  We  determine 
the  form  of /'(f)  in  this  interval  by  integrating  the  equation  (14),  and  we 
determine  the  constant  of  integration  by  the  condition  that  there  is  no  dis- 
continuity in  the  velocity  at  s  =  Z  after  the  initial  instant.  The  function 
/'  (f)  will  then  be  known  in  the  interval  5Z  >  f  >  31.  By  proceeding  in  this 
way  we  can  determine  /  (f)  for  all  values  of  f  which  exceed  —  I. 

The  integral  of  (14)  is  always  of  the  form    . 

/'  (?)  =  Oe-f'-^  +  e-fM^Jef/"-'  {/"  (f -  21)  -  i^/'  (f  -  20}  d^,  • . .(15) 

where  C  is  a  constant  of  integration.  When  3l>  ^>  I  the  expression  under 
the  sign  of  integration  vanishes,  and  /'  (f)  is  of  the  form  (7e~^""'.  Now  the 
condition  (10)  gives 

a[f'(-l  +  0)-f'(l  +  0)]  =  -V,  or/'(Z  +  0)=F/a. 
Hence  Oe"^""  =  Vja,  and  we  have  the  result 

when3«>f>Z,    /'(f)  =  Je-'f-"""' (16) 

We  observe  that  /'(f)  is  discontinuous  at  f  =  Z. 
When  5l>  ^>3l  we  have 

/"  (f -  21)  -  (1/mO/'  (f -  20  =  -  2  (V/mla)  e-i^-™/"^, 
and  equation  (15)  can  be  written 

/' (f)  =  Ce-f"»'  -  2  {V/mla){^-  31) e-if-^«""^. 
The  condition  of  continuity  of  velocity  at  s  =  Z  at  the  instant  t  =  21  ja  gives 
/'  (I  _  0)  -/'  (31  -  0)  =/'  {I  +  0)  -/'  (31  +  0), 

V  V 

or  -  —  e-^""  = Ge-'i"", 

Cb  d 

giving  C=(F/a)(e«'»-He="»). 

Hence,  when  5Z  >  f  >  31, 

y/  (^)  =  Z e-^i-Dimi  4.  Z ji  _  ^  (^  _  3o|  e-<^-^"« (17) 

When  7l>^  >  51  we  have 
f"  (^_  20  -  — /'  (f -  20  =  -  ^  [e-(?-3«)'"rf  +  2e-(?-5«/'»'] 

mH'a 
and  equation  (15)  can  be  written 

/'  (^)  =  Oe-f""'  - 1^ (f -  50  [e-(f-»«""^  -I-  2e-'f-«"»']  +  ^  (?"  ^0^ e-(f-=«'-'- 
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The  condition  of  continuity  of  velocity  at  s  =  Z  at  the  instant  t  =  4il/a  gives 
f'(U-0)-f'i5l-Q)=f'(Sl  +  0)-f'iol  +  0), 

V  V  4F  F 

or  —  e-="" (e-^*"  +  e"^™)  H e"^""  =  —  (e-^""  +  1)  -  Ce-""", 

a  a  ^  ma  a 


giving  G  =  — 


,1/m 


+     1 


4 

m 


+  e' 


■'    ^*^      a  a  mi 


Hence,  when  7l>  ^>  51, 


-(f-5!)/m! 


.(18) 


The  function  /(^)  can  be  determined  by  integrating  .f'(^),  and  the 
constant  of  integration  is  to  be  determined  by  the  condition  that  there  is 
no  sudden  change  in  the  displacement  at  s=l.  This  condition  gives,  by 
putting  t=0,  2l/a,  . . .  such  equations  as 

0=f{-l  +  0)-f(l  +  0), 

f(l-0)-f{3l-0)=f{l+0)-f(Bl+0), 

from  which,  since /(  —  l  +  O)  and  f(l—0)  vanish,  we  find 

/(UO)  =  0=/(Z-0),    f(3l  +  0)=f{Sl-0),  .... 

Hence  there  is  no  discontinuity  in  f(^),  as  is  otherwise  evident,  since 
f'(^)  possesses  only  finite  discontinuities  separated  by  intervals  in  which  it 
is  continuous.  We  have  therefore  merely  to  integrate  f'(^)  in  each  of  the 
intervals  Bl>  ^>l,  5l>  ^>Bl,  ...  and  determine  the  constants  of  integration 
so  that  /(l)  =  0  and  /(?")  is  continuous.     We  find  the  following  results  : 

when   Sl>  ^>l, 

/(?)  =  (mZF/a){l  -  e-i<-''«} ; 

when    5l>^>  Bl, 


/(?)  =  • 


0/  a     i        TiXh 


when    1l>\;>bl, 


y...(19) 


m= 


ilV 


jl  _  g-(f-fl/»ni[  -f. 


mlV 


l+^(^ 


30[e-if-'n""^ 


■^{l+J^^(f-^-'^-'^'"" 


The  solution  expresses  the  result  that,  at  the  instant  of  impact,  a  wave 
of  compression  sets  out  from  the  struck  end,  and  travels  towards  the  fixed 
end,  where  it  is  reflected.  The  motion  of  the  striking  body  generates 
a  continuous  series  of  such  waves,  which  advance  towards  the  fixed  end, 
and  are  reflected  there. 
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In  the  above  solution  we  have  proceeded  as  if  the  striking  body  became  attached  to  the 
rod,  so  that  the  condition  (9)  holds  for  all  positive  values  of  t ;  but,  if  the  bodies  remain 
detached,  the  solution  continues  to  hold  so  long  only  as  there  is  positive  pressure  between 
the  rod  and  the  striking  body.  When,  in  the  above  solution,  the  pressure  at  s=?  becomes 
negative,  the  impact  ceases.  This  happens  when  f  {at-l)+f'  {at  +  l)  becomes  negative. 
So  long  as  %l>  at  >0  this  expression  is  equal  to  ( Vja)  e-"'/™'  which  is  positive.  When 
Al>at>  21,  it  is 

which  vanishes  when  2at/ml=4/m  +  2  +  e~^l'^,  and  this  equation  can  have  a  root  in  the 
interval  4:l>at>2l  if  2  +  e~2''"<4/m.  Now  the  equation  2  +  e-2""=4/TO  has  a  root 
lying  between  m  =  l  and  to=2,  viz. :  m  =  1-73....  Hence,  if  ot<1'73,  the  impact  ceases  at 
an  instant  in  the  interval  4:l/a>t>2l/a,  and  this  instant  is  given  by  the  equation 

If  m>l'73  we  may  in  like  manner  determine  whether  or  no  the  impact  ceases  at 
an  instant  in  the  interval  6l/a>t>'il/a,  and  so  on.  It  may  be  shown  also  that  the 
greatest  compression  of  the  rod  occurs  at  the  fixed  end,  and  that,  if  m  <  5,  its  value 
is  2  (l+e~'/"')  V/a,  but,  if  to>5,  its  value  is  approximately  equal  to  {l  +  s/m)Vla.  If  the 
problem  were  treated  as  a  statical  problem  by  neglecting  the  inertia  of  the  rod,  the 
greatest  compression  would  be  Jm  ( V/a).  For  further  details  in  regard  to  this  problem 
reference  may  be  made  to  the  authorities  cited  on  p.  411. 

282.     Rod  free  at  one  end  and  struck  longitudinally  at  the  other*. 

When  the  end  s=0  is  free,  dwids  vanishes  at  this  end  for  all  values  of  t,  or  we  have 
-f'{at)+F'{at)  =  0.     Hence  we  may  put  i^(f)=/(f)  and  write  instead  of  (12), 

w=f(a.t-s)+f{at  +  s), 
and,  as  before,  we  find  that/(f)  vanishes  in  the  interval  1>C>-1. 
The  continuing  equation  is  now 

/"(f)  +  (lM)/'(n=-/"a-20  +  (lM)/'(f-20 
and  the  discontinuity  of/' (Oat  f=Z  is  determined  by  the  equation 

a[f'(-l+0)+f'{l+0)]=-V,     or    f'{l+Q)=-V/a. 
Hence  we  find  the  results  : 

when3Z>f>?,    /'(0= -•^«"'f-'""". 

when'  51>^>21, 
f  (0  =  -^  «-(f-0/".'+I|l  -  A  (f  _  3Z)}  e-(f-30/m! 

Now  the  extension  at  s  =  l  is  /'  {at  +  l)-f'  (at-l),  and,  until  t  =  2l/a,  this  is 

-  ( V/a)  e-«"/™!, 
which  is  negative,  so  that  the  pressure  remains  positive  until  the  instant  t  =  2l/a  ;  but, 
immediately  after  this  instant,  the  extension  becomes  ( V/a)  (2  -  e~^l™),  which  is  positive,  so 

*  Cf.  J.  Boussiuesqj  loc.  cit.  p.  411. 
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that  the  pressure  vanishes,  and  the  impact  ceases  at  the  instant  t  =  21 /a,  that  is  to  say 
after  the  time  taken  by  a  wave  of  extension  to  travel  over  twice  the  length  of  the  rod. 
The  wave  generated  at  the  struck  end  at  the  instant  of  impact  is  a  wave  of  compression  ; 
it  is  reflected  at  the  free  end  as  a  wave  of  extension.  The  impact  ceases  when  this 
reflected  wave  reaches  the  end  in  contact  with  the  striking  body.  The  state  of  the  rod 
and  the  velocity  of  the  striking  body  at  this  instant  are  determined  by  the  above  formulse. 
The  body  moves  with  velocity  Ve'^l'"  in  the  same  direction  as  before  the  impact ;  and  the 
rod  moves  in  the  same  direction,  the  velocity  of  its  centre  of  mass  being  mF'(l  —e~^l^). 
The  velocity  at  any  point  of  the  rod  is  2  Fe"'/""  cosh  (s/ml),  and  the  extension  at  any  point 

_i 
of  it  is  2  ( V/a)  e  ™  sinh  {s/nd),  so  that  the  rod  rebounds  vibrating. 

283.     Rod  loaded  suddenly. 

Let  a  massive  body  be  suddenly  attached  without  velocity  to  the  lower 
end  of  a  rod,  which  is  hanging  vertically  with  its  upper  end  fixed.  With  a 
notation  similar  to  that  in  Article  281,  we  can  write  down  the  equation  of 
vibration  in  the  form 

d'w        „  dhu  ,„„, 

W=''3i^+^' (20) 

and  the  value  of  w  in  the  equilibrium  state  is  ^gs  (21  —  s)/a^.  Hence  we 
write 

w  =  ^gs(2l-s)/a'  +  w',   (21) 

and  then  w'  must  be  of  the  form 

w'  =  (j)(at  -  s)  -  (f}(at  +  s), (22) 

and,  as  before,  we  find  that,  in  the  interval  Z>f>—  i,  0(f)  vanishes. 

The  equation  of  motion  of  the  attached  mass  is 

'9^w'\  a'  'fdw'\ 

which  gives  the  continuing  equation 

f'(D  +  ;^,</.'(?)  =  <^"(?-20-^^</.'(r-20-|,  (24) 

and  the  constants  of  integration  are  to  be  determined  so  that  there  is  no 
discontinuity  of  velocity  or  of  displacement.    We  find  the  following  results  : — ■ 

when   U>^>1,  \ 

0'(f)  =  _lmZ{l -e-f^-"""'}. 


^^^^  =  -i^'''^~^-'^^-'- 


DIml 


.(25) 


Further  the  equations  by  which  ^'(0  are  determined  in  this  problem 
can  be  identified  with  those  by  which  f{t)  was  determined  in  Article  281  by 
writing  -  gja  for  V.  The  solution  is  not  restricted  to  the  range  of  values  of 
t  within  which  the  tension  at  the  lower  end  remains  one-signed. 
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The  expression  for  the  extension  at  any  point  is 

cf{l  —  g)la^-<f>'(at-s)-(j)'{at+s), 

and,  at  the  fixed  end,  this  is  equal  to 

lg/a^-2<t>'{at),  or  lgia'^+'2.{glaV)f{at), 

where  /  is  the  function  so  denoted  in  Article  281.  The  maximum  value  occurs  when 
f'{o,t)=0. 

Taking  m  —  \,  so  that  the  attached  mass  is  equal  to  the  mass  of  the  rod,  we  find  from 
(16)  that/'(a<)  does  not  vanish  before  i=3lla,  but  from  (17)  that  it  vanishes  between 
t=3l/a  and  t—5l/a  if  the  equation 

H-e2{l  -  2  (f- 30/0=0 
has  a  root  in  the  interval  51>C>ZI.     The  root  is  f=Z{3+^(H-l/e2)},  or  f=?(3-568), 
which  is  in  this  interval.     The  greatest  extension  at  the  fixed  end  is 

^{l  +  2e-2'M8[-i  +  e2|i^.2  (0-568)}]}, 

or  (Ig/a^)  (l  +  4e~'''5''),  or  (3'27)  Ig/a^.  The  statical  strain  at  the  fixed  end,  when  the  rod 
supports  the  attached  mass  in  equilibrium,  is  ilgja',  and  the  ratio  of  the  maximum 
dynamical  strain  to  this  is  1'63  :  1.     This  strain  occurs  at  the  instant  i=(3"568)2/a. 

Taking  m  =  2,  so  that  the  attached  mass  is  twice  the  mass  of  the  rod,  we  find  from  (16) 
that  /'  (at)  does  not  vanish  before  t  =  3lla,  but  from  (17)  that  it  vanishes  between  t  —  Slja 
and  t=5l/a  if  the  equation 

l+e{l-(f- 30/0=0 

has  a  root  in  the  interval  51>C>SI.  The  root  is  f=Z(44-l/e),  or  f=Z  (4-368),  which  is 
in  this  interval.     The  greate&t  extension  at  the  fixed  end  is 

%  {1  +4e-i(3-368)  [  - 1  +(1  +  1-368)  e]}, 

or  Ig/a^ {l+Se'"''^  or  (5-04) Zjf/a^.  The  statical  strain  in  this  case  is  Zlg/a',  and  the 
ratio  of  the  maximum  dynamical  strain  to  the  statical  strain  is  1-68  : 1.  This  strain 
occurs  at  the  instant  J  =  (4-368)?/a. 

Taking  m  =  4,  so  that  the  attached  mass  is  four  times  the  mass  of  the  rod,  we  find 
that  f  (at)  does  not  vanish  before  t=5l/a,  but  from  (18)  that  it  vanishes  between  t=5lja 
and  t=7l/a  if  the  equation 

has  a  root  in  the  interval  71>(>51.  The  smaller  root  is  f=Z  (6-183),  which  is  in  this 
interval.     The  greatest  extension  at  the  fixed  end  is 

where  f  is  given  by  the  above  equation.     The  extension  in  question  is  therefore 

^  [9  +  8e-i(i-i83)  {2e-*-  (1-183)}], 

which  is  found  to  be  (9-18)  (Ig/a^).  The  statical  strain  in  this  case  is  5  {Ig/a^},  and  the 
ratio  of  the  maximum  dynamical  strain  to  the  statical  strain  is  1-84  nearly.  This  strain 
occurs  at  the  instant  i=(6"183)  l/a. 

The  noteworthy  result  is  that,  even  when  the  attached  mass  is  not  a  large  multiple  of 
the  mass  of  the  rod,  the  greatest  strain  due  to  sudden  loading  does  not  fall  far  short 
of  the  theoretical  limit,  viz.  twice  the  statical  strain.     (Cf.  Article  84.) 

L.  B.  27 
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284.     Longitudinal  impact  of  rods. 

The  problem  of  the  longitudinal  impact  of  two  rods  or  bars  has  been 
solved  by  means  of  analysis  of  the  same  kind  as  that  in  Article  281*.  It  is 
slightly  more  complicated,  because  different  undetermined  functions  are 
required  to  express  the  states  of  the  two  bars;  but  it  is  simpler  because 
these  functions  are  themselves  simple.  The  problem  can  be  solved  also  by 
considering  the  propagation  of  waves  along  the  two  rods+.  The  extension  e 
and  velocity  v  at  the  front  of  an  extensional  wave  travelling  along  a  rod  are 
connected  by  the  equation  e  =  -  v/a.  (Cf.  Article  205.)  The  same  relation 
holds  at  any  point  of  a  wave  of  compression  travelling  entirely  in  one 
direction,  as  is  obvious  from  the  formula  w=f{at  —  s)  which  characterizes 
such  a  wave.  When  a  wave  of  compression  travelling  along  the  rod  reaches 
a  free  end,  it  is  reflected  ;  and  the  nature  pf  the  motion  and  strain  in  the 
reflected  wave  is  most  simply  investigated  by  regarding  the  rod  as  produced 
indefinitely,  and  supposing  a  wave  to  travel  in  the  opposite  direction  along 
the  continuation  of  the  rod  in  such  a  way  that,  when  the  two  waves  are 
superposed,  there  is  no  compression  at  the  end  section.  It  is  clear  that  the 
velocity  propagated  with  the  "image"  wave  in  the  continuation  of  the  rod 
must  be  the  same  as  that  propagated  with  the  original  wave,  and  that  the 
extension  propagated  with  the  "  image  "  wave  must  be  equal  numerically  to 
the  compression  in  the  original  wavej. 

Now  let  I,  r  be  the  lengths  of  the  rods,  supposed  to  be  of  the  same 
material  and  cross-section§,  and  let  V,  V  be  their  velocities,  supposed  to  be 
in  the  same  sense.  We  shall  take  I  >  V.  When  the  rods  come  into  contact 
the  ends  at  the  junction  take  a  common  velocity,  which  is  determined  by  the 
condition  that  the  system  consisting  of  two  very  small  contiguous  portions  of 
the  rods,  which  have  their  motions  changed  in  the  same  very  short  time,  does 
not,  in  that  time,  lose  or  gain  momentum.  The  common  velocity  must 
therefore  be  J  ( ^  +  ^')-  Waves  set  out  from  the  junction  and  travel  along 
both  rods,  and  the  velocity  of  each  element  of  either  rod,  relative  to  the  rod 
as  a  whole,  when  the  wave  reaches  it,  is  J(F~F'),  so  that  the  waves  are 
waves  of  compression,  and  the  compression  is  |(  F-x.  V')la. 

To  trace  the  subsequent  state  of  the  shorter  rod  V,  we  think  of  this  rod  as 
continued  indefinitely  beyond  the  free  end,  and  we  reduce  it  to  rest  by 
impressing  on  the  whole  system  a  velocity  equal  and  opposite  to  V.  At  the 
instant  of  impact  a  positive  wave||  starts  from  the  junction  and  travels 
along  the  rod  ;  the  velocity  and  compression  in  this  wave  are  ^  ( F~  V)  and 

•  Saint- Venaut,  J.  de  math.  (Liouvllle),  (Ser.  2),  t.  12  (1867). 
t  Cf.  Kelvin  and  Tait,  Nat.  Phil.,  Part  I,  pp.  280,  281. 
{  Cf.  Lord  Eayleigh,  Theory  of  Sound,  vol.  2,  §  257. 

§  Saint-Venant,  loc.  cit. ,  discusses  the  ease  of  different  materials  or  sections  as  well. 
II  An  extensional  wave  is  "positive"  or  "negative"  according  as  the  velocity  of  the  material 
is  in  the  same  sense  as  the  velocity  of  {iropagation  or  in  the  opposite  sense. 
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^  ( y^  y')loi.  At  the  same  instant  a  negative  "  image  "  wave  starts  from  the 
section  distant  2Z'  from  the  junction  in  the  fictitious  continuation  of  the  rod; 
the  velocity  and  extension  in  this  "  image  "  wave  are  \  (  Vr^  V)  and  ^  (  F~  V')ja. 
After  a  time  I'ja  from  the  instant  of  impact  both  these  waves  reach  the  free 
end,  and  they  are  then  superposed.  Any  part  of  the  actual  rod  in  which 
they  are  superposed  becomes  unstrained  and  takes  the  velocity  F~F'. 
When  the  reflected  wave  reaches  the  junction,  that  is  to  say  after  a  time 
21' ja  from  the  instant  of  impact,  the  whole  of  the  rod  V  is  moving  with  the 
velocity  F~  V,  and  is  unstrained.  Hence,  superposing  the  original  velocity 
V,  we  have  the  result  that,  after  the  time  taken  by  an  extensional  wave  to 
travel  over  twice  the  length  of  the  shorter  rod,  this  rod  is  unstrained  and  is 
moving  with  the  velocity  V  originally  possessed  by  the  longer  rod. 

To  trace  the  state  of  the  longer  rod  I  from  the  beginning  of  the  impact, 
we  think  of  this  rod  as  continued  indefinitely  beyond  its  free  end,  and  we 
reduce  it  to  rest  by  impressing  on  the  whole  system  a  velocity  equal  and 
opposite  to  V.  At  the  instfint  of  impact  a  positive  wave  starts  from  the 
junction  and  travels  along  the  rod;  the  velocity  and  compression  in  this  wave 
are^(F'^F')  and  ^(F~F')/a.  At  the  same  instant  a  negative  "image'' 
wave  starts  from  the  section  distant  21  from  the  junction  in  the  fictitious 
continuation  of  the  rod;  the  velocity  and  extension  in  this  "image  "wave 
are  ^(F~F')  and  |(Fi~F')/a.  After  a  time  21' ja  from  the  instant  of 
impact  the  junction  end  becomes  free  from  pressure,  and  a  rear  surface  of  the 
actual  wave  is  formed.  Hence,  the  rod  being  regarded  as  continued  in- 
definitely, the  wave  of  compression  and  the  "image"  wave  of  extension  are 
both  of  length  21'.  Immediately  after  the  instant  21' j a  the  junction  end 
becomes  unstrained  and  takes  zero  velocity.  Hence,  superposing  the  original 
velocity  F,  we  see  that  this  end  takes  actually  the  velocity  F,  so  that  the 
junction  ends  of  the  two  rods  remain  in  contact  but  without  pressure. 

The  state  of  the  longer  rod  I  between  the  instants  2l'la  and  2Z/a  is 
determined  by  superposing  the  waves  of  length  21',  which  started  out  at  the 
instant  of  impact  from  the  junction  end  and  the  section  distant  21  from  it  in 
the  fictitious  continuation  of  the  rod.  After  a  time  greater  than  Ija  these 
waves  are  superposed  over  a  finite  length  of  the  rod,  terminated  at  the  free 
end,  and  this  part  becomes  unstrained  and  takes  a  velocity  Vr^V,  the 
velocity  —  F  being  supposed,  as  before,  to  be  impressed  on  the  system.  The 
state  of  the  rod  at  the  instant  2Z/a  in  the  case  where  I  >  21'  is  different  from 
the  state  at  the  same  instant  in  the  case  where  I  <  21'.  If  Z  >  21'  the  wave 
of  compression  has  passed  out  of  the  rod,  and  the  wave  of  extension  occupies 
a  length  21'  terminated  at  the  junction.  The  strain  in  this  portion  is 
extension  equal  to  J(F'*'F')/a  and  the  velocity  in  the  portion  is  ^{Vr^V), 
the  velocity  —  F  being  impressed  as  before.  The  remainder  of  the  rod  is 
unstrained   and   has   the   velocity  zero.      Hence,   superposing  the  original 

27—2 
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velocity  V,  we  see  that  a  length  I  —  21'  terminated  at  the  free  end  has  at  this  , 
instant  the  velocity  V  and  no  strain,  and  the  remainder  has  the  velocity 
|( V+  V)  and  extension  |  (F~F')/a.  The  wave  in  the  rod  is  now  reflected 
at  the  junction,  so  that  it  becomes  a  wave  of  compression  travelling  away 
from  the  junction,  the  compression  is  ^(V'^V')/a  and  the  velocity  of  the 
junction  end  becomes  V.  The  ends  that  came  into  contact  have  now 
exchanged  velocities,  and  the  rods  separate. 

It  I  <  21'  the  waves  of  compression  and  extension  are,  at  the  instant  2l/a, 
superposed  over  a  length  equal  to  21'  —  I  terminated  at  the  free  end,  and  the 
rest  of  the  rod  is  occupied  by  the  wave  of  extension.  The  velocity  —  V  being 
impressed  as  before,  the  portion  of  length  21'  —  I  terminated  at  the  free  end 
is  unstrained  and  has  the  velocity  Vr^V,  and  the  remaining  portion  has 
extension  ^(V'>'V')/a  and  velocity  ^(V'>^V').  Hence,  superposing  the 
original  velocity  V,  we  see  that  a  length  21'  —  I  terminated  at  the  free  end 
has  at  the  instant  the  velocity  V  and  no  strain,  and  the  remainder  has  the 
velocity  ^{V+  V)  and  the  extension  ^(V'^V')/a.  The  wave  is  reflected  at 
the  junction,  as  in  the  other  case,  and  the  junction  end  takes  the  velocity  V. 

In  both  cases  the  rods  separate  after  an  interval  equal  to  the  time  taken 
by  a  wave  of  extension  to  travel  over  twice  the  length  of  the  longer  rod. 
The  shorter  rod  takes  the  original  velocity  of  the  longer,  and  rebounds 
without  strain ;  while  the  longer  rebounds  in  a  state  of  vibration.  The 
centres  of  mass  of  the  two  rods  move  after  impact  in  the  same  way  as  if 
there  were  a  "  coefficient  of  restitution  "  equal  to  the  ratio  I'  :  I. 

285.  Problems  of  dynamical  resistance  involving  transverse 
vibration. 

The  results  obtained  in  Articles  281 — 284  illustrate  the  general  character  of  dynamical 
resistances.  Similar  methods  to  those  used  in  these  Articles  cannot  be  employed  in 
problems  that  involve  transverse  vibration  for  lack  of  a  general  functional  solution  of  the 
equation  (6)  of  Article  280*.  In  such  problems  the  best  procedure  seems  to  be  to 
express  the  displacement  as  the  sum  of  a  series  of  normal  functions,  and  to  adjust  the 
constant  coefficients  of  the  terms  of  the  series  so  as  to  satisfy  the  initial  conditions.  For 
examples  of  the  application  of  this  method  reference  may  be  made  to  Lord  Eayleight 
and  Saint-VenantJ. 

A  simplified  method  of  obtaining  an  approximate  solution  can  sometimes  be  employed. 
For  example,  suppose  that  the  problem  is  that  of  a  rod  "  supported "  at  both  ends  and 
struck  by  a  massive  body  moving  with  a  given  velocity.  After  the  impact  let  the  striking 
body  become  attached  to  the  rod.  At  any  instant  after  the  instant  of  impact  we  may, 
for  an  approximation,  regard  the  rod  as  at  rest  and  bent  by  a  certain  transverse  load 
appHed  at  the  point  of  impact.  It  will  have,  at  the  point,  a  certain  deflexion,  which  is 
determined  in  terms  of  the  load  by  the  result  of  Article  247  (cf).  The  load  is  equal  to  the 
pressure  between  the  rod  and  the  striking  body,  and  the  deflexion  of  the  rod  at  the  point 

*  Fourier's  solution  by  means  of  definite  integrals,  given  in  the  Bulletin  des  Sciences  &  la 
Sociiti  philomatique,  1818,  (of.  Lord  Eayleigh,  Theory  of  Sound,  vol.  1,  §  192),  is  applied  to 
problems  of  dynamical  resistance  by  J.  Boussinesq,  Applications  des  Potentiels,  pp.  456  et  seq. 

t  Theory  of  Sound,  vol.  1,  §  168.  J  See  the  '  Annotated  Clebsch,'  Note  du  §  61. 
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of  impact  is  equal  to  the  displacement  of  the  striking  body  from  its  position  at  the  instant 
of  impact.  The  equation  of  motion  of  the  striking  body,  supposed  subjected  to  a  force 
equal  and  opposite  to  this  transverse  load,  combined  with  the  conditions  that,  at  the 
instant  of  impact,  the  body  has  the  prescribed  velocity,  and  is  instantaneously  at  the 
point  of  impact,  are  sufficient  conditions  to  determine  the  displacement  of  the  striking 
body  and  the  pressure  between  it  and  the  rod  at  any  subsequent  instant.  In  this  method, 
sometimes  described  as  Cox's  method*,  the  deflexion  of  the  rod  by  the  striking  body  is 
regarded  as  a  statical  effect,  and  thus  this  method  is  in  a  sense  an  anticipation  of  Hertz's 
theory  of  impact  (Article  139).  It  has  already  been  pointed  out  that  a  similar  method 
was  used  also  by  Willis  and  Stokes  in  their  treatment  of  the  problem  of  the  travelling 
loadt. 

A  somewhat  similar  method  has  been  employed  by  Lord  Bayleight  for  an  approximate 
determination  of  the  frequency  of  the  gravest  mode  of  transverse  vibration  of  a  rod.  He 
set  out  from  a  general  theorem  to  the  effect  that  the  frequency  of  any  dynamical  system, 
that  would  be  found  by  assuming  the  displacement  to  be  of  a  specified  type,  cannot  be  less 
than  the  frequency  of  the  gravest  mode  of  vibration  of  the  system.  For  a  rod  clamped  at 
one  end  and  free  at  the  other,  he  showed  that  a  good  approximation  to  the  frequency  may 
be  made  by  assuming  the  displacement  of  the  rod  to  be  of  the  same  type  as  if  it  were 
deflected  statically  by  a  transverse  load,  concentrated  at  a  distance  from  the  free  end 
equal  to  one  quarter  of  the  length.  This  method  has  recently  been  the  subject  of  some 
discussion  §.  It  has  been  shown  to  be  applicable  tojhe  determination  of  the  frequency  of 
the  gravest  mode  of  transverse  vibration  of  a  rod  of  variable  cross-section  ||.  It  has  been 
shown  also  that  a  method  of  successive  approximation  to  the  various  normal  functions  for 
such  a  rod,  and  their  frequencies,  can  be  founded  upon  such  solutions  as  Lord  Eayleigh's 
when  these  solutions  are  regarded  as  flrst  approximations  T. 

286.     The  whirling  of  shafts**. 

A  long  shaft  rotating  between  bearings  remains  straight  at  low  speeds, 
but  when  the  speed  is  high  enough  the  shaft  can  rotate  steadily  in  a  form  in 
which  the  central-line  is  bent.  The  shaft  is  then  said  to  ''  whirl."  Let  u  be 
the  transverse  displacement  of  a  point  on  the  central-line,  H  the  angular 
velocity  with  which  the  shaft  rotates.  The  equation  of  motion,  formed  in 
the  same  way  as  equation  (6)  in  Article  280,  is 

p'^-pa^u^-Ek'^^;^ (26) 

and  the  solution  of  this  equation  must  be  adjusted  to  satisfy  appropriate 

*  H.  Cox,  Cambridge  Phil.  Soc.  Trans.,  vol.  9  (1850).  Cf.  Todhunter  and  Pearson's  History, 
vol.  1,  Article  1435. 

t  See  Introduction,  p.  26.  J  Theory  of  Sound,  vol.  1,  §  182. 

§  C.  A.  B.  Garrett,  Phil.  Mag.  (Ser.  6),  vol.  8  (1904),  and  C.  Chree,  Phil.  Mag.  (Ser.  6),  vol.  9 
(1905). 

II  J.  Morrow,  Phil.  Mag.  (Ser.  6),  vol.  10  (1905).  Some  special  cases  of  the  vibrations  of  a 
rod  of  variable  section,  in  which  the  exact  forms  of  the  normal  functions  can  be  determined 
in  terms  of  Bessel's  functions,  were  discussed  by  Eirchhoff,  Berlin  Monatsberichte,  1879,  or  Ges. 
Abhandlungen,  p.  339. 

IT  A.  Davidoglou,  'Sur  I'^quation  des  vibrations  transversales  des  verges  ^lastiques,'  Paris 
{These),  1900. 

**  Cf.  A.  G.  Greenhill,  Proc.  Inst.  Mech.  Engineers,  1883. 
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conditions  at  the  ends  of  the  shaft.  We  shall  consider  the  case  in  which  the 
ends  s  =  0  and  s  =  Z  are  "  supported."  If  the  rod  rotates  steadily  d'ujdt^ 
vanishes,  and  the  equation  is  the  same  as  that  for  a  rod  executing  simple 
harmonic  vibrations  of  period  2'7r/D,.     In  order  that  the  equation 

Ek''^P  =  pn'u    (27) 

may  have  a  solution  which  makes  u  and  d'-u/ds^  vanish  at  s  =  0  and  at  s  =  I, 
the  speed  of  rotation  D,  must  be  such  that  Xl/27r  is  equal  to  the  frequency  of 
a  normal  mode  of  flexural  vibration  of  the  doubly-supported  shaft.  Thus  the 
lowest  speed  at  which  whirling  takes  place  is  such  that  Xi/27r  is  equal  to  the 
frequency  of  the  gravest  mode  of  flexural  vibration  of  such  a  shaft.  If  we 
write 

pD.-'IEk'^  =  m\ 

the  possible  values  of  m  are  given  by  the  equation  sin  ml  =  0,  and  the 
smallest  value  of  D,  for  which  whirling  can  take  place  is 

The  whirling  of  unloaded  shafts  rotating  under  various  terminal  conditions  has  been 
dealt  with  by  A.  G.  Greenhill  (Joe.  cit.).  The  important  technical  problem  of  a  shaft 
carrying  loads,  pulleys  for  example,  has  been  discussed  theoretically  and  experimentally  by 
S.  Dunkerley*.  He  found  that  the  direct  application  of  the  method  of  normal  functions, 
illustrated  above,  led  to  very  complicated  results,  and  proposed  to  fall  back  on  an 
empirical  assumption.  The  subject  has  been  discussed  further  by  C.  Chreet,  by  the  aid 
of  Lord  Rayleigh's  statical  method  of  determining  frequencies  (Article  285). 

*  Phil.  Tram.  B.  Soc.  (Ser.  A),  vol.  185  (1894). 
t  Phil.  Mag.  (Ser.  6),  vol.  7  (1904). 


CHAPTER  XXI. 


SMALL  DEFORMATION  OF  NATURALLY  CURVED  RODS. 

287.  In  the  investigations  of  Chapters  xviii.  and  xix.  we  have  given 
prominence  to  the  consideration  of  modes  of  deformation  of  a  thin  rod  which 
involve  large  displacements  of  the  central-line  and  twist  that  is  not  small, 
and  we  have  regarded  cases  in  which  the  displacement  of  the  central-line  and 
the  twist  are  small  as  limiting  cases.  This  was  the  method  followed,  for 
example,  in  the  theory  of  spiral  springs  (Article  271).  In  such  cases  the 
formulae  for  the  components  of  curvature  and  twist  may  be  calculated,  as  has 
been  explained,  by  treating  the  central-line  as  unextended.  We  can  give 
a  systematic  account  of  such  modes  of  deformation  as  involve  small  displkce- 
ments  only  by  introducing  quantities  to  denote  the  components  of  the  dis- 
placement of  points  on  the  central-line,  and  subjecting  these  quantities  to 
a  condition  which  expresses  that  the  central-line  is  not  extended  *- 

288.  Specification  of  the  displacement. 

The  small  deformation  of  naturally  straight  rods  has  been  sufficiently 
investigated  already,  and  we  shall  therefore  suppose  that,  in  the  unstressed 
state,'  the  rod  has  curvature  and  twist.  As  in  Article  259,  we  shall  use 
a  system  of  axes  of  x^,  3/0,  z^,  the  origin  of  which  moves  along  the  unstrained 
central-line  with  unit  velocity,  the  axis  of  z^  being  always  directed  along  the 
tangent  to  this  line,  and  the  axes  of  x^  and  y^  being  directed  along  the 
principal  axes  of  the  cross-sections  at  their  centroids.  We  have  denoted  by 
\  TT  -/o  the  angle  which  the  axis  of  x^  at  any  point  makes  with  the  principal 
normal  of  the  unstrained  central -line  at  the  point,  and  by  «„,  Ko,  Tq  the  com- 
ponents of  initial  curvature  and  the  initial  twist.     We  have  the  formula 

Ko'/ko  =  —  tan/o. 

*  The  theory  was  partially  worked  out  by  Saint- Venant  in  a  series  of  papers  in  Paris  C.  E., 
t.  17  (1843),  and  more  fully  by  J.  H.  Michell,  Messenger  of  Math.,  vol.  19  (1890).  The  latter  has 
also  obtained  some  exact  solutions  of  the  equations  of  equilibrium  of  an  elastic  solid  body  bounded 
by  an  incomplete  tore,  and  these  solutions  are  confirmatory  of  the  theory  when  the  tore  is  thin. 
See  London  Math.  Soc.  Proc,  vol.  31  (1900),  p.  130. 
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The  curvature  l//3o  and  the  tortuosity  l/2o  of  the  central-line  are  given  by 
the  formulae 

{l/poY  =  «„»  +  «o'^     1/So  =  T„  -  dfo/ds, 

in  which  s  denotes  the  arc  of  the  central-line  measured  from  some  chosen 
point  of  it. 

When  the  rod  is  slightly  deformed,  any  particle  of  the  central-line  under- 
goes a  small  displacement,  the  components  of  which,  referred  to  the  axes  of 
*o.  2/o)  ^0,  with  origin  at  the  unstrained  position  P  of  the  particle,  will  be 
denoted  by  u,  v,  w.  The  rod  will  receive  a  new  curvature  and  twist,  defined, 
as  in  Articles  252  and  259,  by  means  of  a  moving  system  of  "principal 
torsion-flexure  axes."  We  recall  the  conventions  that  the  axis  of  z  in  this 
system  is  directed  along  the  tangent  of  the  strained  central-line  at  the  point 
Pi  to  which  P  is  displaced,  and  that  the  plane  of  {x,  z)  is  the  tangent  plane 
at  Pi  of  the  surface  made  up  of  the  aggregate  of  particles  which,  in  the 
unstressed  state,  lie  in  the  plane  of  (Xf,,  z„)  at  P-  We  have  denoted  the 
components  of  curvature  and  the  twist  of  the  strained  central-line  at  Pj  by 
«i.  1^1 ,  Ti.  When  the  displacement  (m,  v,  w)  of  any  point  of  the  central-line  is 
known,  the  tangent  of  the  strained  central-line  at  any  point  is  known,  and  it 
is  clear  that  one  additional  quantity  will  suffice  to  determine  the  orientation 
of  the  axes  of  {x,  y,  z)  at  Pi  relative  to  the  axes  of  (a;„,  t/o.  ■^'o)  at  PT  We  shall 
take  this  quantity  to  be  the  small  angle  /8  which  the  plane  of  {x,  z)  makes 
with  the  plane  of  («„,  ^o)-  The  relative  orientation  of  the  two  sets  of  axes 
may  be  determined  by  the  orthogonal  scheme  of  transformation 
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in  which,  for  example,  L^  is  the  cosine  of  the  angle  between  the  axis  of  x  at 
Pi  and  the  axis  of  a?o  at  P.  We  shall  express  the  cosines  ii,  ...  ,  the  com- 
ponents of  curvature  «i,  «/  and  the  twist  Ti  in  terms  of  u,  v,  w,  $. 

289.     Orientation  of  the  principal  torsion  flexure  axes. 

The  direction  cosines  L^,  M^,  N^  are  those  of  the  tangent  at  Pj  to  the 
strained  central-line  referred  to  the  axes  of  x^,  y^,  z^  at  P.  Now  the  co- 
ordinates of  Pi  referred  to  these  axes  are  identical  with  the  components  of 
displacement  u,  v,  w.  Let  P'  be  a  point  of  the  unstrained  central-line  near  to 
P,  let  Ss  be  the  arc  PP',  and  let  8a;o,  S?/o.  S^o  be  the  coordinates  of  P'  referred 
to  the  axes  of  «„,  y„,  z^  at  P,  also  let  ^,  r),  ^  be  the  coordinates  of  P/,  the 
displaced  position  of  P',  referred  to  the  same   axes.     The   limits  such  as 
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lim  (f  -  u)/8s  are  the  direction  cosines  L.,  ....     Let  («',  v\  w')  be  the  dis- 

placement  of  P'  referred  to  the  axes  of  «„,  y.,  Zo  at  P',  and  {W,  V,  W)  the 
same  displacement  referred  to  the  axes  of  »„,  y„,  z„  at  P.     Then 

(^,  ^,  0  =  (8*0  +  U',  By,  +  r,  Sz,  +  W). 

The  limits  of  Sx,j8s,  Sy„/&,  8zo/Ss  are  0,  0,  1.     The  limits  of  {u'-u)/Ss, ... 

are  du/ds, . . .  and  we  have  the  usual  formulae  connected  with  moving  axes  in 

such  forms  as 

,.      U'  —  u     du  , 

lim  — 5^ —  =  -= iiTo  +  WKf, . 

ss=o      OS        as 

Hence  we  obtain  the  equations 
T        ^U  ,  '       ^r       d,'"  ,  TIT       n       C^W  ,  ,-, 

±'3=^-VTo  +  WKo,       Ms=-j--WKa+UTo,       N3=l+-j--UKo   +VKo.  ...{2} 

The  equation  Lg^  +  M^^  +  I^s'  =  1  leads,  when  we  neglect  squares  and  products 
of  u,  V,  w,  to  the  equation 

dw  , 

-^ UK„  +VKo=0, (3) 

which  expresses  the  condition  that  the  central-line  is  unextended.  In  conse- 
quence of  this  equation  we  have  iVj  =  1. 

The  direction  cosines  of  the  axes  of  x,  y  at  P,,  referred  to  the  axes  of 
*oj  2/o)  ^0  at  P>  are  determined  by  the  conditions  that  the  plane  of  (oc.z)  makes 
a  small  angle  yS  with  the  plane  of  (x^,  Zo),  and  that  the  scheme  of  transforma- 
tion (1)  is  orthogonal  and  its  determinant  is  1.     These  conditions  give  us 

X,  =  -A    M,  =  l,    N,  =  -M,.\  ^  '* 

These  equations  might  be  found  otherwise  from  the  formulse  (7)  of  Article 
253  by  writing  Zj,  ...  instead  of  k,... ,  taking  6  to  be  small,  and  putting  ^ 
for  <f>  +  '\jf:  They  are,  of  course,  correct  to  the  first  order  in  the  small 
quantities  w,  v,  w,  /8. 

290.     Curvature  and  twist. 

For  the  calculation  of  the  components  of  curvature  and  the  twist  we  have 
the  formulse  (6)  of  Article  253,  in  which  /Cj, ...  are  written  for  k,....  In 
those  formulas  li, ...  denoted  direction  cosines  of  the  axes  of  x,  y,  z  referred  to 
fixed  axes.  Here  we  have  taken  Zj,  ...  to  denote  the  direction  cosines  of  the 
axes  of  X,  y,  z  at  Pj  referred  to  the  axes  of  x^,,  y^,  z^  at  P.  If  P'  is  a  point 
near  to  P,  so  that  the  arc  PP'  =  hs,  and  P/  is  the  displaced  position  of  P',  we 
may  denote  by  L^, ...  the  direction  cosines  of  the  axes  of  x,  y,  z  at  P/  referred 
to  the  axes  of  a;o,  Vo,  z,  at  P',  and  then  the  limits  such  as  lim  (L^  —  L-^\Bs  are 

Ss=0 
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the  differential  coefficients  such  as  dLi/ds.  Let  the  fixed  axes  of  reference 
for  ?i, ...  be  the  axes  of  x^,  y^,  z„  at  P,  and  let  l^  +  U^, ...  denote  the  direction 
cosines  of  the  axes  of  x,  y,  z  at  P/  referred  to  these  fixed  axes.  Then  the 
limits  such  as  lim  hl^^jhs  are  the  differential  coefficients  such  as  dli/ds.     It  is 

«s=0 

clear  that,  at  P,  li  =  Li,  ...  but  that  dli/ds  =ja  dLJds, ....  We  have  in  fact  the 
usual  formulae  connected  with  moving  axes,  viz. : — 

dli/ds  =  dL-i/ds  -  M^t^  +  JS^Ko, 
dmjds  =  dMijds  —  N-^Kq  +  LiT„, 
dn^jds  =  dNi/ds  —  L-^kq  +  M^k^, 
with  similar  formulae  for  dl^/ds,...  and  dl^/ds,.... 

In  the  formulae  (6)  of  Article  253  we  write  k^,  ...  for  k,  ...,  put  n3  =  Ns=l, 
replace  l^,  ...  by  the  values  found  for  L^,  ...  in  (2)  and  (4),  and  substitute  the 

values  just  found  for  dli/ds, Rejecting  terms  of  the  second  order  in  the 

small  quantities  u,  v,  w,  0,  we  obtain  the  equations 

dM, 
ds 


Ki  —  'Co    I    pf^Q   • 


oL}, 


■0Ko 

dl3 


dL^        J,, 


.(5> 


Ti  =  To  +  ^  + /toZs  +  Ko'ikTs, 

in  which  L,  and  Mg  are  given  by  the  first  two  of  equations  (2). 


291.     Simplified  formulae. 

The  formulae  are  simplified  in  the  case  where  /„  =  ^tt.  In  this  case  the 
axis  of  Xo,  which  is  a  principal  axis  of  a  cross-section  at  a  point  of  the 
unstrained  central-line,  coincides  with  the  principal  normal  of  this  curve  at 
the  point.     When  this  is  the  case  we  have 

Ko  =  0,       Ko   =  l/po,       To=  l/2„. 


r  du         V         W 

ds       2.0      p„ 


M, 


dv 


d  /dv      u\       1 
ds      2o/      5^0 


u 
du      V 


ds 


J^.=  l, 


So       pj  ' 


po  ds  V 

,  _  1  d  /du      V  w\       1  fdv      u  \ 

Pa  ds  \ds      S„  po  /      So  \.ds     ij ' 

_  1  d/S     1  /dv  w 

So  ds      po\ds  2o, 

The  condition  that  the  central-line  is  unextended  is 


dw 
ds 


u 

Po' 


.(6) 


•(7) 
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The  measures  of  curvature  and  tortuosity  and  the  direction  cosines  of  the 
principal  normal  and  binormal  can  be  calculated  from  these  formulse  or  from 
the  more  general  formulse  of  Article  290. 

292.     Problems  of  equilibriiun. 

The  theory  is  applicable  to  such  problems  as  the  deformation  of  the  links 
of  chains  *  by  the  pressure  of  adjacent  links,  and  it  may  be  used  also  to  give 
an  account  of  the  behaviour  of  arches  f,  the  link  or  the  arch  being  treated 
as  a  thin  curved  rod.  The  equations  of  equilibrium  have  been  given  in 
Article  259,  and  we  have  found  in  preceding  Articles  of  this  chapter  expres- 
sions for  all  the  quantities  that  occur  in  terms  of  the  displacement  (u,  v,  w) 
and  the  angular  displacement  0,  the  quantities  u,  v,  w  being  themselves  con- 
nected by  an  equation  (3)  or  (7).  Naturally  any  special  problem,  such  as 
those  mentioned,  is  of  a  very  technical  character,  and  we  shall  content  our- 
selves here  with  a  slight  study  of  some  cases  of  the  bending  of  a  rod  in  the 
form  of  an  incomplete  circular  ring. 

(a)     Incomplete  circular  ring  bent  in  its  plane. 

Let  the  unstrained  central-line  be  a  circle  of  radius  a,  and  let  0  be  the 
angle  between  the  radius  drawn  from  the  centre  of  the  circle  to  any  point  on 
it  and  a  chosen  radius,  then 

po  =  ds/d0  =  a. 

The  displacement  u  is  directed  along  the  radius  drawn  inwards,  and  the 
displacement  w  is  directed  along  the  tangent  of  the  circle  in  the  sense  in 
which  d  increases.  We  shall  suppose  that  the  plane  of  the  circle  is  a 
principal  plane  of  the  rod  at  any  point,  and  that  the  flexural  rigidity  for 
bending  in  this  plane  is  B.  Then  v,  /S  and  1/So  vanish,  and  the  condition 
that  the  central-line  is  unextended  is 

dw  ... 

de='' (^) 

The  flexural  couple  G'  in  the  plane  of  the  circle  is 

B  fd'w     dw\  . 

the  other  flexural  couple  and  the  torsional  couple  vanish. 

Let  the  rod  be  bent  by  forces  having  components  X,  Z  per  unit  of  length 

*  E.  Winkler,  Der  Civilingenieur,  Bd.  4  (1858).  Winkler's  memoir  is  described  at  length 
and  corrected  in  detail  in  Todhunter  and  Pearson's  History,  vol.  2,  pp.  422  et  seq. 

f  M.  Bresse,  Recherches  analytiques  sur  la  flexion  et  la  resistance  des  pieces  courbes,  Paris  1854. 
An  account  of  this  treatise  also  is  given  in  Todhunter  and  Pearson's  History,  vol.  2,  pp.  352 
et  seq.  H.  T.  Eddy,  Amer.  J.  of  Math.,  vol.  1  (1878),  has  proposed  a  graphical  method  of  treat- 
ment of  the  problem  of  arches. 
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directed  along  the  radius   and   tangent  at  any  point.      The  equations  of 
equilibrium  obtained  from  (26)  and  (27)  of  Article  2.59  are 


dN     „     „       ^      dT      ,,      „       ^      dO'      „       . 


.(10) 


de  '     '         '    de       '         '    dd 

Hence  we  find  that  the  shearing  force  N  and  the  tension  T  are  expressed 
in  terms  of  w  by  the  equations 

B  fd'w  .  d'w\ 


N=' 


B 


d*w     d^w 
W^'^'dti' 


and  that  w  satisfies  the  equation 
B 


d'w        d*w     d^w 


) 


(12) 


Fig.  64. 


(iii) 


/d^ 
a'  Kao"        au*     at)' J        \d6 

We  note  the  following  results  : — 

(i)  Wten  the  rod  is  slightly  bent  by  couples  equal  to  K  applied  at  its  ends  in  its 
plane,  the  central-line  remains  circular,  but  its  radius  is 
reduced  by  the  fraction  KafB  of  itself. 

(ii)  When  the  ends  of  the  rod  are  given  by  5=  ± a,  so 
that  the  line  joining  them  subtends  an  angle  2a  at  the 
centre,  and  the  rod  is  slightly  bent  by  forces  equal  to  R 
acting  as  tension  along  this  line  as  in  Fig.  64,  the  displace- 
ment is  given  by  the  equations 

w=-  (a^jR/B)  6  (cos  a-|-|  cos 6),    u  =  dw/dd. 
When  the  rod  is  shghtly  bent  by  forces  equal  to  <S',  applied  as  shown  in  Fig.  65 
to  rigid  pieces  attached  to  its  ends  and  extending  across 
the  chord   of  the  incomplete  ring,  the   displacement  is 
given  by  the  equations 

w=-i  (ahS/B)  e  sin  6,     u  =  dwjdd. 

(iv)     When  the  rod  forms  a  complete  circular  ring,  and 
is  slightly  bent  by  normal  pressures  equal  to  Xi  applied 
at  the  opposite  ends  of  a  diameter,  we  measure  6  from 
this  diameter  as  shown  in  Fig.  66,  and  find  for  the  dis- 
placement w  at  a  point  on  that  side  of  this  diameter  in  which  7r>fl>0 

w  =  -  Xi  {a? IB)  [^/tt  -  ^  ( 1  -  cos  5  - 1 19  sin  6)],  u  =  dwjde. 
The  displacements  are  clearly  the  same  at  any  two 
points  symmetrically  situated  on  opposite  sides  of  this 
diameter. 

We  may  deduce  the  value  of  u  at  any  point,  and  we 
may  prove  that  the  diameter  which  coincides  with  the 
line  of  thrust  is  shortened  by  {(tt^  — 8)/4w}(^riaV'^), 
while  the  perpendicular  diameter  is  lengthened  by 

{(4-,r)/2,r}(XiaV5)t. 
(v)     When  the  rod  forms  a  complete  circular  ring  of 
weight  F,  which  is  suspended  from  a  point  in  its  cir- 
cumference, we  measure  6  from  the  highest  point,  and 

p.  365.    The  results  given  in  the 


Fig.  66. 


*  Of.  H.  Lamb,  London  Math.  Soc.  Proc,  vol.  19  (1888) 
text  under  the  numbers  (i) — (v)  are  taken  from  this  paper. 

t  These  results  are  due  to  Saint- Venant,  Paris  C.  R.,  t.  17  (1843). 
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find  for  the  displacement  w  at  a  point  for  which  7r>6>0  the  value 

w=-  W{a^ j B) {87r)-^{e-nf  sine -4(6 -nXl- COS 6) -n^ain 3}  ; 

the  displacement  is  the  same  at  the  corresponding  point  in  the  other  half  of  the  ring. 

In  this  case  we  may  prove  that  the  amounts  by  which  the  vertical  diameter  is 
lengthened  and  the  horizontal  diameter  shortened  are  the  halves  of  what  they  would  be  if 
the  weight  W  were  concentrated  at  the  lowest  point. 

(vi)  When  the  rod  forms  a  complete  circular  ring  which  rotates  with  angular  velocity 
0)  about  one  diameter*,  taken  as  axis  of  y^  its  central-line  describes  a  surface  of  revolution 
of  which  the  meridian  curve  is  given  by  the  equations 

ji!=a  sin  6  +  ^  {m  aV/B)  sin'5, 

y  =  a  cos  5  +  Jj  (to  a^a^/B)  (1  -  cos3(9), 

where  m  denotes  the  mass  of  the  ring  per  unit  of  length,  and  6  is  measured  from  the 
diameter  about  which  the  ring  rotates.  This  diameter  is  shortened  and  the  perpendicular 
diameter  lengthened  by  the  same  amount  \{ma>^af'IB). 

(b)     Incomplete  circular  ring  bent  out  of  its  plane. 

As  before  we  take  a  for  the  radius  of  the  circle,  and  specify  a  point  on  it 

by  an  angle  0 ;  and  we  take  the  plane 

of  the  circle  to  be  that  principal  plane 

of  the  rod  for  which  the  flexural  rigidity 

is  B.     We  consider  the  case  where  the 

rod  is  bent  by  a  load  W,  applied  at  the 

end  ^  =  a  in  a  direction  at  right  angles 

to  this  planet,  *^<i  is  fixed  at  the  end 

6  =  0,  so  that  the  tangent  at  this  point 

is  fixed  in  direction,  and  the  transverse 

linear  element  which,  in  the  unstressed 

Fig.  67. 
state,  is  directed  towards  the  centre  of 

the  circle  is  also  fixed  in  direction.  Then  u,  v,  w,  /3,  du/dd,  dvjdO  vanish 
with  6. 

The  stress-resultants  N,  N',  T  at  any  section  are  statically  equivalent  to 
the  force  W,  of  which  the  direction  is  parallel  to  that  of  the  axis  of  yo  at  any 
section,  and  we  have,  therefore, 

N=^W,      N'=W,      T=(W/a).(dv/dd) (13) 

The  equations  of  moments  are,  therefore, 

f+^-«'^-  f-"^'^'  §-"=« ("> 

From  the  first  and  third  of  these,  combined  with  the  conditions  that 
Q  and  H  vanish  when  6  =  a,  we  find 

0=-aWsmia-e),      H  =  aW  {l-cos(a- 6)} (15) 

*  G.  A.  V.  Pesohka,  Zeitschr.  f.  Math.  u.  Phys.  (SchlomiUh),  Bd.  13  (1868). 
t  The  problem  has  been  discussed  by   Saint- Venant,   Paris  G.  B.,  t.  17  (1843),  and  by 
H.  Eesal,  J.  de  Math.  (Liouville),  {S&r.  3),  t.  B  (1877). 
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Now  we  have 


G  = 


A  (dN        .\         „     G  d  , 


.(16) 


and  from  these  equations  and  the  terminal  conditions  at  ^  =  0  we  can  obtain 
the  equations 

i)  4-  a/3  =  —p-  {0  —  sin  a  +  sin  (a  —  6)} 
Wiv 


^    {(61  -  sin  ^)  -  sin  a  (1  -  cos  61)}  /■  •••(17) 

+  i^*'  (^+  i")  f^  °*^®  (a  -  ^)  -  sin  0  cos  a}. 
We  may  prove  also  that  u  and  w  are  small  of  the  order  v^. 

293.     Vibrations  of  a  circular  ring. 

We  shall  illustrate  the  application  of  the  theory  to  vibrations  by  con- 
sidering the  free  vibrations  of  a  rod  which,  in  the  unstressed  state,  forms 
a  circular  ring  or  a  portion  of  such  a  ring,  and  we  shall  restrict  our  work  to 
the  case  where  the  cross-section  of  the  ring  also  is  circular.  We  denote  the 
radius  of  the  cross-section  by  c,  and  that  of  the  circle  formed  by  the  central- 
line  by  a,  and  we  take  the  displacement  u  to  be  directed  along  the  radius 
drawn  towards  the  centre  of  the  latter  circle.  The  equations  of  motion, 
formed  as  in  Articles  278 — 280,  are 


d'u       dN' 


d'v 


df 


W="*"aF 


dT 
dd' 


■  N  =  ma 


.(18) 


and 


^^    ,     TT         AT'  12  9'*' 


.(19) 


^-G  =  \ema^^, 
in  which  m  is  the  mass  of  the  ring  per  unit  of  length,  and 


G  =  iE^^(a^-\ 


c*  fdv  .     30' 


(20) 


E  being  the  Young's  modulus  and  fi  the  rigidity  of  the  material  of  the  ring. 
The  above  equations  with  the  condition 

dw 


dd 


.(8  bis) 


yield  the  equations  of  motion. 
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It  is  clear  that  the  above  system  of  equations  falls  into  two  sets.  In  the 
first  set  V  and  /3  vanish,  and  the  motion  is  specified  by  the  displacement  u  or 
w,  these  variables  being  connected  by  equation  (8) ;  in  this  case  we  have 
flexural  vibrations  of  the  ring  in  its  plane.  In  the  second  set  u  and  w  vanish, 
and  the  motion  is  specified  by  v  or  /3,  so  that  we  have  flexural  vibrations 
involving  both  displacement  at  right  angles  to  the  plane  of  the  ring  and  twist. 

It  may  be  shown  in  the  same  way  that  the  vibrations  of  a  curved  rod  fall 
into  two  such  classes  whenever  the  central-line  of  the  unstressed  rod  is  a 
plane  curve,  and  its  plane  is  a  principal  plane  of  the  rod  at  each  point.  In 
case  the  central-line  is  a  curve  of  double  curvature  there  is  no  such  separa- 
tion of  the  modes  of  vibration  into  two  classes,  and  the  problem  becomes 
extremely  complicated*. 

(a)     Flexural  vibrations  in  the  plane  of  the  ring. 

We  shall  simplify  the  question  by  neglecting  the  "  rotatory  inertia." 
This  amounts  to  omitting  the  right-hand  member  of  the  second  of  equations 
(19).     We  have  then 

_     Em'  /d'w     d'w\        „_         S^w      dJSf 
^~      4a»   [dd'^de')'  ""dt'dd      dO' 

Eire"  fd^w      „  dhu     d'w\  d^  (        d^w 

The  normal  functions  for  free  vibration  are  determined  by  taking  w  to  be 
of  the  form  W  cos  (j>t  +  e),  where  F^  is  a  function  of  6.  We  then  have  the 
equation 

d^W     ^d'W     9^/,      ^maY\     ^»«ay 
W^'W^dd'V       Eirc'}^E'K&^-^- 

The  complete  primitive  is  of  the  form 

TT  =  2  {A,,  cos  n,^  +  -B,  sin  n,^), 

where  n^,  Wg,  n^  are  the  roots  of  the  equation 

n?  (m"  -  1)2  =  (n^  -f- 1)  (imay/ETrc^). 

If  the  ring  is  complete  n  must  be  an  integer,  and  there  are  vibrations 
with  n  wave-lengths  to  the  circumference,  n  being  any  integer  greater  than 
unity.     The  frequency  is  then  given  by  the  equation  f 

Er^  r^Hn^-iy 
^       'iwia'       n^+1    ^^ 

*  The  vibrations  of  a  rod  of  which  the  natural  form  is  helical  have  been  investigated  by 
J.  H.  Michell,  loc.  cit.  p.  423,  and  also  by  the  present  writer,  Cambridge  Phil.  Soc.  Trans., 
vol.  18  (1899). 

t  The  result  is  due  to  R.  Hoppe,  J.  f.  Math.  (Grelle),  Bd.  73  (1871). 
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When  the  ring  is  incomplete  the  frequency  equation  is  to  be  obtained  by 
forming  the  conditions  that  N,  T,  G'  vanish  at  the  ends.  The  result  is  diffi- 
cult to  interpret  except  in  the  case  where  the  initial  curvature  is  very  slight, 
or  the  radius  of  the  central-line  is  large  compared  with  its  length.  The  pitch 
is  then  slightly  lower  than  for  a  straight  bar  of  the  same  length,  material 
and  cross-section*. 

(b)  Flexural  vibrations  at  right  angles  to  the  plane  of  the  ring. 

We  shall  simplify  the  problem  by  neglecting  the  "  rotatory  inertia,"  that 
is  to  say  we  shall  omit  the  right-hand  members  of  the  first  and  third  of 
equations  (19);  we  shall  also  suppose  that  the  ring  is  complete.  We  may 
then  write 

v=V  cos  (nd  +  a)  cos  (pt  +  e),     ^=  B'  cos  {nO  -I-  a)  cos  (pt  +  e), 

where  V,  B',  a,  e  are  constants,  and  n  is  an  integer.  From  the  first  and  third 
of  equations  (19)  and  the  second  of  equations  (18)  we  find  the  equations 

n'  (aB'  +  n^r)+^n^{aB'+r)=  ^^f  F. 

^  n"  (aB'  +V)  +  (aB'  +  n^V)  =  0, 

from  which  we  obtain  the  frequency  equation  f 

E',rc^n-(n^-\y 
^       4ma-'  n^  4- 1 -I- o-  '     ^     ' 

where  a  is  Poisson's  ratio  for  the  material,  and  we  have  used  the  relation 
£■  =  2/i  (1  -h  o").  It  is  noteworthy  that,  even  in  the  gravest  mode  (n  =  2),  the 
frequency  differs  extremely  little  from  that  given  by  equation  (21)  for  the 
corresponding  mode  involving  flexure  in  the  plane  of  the  ring. 

(c)  Torsional  and  extensional  vibrations. 

A  curved  rod  possesses  also  modes  of  free  vibration  analogous  to  the  torsional  and 
extensional  vibrations  of  a  straight  rod.  For  the  torsional  vibrations  of  a  circular  ring  we 
take  u  and  w  to  vanish,  and  suppose  that  v  is  small  in  comparison  with  a^,  then  the 
second  of  equations  (18)  and  the  first  of  equations  (19)  are  satisfied  approximately,  and  the 
third  of  equations  (19)  becomes  approximately 

For  a  complete  circular  ring  there  are  vibrations  of  this  type  with  n  wave-lengths  to  the 
circumference,  and  the  frequency  pftn  is  given  by  the  equation 

^'=^^(^  +  "  +  '^') (23) 

When  71  =  0,  the  equations  of  motion  can  be  satisfied  exactly  by  putting  i>=0  and  taking 
^  to  be  independent  of  6.    The  characteristic  feature  of  this  mode  of  vibration  is  that  each 

*  The  question  has  been  discussed  very  fully  by  H.  Lamb,  loc.  cit.  p.  428. 
+  The  result  is  due  to  J.  H.  Miohell,  loc.  cit.  p.  423. 
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circular  cross-section  of  the  circular  ring  is  turned  in  its  own  plane  through  the  same 
small  angle  ^  about  the  central-line,  while  this  line  is  not  displaced*. 

For  the  extensional  modes  of  vibration  of  a  circular  ring  we  take  v  and  |3  to  vanish, 
and  suppose  that  equation  (8)  does  not  hold.  Then  the  extension  of  the  central-line  is 
a-'^(dwlde-u),  and  the  tension  T  is  Eirc^a-''-(bwfd6-u).  The  couples  &,  E  and  the 
shearing  force  N'  vanish.  The  expressions  for  t^he  couple  G'  and  the  shearing  force  N 
contain  c*  as  a  factor,  while  the  expression  for  T  contains  c^  as  a  factor.  We  may,  there- 
fore, for  an  approximation,  omit  O'  and  N,  and  neglect  the  rotatory  inertia  which  gives 
rise  to  the  right-hand  member  of  the  second  of  equations  (19).  The  equations  to  be 
satisfied  by  v,  and  w  are  then  the  first  and  third  of  equations  (18),  viz.  : 

The  displacement  in  free  vibrations  of  frequency  pjiw  is  given  by  equations  of  the  form 
u={A  smnB +  B cos  nff) cos  [pt  +  f), 
10=71  {A  cos  nd  —  B  sin  nd)  cos  (jat+e), 

where  p^  =  ^{l  +  n?) (24) 


ma' 


When  n=0,  w  vanishes  and  u  is  independent  of  6,  and  the  equations  of  motion  are 
satisfied  exactly.  The  ring  vibrates  radially,  so  that  the  central-line  forms  a  circle  of 
periodically  variable  radius,  and  the  cross-sections  move  without  rotation. 

The  modes  of  vibration  considered  in  (e)  of  this  Article  are  of  much  higher  pitch  than 
those  considered  in  {a)  and  (6),  and  they  would  probably  be  difficult  to  excite. 

*  The  result  that  the  modes  of  vibration  involving  displacements  v  and  |8  are  of  two  types 
was  recognized  by  A.  B.  Basset,  Londcn  Math.  Soc.  Proc,  vol.  23  (1892),  and  the  frequency  of  the 
torsional  vibrations  was  found  by  him. 
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CHAPTER  XXII. 

THE   STRETCHING  AND  BENDING  OF  PLATES. 

294.     Specification  of  stress  in  a  plate. 

The  internal  actions  between  the  parts  of  a  thin  plate  are  most  appro- 
priately expressed  in  terms  of  stress-resultants  and  stress-couples  reckoned 
across  the  whole  thickness.  We  take  the  plate  to  be  of  thickness  2h,  and  on 
the  plane  midway  between  the  faces,  called  the  "  middle  plane,"  we  choose  an 
origin  and  rectangular  axes  of  x  and  y,  and  we  draw  the  axis  of  z  at  right 
angles  to  this  plane  so  that  the  axes  of  as,  y,  z  are  a  right-handed  system. 
We  draw  any  cylindrical  surface  C  to  cut  the  middle  plane  in  a  curve  s. 
The  edge  of  the  plate  is  such  a  surface  as  0,  and  the  corresponding  curve  is 
the  "  edge-line."  We  draw  the  normal  i;  to  s  in  a  chosen  sense,  and  choose 
the  sense  of  s  so  that  v,  s,  z  are  parallel  to  the  directions  of  a  right-handed 
system  of  axes.  We  consider  the  action  exerted  by  the  part  of  the  plate  lying 
on  that  side  of  G  towards  which  v  is  drawn  upon  the  part  lying  on  the  other 
side.  Let  Ss  be  a  short  length  of  the  curve  s,  and  let  two  generating  lines  of 
C  be  drawn  through  the  extremities  of  Bs  to  mark  out  on  C  an  area  A.  The 
tractions  on  the  area  A  are  statically  equivalent  to  a  force  at  the  centroid  of  A 
and  a  couple.  We  resolve  this  force  and  couple  into  components  directed  along 
V,  s,  z.  Let  [T],  [8],  [N]  denote  the  components  of  the  force,  [.S"],  [0],  [K] 
those  of  the  couple.  When  Bs  is  diminished  indefinitely  these  quantities 
have  zero  limits,  and  the  limit  of  [K]/Bs  also  is  zero,  but  [T]/Bs,  ...  [(?]/&, 
may  be  finite.  We  denote  the  limits  of  [T]/Bs,  ...  by  T,  ....  Then  T,  S,  N 
are  the  components  of  the  stress-resultant  belonging  to  the  line  s,  and  H,  G 
are  the  components  of  the  stress-couple  belonging  to  the  same  line.  T  is  a 
tension,  S  and  N  are  shearing  forces  taugential  and  normal  to  the  middle 
plane,  G  is  a  flexural  couple,  and  H  a  torsional  couple.  When  the  normal  v 
to  s  is  parallel  to  the  axis  of  x,  s  is  parallel  to  the  axis  of  y.  In  this  case  we 
give  a  sufiix  1  to  T,  ....  When  the  normal  v  is  parallel  to  the  axis  of  y,  s  is 
parallel  to  the  negative  direction  of  the  axis  of  x.     In  this  case  we  give  a 

suffix  2  to  T, The  conventions  in  regard  to  the  senses  of  these  forces 

and  couples  are  illustrated  in  Fig.  68. 
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For  the  expression  of  T, ...  we  take  temporary  axes  of  x',  y',  z  which  are 
parallel  to  the  directions  of  v,  s,  z,  and  denote  by  X'^,  ...  the  stress- 
ponents  referred  to  these  axes.     Then  we  have  the  formulae* 


-corn- 


Fig.  68. 
T=f*  X'^dz,     S=r   X'^dz,    N=r  X'.dz, 

■I  -h  J  -h  J  -h 

H=f     -zX'ydz,     0=1^   zX'^dz; 

J  -h  J -h 

and,  in  the  two  particular  cases  in  which  v  is  parallel  respectively  to  the  axes 
of  X  and  y,  these  formulae  become 

T,=  l     X^dz,    S,=  r  Xydz,    N^={^  X^dz, 

J  -h  J -h  J -h 


and 


fii  =  I      —  zXy  dz,  Gi  =  I      zX^  dz, 

J -h  J -h 

S,=  r  -Xydz,  T,=  r   Yydz,     JV,=  P   F, 

J  -h  J  -h                                 J  -h 


dz, 


Gi=  I     zYydz,    Hi=  j     zXy^ 


rh  rh 

ZYydZ,      H,= 
-h  J  -h 

We  observe  that  in  accordance  with  these  formulse 

S2=—Si,        jBj  =  —  fii 


•(1) 


•(2) 


.(3) 


295.     Transformation  of  stress-resultants  and  stress-couples. 

When  the  normal  v  to  the  curve  s  makes  angles  0  and  \ir  —  6  with  the 
axes  of  X  and  y,T,  8,  ...  are  to  be  calculated  from  such  formulse  as 

T=r   X'^dz, 

in  which  the  stress-components  X'^,  ...  are  to  be  found  from  the  formulae  (9) 
of  Article  49  by  putting 

Zi  =  cos^,    mi  =  sin^,   4  =  — sin^,   77X2  =  cos  ^,   ni  =  ?j^  =  Z3  =  m3  =  0,   ?ij  =  l. 


It  is  assumed  that  the  plate  is  but  slightly  bent.    Cf.  Article  328  la  Chapter  xxiv. 

28—2 
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.(5) 


.(6) 


We  find  T=T^  cos^  O+T^  sin^  6+8,  sin  26,  \ 

8  =  1{T^-  Ti) sin  W  +  /Sf^ cos  26, 

]Sr  =  N',cos6  +  N,sme,  I  (4) 

G  =  0,  cos=  e  +  G^  sin^  (9-5',  sin  26, 
H  =  \{G,-  G,) sin  26  +  H,  cos  261.  ) 
Instead  of  resolving  the  stress-resultants  and  stress-couples  belonging  to 
the  line  s  in  the  directions  v,  s,  z  we  might  resolve  them  in  the  directions 
X,  y,  z.     The  components  of  the  stress-resultant  would  be : 

parallel  to  x,  Teas  6—  S sin  6,  or  T^  cos  6  +  Sj,  sin  6,^ 
parallel  to  y,  Tsind  +  S  cos  6,  or  T^  sin  ^  +  >Si  cos  ^,  -    •  • 
parallel  to  z,  N,  cos  6  +  N^  sin  6; 

and  those  of  the  couple  would  be  : 

about  an  axis  parallel  to  x,  Hcos  6—Gsm  6,  or  Hi  cos  6  —  G^ sin  6, 

about  an  axis  parallel  to  y,  H  sin6  +  G  cos  6,  or  Gi  cos  6  —  Hi  sin  6. 

296.     Equations  of  equilibrium. 

Let  G  denote,  as  before,  a  cylindrical  surface  cutting  the  middle  plane  at 
right  angles  in  a  curve  s,  which  we  take  to  be  a  simple  closed  contour.  The 
external  forces  applied  to  the  portion  of  the  plate  within  C  may  consist  of 
body  forces  and  of  surface  tractions  on  the  faces  (z  =  h  and  z  —  —  h)oi  the 
plate.  These  external  forces  are  statically  equivalent  to  a  single  force,  acting 
at  the  centroid  P  of  the  volume  within  C,  and  a  couple.  Let  \_X'\  [F'],  [^'] 
denote  the  components  of  the  force  parallel  to  the  axes  of  x,  y,  z,  and 
[X'],  \M'\  [iV']  the  components  of  the  couple  about  the  same  axes.  When 
the  area  &>  within  the  curve  s  is  diminished  indefinitely  by  contracting  s 
towards  P,  the  limits  of  [X'],  ...  [i'J,  ...  are  zero  and  the  limit  of  \_N''\\a>  also 
is  zero,  but  the  limits  of  [X']/(b,  . . .  may  be  finite.  We  denote  the  limits  of 
[A"]/(B,  ...  by  X',  ....  Then  X',  Y',  Z' are  the  components  of  the  force- 
resultant  of  the  external  forces  estimated  per  unit  of  area  of  the  middle 
plane,  and  L',  M'  are  the  components  of  the  couple-resultant  of  the  same 
forces  estimated  in  the  same  way. 

The  body  force  per  unit  of  mass  is  denoted,  as  usual,  by  {X,  Y,  Z),  and  the 
density  of  the  material  by  p.  The  definitions  of  X' ,  Y' ,  Z',  L' ,  M'  are  expressed 
analytically  by  the  formulae 


X  =  f     pXdz  +  (X,),„ft  -  (X,X„_ft, 
Y'=r  pYdz  +  {Y,\^,-(Y,%^_n, 

J  -h 

Z'  =  f  pZdz  +  {Z,\^T,  -  {Z,\^_^, 
J  -h 


•(7) 
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™^  ^'  =  j\  - ^pydz -  h  {(F,),_A  +  (F.),=_,}.] 

^'  =  J  _^^pXdz     +  A  {(X,),.,  +  (X,),._4.) 

We  equate  to  zero  the  force-  and  couple-resultants  of  all  the  forces  acting 
on  the  portion  of  the  plate  within  the  cylindrical  surface  G.  From  the 
formulae  (5)  we  have  the  equations 

j(T,  cos  0+S:,  sin  0)ds+  jjx'dxdy  =  0, 
j{T,^0+S,cose)ds  +  jJ7'dxdy  =  Q,[ (9) 

jiN^  cos  d  +  N^  sin  0)  ds+jjz'daidy  =  0, 

where  the  surface-integrals  are  taken  over  the  area  within  s,  and  the  Hue- 
integrals  are  taken  round  this  curve.  From  the  formulae  (5)  and  (6)  we  have 
the  equations 

j{iH, cos e-G, sin 0)  +  y (iV, cos ^ -H iV^^ sin 0)} ds+jj   (JJ -f- yZ') dxdy  =  0, 
[{(<?,  cos  0-H^  sin  0)-x  (N-,  cos  0  +  N^  sin  0)\  ds+jj  {M'  -  xZ')  dxdy  =  0, 

Ux  (2;  sin  ^  +  iSf,  cos  0)-y  {T,  cos  0  +  S,  sin  0)}  ds+jj{xY'  -  yX')  dxdy  =  0. 

(10) 

Since  cos  0  and  sin  0  are  the  direction-cosines  of  the  normal  to  s  referred 
to  the  axes  of  x  and  y,  we  may  transform  the  line-integrals  into  surface- 
integrals.  We  thus  find  from  (9)  three  equations  which  hold  at  every  point 
of  the  middle  plane,  viz. 

^Il  +  ^^+X'  =  0    ^-H^^+F'  =  0    ^-K^  +  ^-^  +  Z'  =  Q.     ...(11) 
dx      dy  '    dx      By  '    dx       dy 

We  transform  the  equations  (10)  in  the  same  way  and  simplify  the  results 
by  using  equations  (11).  The  third  equation  is  identically  satisfied.  We 
thus  find  two  equations  which  hold  at  every  point  of  the  middle  plane,  viz. 

Equations  (11)  and  (12)  are  the  equations  of  equilibrium  of  the  plate. 

297.    Botmdary  conditions. 

In  a  thick  plate  subjected  to  given  forces  the  tractions  specified  by 
X,,  7y,  Z,,  where  v  denotes  the  normal  to  the  edge,  have  prescribed  values  at 
every  point  of  the  edge.     When  the  plate  is  thin,  the  actual  distribution  of 


438  BOUNDARY   CONDITIONS  [CH.  XXII 

the  tractions  applied  to  the  edge,  regarded  as  a  cylindrical  surface,  is  of  no 
practical  importance.  We  represent  therefore  the  tractions  applied  to  the 
edge  by  their  force-  and  couple-resultants,  estimated  per  unit  of  length  of  the 
edge-line,  i.e.  the  curve  in  which  the  edge  cuts  the  middle  surface.  It  follows 
from  Saint-Venant's  principle  (Article  89)  that  the  effects  produced  at  a 
distance  from  the  edge  by  two  systems  of  tractions  which  give  rise  to  the 
same  force-  and  couple-resultants,  estimated  as  above,  are  practically  the 
same.  Let  these  resultants  be  specified  by  components  T,  S,  N  and  H,  G  in 
the  senses  previously  assigned  for  T,  S,  iV  and  H,  0,  the  normal  to  the  edge- 
line  being  drawn  outwards.  Let  the  stress-resultants  and  stress-couples 
belonging  to  a  curve  parallel  to  the  edge-line,  and  not  very  near  to  it,  be 
calculated  in  accordance  with  the  previously  stated  conventions,  the  normal 
to  this  curve  being  drawn  towards  the  edge-line ;  and  let  limiting  values  of 
these  quantities  be  found  by  bringing  the  parallel  curve  to  coincidence  with 
the  edge-line.  Let  these  limiting  values  be  denoted  by  T,  S,  iV  and  H,  G.  It 
is  most  necessary  to  observe  that  the  statical  equivalence  of  the  applied 
tractions  and  the  stress-resultants  and  stress-couples  at  the  edge  does  not 
require  the  satisfaction  of  all  the  equations 

f=T,     ^=S,     F=N,     B=B.,     G  =  G. 

These  five  equations  are  equivalent  to  the  boundary  conditions  adopted  by 
Poisson*-  A  system  of  four  boundary  conditions  was  afterwards  obtained 
by  Kirchhofff,  who  set  out  from  a  special  assumption  as  to  the  nature  of  the 
strain  within  the  plate,  and  proceeded  by  the  method  of  variation  of  the 
energy-function.  The  meaning  of  the  reduction  of  the  number  of  conditions 
from  five  to  four  was  first  pointed  out  by  Kelvin  and  Taitj.  It  lies  in  the 
circumstance  that  the  actual  distribution  of  tractions  on  the  edge  which  give 
rise  to  the  torsional  couple  is  immaterial.  The  couple  on  any  finite  length 
might  be  applied  by  means  of  tractions  directed  at  right  angles  to  the  middle 
plane,  and  these,  when  reduced  to  force-  and  couple-resultants,  estimated  per 
unit  of  length  of  the  edge-line,  would  be  equivalent  to  a  distribution  of 
shearing  force  of  the  type  N  instead  of  torsional  couple  of  the  type  H.  The 
required  shearing  force  is  easily  found  to  be  —  9H/9s.  This  result  is  obtained 
by  means  of  the  following  theorem  of  Statics :  A  line-distribution  of  couple  of 
amount  H  per  unit  of  length  of  a  plane  closed  curve  s,  the  axis  of  the  couple 
at  any  point  being  normal  to  the  curve,  is  statically  equivalent  to  a  line- 
distribution  of  force  of  amount  —  dHjds,  the  direction  of  the  force  at  any  point 
being  at  right  angles  to  the  plane  of  the  curve. 

*  See  Introduction,  footnote  36.  Poisson's  solutions  of  special  problems  are  not  invalidated, 
because  in  all  of  them  H  vanishes. 

+  See  IntrodAiction,  footnote  125. 

J  Nat.  Phil,  first  edition,  1867.  The  same  explanation  was  given  by  J.  Bousainesq  in  1871. 
See  Introduction,  footnote  128. 
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The  theorem  is  proved  at  once  by  forming  the  force-  and  couple-resultants  of  the  line- 
distribution  of  force  -9^3-/95.  The  axis  of  z  being  at  right  angles  to  the  plane  of  the 
curve,  the  force  at  any  point  is  directed  parallel  to  the  axis  of  z,  and  the  force-resultant  is 

/9_ff" 
-  gj-  cfo  taken  round  the  closed  curve.    This  integral  vanishes. 

The  components  of  the  couple-resultant  about  the  axes  of  x  and  y  are  expressed  by  the 

integrals  /  -  7/  -^  ds  a.nd     x -^  ds  taken  round  the  cm-ve.     If  v  denotes  the  direction  of 

the  normal  to  the  curve,  we  have 

^^^  J^ ~  ds=  j~R^^^ds=jff  cos (^,  v)ds, 

the  integrations  being  taken  round  the  curve.     The  expressions    \ncos{x,  v)ds  and 

\Hcos{y,  v)ds  are  the  values  of  the  components  of  the  couple-resultant  of  the  line- 
distribution  of  couple  S. 

The  theorem  may  be  illustrated  by  a  figure.  We  may  think  of  the  curve  «  as  a  polygon 
of  a  large  number  of  sides.     The  couple  Hbs,  ^_g^        ^      H-\-iH 

belonging  to  any  side  of  length  hs,  is  statically  /^      A       ;K 

equivalent  to  two  forces  each  of  magnitude  H, 
directed  at  right  angles  to  the  plane  of  the  curve 
in  opposite  senses,  and  acting  at  the  ends  of  the 
side.  The  couples  belonging  to  the  adjacent  sides 
may  similarly  be  replaced  by  pairs  of  forces  of 
magnitude  H+  bH  or  H-  bH  as  shown  in  Fig.  69,  t       t       I 

where  bH  means  {dB'/ds)bs.     In  the  end  we  are  H-SH       H       H  +  SH 

left  with  a  force  -  SH  at  one  end  of  any  side  of  Pig.  69. 

length  Ss,  or,  in  the  limit,  with  a  line-distribution  of  force  -  dff/ds. 

From  this  theorem  it  follows  that,  for  the  purpose  of  forming  the  equations 
of  equilibrium  of  any  portion  of  the  plate  contained  within  a  cylindrical 
surface  C,  which  cuts  the  middle  surface  at  right  angles  in  a  curve  s,  the 
torsional  couple  H  may  be  omitted,  provided  that  the  shearing  stress-resultant 
W  is  replaced  by  N  —  dHjds*.  Now  the  boundary  conditions  are  limiting 
forms  of  the  equations  of  equilibrium  for  certain  short  narrow  strips  of  the 
plate ;  the  contour  in  which  the  boundary  of  any  one  of  these  strips  cuts  the 
middle  plane  consists  of  a  short  arc  of  the  edge-line,  the  two  normals  to  this 
curve  at  the  ends  of  the  arc,  and  the  arc  of  a  curve  parallel  to  the  edge-line 
intercepted  between  these  normals.  The  limit  is  taken  by  first  bringing  the 
parallel  curve  to  coincidence  with  the  edge-line,  and  then  diminishing  the 
length  of  the  arc  of  the  edge-line  indefinitely.     In  accordance  with  the  above 

*  This  result  might  be  used  in  forming  the  equations  of  equilibrium  (11)  and  (12).    The  line- 
integrals  in  the  third  of  equations  (9)  and  the  first  two  of  equations  (10)  would  be  written 

and  these  can  be  transformed  easily  into  the  forma  given  in  (9)  and  (10). 
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theorem  we  are  to  form  these  equations  by  omitting  H  and  H,  and  replacing 
N  and  N  hy  N—dHjds  and  N-9H/9s.  The  boundary  conditions  are  thus 
found  to  be 

f=T,   s=s,  iv^-a5/as  =  N-9H/as,   g  =  g. 

These  four  equations  are  equivalent  to  the  boundary  conditions  adopted 
by  KirchhofiF. 

In  investigating  the  boundary  conditions  by  the  process  just  sketched  we  observe  that 
the  terms  contributed  to  the  equations  of  equilibrium  by  the  body  forces  and  the  tractions 
on  the  faces  of  the  plate  do  not  merely  vanish  in  the  limit,  but  the  quotients  of  them  by 
the  length  of  the  short  arc  of  the  edge-line  which  is  part  of  the  contour  of  the  strip  also 
vanish  in  the  limit  when  this  length  is  diminished  indefinitely.  If  this  arc  is  denoted  by 
bs  we  have  such  equations  as 

lim        (Ss)--^  [ [x'dxdy  =  0,    lim        {bs}-'^  { {{L +yZ')dxdy  =  Q, 

5«=0  J  J  65  =  0  J  J 

the  integration  being  taken  over  the  area  within  the  contour  of  the  strip.  The  equations 
of  equilibrium  of  the  strip  lead  therefore  to  the  equations 

lim   _   {hsy^  UT 00a e-Sava 6) ds=0,      lim   _    {Ss)~'^  f(Tame  +  Scoa6)ds  =  0, 

in  which  the  integrations  are  taken  all  round  the  contour  of  the  strip,  and  T,  ...  denote 
the  force-  and  couple-resultants  of  the  tractions  on  the  edges  of  the  strip,  estimated  in 
accordance  with  the  conventions  laid  down  in  Article  294.  We  evaluate  the  contributions 
made  to  the  various  line-integrals  by  the  four  lines  in  which  the  edges  of  the  strip  cut 
the  middle  plane.  Since  the  parallel  curve  is  brought  to  coincidence  with  the  edge-line, 
the  contributions  of  the  short  lengths  of  the  two  normals  to  this  curve  have  zero  limits  ; 
and  we  have  to  evaluate  the  contributions  of  the  arcs  of  the  edge-line  and  of  the  parallel 
curve.  Let  j/^  denote  the  direction  of  the  normal  to  the  edge-line  drawn  outwards.  The 
contributions  of  this  arc  may  be  estimated  as 

{Tcos(.j;,  >'o)-Scos(y,  i'o)}Ss,     {Tcos(y,  vj) -I- S  cos  (.■!;,  v^)}  ts,     |N--g-|  ds, 
and  |-Gcos(y,  i/o)-|-y(N--^  K  Bs,      |Gcos(it;,  vo)-x(  N--=-)|  8s. 

In  evaluating  the  contributions  of  the  arc  of  the  parallel  curve,  we  observe  that  the  con- 
ventions, in  accordance  with  which  the  T,  ...  belonging  to  this  curve  are  estimated, 
require  the  nonnal  to  the  curve  to  be  drawn  in  the  opposite  sense  to  >/„ ,  and  the  curve  to 
be  described  in  the  opposite  sense  to  the  edge-line,  but  the  arc  of  the  curve  over  which 
we  integrate  has  the  same  length  8s  as  the  arc  of  the  edge-line.  In  the  limit  when  the 
parallel  curve  is  brought  to  coincidence  with  the  edge-line  we  have,  in  accordance  with 
these  conventions, 

T=f,    S='S,    N=-N,    G=0,    H=H,    dir/ds= -dff/ds, 

and  cos  6= -cos(.j;,  vq),     sin  5=  -  cos  (y,  vq). 
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Hence  the  contributions  of  the  arc  of  the  parallel  curve  may  be  estimated  as 

and  l^cosCv,  ^o)  +  .y(--^+^)}ss,     i-Ocoa  {x,  v„)-x(-F+^\\  8a. 

On  adding  the  contributions  of  the  two  arcs,  dividing  by  8s,  and  equating  the  resulting 
expressions  to  zero,  we  have  the  boundary  conditions  in  the  forms  previously  stated. 

In  general  we  shall  omit  the  bars  over  the  letters  T,...,  and  write  the 
boundary  conditions  at  an  edge  to  which  given  forces  are  applied  in  the  form 

T  =  T,    S  =  S,    iV"-^  =  N-^,     (?  =  G (14) 

OS  OS 

At  a  free  edge  T,  S,  N  —  dH/ds,  G  vanish.  At  a  "  supported "  edge  the 
displacement  w  of  a  point  on  the  middle  plane  at  right  angles  to  this  plane 
vanishes,  and  T,  S,  G  also  vanish.  At  a  clamped  edge,  where  the  inclination 
of  the  middle  plane  is  not  permitted  to  vary,  the  displacement  (u,  v,  w)  of  a 
point  on  the  middle  plane  vanishes,  and  dw/dv  also  vanishes,  v  denoting  the 
direction  of  the  normal  to  the  edge-line. 

The  effect  of  the  mode  of  application  of  the  torsional  couple  may  be  illustrated 
further  by  an  exact  solution  of  the  equations  of  equilibrium  of  isotropic  solids*.  Let 
the  edge-line  be  the  rectangle  given  by  a;=±a,  y=+b.  The  plate  is  then  an  extreme 
example  of  a  flat  rectangular  bar.  When  such  a  bar  is  twisted  by  opposing  couples  about 
the  axis  of  x,  so  that  the  twist  produced  is  t,  we  know  from  Article  221  (c)  that  the  dis- 
placement is  given  by 

sinh(^"tP"^in^g^±^^ 
25^2   »       (_)n  2A  2A 

°°^^         2A 

provided  that  the  tractions  by  which  the  torsional  couple  is  produced  are  expressed  by 
the  formulae 

^^-  '*''7r2„!„  (2^-1-1)2  ,(2n  +  ]>5 

°°^''        2A 

There  are  no  tractions  on  the  faces  z=±h  or  on  the  edges  y=±b.  The  total  torsional 
couple  on  the  edge  a; = as  is 

y,^,rh%-,rh^[-)  ^2^^-^_^tanhL_^; 

and  of  this  one-half  is  contributed  by  the  tractions  Xy  directed  parallel  to  the  middle 
plane,  and  the  other  half  by  the  tractions  X,  directed  at  right  angles  to  the  middle 
plane. 

*  Kelvin  and  Tait,  Nat.  Phil.,  Part  2,  pp.  267  et  seq. 
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When  the  plate  is  very  thin  the  total  torsional  couple  is  approximately  equal  to 
^^lj.Th%,  so  that  the  average  torsional  couple  per  unit  of  length  of  the  edge-lines  x=  ±a 
is  approximately  equal  to  ^firh^.  At  any  point  which  is  not  near  an  edge  y  =  ±  6,  the  state 
of  the  plate  is  expressed  approximately  by  the  equations 

u=—Tyz,     v=—tsx,     'W  =  rxy. 

The  traction  Xy  is  nearly  equal  to  -  2/iT3  at  all  points  which  are  not  very  near  to  the 
edges  y=+b,  and  the  traction  X,  is  very  small  at  all  such  points.  The  distribution  of 
traction  on  the  edge  .r=a  is  very  nearly  equivalent  to  a  constant  torsional  couple  such  as 
would  be  denoted  by  Hi,  of  amount  ^iwh?,  combined  with  shearing  stress-resultants  such 
as  would  be  denoted  by  Ni,  having  values  which  differ  appreciably  from  zero  only  near 
the  corners  {x=a,  y=  ±h),  and  equivalent  to  forces  at  the  corners  of  amount  f /xtA'.  At 
a  distance  from  the  free  edges  y=  +h  which  exceeds  three  or  four  times  the  thickness, 
the  stress  is  practically  expressed  by  giving  the  value  —  ijirz  to  the  stress-component  Xy 
and  zero  values  to  the  remaining  stress-components.  The  greater  part  of  the  plate  is  in 
practically  the  same  state  as  it  would  be  if  there  were  torsional  couples,  specified  by 
Hi  =  ^lxTh?  at  all  points  of  the  edges  x=±a,  and  H2=  —^firh^  at  all  points  of  the  edges 
y=  +b.  Thus  the  forces  at  the  corners  may  be  replaced  by  a  statically  equivalent  distri- 
bution of  torsional  couple  on  the  free  edges,  without  sensibly  altering  the  state  of  the  plate, 
except  in  a  narrow  region  near  these  edges. 

Within  this  region  the  value  of  the  torsional  couple  H^,  belonging  to  any  line  y  =  const., 
which  would  be  calculated  from  the  exact  solution,  diminishes  rapidly,  from  -  ^jirh?  to 
zero,  as  the  edge  is  approached.  The  rapid  diminution  of  H2  is  accompanied,  as  we  should 
expect  from  the  second  of  equations  (12),  by  large  values  of  N^.     If  we  integrate  Nx 

across  the  region,  that  is  to  say,  if  we  form  the  integral  I  Nidy,  taken  over  a  length,  equal 

to  three  or  four  times  the  thickness,  along  any  line  drawn  at  right  angles  to  an  edge 
y  =  b  or  y=  -  b  and  terminated  at  that  edge,  we  find  the  value  of  the  integral  to  be  very 
nearly  equal  to  ±^/xtA^ 

This  remark  enables  us  to  understand  why,  in  the  investigation  of  equations  (14), 

the  third  of  equations  (13),  viz.  lim    _  (8s)-i  1  (#--5- Ws=0,  where  the  integration  is 

taken  round  the  contour  of  a  "strip,"  as  was  explained,  should  not  be  replaced  by  the 

equation  lim        (8s)~''-jNds=0,  and  also  why  the  latter  equation  does  not  lead  to  the 

result  iV=N.  When  N,  S  are  calculated  from  the  state  of  strain  which  holds  at  a  distance 
from  the  edge,  and  equations  (14)  are  established  by  the  method  employed  above,  it  is 
implied  that  no  substantial  difference  will  be  made  in  the  results  if  the  linear  dimensions 
of  the  strip,  instead  of  being  diminished  indefinitely,  are  not  reduced  below  lengths  equal 
to  three  or  four  times  the  thickness.     When  the  dimensions  of  the  strip  are  of  this  order, 

the  contributions  made  to  the  integral    I  Nds  by  those  parts  of  the  contour  which  are 

normal  to  the  edge-line  may  not  always  be  negligible ;  but,  if  not,  they  will  be  practically 

balanced  by  the  contributions  made  to  I  -  (dH'/ds)  ds  by  the  same  parts  of  the  contour*. 

298.     Relation  between  the  flexural  couples  and  the  curvature. 

In  Article  90  we  found  a  particular  solution  of  the  equations  of  equili- 
brium of  an  isotropic  elastic  solid  body,  which  represents  the  deformation  of 

*  Cf.  H.  Lamb,  London  Math.  Sac.  Proc,  vol.  21  (1891),  p.  70. 
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a  plate  slightly  bent  by  couples  applied  at  its  edges.  To  express  the  result 
which  we  then  found  in  the  notation  of  Article  294  we  proceed  as  follows : — 
On  the  surface  into  which  the  middle  plane  is  bent  we  draw  the  principal 
tangents  at  any  point.  We  denote  by  Sj,  s,  the  directions  of  these  lines  on 
the  unstrained  middle  plane,  by  i^i,  iJ,  the  radii  of  curvature  of  the  normal 
sections  of  the  surface  drawn  through  them  respectively,  by  Gi,  Q^  the 
flexural  couples  belonging  to  plane  sections  of  the  plate  which  are  normal  to 
the  middle  surface  and  to  the  lines  s^,  s^  respectively.  We  determine  the 
senses  of  these  couples  by  the  conventions  stated  in  Article  294  in  the  same 
way  as  if  Si,  s^,  z  were  parallel  to  the  axes  of  a  right-handed  system.  Then, 
according  to  Article  90,  when  the  plate  is  bent  so  that  iJi,  B,^  are  constants, 
and  the  directions  s^,  s^  are  fixed,  the  stress-resultants  and  the  torsional 
couples  belonging  to  the  principal  planes  of  section  vanish,  and  the  flexural 
couples  Gi',  Gi  belonging  to  these  planes  are  given  by  the  equations 

(?/  =  - D (l/i?i -I- tr/iJ,),     Gi=-D (1/R,  +  ajR),   (15) 

where,  with  the  usual  notation  for  elastic  constants, 

D  =  |MV(l-o-0  =  |/t/i'(A,  +  ya)/(X-t-2/^) (16) 

The  constant  D  will  be  called  the  "  flexural  rigidity  "  of  the  plate. 

Now  let  the  direction  s^  make  angles  ^  and  ^tt  — (^  with  the  axes  of  x 
and  y.     Then,  according  to  (4),  0^,  G^,  H^  are  given  by  the  equations 
Gi  cos=i  (j>  +  G2  sin''^  -  H,  sin  ^^  =  -D  (l/R^  +  er/E^), 
G^  sin"  (j>  +  G^  cos"  ^  -t-  ifj  sin  20  =  -  I>  (l/R,  +  a-/R^), 
i  (G,  -  G^)  sin  20  -|-  H^  cos  20  =  0, 

from  which  we  find 

_  rcos"0     sin"0         /sin'^     cos"0 
Gi  =  -  JJ     -^ 1 p-    +  o-    -^ 1 gr 

sin"0      cos"0  /cos"0     sin'd 


^,  =  ii)(l-.)sin20(l--A-). 

Again,  let  w  be  the  displacement  of  a  point  on  the  middle  plane  in  the 
direction  of  the  normal  to  this  plane,  and  write 

_  9"w  _  9"w         _  9"w  1^, 

"'^d^'     "''df'     '^~dxd^ ^     ' 

Then  the  indicatrix  of  the  surface  into  which  the  middle  plane  is  bent  is 
given,  with  sufficient  approximation,  by  the  equation 

«!«"  -I-  K^y^  +  2Txy  =  const. ; 

and,  when  the  form  on  the  left  is  transformed  to  coordinates  ^,  rj,  of  which 
the  axes  coincide  in  direction  with  the  lines  Si,  s^,  it  becomes 
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Hence  we  have  the  equations 

cos''  <f)     sin=  6  siQ^  <b     cos^  6       „  .    „ ,  / 1        1 

and  the  formulae  for  0^,  0^,  H^  become 

G,  =  -I){ic,+a-K,),  G^  =  -D(K^  +  aK^),  I[^  =  D(l-cr)T.  ...(18) 
We  shall  show  that  the  formulae  (18),  in  which  ki,  k^,  t  are  given  by  (17),  and 
JD  by  (16),  are  either  correct  or  approximately  correct  values  of  the  stress- 
couples  in  a  very  wide  class  of  problems.  We  observe  here  that  they  are 
equivalent  to  the  statements  that  the  flexural  couples  belonging  to  the  two 
principal  planes  of  section  at  any  point  are  given,  iu  terms  of  the  principal 
radii  of  curvature  at  the  point,  by  the  formulae  (15),  and  that  the  torsional 
couples  belonging  to  these  two  principal  planes  vanish. 

If  s  denotes  the  direction  of  the  tangent  to  any  curve  drawn  on  the  middle  plane,  and 
V  the  direction  of  the  normal  to  this  curve,  and  if  d  denotes  the  angle  between  the  directions 
</,  X,  we  find,  by  substituting  from  (17)  and  (18)  in  (4),  the  equations 

(?=-Z)|_cos»5(^g^  +  <.^j  +  8m^5(^g^  +  <rg^j  +  (l-<.)sm25g^J, 

^=2>(l-.)[sin5cos^(|^-g)  +  (co8^^-sin^5)||]. 

We  may  transform  these  equations,  so  as  to  avoid  the  reference  to  fixed  axes  of  x  and  y*, 
by  means  of  the  formulae 

5-  =  co855 — smfls-,        5-  =  cos5= — hsinfl^-,        =^  =  0,         ■^  =  —1,    (19) 

OS  dy  dx'        dv  dx  dy'        dv       '         ds      p'^  ^     ' 

where  p'  is  the  radius  of  curvature  of  the  curve  in  question.     We  find 

-=-^f5-(5v'S)}'  ^=^(^-h-XS ^-^ 

These  equations  hold  whenever  the  stress-couples  are  expressed  by  the  formulae  (18). 

In  the  problem  of  Article  90  we  found  for  the  potential  energy  of  the 
plate,  estimated  per  unit  of  area  of  the  middle  plane,  the  formula 


iD 


71       IX"  1 


or,  in  our  present  notation, 

iD[{K,  +  K,y-2{l-a)(K,K,-T')] (21) 

We  shall  find  that  this  formula  also  is  correct,  or  approximately  correct,  in  a 
wide  class  of  problems. 

299.     Method  of  determining  the  stress  in  a  platef. 

We  proceed  to  consider  some  particular  solutions  of  the  equations  of 
equilibrium  of  an  isotropic  elastic  solid  body,  subjected  to  surface  tractions 
only,  which  are  applicable  to  the  problem  of  a  plate  deformed  by  given  forces. 

*  Cf.  Lord  Rayleigh,  Theory  of  Sound,  vol.  1,  §  216. 

t  The  method  was  worked  out  briefly,  and  in  a  much  more  general  fashion,  by  J.  H.  Miohell, 
London  Math.  Soc.  Proc,  vol.  31  (1900),  p.  100. 
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These  solutions  will  be  obtained  by  means  of  the  system  of  equations  for  the 
determination  of  the  stress-components  which  were  given  in  (iv)  of  Article  92. 
It  was  there  shown  that,  besides  the  equations 

dx    dXy    dx,_     dXy    dY    dY,    „  dx    dY,dz, 

we  have  the  two  sets  of  equations 

1  3^^©  1  S^fi)  1  32fi) 

and 

^'~      1  +  adydz'         ^'~      l  +  ad^dx-^'^-      1+adxdy'--^^^ 

where  @  =  X^  +  Yy  +  Z, (25) 

It  was  shown  also  that  the  function  ©  is  harmonic,  so  that  V^©  =  0,  and  that 
each  of  the  stress-components  satisfies  the  equation  V*_/'=  0. 

We  shall  suppose  in  the  first  place  that  the  plate  is  held  by  forces  applied 
at  its  edge  only.  Then  the  faces  z  =  ±h  are  free  from  traction,  or  we  have 
Xj  =  1^2  =  Z^  =  0  when  z  =  ±h.  It  follows  from  the  third  of  equations  (22) 
that  dZz/dz  vanishes  at  z  =  h  and  at  ^  =  —  A.  Hence  Z^  satisfies  the  equation 
V^Zi  =  0  and  the  conditions  Z^  =  0,  dZ^/dz  =  0  at  z=  ±h.  If  the  plate  had 
no  boundaries  besides  the  planes  z  =  ±  h,  the  only  possible  value  for  Z^  would 
be  zero.  We  shall  take  Z^  to  vanish*  It  then  follows  from  the  equations 
V^©  =  0,  V%  =  -  (l-t-  o-)-^  d^@/dz\  that  ©  is  of  the  form  @„  -|-  z&„  where  ©, 
and  ©1  are  plane  harmonic  functions  of  x  and  y  which  are  independent  of  z. 

For  the  determination  of  Xj,  Y^  we  have  the  equations 

9X,     aF,_        v,^^_J_9@.      v»F=-^-^ 
dx  ^  dy  ~   '  '         1  +  adx'  '         1  +  a-dy' 

and  the  conditions  that  Xz=Yz  =  0  at  z  =  ±h.  A  particular  solution  is 
given  by  the  eqiiations 

^-Ir^.c-)^.   y-lrh^^—^^ w 

We  shall  take  X^  and  Y^  to  have  these  forms.  When  X^,  Y^,  Z^  are  known 
general  formulae  can  be  obtained  for  X^,  Yy,  Xy. 

If  ©1  is  a  constant,  X^  and  Y^  vanish  as  well  as  Z^,  and  the  plate  is  then 
in  a  state  of  "  plane  stress."  If  ©i  depends  upon  x  and  y  the  plate  is  in  a 
state  of  "  generalized  plane  stress  "  (Article  94).  We  shall  examine  separately 
these  two  cases. 

In  like  manner,  when  the  plate  is  bent  by  pressure  applied  to  its  faces, 
we  find  a  particular  solution  of  the  equation  V%  =  0  which  yields  the 
prescribed  values  of  Z^  at  z  =  h  and  z  =  —  h,  and  we  deduce  the  most 
general  form  of  0  which  is  consistent  with  this  solution.     We  proceed  to 

*  J.  H.  Michell,  loc.  cit.,  calls  attention  to  the  analogy  of  this  procedure  to  the  customary- 
treatment  of  the  condenser  problem  in  Electrostatics. 
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find  particular  solutions  of  the  equations  satisfied  by  Xz  and  Yz  and  to  deduce 
general  formulae  for  Xx,  Yy,  Xy. 

300.     Plane  stress. 

When  Xz,  Yz,  Zz  vanish  throughout  the  plate  there  is  a  state  of  plane 
stress.  We  have  already  determined  in  Article  145  the  most  general  forms 
for  the  remaining  stress-components  and  the  corresponding  displacements. 
We  found  for  ©  the  expression 

@  =  @„  +  /32:,     (27) 

where  @„  is  a  plane  harmonic  function  of  x  and  y,  and  /3  is  a  constant.  The 
stress-components  X^,  Yy,  Xy  are  derived  from  a  stress-function  ;)^  by  the 
formulae 


and  X  has  the  form 


.(28) 


x  =  Xo  +  ^Xi-2f:j:^ 


^'@o, 


.(29) 


where  V,»^„  =  @o,    V,»^,  =  /9 (30) 

If  we  introduce  a  pair  of  conjugate  functions  |^,  77  of  a;  and  y  which  are 
such  that 


dx     dy  '     dy         dx' 


.(31) 


the  most  general  forms  for  ^„  and  %i  can  be  written 

Xo  =  M+f,    Xi  =  i/3(^'  +  2/')+^, (32) 

where  /  and  F  are  plane  harmonic  functions.     The  displacement  (u,  v,  w)  is 
then  expressed  by  the  formulge 


dy 


1  /  9®  \ 


1+0-  9  / 


> 


w  =  -  i  li/S  (^'  +  f  +  <^^')  +  <^^®o}  +  ^  Xi- 


E 


E 


.(33) 


The  solution  represents  two  superposed  stress-systems,  one  depending 
on  @o,  ^o>  and  the  other  on  /3,  %i.  These  two  systems  are  independent 
of  each  other. 

301.     Plate  stretched  by  forces  in  its  plane. 

Taking  the  (©„,  %„)  system,  we  have  the  displacement  given  by  the 
equations 


..i(,+i.^S-)-ii-'^, 


E 


w=-^z&„ 


dyj        E     dy 


.(34) 
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where  %„  is  of  the  form  ^x^  +/,  ©„  and  /  are  plane  harmonic  functions,  and 
I,  7]  are  determined  by  (31).  The  normal  displacement  of  the  middle  plane 
vanishes,  or  the  plate  is  not  bent.     The  stress  is  expressed  by  the  formxilse 


Z.= 


df 


%o-9 


21  +  0- 


z'@, 


„       3"   /  la-       „^\ 


y 


Xy=- 


ii^^^®» 


.(35) 


dxdy  K^' " 

The  stress-resultants  T^,  T^,  Si  are  expressed  by  the  equations 
d"  U,  1     (T      .  -  \  \ 


^^  =  a^(2%» 


''dx^ 


2^Xo- 


31-l-a- 


'@o), 


Si  =  - 


dxdy 


K-Jrf^^S-, 


.(36) 


The  stress-resultants  N^,  H^,  and  the  stress-couples  Q^,  G^,  Hi  vanish.  The 
equations  (11)  and  (12),  in  which  X',  Y',  Z',  L',  M',  vanish,  are  obviously 
satisfied  by  these  forms. 

.,  When  we  transform  the  expressions  for  T^,  T^,  Si  by  means  of  the  equa- 
tions (4),  we  find  that,  at  a  point  of  the  edge-line  where  the  normal  makes 
an  angle  6  with  the  axis  of  x,  the  tension  and  shearing-force  T,  S  are  given 
by  the  equations 

T=(cos^^|,-^sin=^|,-2sin^cos^g5^)(2Ax.-|,-^A=©o), 

^={sin^cos^g-|J-cos2^^-5^}(2Ax„-l^A^e.). 

When  these  equations  are  transformed  by  means  of  the  formulae  (19)  so  as  to 
eliminate  the  reference  to  fixed  axes  of  x  and  y,  they  become 

CI  d  (d  /-,  1     a 

'^=-9i;|a.('^^»-3lT^ 

These  expressions  are  sufficiently  general  to  represent  the  effects  of  any  forces 
applied  to  the  edge  in  the  plane  of  the  plate*.  If  the  forces  are  applied  by 
means  of  tractions  specified  in  accordance  with  equations  (35),  the  solution 
expressed  by  "equations  (34)  is  exact ;  but,  if  the  applied  tractions  at  the 
edge  are  distributed  in  any  other  way,  without  ceasing  to  be  equivalent  to 
*  The  case  of  a  circular  plate  was  worked  out  in  detail  by  Clebsoh,  Elasticitat,  §  42. 
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resultants  of  the  types  T,  S,  the  solution  represents  the  state  of  the  plate 
with  sufficient  approximation  at  all  points  which  are  not  close  to  the  edge. 

It  may  be  observed  that  the  stress-resultants  and  the  potential  energy  per  unit  of  area 
can  be  expressed  in  terms  of  the  extension  and  shearing  strain  of  the  middle  plane.  If  we 
write  u,  v,  for  the  values  of  u  and  v  when  2=0,  and  put 

3u  9v  3u     dv 

'•=ai'   '^=5^'   ^'^E^  +  S' 

wefind  '^  =  E[df~''dx^)'     ''^BKd^^"^^)'     '^  +  '^=^-^o, 

and  then  we  have 

Ti = y:^2  (^i + <^f  2)  -  i  13^2  gp  (^1  +  f  2)' 

^2  =  f3^2  (^2  +  "-f i)  -  i  f3^2  3^2  (f  1  +  ^2), 
„       Eh  ,  Eh?(T    32    , 

The  potential  energy  per  unit  of  area  can  be  shown  to  be 

rl^[(^i+^2)^-2a-'^)(^i^2-i^^)] 

,  EhJ^aV    32  ,        ,        32  ,        .         32   ,         n 

+^T^i— 2r{^^%^T+r^tt^r+^{^^s^Ti- 

''"  1 -o-l-a-2H      3ii;2      J_      [      3y2      J  (^    g^9y    j  j 

Some  special  examples  of  the  general  theory  will  be  useful  to  us  presently. 

(i)  If  we  put  9o=0,  xo  is  a  plane  harmonic  function,  and  the  state  of  the  plate  is  one 
of  plane  strain  involving  no  dilatation  or  rotation  [cf.  Article  14  {d)\.     We  have 

E    doc'  E    dy'    "^    "' 

and  r,=  -?'.  =  2A^%     .S,=  -2a||. 

(ii)  If  00  is  constant  we  have  |  =  eo;!;,  17  =  60^,  and  we  may  put  xo=i9o('*'^+3'^)j  ^nd 
then  we  have 

«  =  i  ^©o.^,     «'=i^^eoy,    ^=-^602, 

and  ?'i  =  7'2=eoA,   Si  =  (i. 

This  is  the  solution  for  uniform  tension  SqA  all  round  the  edge. 

(iii)  If  60=0^,  where  a  is  constant,  we  have  ^  =  \a{i(^-y^),  r)  =  axy,  and  we  may  put 
Xfs=\aofi,  and  then  we  have 

«=i;|(<r2:2-o-:i;2-2^2)^     v  =  ^xy,    w=-'^xz, 

and  Ti=0,     T^^'Uhax,    Si=0. 

A  more  general  solution  can  be  obtained  by  adding  the  displacement  given  in  (i). 


+ 
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(iv)  By  taking  the  function  xo  ^^  (i)  to  be  of  the  second  degree  in  x  and  2/,  we  may 
obtain  the  most  general  solution  in  which  the  stress-components  are  independent  of  a;  and  y, 
or  the  plate  is  stretched  uniformly.  The  results  may  be  expressed  in  terms  of  the  quantities 
ei,  €2j  ^37  that  define  the  stretching  of  the  middle  plane.  We  should  find  for  the  stress- 
components  that  do  not  vanish  the  expressions 

X,=^(ei-l-cre2)/(l-<72),      P,  =  ^(f2-h<r.i)/(l  -  T^),     X„  =  J £^W( !  +  "■), 
and  for  the  displacement  the  expressions 

u^eiX+^'mi/,     ■y  =  e2y-t--^crj7,     «)= -o•2(fI-[-f2)/(l-o■)• 
302.     Plate  bent  to  a  state  of  plane  stress. 

Omitting  in  equations  (33)  the  terms  that  depend  on  @„,  Xm  ^^  have  the 
displacement  given  by  the  equations 

1   -         1  +  a    d^L  \ 


1    ^  1-1-0-9%! 


V    (38) 


where  %i  has  the  form  xi  =  i/3  (a^  +  y^)  +  F,  and  J?  is  a  plane  harmonic  function. 
The  stress  is  expressed  by  the  eqiiations 

^■^~     of       i~    Za?'        ""        'bx'dy' 
The  stress-resultants  vanish,  and  the  stress-couples  are   given  by  the 
equations 

The  equations  (11)  and  (12),  in  which  X',  T',  Z',  L',  M'  vanish,  are  obviously 
satisfied  by  these  forms. 

The  normal  displacement  w  of  the  middle  plane  is  given  by  the  equation 

w  =  -4(^=  +  3/^)  +  ^Xu    (40) 

so  that  the  curvature  is  expressed  by  the  equations 

/8     l  +  a-9^Xi  _      /3     1  +  0-8^%!  1  +  0-  9Y 

''^  =  ~^"^":f~  3^'    '''"     ^       S     dy''  E    dxdy- 

From  these  equations  and  the  equation  ^-iX^  =  ^,  we  find 

«i  -f  o-«2  = ^   g^ ,     K2  +  o-«;,  -         ^      g^  : 

so  that  the  formulae  (18)  hold. 

The  stress-couples  at  the  edge  are  expressible  in  the  forms 

<'  =  !K^%"t)'   "-^"tX^) *"' 
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and,  if  the  edge  is  subjected  to  given  forces,  G  and  dHjds  must  have  pre- 
scribed values  at  the  edge.  Since  Xi  satisfies  the  equation  ^^x^  ~  ^'  ^^^ 
formulae  (41)  for  G  and  dHjds  are  not  sufficiently  general  to  permit  of  the 
satisfaction  of  such  conditions.  It  follows  that  a  plate  free  from  any  forces, 
except  such  as  are  applied  at  the  edge  and  are  statically  equivalent  to 
couples,  will  not  be  in  a  state  of  plane  stress  unless  the  couples  can  be 
expressed  by  the  formulae  (41). 

Some  particular  results  are  appended. 

(i)  When  the  plate  is  bent  to  a  state  of  plane  stress  the  sum  of  the  principal  curvatures 
of  the  surface  into  which  the  middle  plane  is  bent  is  constant. 

(ii)  In  the  same  case  the  potential  energy  per  unit  of  area  of  the  middle  plane  is  given 
exactly  by  the  formula  (21). 

(iii)  A  particular  case  will  be  found  by  taking  the  function  F  introduced  in  equations 
(32)  to  be  of  the  second  degree  in  x  and  y.  Then  xi  ^Iso  is  of  the  second  degree  in  x  and  y, 
and  we  may  take  it  to  be  homogeneous  of  this  degree  without  altering  the  expressions  for 
the  stress-components.  In  this  case  w  also  is  homogeneous  of  the  second  degree  in  x  and  y, 
and  Ki,  K2i  1"  are  constants.     The  value  of  xi  is 

E 
X\  =  -ifzr^2  [{<2  +  <r<i)  ^H(ki  +  o-K2)y2_  2  (1  -  <t)  TXy\ 


and  the  stress-components  which  do  not  vanish  are  given  by  the  equations 
E  E  E 


(iv)  This  case  includes  that  discussed  in  Article  90,  and  becomes,  in  fact,  identical 
with  it  when  the  axes  of  x  and  y  are  chosen  so  that  t  vanishes,  that  is  to  say  so  as  to  be 
parallel  to  the  lines  which  become  lines  of  curvature  of  the  surface  into  which  the  middle 
plane  is  bent.  Another  special  sub-case  would  be  found  by  taking  the  plate  to  be  rectangular, 
and  the  axes  of  x  and  y  parallel  to  its  edges,  and  supposing  that  kj  and  k.^  vanish,  while  t 
is  constant.     We  should  then  find 

u=—Tyz,    v=-TZX,    w  =  Txy. 

The  stress-resultants  and  the  flexural  couples  Gi,  O^  vanish,  and  the  torsional  couples  H\ 
and  Hi  are  equal  to  +  Z)  (1  -  cr)  r.  The  result  is  that  a  rectangular  plate  can  be  held  in  the 
form  of  an  anticlastic  surface  ■^=Txy  by  torsional  couples  of  amount  i>(l  — <r)T-  per  unit 
of  length  applied  to  its  edges  in  proper  senses,  or  by  two  pairs  of  forces  directed  normally 
to  the  plate  and  applied  at  its  comers*.  The  two  forces  of  a  pair  are  applied  in  like  senses 
at  the  ends  of  a  diagonal,  and  those  applied  at  the  ends  of  the  two  diagonals  have  opposite 
senses.     The  magnitude  of  each  force  is  2Z)  (1  -  o-)  t. 

303.     Generalized  plane  stress. 

When  Z^  vanishes  everywhere,  and  X^,  Yz  vanish  at  .z  =  +  A,  we  take  the 
values  of  X^  and  Y^  to  be  given  by  equations  (26)  of  Article  299.  To 
determine  X^,  Yy,  Xy  we  have  the  first  two  of  equations  (22)  and  (23),  the 
third  of  equations  (24),  and  equation  (25),  in  which  Z^  vanishes,  X^  and  Y^ 
are  taken  to  be  given  by  (26),  and  6  has  the  form  ©„  +  z®^,  the  functions 

*  H.  Lamb,  London  Math.  Sac.  Proc,  vol.  21  (1891),  p.  70. 
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®o  and  @i  being  plane  harmonic  functions  of  x,  y  and  independent  of  z.  The 
stress  dependiDg  upon  ©„  has  been  determined  in  Article  300,  and  we  shall 
omit  ©„.     We  have  therefore  the  equations 

^x        "by       1  +  o-  a*        '     dx   '^  dy       1  +  o-  3^  ~    ' 
V='X,  +  ^^  =  0     V^F  +-1-^^-0     V^X+^^^-0 

X^^Yy=z%,.  ] 

(42) 

From  the  first  two  of  these  equations  we  find 

where  %'  is  a  function  of  x,y,z;  and  the  last  equation  of  (42)  gives 
The  remaining  equations  of  (42)  can  now  be  transformed  into  the  forms 

dy^\dz^     i  +  o-     V      '   a«^U^'     l  +  o-     V      ' 

a^     /9V      2-<r        \_ 

These  equations  show  that  the  expression  ^2l  _  z®^  is  a  linear  function 

of  X  and  y,  and  we  may  take  it  to  be  zero  without  altering  the  values  of 
Xx,  Yy,  Xy.     We  therefore  write 

^'  =  ^^^'+6^1^)^®"    (*^) 

where  V^^Xi' =  "  f— ^  ®i (45) 

If  we  introduce  two  conjugate  functions  |i,  tj^  of  x,  y  which  are  such  that 

dx-d^  =  ®^'     Vy—Ji ^*^^ 

we  may  express  %i'  in  the  form 

^^'  =  -21!^)^^^-*-^-  ^^^> 

where  F-^  is  a  plane  harmonic  function.  Thus  the  form  of  •)(,  and  therewith 
also  that  of  X^,  Yy,  Xy,  is  completely  determined. 

The  displacement  is  determined  by  the  equations  of  the  types 


^^  =  ^{X,-ayy-aZ,),     9^+9^= E~^'' 


29—2 
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in  which  Zj  vanishes,  X^  and  Y^  are  given  by  (26),  and  X^,  Yy,  Xy  by  (43). 
The  resulting  formvS  for  u,  v,  w  are 


M=  • 


V  =  — 


E 

1 
E 


(l  +  .).%:+U2-<r)^f 


dx 


(l  +  .).|f  +  M2-.)^fj, 


.(48) 


W=      J[(l  +  a)x/+(/i^-icr^^)@i].  / 

304.     Plate  bent  to  a  state  of  generalized  plane  stress. 

The  normal  displacement  w  of  the  middle  plane  is  given  by  the  equation 


^  =  -[h^@,  +  {\  +  cr)x;], 


and,  since  V/@i  =  0,  we  have  by  (45) 

V,^w  =  0 

where  Vi*  denotes  the  operator  d*ldx*  +  d*/dy*  +  2d*/dx^dy',  and  then 
-S     _.  .        E  Eh^ 


@,  =  -^^— V,=w,     ^/=^^w  +  ^-^V,V.    ... 
The  stress-components  are  given  by  the  equations 

rf^  ^  +  T^.  {^'^  -  M2  -  <^)  ^}  v^^  w 
if^  '^ + r~^2  {^'^  -  *(2  -  '^)  ^]  Vi^  w 


.(49) 
.(50) 
.(51) 


^^=      1-.^ 


Xy  — 


Ez    ^ ,    ^  3= 


dxdy 


2       \-(7^       dx 


2      l-a''     dy 


.(52) 


The  stress-resultants  and  stress-couples  are  given  by  the  equations 
T,  =  T,  =  S,  =  0, 

ox  dy 


.(53) 


Equations  (11)  and  (12)  in  which  X',  Y',  Z',  L',  M'  vanish  are  obviously 
satisfied  by  these  forms. 
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The  stress-resultants  and  stress-couples  belonging  to  any  curve  s  of  which 
the  normal  is  v  can  be  expressed  in  the  forms 


s=_^v,.+i,a-.,(|+^4|)(„i„f-±5i.v,w). 


y-(5*) 


where  p'  denotes  the  radius  of  curvature  of  the  curve.  At  a  boundary  to 
which  given  forces  and  couples  are  applied  G  and  N—dHjds  have  given 
values.  The  solution  is  sufficiently  general  to  admit  of  the  satisfaction  of 
such  boundary  conditions.  The  solution  expressed  by  (48)  is  exact  if  the 
applied  tractions  at  the  edges  are  distributed  in  accordance  with  (52),  in 
which  w  satisfies  (50) ;  but,  if  they  are  distributed  otherwise,  without  ceasing 
to  be  equivalent  to  resultants  of  the  types  N,  G,  H,  the  solution  represents 
the  state  of  the  plate  with  sufficient  approximation  at  all  points  which  are 
not  close  to  the  edge. 

The  potential  energy  per  unit  of  area  can  be  shown  to  be 

"•"   10  [da?    3a;2    ^  dy^     3/    ^    dxdy  dxdy  ] 

42o(i-<r)  ^^  L  3^'    V     V3^9yyj ^  ' 

The  results  here  obtained  include  those  found  in  Article  302  by  putting 
@j  =  ^.  Equations  (53)  show  that  the  stress-couples  are  not  expressed  by 
the  formulae  (18)  unless  the  sum  of  the  principal  curvatures  is  a  constant  or 
a  linear  function  of  x  and  y.  In  like  manner  the  formula  (21)  is  not  verified 
unless  the  sum  of  the  principal  curvatures  is  constant ;  but  these  formulae 
yield  approximate  expressions  for  the  stress-couples  and  the  potential  energy 
when  h  is  small. 

The  theory  which  has  been  given  in  Art.  301  and  in  this  Article  consists 
rather  in  the  specification  of  forms  of  exact  solutions  of  the  equations  of 
equilibrium  than  in  the  determination  of  complete  solutions  of  these  equations. 
The  forms  contain  a  number  of  unknown  functions,  and  the  complete  solutions 
are  to  be  obtained  by  adjusting  these  functions  so  as  to  satisfy  certain 
differential  equations  such  as  (50)  and  certain  boundary  conditions.  These 
forms  can  represent  the  state  of  strain  that  would  be  produced  in  a  plate 
of  any  shape  by  any  forces  applied  to  the  edge,  in  so  far  as  these  forces  are 
expressed  adequately  by  a  line-distribution  of  force,  specified  by  components, 
T,  S,  N  -  9H/9s,  and  a  line-distribution  of  flexural  couple  G. 
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305.     Circular  plate  loaded  at  its  centre*. 

The  problem  of  the  circular  plate  supported  or  clamped  at  the  edge  and  loaded  at  the 
centre  may  serve  as  an  example  of  the  theory  just  given.  If  a  is  the  radius  of  the  plate, 
and  r  denotes  the  distance  of  any  point  from  the  centre,  we  may  take  w  to  be  a  function 
of  r  only,  and  to  be  given  by  the  equation 

where  W,  A  are  constants,  and  then  we  have  on  any  circle  of  radius  r 

W 

and  the  resultant  shearing  force  on  the  part  of  the  plate  within  the  circle  is  W.     Hence  W 
is  the  load  at  the  centre  of  the  plate.     The  complete  primitive  of  (56)  is 


=-^(r^\og~+A+iAr^  +  B+Clogr, 


where  B  and  C  are  constants  of  integration.     If  the  plate  is  complete  up  to  the  centre, 
C  must  vanish,  and  we  take  therefore  the  solution 


w  =  g^  ('■' l°g  ^  +r^)+iAr^+£. 


"-2. 


The  flexural  couple  O  at  any  circle  r=a  is  given  by  the  equation 

G=_j(x+.)iog»^+^(i-.)-^(8+.)^:-ii)(i+.)A 

We  may  now  determine  the  constants  A  and  B.  If  the  plate  is  supported  at  the  edge, 
so  that  w  and  O  vanish  at  »•=«,  we  find 

and  the  central  deflexion,  which  is  the  value  of  —  w  at  r=0,  is 

W    /,  3  +  0-    „      ,   8  +  0- ,„\ 

If  the  plate  is  clamped  at  the  edge,  so  that  w  and  dw/dr  vanish  at  ?'  =  a,  we  have 

^=8^t''°S^-*("'-^' (^«) 

and  the  central  deflexion  is  Wa^jl6-n-D.  If  the  plate  is  very  thin  the  central  deflexion  is 
greater  when  it  is  supported  at  the  edge  than  when  it  is  clamped  at  the  edge  in  the  ratio 
(3  +  0-)  :  (1  +  0-),  which  is  13  :  5  when  o-=J. 

306.  Plate  in  a  state  of  stress  which  is  uniform,  or  varies  uniformly, 
over  its  plane. 

When  the  stress  in  a  plate  is  the  same  at  all  points  of  any  plane  parallel  to  the  faces 
of  the  plate  the  stress-components  are  independent  of  x  and  y,  and  the  stress-equations  of 
equilibrium  become 

3^^=0       ^'=0       ?^^=0 

If  the  faces  of  the  plate  are  free  from  traction  it  follows  that  X^,  Y^,  Z^  vanish,  or  the  plate 
is  in  a  state  of  plane  stress.  The  most  general  state  of  stress,  independent  of  a;  and  y, 
which  can  be  maintained  in  a  cylindrical  or  prismatic  body  by  tractions  over  its  curved 
surface  can  be  obtained  by  adding  the  solutions  given  in  (iv)  of  Article  301  and  (iii)  of 

*  Results  equivalent  to  those  obtained  here  were  given  by  Saint-Venaut  in  the  '  Annotated 
Clebsch,'  Note  du  §  45. 
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Article  302.     In  these  cases  the  stress  is  uniform  over  the  cross-sections  of  the  cyhnder  or 
prism. 

When  the  stress-components  are  linear  functions  of  x  and  y  the  stress  varies  uniformly 
over  the  cross-sections  of  the  cylinder  or  prism.  We  may  determine  the  most  general 
possible  states  of  stress  in  a  prism  when  the  ends  are  free  from  traction,  there  are  no 
body  forces,  and  the  stress-components  are  linear  functions  of  x  and  y.  For  this  purpose 
we  should  express  all  the  stress-components  in  such  forms  as 

X^=X^x^X^'y+X^\ 
where  X^,  XJ',  XJf)  are  functions  of  z.    When  we  introduce  these  forms  into  the  various 
equations  which  the  stress-components  have  to  satisfy,  the  terms  of  these  equations  which 
contain  x,  or  y,  and  the  terms  which  are  independent  of  a;  and  y  must  separately  satisfy 
the  equations. 

We  take  first  the  stress-equations  of  equilibrium.     The  equation 


^-1-: 


dX, 


J ?=0 

^  dz        ' 


dX,^_ 
dx  ^  dy 

combined  with  the  conditions  that  X^  vanishes  &t  z=±h,  gives  us  the  equations 

dXJf» 


x;=o,   xj'=o, 

and  in  like  manner  we  have  the  equations 

r;=o,    rj'=o, 


-+x,'+Xy"=o, 


dYJ.0) 
dz 


-{■X'+YJ'=0. 


It  follows  that  X^  and  T^  are  independent  of  x  and  y.  The  third  of  the  stress-equations 
becomes  therefore  dZJdz  =  0,  and,  since  Z^  vanishes  at  the  faces  of  the  plate  {z=  ±h),  it 
vanishes  everywhere. 

Again  e  is  of  the  form  xQ'  +ye" -\-ef),  where  e',  e",  eC)  are  functions  of  z,  and, 
since  9  is  an  harmonic  function,  they  must  be  linear  functions  of  n.    The   equation 

1      8^6 
V^Xj  =  -  =--—  ^—5-  takes  the  form  d'^XJdz^ = constant,  so  that  d^XJdi? = 0.    Since  X^  satisfies 

this  equation  and  vanishes  at  z=±h,  it  must  Contain  z^  —  h^  as  a  factor,  and  since  it  is 
independent  of  x  and  y  it  must  be  of  the  form  AI^^  —  hF),  where  A  is  constant.  Like 
statements  hold  concerning  Y^. 

It  follows  that,  if  a  cylindrical  body  with  its  generators  parallel  to  the  axis  of  z  is  free 
from  body  forces  and  from  traction  on  the  plane  ends,  the  most  general  type  of  stress  which 
satisfies  the  condition  that  the  stress-components  are  linear  functions  of  x  and  y  is  included 
under  the  generalized  plane  stress  discussed  in  Article  303  by  taking  60  and  81  to  be  hnear 
functions  of  x  and  y  and  restricting  the  auxiliary  plane  harmonic  functions  /  and  F^ 
introduced  in  equations  (32)  and  (47)  to  be  of  degree  not  higher  than  the  third. 

It  may  be  shown  that,  in  all  the  states  of  stress  in  a  plate  which  are  included  in  this 
category,  the  stress-components  are  expressible  in  terms  of  the  quantities  ti,  fa,  ra',  which 
define  the  stretching  of  the  middle  plane,  and  /ci,  k2>  ''i  which  define  the  curvature  of  the 
surface  into  which  this  plane  is  bent,  by  the  formulae 


X, 


^'=r 


E 

l-o-' 

E 


Z,=Q. 


j{fl  +  o'f2-('«i  +  <rK2)«}, 
j  {f2  +  o-ei  -  (k2+o'Ki)2}, 
{\si-rz}, 

(Kl-f-K2), 
(K1  +  K2), 


a' 
E 

1-fo- 

E{h?-z^\ 


.(59) 


1- 

E{h?' 


;2)  3 
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The  stress-resultants  and  stress-couples  are  expressed  by  the  formulae 

I  —  (T  1  —  (T  i  +  CT 


and  the  potential  energy  per  unit  of  area  is 

-hii)[(.i  +  K2)2-2(l-o-)(<ciK2-r2)] 


-sS[piH'*f- 


9y 


.(60) 


.(61) 


307.     Plate  bent  by  pressure  unifonn  over  a  face. 

When  the  face  z=his  subjected  to  uniform  pressure  p,  we  have  V*Z^  =  0 
everywhere,  dZ^/dz  =  0  at  z  =  h  and  z  =  —  h,  Z2=  —  p  &t  z  =  h,  Zg  =  0  at 
z  =  —  h.     A  particular  solution  is 

Z,  =  ih-'>p(z  +  hy(z-2h)  =  ih-»p{z^-3h^z-2h%    (62) 

and  we  take  this  to  be  the  value  of  Z^.     To  determine  @  we  have  the 
equations 

V^@  =  0,     d^®ldz^  =  _  3(1  +  0-) h-^p2^ 

of  which  the  most  general  solution  has  the  form 

@  =  -  i  (1  -I-  0-)  h-'pz'  -I- 1  (1  -I-  cr)  h-'pz («"  +  2/0  +  2®i  +  @o, 
where  @i  and  0o  ^^^  plane  harmonic  functions.     We  may  omit  the  terms 
z&i  and  @„  because  the  stress-systems  that  would  be  calculated  from  them 
have  been  found  already.     We  take  therefore  for  ©  the  form 

@  =  -{{l+a-)h-'pz'  +  ^{l  +  a)h-'pz(a;'  +  y'') (63) 

To  determine  Xg  and  Yz  we  have  the  equations 


dx 


4/i' 


4/1' 


dy      4/i^ 

and  the  conditions  that  X^  and  Y^  vanish  a.tz  =  h  and  at  z  =  —  h.    A  particular 
solution  is 

X^='^h-'p{h'-z')x,     Yz  =  ^h-'p(h''-z')y,     (64) 

and,  as  in  Article  299,  we  take  X^  and  Y^  to  have  these  values. 

To  determine  X^,  Yy,  Xy  we  have  the  equations 


dXx     dXy  _  Zpxz      dXy     dYy  _  Spyz 
^     Ty'~  "W  '     'dx       'dy~~  W  ' 

V'X,  =  V^Yy=-^h-'pz,    V'Xy=0, 

X,  +  Yy  =  ih-'p  [-  (2  +  a)z'  +  3z  {|(1  -|-  <7)  (a;^  +  7f)  +  h''}  +  2h?l 


L...(65) 
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To  satisfy  the  first  two  of  these  equations  we  take  X^,  Yy,  Xy  to  have 
the  forms 

where  x  must  satisfy  the  equation 

and  then  the  remaining  equations  of  (65)  show  that 

must  be  a  linear  function  of  x  and  y.  As  in  previous  Articles,  this  function 
may  be  taken  to  be  zero  without  altering  X^,  Yy  or  Xy,  and  therefore  ^  must 
have  the  form 

^  =  -8O-^-l6-^(*+2/0-iV-i^"+"^^  +'^«' 
■where  %/'  and  x"  ^"^^  functions  of  x  and  y  which  satisfy  the  equations 

ViV=-f(i-<^)f3(*^+yO+ff >  v,v=ii'; (66) 

and  we  may  take  for  x^',  Xi"  t^^  particular  solutions 

X^'=-^,{l-a)l{a?  +  yJ  +  i,l{x^  +  f)]   (67) 

X<!'  =  ^P{«^'  +  f)-  ) 

More  general  integrals  of  the  equations  (66)  need  not  be  taken  because  the 
arbitrary  plane  harmonic  functions  that  might  be  added  to  the  solutions  (67) 
give  rise  to  stress-systems  of  the  types  already  discussed. 

The  expressions  which  we  have  now  found  for  Xx,  Yy,  Xy  are 

Xx  =  ip  +  |i>  J  {x^  +f  +  h?)  -  ^  (1  -  <r)^  J3  (x^  +  Bf)  -  ^^P^^^ , 

The  stress-components  being  given  by  (62),  (64)  and  (68),  the  corresponding 
displacement  is  given  by  the  formulse 

M  =  -  4?^  1^  [(2  -  <7)  ^«  -  3to  -  2A' - 1  (1  -  <r)  ^  («;^  +  2/^)], 


E    8/i'' 


^  =  _l^||[(2-^)^3_3A^^-2A3-|(l-<7)0(a;^-l-2/% 

(69) 


y 
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It  is  noteworthy  that  when  the  displacement  is  expressed  by  these  formulae 
the  middle  plane  is  slightly  stretched.     We  have,  in  fact,  when  z  =  0 

The  stress-resultants  and  stress-couples  are  given  by  the  formulae 


G,^^{(3+a)a^+(l+3a)f}  + 


16 


G,  =  f^{(l  +  S<.)a-  +  (S+<,)f]  + 


3-. 
20 

8-< 


ph\ 


ph\ 


.(70) 


16  ''     .  —/«-   i  V"  .  "/.y  J  i     20 

S-,  =  -l(l-cr)pxy. 

These  forms  obviously  satisfy  equations  (11)  and  (12)  in  which  X',  Y',  L',  M' 
vanish  and  Z'  is  replaced  by  —  p. 

The  middle  plane  is  bent  into  the  surface  expressed  by  the  equation 


^  =  -i-ij,i«^  +  f)[<^'^y' 


8h^ 
1-W 


.(71) 


and  we  find 


^  -rx/  \         8-|-a"-|-<7^,„ 


20(1-0-)^ 
H,  =  D{l-a)T. 

The  formulae  (18)  are  not  exactly  verified,  but  they  are  approximately  correct 
when  h  is  small. 

308.     Plate  bent  by  pressure  varying  uniformly  over  a  face. 

Before  proceeding  with  the  discussion  of  particular  illustrations  of  the 
solution  obtained  in  Article  307  we  extend  the  results  to  the  case  where  the 
pressure  on  the  face  exposed  to  pressure  is  a  linear  function  of  x  and  y.  It 
will  be  sufficient  to  take  the  case  where  p  is  replaced  by  poX.  By  the  process 
already  employed  we  find  for  Z^,  @,  X^,  Y^  the  expressions 


Z.= 


|f(^-3A^.-2n 


} (72) 


7^=    ^f:(^^-^0^2/; 
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and  thence  we  obtain,  in  the  same  way  as  before,  the  formulae 

^^  =  m»  t^'^' "  ^^  +  ^'"^  ^  +  ^^  (^  +  ^°">  ^ + 1  (1 + <>•)  2^1 4 

The  displacement  is  then  given  by  the  formulse 
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...(73) 


2h^xy  H ^—  zxy 

l-o- 


(a^  +  f)-^a;y^'^,  V 


.(74) 


-  2xzh^  -  f  a;«V  {ay'  +  y^)  -  ^xz^h'  +  -^  xz^    . 

The  middle  plane  is  slightly  stretched  in  a  direction  at  right  angles  to 
that  along  which  the  pressure  varies.     We  have,  in  fact,  when  z  =  0 
du  dv      ,,  ,poX       dv      du 

Tx  =  ^'   a2,  =  *^i  +  ">:r-    9S  +  a^  =  o- 

The  stress-resultants  and  stress-couples  are  given  by  the  formulae 

N',  =  ip„(3af  +  y^)  +  ^p,h\     N,  =  \p,xy, 

G.  =  i^Poilip  +  <y)o^  +  0-  +  <^)y''c+'i{U-<T)h^xl   I (75) 

G2  =  tVPo  [i  (1  +  So-)  «=  +  (1+  0-)  xy^  -  f  (2  +  3o-)  h^x^ 
S^  =  ^Po[-i{l-  <^)  (3a;^  +  y')  +  i(2-  a)  h'y]. 

These  forms  obviously  satisfy  equations  (11)  and  (12)  in  which  X',  Y',  L',  M' 

are  put  equal  to  zero  and  Z'  is  put  equal  to  —  p^x. 

The  middle  plane  is  bent  into  the  surface  expressed  by  the  equation 


W: 


3  J)' 


^(a;2+y.)2_l_^(^  +  3y.)j 


m) 


and  we  find  (r,  =  —  D  (/Ci  +  o-k^  +  :^ 


24  -  So-  +  <t'' 


Poh^v, 


Gz  =  —  D{Ki  +  a-Ki)  +  A q Poh^x, 

1  —  (T 

The  formulae  (18)  are  approximately  correct  when  h  is  small. 
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309.  Circular  plate  bent  by  uniform  pressure  and  supported  at 
the  edge. 

When  a  plate  whose  edge-line  is  a  given  curve  is  slightly  bent  by  pressui-e,  which  is 
uniform,  or  varies  uniformly,  over  one  face,  the  stress-system  is  to  be  obtained  by  com- 
pounding with  the  solution  obtained  in  Article  307  or  308  solutions  of  the  types  discussed 
in  Articles  301  and  302  or  303,  and  adjusting  the  latter  so  that  the  boundary  conditions 
may  be  satisfied.  We  shall  discuss  the  case  of  a  clamped  edge  presently.  When  the  edge 
is  supported,  the  boundary  conditions  which  hold  at  the  edge-line  are 

w=0,    (?=0,     T=S=0 (77) 

Let  the  plate  he  subjected  to  uniform  normal  pressure  p  and  supported  at  the  edge, 
and  let  the  edge-line  be  a  circle  r  —  a.  The  solution  given  in  (71)  yields  the  following 
values  for  w,  O,  T,  S  &t  r=a  : — 

w=-A|a^(a^-^),    0  =  ^pa^  +  ^-g^ph\     T=ipA,    S=0. 

The  solution  given  in  (ii)  of  Article  301  yields  the  values 

w  =  0,     0  =  0,     T=^ph,    S=0 

when  00  is  put  equal  to  ^p.  The  solution  given  in  Article  302  yields  zero  values  for  T 
and  S,  and  it  may  be  adjusted  to  yield  constant  values  for  w  and  (?  at  r  =  a  by  putting 
Xi—i^  {^^+l/^)+yt  where  y  is  a  constant.     These  values  are 

1-0-  /3a2  ,  1  +  0-        ^     1  ,,„ 

If  we  put 

3p  /3  +  <r         3-,r     \         _3(1- ,T)pa^  /5  +  <r  a^      8  +  cr  +  <r^  h^\ 

the  values  of  w  and  O  a,tr=a,  a,s  given  by  the  solutions  in  Article  302  and  in  Article  307, 
become  identical. 

We  may  now  combine  the  three  solutions  so  as  to  satisfy  the  conditions  (77)  at  r=a. 
We  find  the  following  expressions  for  the  components  of  displacement 

«  =  -f  [io-5^^  p{(3  +  <r)a^-(l  +  <r).^}  +  A|  (2-l-9cr-<r2)-J  J  (2-hcr-a2)], 
^  =  f  [*'^-^^^p{(3+<^)«^-(l  +  -)'-^}  +  A|(2  +  9<r-<r2)-j|^(2-h(r-a'')], 

^  =  ''+1  [-4  +  |fp{(3  +  cr)a2-2(l-^a)r2}-A|(5  +  2o-  +  a'^)  +  Aja+'^)']. 

(78) 

where  w  =  -  j|  (a^-r^)  {j  Q-+''^a^-r^  +  l^^^^ hj (79) 

The  stress-resultants  and  stress-couples  at  the  edge  vanish  with  the  exception  of  JV,  which 
is  equal  to  ^pa. 

The  middle  plane  is  bent  into  the  surface  expressed  by  the  equation  (79),  and  the 
right-hand  member  of  this  equation  with  its  sign  changed  is  the  deflexion  at  any  point. 
The  comparison  of  this  result  with  (57)  of  Article  305  shows  that,  when  the  plate  is  thin, 
the  central  deflexion  due  to  uniformly  distributed  load  is  the  same  as  for  a  load  concen- 
trated at  the  centre  and  equal  to  ^{5  +  cr)l{d  +  a-)  of  the  total  distributed  load. 

The  middle  plane  is  stretched  uniformly,  and  the  amount  of  the  extension  of  any  Hnear 
element  of  it  is  ^a-p/U.     This  is  half  the  amount  by  which  the  middle  plane  would  be 
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stretched  if  one  face  of  the  plate  were  supported  on  a  smooth  rigid  jplane  and  the  other 
were  subjected  to  the  pressure  p. 

Linear  filaments  of  the  plate  which  are  at  right  angles  to  its  faces  in  the  unstressed 
state  do  not  remain  straight  or  normal  to  the  middle  plane.  The  curved  lines  into  which 
they  are  deformed  are  of  the  type  expressed  by  the  equation 

where  U  is  the  radial  displacement,  and  U^,  Ui,  Us  are  given  by  the  formulae 

u  --PL  ^+g'-"'' 
^        Eh^        8 

These  lines  are  of  the  same  form  as  those  found  in  Article  95  for  the  deformed  shapes  of 
the  initially  vertical  filaments  of  a  narrow  rectangular  beam  bent  by  a  vertical  load.  The 
tangents  to  these  lines  cut  the  surface  into  which  the  middle  plane  is  bent  at  an  angle 

\7r-i{\-k-<J-)prlEh. 

310.     Plate  bent  by  uniform  pressure  and  clamped  at  the  edge. 

Let  (u,  V,  w)  be  the  displacement  of  any  point  of  the  middle  plane. 
When  the  plate  is  clamped  at  the  edge  the  conditions  which  must  be  satisfied 
at  the  edge-line  are 

u  =  0,     v  =  0,     w  =  0,     aw/3i;=0,  (80) 

V  denoting  the  direction  of  the  normal  to  the  edge-line.  We  seek  to  satisfy 
these  conditions  by  a  synthesis  of  the  solutions  in  Articles  301,  303  and  307. 
We  have 


^  =  ^ 


^=:& 


„-(l  +  <r)^»-fHl+<-)py] 


In  these  expressions  ^  and  r]  are  conjugate  functions  of  x  and  y  which  are 
related  to  a  plane  harmonic  function  ©„  by  the  equations 

dx     dy        "'     dy         dx' 
and  Xo  is  of  the  form  ^x^  +f,  where  /  is  a  plane  harmonic  function.     The 
functions  0o  and  /  must  be  adjusted  so  that  u  and  v  vanish  at  the  edge- 
line.     One  way  of  satisfying  these  conditions  is  to  take  @o  to  be  constant. 
If  we  put 

we  shall  have  Xo  =  -  i  j^^  P  («°  +  2/") ; 

and  then  u  and  v  vanish  for  all  values  of  x  and  y. 
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We  may  show  that  this  is  the  only  way  of  satisfying  the  conditions.     For  this  purpose 
we  put 


Z7=|-(l  +  ,r) 


dx'     T"='/-a  +  <^)3^. 


and  then  we  have  to  show  that  there  is  only  one  way  of  choosing  Go,  |,  rj,  xo  which  will 
make  U  and  V  take  given  values  at  a  given  boundary.  This  is  the  same  thing  as  showing 
that  if  U  and  F  vanish  at  the  boundary  they  vanish  everywhere.  Since  Vi^xo  =  6oi 
we  have 


and  we  have  also 


Since  Vi2|=0,  we  have 


dx     dy     \  —  <T\dx      'dyj' 


^1 
dy 


dx        ^\dx      dyJ' 


and  we  have  also 


It  follows  that 


l  —  a-dx\dx       dy  J        dy  \dx      dy  J       ' 

1      d  /dU     dV\      ,d  /3F     8t^^Q 
l-(rdy\dx      dy  J     ^3a;\3^      dy  J 

j  J  L^  {r^  3S  W  +  ¥/"  *3y  \9^  "  ¥/} 

,  „  f   1      3  /3?7  ,  3F\  ,  ,  8  /3F    dU\n,    ,      . 

+  ^{l^.d^[d^  +  ^r^d^[d^-d^)\]'^'"^^=''' 

the  integration  being  extended  over  any  part  of  the  middle  plane.     When  it  is  extended 

over  the  area  vrithin  the  edge-line,  and  U  and  V  vanish  at  the  edge-line,  the  integral  can 

be  transformed  into 

-jj[ih  (If + 'iJ+i  (U-  '1)1  ''^'^^ 

and  this  cannot  vanish  unless 

9i7  ,  3F    „        ,  3F    3Z7    „ 

15 — h-:^—  =0,  and  •= -5— =  0. 

ox      dy  dx      dy 

It  follows  that  F  and  U  would  be  conjugate  functions  of  x  and  y  which  vanish  at  the 
edge-line,  they  would  therefore  vanish  everywhere. 

The  form  of  w  is  given  by  the  equation 


w  = 


E 


(H-cr)x/  +  A^@i-|^'p(*=  +  2/0^+^^2)(^^  +  2/0 


,    (81) 


1-0-. 


where  @i  is  a  plane  harmonic  function  and  V/;)^'=  —  @i.     Any  solution 

of  the  equation  DV,*w  =  —p  can  be  thrown  into  this  form.     To  determine  w 
we  have  the  equation 

i)Vi*w  =  -2J 

and  the  boundary  conditions,  viz. : 

w  =  0  and  dvfjdv  =  0 
at  the  edge-line.     There  is  only  one  value  of  w  which  satisfies  these  con- 
ditions.    When  w  is  known  @i  is  given  by  the  equation 

1 


Vi2w  = 


E 


-{l-<T)@,-%^-J^p{<>?+f)+l^^p 


...(82) 


and  ■)(^  is  given  by  (81). 
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As  an  example  we  may  take  the  case  of  a  circular  plate  of  radius  a.     The  deflexion  w 
is  given  by  the  equation 

w=  -A|(«'-'-^)^    (83) 

where  r  denotes  distance  from  the  centre.     The  central  deflexion  is  one  quarter  of  that 
which  would  be  produced  by  the  same  total  load  concentrated  at  the  centre  (Article  305). 

Another  example  is  afforded  by  an  elliptic  plate*  of  which  the  boundary  is  given  by 
the  equation  a?la^-\-y^jh^  =  \.     It  may  be  shown  easily  that 


'=-»g(-M.T/(J-4.-i) <"' 


.(85) 


In  the  case  of  the  circular  plate  equations  (82)  and  (83)  show  that  ©j  is  constant,  and 
it  is  therefore  convenient  to  use  the  solution  in  the  form  given  in  Article  302  instead  of 
Article  303.     We  have 

w=-i|'-H^xi+A(i+'-)^{^^'-^-Hi-<-)'-*}, 

where  Vi^xi=A     ^^  comparing  this  form  with  (82)  we  see  that 

The  complete  expressions  for  the  components  of  displacement  are  then  given  by  the 
equations 

where  w  is  given  by  (83).  In  this  case  the  middle  plane  is  bent  without  extension.  Linear 
elements  of  the  plate  which,  in  the  unstressed  state,  are  normal  to  the  middle  plane  do 
not  remain  straight,  nor  do  they  cut  at  right  angles  the  surface  into  which  the  middle  plane 
is  bent. 

311.     Plate  bent  by  uniformly  varying  pressure   and  clamped  at 
the  edge. 

We  seek  to  satisfy  the  conditions  (80)  at  the  edge-line  by  a  synthesis  of 
the  solutions  in  Articles  301,  303  and  308.     For  u  and  v  we  have  the  forms 


''  =  E 


.-(1  +  <^)|- 


4  (1  +  a)p,xi/ 


in  which  the  unknown  functions  must  be  chosen  so  that  u  and  v  vanish  at 
the  edge-line.  We  may  show  in  the  same  way  as  in  Article  310  that  these 
conditions  cannot  be  satisfied  in  more  than  one  way.  The  unknown  functions 
depend  upon  the  shape  of  the  edge-line. 

*  The  result  was  communicated  to  the  Author  by  Prof.  G.  H.  Bryan. 
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When  this  line  is  a  circle  or  an  ellipse  the  conditions  may  be  satisfied  by  assuming  for 
l>  V,  ©01  Xo  the  forms 

where  O],  ^i,  yi  are  constants.     For  a  circle  of  radius  a  we  should  find 

3j7o(l  +  °-)  _y(,(3  +  5or)  aV(l+o-)po 

'"         6-2<r      '     "'"  4(6-2<r)  '     ^'~  6-2<7      ' 


0-  (1  +  0-)  p„  ,  „       „. 


and  thence 

For  an  ellipse  given  by  the  equation  a^ja^+y^jb^=l  we  should  find 

(l  +  o-)(a^+26^)jPo  ^{aVl+3o-)  +  26g(l  +  <r)}po  _  _  DvO  +  GOjoXft^ 

"'"       2a''(l-(r)  +  462    '    '^^  4{2a2(l-<r)  +  462}        '    ^^         2a2 (l-o-)  +  462' 

and  thence  "-[g  2a^(l -oO  +  iftA^+f-^"  V'    ^  =  °- 

In  these  cases  the  middle  plane  is  slightly  extended. 

Again  the  form  of  w  is  given  by  the  equation 

vv  =  1  [(1  +  ..)  x^'  +  h^®.]-^^  [^h {00^  +  ff  -  i  f^  {«?  +  ^f) 

so  that  w  satisfies  the  equation 

DVi*w  =  -  p^x 
and  the  conditions 

w  =  0,     9w/9i/  =  0, 

at  the  edge-line.     These  conditions  determine  w.     When  w  is  known,  @i  is 
given  by  the  equation 


.(86) 


h-' 


l{x'  +  f)-:^^-- 


.(87) 


and  %i'  is  given  by  (86). 
For  the  circle  we  have 


^=-T.h^(P''-r'f;. 


.(88) 


and  for  the  ellipse*  we  have 

-=-^"^^(^-5-S)7(^i-^i) («^) 

312.     Plate  bent  by  its  own  weight. 

When  the  plane  of  the  plate  is  horizontal,  and  the  plate  is  bent  by  its  own 
weight,  the  solution  is  to  be  obtained  by  superposing  two  stress-systems.  In 
one  of  these  stress-systems  all  the  stress-components  except  Z^  vanish,  and  Z^ 


*  The  result  was  communicated  to  the  Author  by  Prof.  G.  H.  Bryan. 
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is  gp  (z  +  h),  the  axis  of  z  being  drawn  vertically  upwards.    The  corresponding 

displacement  is  given  by  the  equations 

u  =  -agp{z  +  h)xjE,    v  =  - <Tgp{z  +  h)y/E,   w  =  ^gp{z''  +  2hz  + a{ai'  +  f)}/E. 

(90) 

In  the  second  stress-system  there  is  pressure  2gph  on  the  face  z  =  h  of  the 
plate,  aud  the  solution  is  to  be  obtained  from  that  in  Article  307  by  writing 
2gph  for  p.  The  surface  into  which  the  middle  plane  is  bent  is  expressed  by 
the  equation 

w=S(.^  +  ,=)-,V^\.-=  +  i/0(-"  +  2/=-^),   (91) 

and  the  stress-couples  are  given  by  the  equations 

„  „,  ,      24^  +  23(7  +  Sir'     ,, 

6^1  =  -  D  («:,  -f  (TK,)  +      gQ  ,^  _    ,      gph?, 

n  nr     ^       ,  ^  24 -f- 23(7 -1- 3o-=     ,3 

IT,  =  D  (1  -  0-)  T. 

The  formulae  (18)  are  approximately  correct  when  h  is  small.  . 

To  satisfy  the  boundary  conditions  in  a  plate  of  any  assigned  shape, 
supported  in  any  specified  way,  we  must  compound  with  the  solution  here 
indicated  solutions  of  the  types  discussed  in  Articles  301  and  303,  and 
adjust  the  latter  solutions  so  as  to  satisfy  these  conditions. 

313.  Approximate  theory  of  the  bending  of  a  plate  by  transverse 
forces  *- 

In  all  the  solutions  which  we  have  found  the  formulae  (18)  of  Article  298 
are  either  correct  or  approximately  correct.  We  seem  to  be  justified  in  con- 
cluding that,  in  a  plate  slightly  bent  by  transverse  forces,  these  formulae  may 
be  taken  to  give  a  sufficient  approximation  to  the  stress-couples.  In  a  plate 
so  bent  the  appropriate  equations  of  equilibrium  are 

?^^+M?  +  z'  =  o    ^-^»  +  i\r=o    ^•-?^-i^=o. 

dx       dy  '      dx       dy  ^        '      dx       dy  ' 

By  eliminating  N^  and  N^  from  these  we  obtain  the  equation 

dx^^  dy'        dxdy  ' 

and  by  substituting  from  (17)  and  (18)  in  this  equation  we  find  the  equation 

DV,'w  =  Z' (92) 

*  For  authorities  in  regard  to  the  approximate  theory,  see  Introduction,  pp.  27 — 29.  A  general 
justification  on  the  same  lines  as  that  of  the  corresponding  theory  for  rods  (Article  258)  will  be 
found  in  Article  329  of  Chapter  xxiv.  A  very  elaborate  investigation  of  exact  solutions  for 
various  distributions  of  load  has  been  given  by  J.  Dougall,  Edinburgh  R.  Sac.  Tram.,  vol.  41 
(1904).  In  this  investigation  the  correctness  of  the  approximate  theory  is  verified  for  all  cases 
of  practical  importance. 

L.   E.  30 


466  APPROXIMATE   THEORY  [CH.  XXII 

The  stress-couples  G,  H  at  the  edge  are  given  in  accordance  with  (17)  and 
(18)  by  the  formulae 

To  find  an  expression  for  the  shearing  force  JV  in  the  direction  of  the  normal 
to  the  plane  of  the  plate  we  observe  that 

iV  =  cos(9   ^ ^—    +  sin^    ^ ^—   , 

\da;       dy  /  \dy        dec  / 

and  then  on  substituting  from  (17)  and  (18)  we  find  the  formula 

i\r=-D|-V,»w (93) 

ov 

To  determine  the  normal  displacement  w  of  the  middle  plane  we  have 
the  differential  equation  (92)  and  the  boundary  conditions  which  hold  at  the 
edge  of  the  plate.  At  a  clamped  edge  w  and  dw/dv  vanish,  at  a  supported 
edge  w  and  G  vanish,  at  an  edge  to  which  given  forces  are  applied  N  —  dHjds 
and  G  have  given  values. 

The  same  differential  equation  and  the  same  boundary  conditions  would 
be  obtained  by  the  energy  method  by  assuming  the  formula  (21)  for  the 
potential  energy  estimated  per  unit  of  area  of  the  middle  plane*. 

In  all  the  solutions  which  we  have  found  the  differential  equation  (92)  is 
correct  whether  the  formulse  (18)  and  (21)  are  exactly  or  only  approximately 
correctf.  The  solutions  that  would  be  obtained  by  the  approximate  method 
described  in  this  Article  differ  from  the  exact  solutions  that  would  be 
obtained  by  the  methods  described  in  previous  Articles  only  by  very  small 
amounts  depending  on  the  small  corrections  that  ought  to  be  made  in  the 
formulae  (18)  for  the  stress-couples.  In  general  the  form  of  the  bent  plate  is 
determined  with  sufficient  approximation  by  the  method  of  this  Article. 

314.     Illustrations  of  the  approximate  theory. 

(a)     Circular  plate  loaded  symmetrically  X. 

When  a  circular  plate  of  radius  a  supports  a  load  Z'  per  unit  of  area  which  is  a  function 
of  the  distance  r  from  the  centre  of  the  circle,  equation  (92)  becomes 


r  or\_  ar\ror\   or  J)  _ 


=Z'ID, 


the  direction  of  the  displacement  w  being  the  same  as  that  of  the  load  Z'.    We  shall 
record  the  results  in  a  series  of  cases. 

*  The  process  of  variation  is  worked  out  by  Lord  Eayleigh,  Theory  of  Sound,  §  215. 

t  A  more  general  form  which  includes  (92)  in  the  special  cases  previously  discussed  is  given 
by  J.  H.  Michel),  loc.  cit.  p.  444. 

J  The  general  form  of  the  solution  and  the  special  solutions  (i) — (iv)  were  given  by  Poisson 
in  his  memoir  of  1828.  See  Introduction,  footnote  36.  Solutions  equivalent  to  those  in  (v)  and 
(vi)  were  given  by  Saint- Venant  in  the  'Annotated  Clebsch,'  Note  du  §  45. 
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(i)    When  the  total  load  W  ia  distributed  uniformly  and  the  plate  is  supported  at 
the  edge 

When  the  total  load  W  is 
the  edge 


(ii)    When  the  total  load  W  is  distributed  uniformly  and  the  plate  is  clamped  at 


(iii)  When  the  load  W  is  concentrated  at  the  centre  and  the  plate  is  supported  at 
the  edge 

(iv)  When  the  load  W  is  concentrated  at  the  centre  and  the  plate  is  clamped  at 
the  edge 

(v)  When  the  total  load  W  ia  distributed  uniformly  round  a  circle  of  radius  6  and 
the  plate  is  supported  at  the  edge,  w  takes  different  forms  according  as  »•  >  or  <  6. 
We  find 

(vi)  When  the  total  load  W  is  distributed  uniformly  round  a  circle  of  radius  h  and 
the  plate  is  clamped  at  the  edge,  we  find 

(6)    Application  of  the  method  of  inversion*. 

The  solutions  given  in  (iii)  and  (iv)  of  (a),  or  in  Article  305,  show  that,  in  the 
neighbourhood  of  a  point  where  pressure  P  is  applied,  the  displacement  w  in  the  direction 
of  the  pressure  is  of  the  form  (P/SttZ*)  r^logr+f,  where  f  is  an  analytic  function  of 
X  and  y  which  has  no  singularities  at  or  near  the  point,  and  r  denotes  distance  from  the 
point. 

Since  w  satisfies  the  equation  Vi*w=0  at  all  points  at  which  there  is  no  load  we  may 

apply  the  method  of  inversion  explained  in  Article  154.     Let  Cf  be  any  point  in  the  plane 

of  the  plate,  P  any  point  of  the  plate,  P'  the  point  inverse  to  P  when  0'  is  the  centre  of 

inversion,  xl,  y'  the  coordinates  of  P',  R'  the  distance  of  P'  from  0',  w'  the  function 

of  of,  y'  into   which  w  is  transformed    by  the  inversion.     Then  ^'^w'    satisfies   the 

8*       3*  8* 

equation  Vj'*  (i2'''w')=0,  where  Vj'*  denotes  the  operator  ^-^  +  ^-^  +  2 -  _,^^,^. 

It  is  clear  that,  if  w  and  dwjdv  vanish  at  any  bounding  curve,  ^'^w'  and  d  {R'^-w')/dv' 
vanish  at  the  transformed  boundary,  v'  denoting  the  direction  of  the  normal  to  this 
boundary. 

*  J.  H.  Miohell,  London  Math.  Soc.  Proc,  vol.  34  (1902),  p.  223. 
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We  apply  this  method  to  the  problem  of  a  circular  plate  clamped  at  the  edge  and 

loaded  at  one  point  0.  Let  0'  be  the 
inverse  point  of  0  with  respect  to  the 
circle,  C  the  centre  of  the  circle,  and  a 
its  radius,  also  let  c  be  the  distance  of 
0  from  C.  The  solution  for  the  plate 
clamped  at  the  edge  and  supporting  a 
load  TF  at  C  is 


Fig.  70. 


where  r  denotes  the  distance  of  any 
point  P  from  C.  Now  invert  from  0' 
with    constant    of   inversion   equal   to 


a*l(?  —  a^.    The  circle  inverts  into  itself,  C  inverts  into  0,  P  inverts  into  P'  so  that,  if 

OP'=R  and  QP'^R',  we  have 

R^R_ 


Hence  iS'^w'  is 


ra«  r    „,,    cR'    - 

It  follows  that  the  displacement  w  of  a  circular  plate  of  radius  a  clamped  at  the  edge 
and  supporting  a  load  W  at  a  point  0  distant  c  from  the  centre  is  given  by  the  equation 


'=S[-^^i°°<4'+K5^'^-^0] ^''^ 


where  R  denotes  the  distance  of  any  point  of  the  plate  from  0,  and  R'  denotes  the  distance 
of  the  same  point  from  the  point  0',  inverse  to  0  with  respect  to  the  circle. 

We  may  pass  to  a  limit  by  increasing  a  indefinitely.  Then  the  plate  is  clamped  along 
a  straight  edge  and  is  loaded  at  a  point  0.  If  0'  is  the  optical  image  of  0  in  the  straight 
edge,  the  displacement  in  the  direction  of  the  load  is  given  by  the  equation 

R' 


-^[-Rnos^^HiR- 


R')],     (95) 

where  R,  R'  denote  the  distances  of  any  point  of  the  plate  from  the  points  0  and  0'. 
The  contour  lines  in  these  two  cases  are  drawn  by  Michell  (foo.  eit.). 


(c)     Rectangular  plate  supported  at  a  pair  of  opposite  edges. 

Let  the  origin  be  taken  at  one  corner  and  the  axes  of  x  and  y  along  two  edges,  let  the 
other  edges  be  given  by  x=2a,  y  =  26.     We  expand  2'  in  the  form 


Z'  =  SSZ„, 


.    Trmx   .    nnv 


where  m  and  n  are  integers.     Then  a  particular  solution  of  equation  (92)  is 
_  \(}Z'  sin  {mnxj^a)  sin  {niryjib) 

If  the  edges  ^=0  and  x  =  2a  are  supported  this  solution  satisfies  the  boundary  con- 
ditions at  these  edges.  If  all  four  edges  are  supported  the  solution  satisfies  all  the 
conditions,  but  if  the  remaining  edges  are  not  simply  supported  we  have  to  find  a  solution 
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W2  of  the  equation  v,*W2=0  so  that  the  sum  Wi  +  Wj  may  satisfy  the  conditions  at  y=0 
and  2/  =  2b.     We  assume  for  W2  the  form* 

W2=sr„sm^^, 
where  F„  is  a  function  of  y  but  not  of  x.     Then  T^  satisfies  the  equation 

and  the  complete  primitive  is  of  the  form 

F„=^„  cosh  1^+5.  sinh'^^  +  3,(4Jcosh^  +  5Jsinh'^), 

where  A^,  B^,  -4™',  B^  are  undetermined  constants.  These  constants  can  be  adjusted  so 
as  to  satisfy  the  boundary  conditions  at  «^  =  0  and  y  =  26t. 

{d)     Transverse  vibrations  of  plates. 

The  equation  of  vibration  is  obtained  at  once  from  (92)  by  substituting  for  Z'  the 

expression  —  2pA  -^ .     We  have 

8%     3%       _34w___2pA32w 

8A-4"^a/'*'    9a;%2~      D    3«2 ^''^> 

When  the  plate  vibrates  in  a  normal  mode  w  is  of  the  form  W  cos  {pt  +  i),  where  W  is 
a  function  of  x  and  y  which  satisfies  the  equation 

3*W     a^W        3«W   _3p(l-<rg)yg 

and  the  possible  values  of  p  are  to  be  determined  by  adapting  the  solution  of  this 
equation  to  satisfy  the  boundary  conditions.  From  the  form  of  the  coefficient  of  W  in 
the  right-hand  member  of  this  equation  it  appears  that  the  frequencies  are  proportional 
to  the  thickness,  and  inversely  proportional  to  the  square  of  the  linear  dimension  of  the 
area  within  the  edge-line. 

The  theory  of  those  modes  of  transverse  vibration  of  a  circular  plate  in  which  the 
displacement  TF  is  a  function  of  distance  from  the  centre  was  made  out  by  Poissonf,  and 
the  numerical  determination  of  the  frequencies  of  the  graver  modes  of  vibration  was 
effected  by  him.  In  this  case  the  boundary  conditions  which  he  adopted  become  identical 
with  KirchhoflF's  boundary  conditions  because  the  torsional  couple  ff  belonging  to  any 
circle  concentric  with  the  edge-line  vanishes.  The  general  theory  of  the  transverse 
vibrations  of  a  circular  plate  was  obtained  subsequently  by  Kirchhofi'§,  who  gave  a  full 
numerical  discussion  of  the  results.  The  problem  has  also  been  discussed  very  fully  by 
Lord  Rayleighy.     The  free  vibrations  of  a  square  or  rectangular  plate  have  not,  so  far, 

*  This  step  was  suggested  by  M.  L6vy,  Pans  G.  E.,  t.  129  (1899). 

t  The  case  of  four  supported  edges  is  discussed  by  Saint- Venant  in  the  '  Annotated  Clebsoh,' 
Note  du  §  73.  A  number  of  cases  are  worked  out  by  E.  Eatanave,  'Contribution  k  I'^tude  de 
r^quilibre  ^lastique  d'une  plaque...'  (TKese),  Paris,  1900.  Elastic  constants  are  sometimes 
measured  by  observing  the  central  deflexion  of  a  rectangular  plate  supported  at  two  opposite 
edges  and  loaded  at  the  centre ;  see  A.  E.  H.  Tutton,  Phil.  Trans.  R.  Soc.  (Ser.  A),  vol.  202 
(1903). 

X  In  the  memoir  of  1828  cited  in  the  Introduction,  footnote  36. 

§  J.f.  Math.  (Crelle),  Bd.  40  (1850),  or  Ges.  Abhandlungen,  p.  237,  or  Vorlesungen  ilber  math. 
Physik,  Mechanik,  Vorlesung  30. 

II  Theory  of  Sound,  vol.  1,  Chapter  x. 


470  VIBRATIONS   OF   PLATES  [CH.  XXII 

been    determined   theoretically.     The  case  of  elliptic  plates  has    been   considered  by 
E.  Mathieu*  and  M.  Barth^ldmyt. 

(e)     Extensioiial  vibrations  of  plates. 

We  may  in  like  manner  investigate  those  vibrations  of  a  plate  which  involve  no 
transverse  displacement  of  points  of  the  middle  plane,  by  taking  the  stress-resultants 
^1,  T-i,  Si  to  be  given  by  the  approximate  formulae,  [cf.  (iv)  of  Article  301], 

^'-i^^^yd^+^d^j'  ^'-r^a^yd^+'^d^)'  ^'=i+^\d^+d^)' 

or  the  potential  energy  per  unit  of  area  of  the  middle  plane  to  be  given  by  the  formula 

Eh 
1-0-' 

The  equations  of  motion  are 


/du.     dvy     „,,       .(du.dv     ,  /3u     dvyV 


.(97) 


,  ,,        .av  ,3V,,,,        ,  32u       p(l-o-2)32v 

At  a  free  edge  the  stress-resultants  denoted  by  T,  S  vanish.  The  form  of  the  equations 
shows  that  there  is  a  complete  separation  of  modes  of  vibration  involving  transverse 
displacement,  or  flexure,  from  those  involving  displacement  in  the  plane  of  the  plate,  or 
extension,  and  that  the  frequencies  of  the  latter  modes  are  independent  of  the  thicliness, 
while  those  of  the  former  are  proportional  to  the  thickness. 

The  theory  of  the  vibrations  of  plates  has  here  been  treated  in  a  provisional  manner. 
Detailed  discussion  of  the  modes  and  frequencies  of  transverse  vibration  appears  to  be 
unnecessary,  since  they  have  been  investigated  minutely  by  the  writers  already  cited. 
Some  special  results  in  regard  to  extensional  vibrations  will  be  found  in  a  Note  at  the  end 
of  this  book.  A  more  detailed  investigation  of  the  theory  on  which  the  equations  of 
vibration  are  founded  will  be  given  in  Chapter  xxiv.     See  especially  Article  333. 

*  J.  de  Math.  {Liouville),  (S6r.  2),  t.  14  (1869). 
t  Mgm.  de  I'Acad.  de  Toulouse,  t.  9  (1877). 


CHAPTER  XXIII. 

INEXTENSIONAL  DEFORMATION  OF  CURVED  PLATES  OR  SHELLS. 

315.  A  CURVED  plate  or  shell  may  be  described  geometrically  by  means 
of  its  middle  surface,  its  edge-line,  and  its  thickness.  We  shall  take  the 
thickness  to  be  constant  and  denote  it  by  2A,  so  that  any  normal  to  the 
middle  surface  is  cut  by  the  faces  in  two  points  distant  h  from  the  middle 
surface  on  opposite  sides  of  it.  We  shall  suppose  that  the  edge  of  the  plate 
cuts  the  middle  surface  at  right  angles;  the  curve  of  intersection  is  the 
edge-line.  The  case  in  which  the  plate  or  shell  is  open,  so  that  there  is  an 
edge,  is  much  more  important  than  the  case  of  a  closed  shell,  because  an 
open  shell,  or  a  pldne  plate  with  an  edge,  can  be  bent  into  an  appreciably 
different  shape  without  producing  in  it  strains  which  are  too  large  to  be 
dealt  with  by  the  mathematical  theory  of  Elasticity. 

The  like  possibility  of  large  changes  of  shape  accompanied  by  very  small 
strains  was  recognised  in  Chapter  xviii.  as  an  essential  feature  of  the 
behaviour  of  a  thin  rod ;  but  there  is  an  important  difference  between  the 
theory  of  rods  and  that  of  plates  arising  from  a  certain  geometrical  restriction. 
The  extension  of  any  linear  element  of  the  middle  surface  of  a  strained  plate  or 
shell,  like  the  extension  of  the  central-line  of  a  strained  rod,  must  be  small. 
In  the  case  of  a  rod  this  condition  does  not  restrict  in  any  way  the  shape  of  the 
strained  central-line ;  and  this  shape  may  be  determined,  as  in  Chapters  xix. 
and  XXI.,  by  taking  the  central-line  to  be  unextended.  But,  in  the  case  of  the 
shell,  the  condition  that  no  line  on  the  middle  surface  is  altered  in  length 
restricts  the  strained  middle  surface  to  a  certain  family  of  surfaces,  viz.  those 
which  are  applicable  upon  the  unstrained  middle  surface*.  In  the  particular 
case  of  a  plane  plate,  the  strained  middle  surface  must,  if  the  displacement 
is  inextensional,  be  a  developable  surface.  Since  the  middle  surface  can 
undergo  but  a  slight  extension,  the  strained  middle  surface  can  differ  but 
slightly  from  one  of  the  surfaces  applicable  upon  the  unstrained  middle 
surface;  in  other  words,  it  must  be  derivable  from  such  a  surface  by  a 
displacement  which  is  everywhere  small. 

*  For  the  literature  of  the  theory  of  surfaces  applicable  one  on  another  we  may  refer  to  the 
Article  by  A.  Voss,  '  Abbildung  und  Abwickelung  zweier  Flachen  auf  einander'  in  Ency.  d.  math. 
Wiss.,  III.  D  6a. 
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316.     Chajige  of  curvature  in  inextensional  deformation. 

We  begin  with  the  case  in  which  the  middle  surface  is  deformed  without 
extension  by  a  displacement  which  is  everywhere  small.  Let  the  equations 
of  the  lines  of  curvature  of  the  unstrained  surface  be  expressed  in  the  forms 
a  =  const,  and  /8  =  const.,  where  a  and  /3  are  functions  of  position  on  the 
surface,  and  let  R^,  R^  denote  the  principal  radii  of  curvature  of  the  surface 
at  a  point,  R^  being  the  radius  of  curvature  of  that  section  drawn  through  the 
normal  at  the  point  which  contains  the  tangent  at  the  point  to  a  curve 
of  the  family  /3  (along  which  a  is  variable).  When  the  shell  is  strained 
without  extension  of  the  middle  surface,  the  curves  a  =  const,  and  /3  =  const, 
become  two  families  of  curves  drawn  on  the  strained  middle  surface,  which 
cut  at  right  angles,  but  are  not  in  general  lines  of  curvature  of  the  deformed 
surface.  The  curvature  of  this  surface  can  be  determined  by  its  principal 
radii  of  curvature,  and  by  the  angles  at  which  its  lines  of  curvature  cut  the 

curves  a  and  /3.     Let  -55-  +  S  -q-  and  -75-  +  S  ^-  be  the  new  principal  curvatures 
jKi         xfi  XI2         R2 

at  any  point.     Since  the  surface  is  bent  without  stretching,  the  measure  of 

curvature  is  unaltered*,  or  we  have 


Ri       RiJ  V-K2       R^ '      R1R2 ' 

or,  correctly  to  the  first  order  in  S  -^  and  8  -jj- , 

-til  R2 

R2    Ri     Ri    i?2 
Again  let  ■yjr  be  the  angle  at  which  the  line  of  curvature  associated  with 

the  principal  curvature  ^5-  +  S  ^-  cuts  the  curve  /8  =  const,  on  the  deformed 
Ri        Ri 

surface,  and  let  i?/,  R^  be  the  radii  of  curvature  of  normal  sections  of  this 

surface  drawn  through  the  tangents  to  the  curves  /8  =  const,  and  a  =  const. 

In  general  y^r  must  be  small,  and  R^,  R^  can  differ  but  little  from  Ri,  R^. 

The  indicatrix  of  the  surface,  referred  to  axes  of  x  and  y  which  coincide  with 

these  tangents,  is  given  by  the  equation 

01?        ifl  /  1  1  \ 

W^R/'^'^y  tan  2i|r  \^,  -  -^  j  =  const. 

Referred  to  axes  of  ^  and  rj  which  coincide  with  the  tangents  to  the  lines 
of  curvature,  the  equation  of  the  indicatrix  is 


Ki        nj         \Jti2       RJ 


*  The  theorem  is  due  to  Gauss,  '  Disquisitiones  generales  circa  superficies  curvas,'  GSttingen 
Comm.  Rec,  t.  6  (1828),  or  WerJce,  Bd.  4,  p.  217.  Cf.  Salmon,  Geometry  of  three  dimensions, 
4th  edition,  p.  355. 
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and  therefore  we  have 


-til     J^2     -Ri     Ri       Ri       -Ba ' 


w-^'^^Mi'-ih{h'w){i^'w)=^J 


•(2) 


The  bending  of  the  surface  is  determined  by  the  three  quantities  k^,  k^,  t 
defined  by  the  equations 

The  curvature  1/R'  of  the  normal  section  drawn  through  that  tangent 
line  of  the  strained  middle  surface  which  makes  an  angle  &>  with  the  curve 
/S  =  const,  is  given  by  the  equation 

1       cos^  (o     sin^  to     „ 
"5",  =     D,    -\ — 5-r  +  2t  sin  ft)  cos  ft), 

It  Ml  Jlj 

and  the  curvature  1/R  of  the  corresponding  normal  section  of  the  unstrained 
middle  surface  is  given  by  the  equation 

1  _  cos^  ft)     sin''  ft) 
R       Ri  R2 

so  that  the  change  of  curvature  in  this  normal  section  is  given  by  the  equation 

p-,  —  -p  =  Ki  cos^  ft)  +  «2  sin^  ft)  +  2t  sin  m  cos  a> (4) 

We  shall  refer  to  k^,  k^,  t  as  the  changes  of  curvature. 

In  general,  ii R^^R^,  equations  (2)  give,  correctly  to  the  first  order, 

JXi  XCj  -"-2  Ml 

For  example,  in  the  case  of  a  cylinder,  or  any  developable  surface,  if  the 
lines  /3  =  const,  are  the  generators,  Ki  vanishes,  and  tan  ^■y^  =  —  2tJ?2- 

The  case  of  a  sphere  is  somewhat  exceptional  because  of  the  indeterminate- 
ness  of  the  lines  of  curvature.     In  this  case,  putting  J?i  =  jRj,  we  find  from  (1) 

.1  .1      .1 

Sp-  =  -Sp-  =  SpSay; 
rli  M2        Jo, 

and  then  we  have,  correctly  to  the  first  order, 

«i  +  «2  =  0,     tan  2'\/r  =  2t/(ki  —  K2)  =  t/ki, 

and,  correctly  to  the  second  order. 
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but  Ki  and  k^  are  not  equal  to  S  ^5-  and  S  -j^-  unless  t  =  0,  and  ilr  is  not  small 

it]  ita 

unless  T  is  small  compared  with  k^. 

The  resiilt  that,  in  the  case  of  a  cylinder  slightly  deformed  without  extension,  ki=0, 
or  there  is  no  change  of  curvature  in  normal  sections  containing  the  generators,  has  been 
noted  by  Lord  Rayleigh  as  "the  principle  upon  which  metal  is  corrugated."  He  has  also 
applied  the  result  expressed  here  as  kiI R^  + k^j Ri  =  Q  to  the  explanation  of  the  behaviour  of 
Bourdon's  gauge*. 

317.     Typical  flexural  strain. 

We  imagine  a  state  of  strain  in  the  shell  which  is  such  that,  while  no  line 
on  the  middle  surface  is  altered  in  length,  the  linear  elements  initially  normal 
to  the  unstrained  middle  surface  remain  straight,  become  normal  to  the 
strained  middle  surface,  and  suffer  no  extension  or  contraction.  We  express 
the  components  of  strain  in  this  state  with  reference  to  axes  of  x,  y,  z,  which 
are  directed  along  the  tangents  to  the  curves  /3  and  a  at  a  point  Pj  on  the 
strained  middle  surface  and  the  normal  to  this  surface  at  Pj.  Let  P  be  the 
point  of  the  unstrained  middle  surface  of  which  Pj  is  the  displaced  position, 
and  let  Ss  be  an  element  of  arc  of  a  curve  s,  drawn  on  the  unstrained  surface, 
and  issuing  from  P;  also  let  R  be  the  radius  of  curvature  of  the  normal 
section  of  this  surface  drawn  through  the  tangent  to  s  at  P-  The  normals 
to  the  middle  surface  at  points  of  s  meet  a  surface  parallel  to  the  middle 
surface,  and  at  a  small  distance  z  from  it,  in  a  corresponding  curve,  and  the 
length  of  the  corresponding  element  of  arc  of  this  curve  is  approximately 
equal  to  {{R  — z)IR]hsf.  When  the  surface  is  bent  so  that  R  is  changed 
into  R',  and  z  and  Ss  are  unaltered,  this  length  becomes  {{R'  —  z)/R']  Ss 
approximately.     Hence  the  extension|  of  the  element  in  question  is 

fR'-z     R-z\  IR-z  .      ^  ,  /I       1\ 

V^' RTjl-^'    °"'  approximately,   -  ^  (^  -  ;^j  • 

Let  the  tangent  to  s  at  P  cut  the  curve  ;S  at  P  at  an  angle  <u.  The 
direction  of  the  corresponding  curve  on  the  parallel  surface  is  nearly  the 
same ;  and  the  extension  of  the  element  of  arc  of  this  curve  can  be  ex- 
pressed as 

Bxx  COS^  CO  +  Byy  SVD?  0}  +  Bxy  sin  a  COS  CO. 

Equating  the  two  expressions  for  this  extension,  and  using  (4),  we  find 
Bxx  cos^  CO  +  eyy  sin"  co  +  exy  sin  co  cos  co  =  —  z(ki  cos^  co  +  k^  sin^  tu  +  2t  sin  m  cos  co), 
and  therefore  Cxx  =  —  skj,     Cyy  =  —  zk^,     exy  =  —  2zt. 

*  Proc.  B.  Soc,  vol.  45  (1889),  p.  105,  or  Scientific  Papers,  vol.  3,  p.  217. 

t  Near  a  point  on  the  middle  surface  the  equation  of  this  surface  can  be  taken  to  be 
2f=|2/iJj  +  7j2/ii2,  and  the  coordinates  of  the  point  in  which  the  normal  at  (?',  rj')  meets  the 
parallel  surface  can  be  shown,  by  forming  the  equations  of  the  normal,  to  be  approximately 
|'(l-z/iJi)  nndri'il-zIR^).  Putting  I' =  58.  cos  w,  V  =  S«.8inu,  and  neglecting  ^''/Bi^  and  ^^/iJ^a, 
we  obtain  the  result  stated  in  the  text. 

J  Cf.  Lord  Eayleigh,  Theory  of  Sound,  2nd  edition,  p.  411. 
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In  the  imagined  state  of  strain  e^^,  ey^,  e^z  vanish.  With  this  strain  we 
may  compound  any  strain  by  which  the  linear  elements  initially  normal 
to  the  unstrained  middle  surface  become  extended,  or  curved,  or  inclined 
to  the  strained  middle  surface.  The  most  important  case  is  that  in  which 
there  is  no  traction  on  any  surface  parallel  to  the  middle  surface.  In  this 
case  the  stress-components  denoted  by  X^,  Y^,  Z^  vanish,  and  the  strain- 
components  e^,  eyi,  6^2  are  given  by  the  equations 

Szx  =  0,     ey^  =  0,     e,^  =  -  {o-/(l  -  a)}  (e^^  +  eyy), 

where  a  is  Poisson's  ratio  for  the  material,  supposed  isotropic.  In  this  state 
of  strain  the  linear  elements  initially  normal  to  the  unstrained  middle  surface 
remain  straight,  become  normal  to  the  strained  middle  surface,  and  suffer 
a  certain  extension  specified  by  the  value  of  e^^  written  above.  It  is  clear 
that  this  extension  can  have  very  little  effect*  in  modifying  the  expressions 
for  e^x,  eyy,  e^y,  and  we  may  therefore  take  as  approximate  expressions  for  the 
strain-components 


(T 


Bxx  =  -ziCi,    eyy  =  -ZK^,    ea  =  Y3^ z («i  +  k^),  e^y  =  —  Itz,  e^^  =  e^^  =  0. . . .(5) 

This  state  of  strain  may  be  described  as  the  typical  flexural  strain. 
The  corresponding  stress-components  are 

E  W 


E 
1  +  <T- 


Xy  =  -^^ZT,       X,=  F,  =  ^,  =  0. 


where  E  is  Young's  modulus  for  the  material.     The  strain-energy-function 
takes  the  form 

Ez'^ 
h  13^,  [(«!  +  «.)^  -  2  (1  -  cr)  {k,k,  -  T^)]. 

The  potential  energy  of  bending,  estimated  per  unit  of  area  of  the  middle 
surface,  is  obtained  by  integrating  this  expression  with  respect  to  z  between 
the  limits  —h  and  h,  the  thickness  of  the  shell  being  2h.  The  result  can  be 
written 

^Di{K,+K,y-2{\-a){K,K,-T^)l    (6) 

where  D  is  the  "flexural  rigidity"  ^Eh^/il  —  a'^).    In  the  case  of  a  cylinder, 
or  any  developable  surface,  this   expression  becomes  ^  D{k^^  +  2{1  —  (t)t^}. 

In  the  case  of  a  sphere  it  becomes  ^ /juh^ {ki^  +  t'),  or  ^fih^lB^j  ,  where  fi  is 

the  rigidity  of  the  material  f. 

*  It  will  be  seen  in  the  more  complete  investigation  of  Article  327  below  that  such  effects  are 
not  entirely  negligible. 

t  These  are  the  expressions  used  by  Lord  Eayleigh,  Theory  of  Sound,  2nd  edition,  Chapter  x  a. 
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318.     Method  of  calculating  the  changes  of  curvature. 

The  conditions  which  must  be  satisfied  by  the  displacement  in  order 
that  the  middle  surface  may  suffer  no  extension  may  be  found  by  a  straight- 
forward method.  Let  ABa  be  the  element  of  arc  of  a  curve  ^  =  const,  between 
two  curves  a  and  a  +  Ba,  BB^  the  element  of  arc  of  a  curve  a  =  const,  between 
two  curves  0  and  /3  +  S/8 ;  also  let  x',  y',  z'  be  the  coordinates  of  a  point  on 
the  strained  middle  surface  referred  to  any  suitable  axes.  We  form  expres- 
sions for  x ,  y',  z  in  terms  of  the  coordinates  of  the  point  before  strain  and 
of  any  suitable  components  of  displacement.  Since  curves  on  the  middle 
surface  retain  their  lengths,  and  cut  at  the  same  angles  after  strain  as  before 
strain,  we  must  have 


A 


9*Y  ,  Cdj/y  ,  fSf^vi* ^  1    1  r,'?f.Y  ,  / Vv 


'hm 


da     ^KdaJ  ^  V9«y 


B 


d^j  "^  U/sJ  +  va/8. 


=  1, 


dx  dx'     dy'  dy'     dz'  dz'  _ 
da  9/8      3a  9/5      9a  9/8 


These  equations  give  us  three  partial  differential  equations  connecting  the 
components  of  displacement. 

The  changes  of  curvature  also  may  be  calculated  by  a  fairly  straightforward 
method.  The  direction  cosines  I,  m,  n  of  the  normal  drawn  in  a  specified 
sense  to  the  strained  middle  surface  can  be  expressed  in  such  forms  as 

7  _  ,  _J_  /9y'  9^'  _  dz  dy'\ 
~-AB\did^~dcLd^)' 

and  the  ambiguous  sign  can  always  be  determined.     The  equations  of  the 
normal  are 

a;  —  x'_y  —  y'_z  —  z' 
I  m  n     ' 

and,  if  (x,  y,  z)  is  a.  centre  of  principal  curvature,  we  have 
x  =  x'  +  Ip  ,  y  =  y'  +  mp,  z  =  z'  +  np, 
where  p  is  the  corresponding  principal  radius  of  curvature ;  p  is  estimated  as 
positive  when  the  normal  {I,  m,  n)  is  drawn  from  («',  y',  2f)  towards  {x,  y,  z). 
If  (a  +  8a,  /3  -t-  B0)  is  a  point  on  the  surface  near  to  («',  y',  z')  on  that  line  of 
curvature  through  («',  y,  z')  for  which  the  radius  of  curvature  is  p',  the 
quantities  x,  y,  z,  p  are  unaltered,  to  the  first  order  in  8a,  8/3,  by  changing  a. 
into  a  -I-  8o  and  /3  into  /3  -I-  B0.  The  quantity  we  have  already  called  tan  -if 
is  one  of  the  two  values  of  the  ratio  BB^/ABa.  Hence  tan-i|r  and  p'  are 
determined  by  the  equations 
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These  three  equations  are  really  equivalent  to  only  two,  for  it  follows 
from  the  mode  of  formation  of  the  expressions  for  I,  m,  n,  and  from  the 
equation  l'  +  7n?  +  'n?  =  \,  that,  when  we  multiply  the  left-hand  members 
by  I,  m,  n  and  add  the  results,  the  sum  vanishes  identically.  By  elimin- 
ating  the   ratio    Sa/S/8   from  two  of  these  equations  we  form  an  equation 

for  p,  and  the  values  of  Ijp'  are  -p-  +  S  p-  and  -p-  +  S  -p  ;  by  eliminating  p' 

-til         -^1  -^2         ^a 

from  two  of  the  equations  we  form  an  equation  for  S^/Sa,  which  determines 

tan  ■\|r. 

We  shall  exemplify  these  methods  in  the  oases  of  cylindrical  and  spherical  shells.  In 
more  difficult  cases,  or  when  there  is  extension  as  well  as  change  of  curvature,  it  is  advisable 
to  use  a  more  powerful  method.  One  such  method  will  be  given  later ;  others  have  been 
given  by  H.  Lamb*  and  Lord  Eayleight.  The  results  for  cylindrical  and  spherical  shells 
may,  of  course,  be  obtained  by  the  general  methods ;  but  these  cases  are  so  important  that 
it  seems  to  be  worth  while  to  show  how  they  may  be  investigated  by  an  analysis  which 
presents  no  difficulties  beyond  the  manipulation  of  some  rather  long  expressions.  The 
results  in  these  cases  were  obtained  by  Lord  RayleighJ. 

319.     Inextensional  deformation  of  a  cylindrical  shell. 

(a)     FormulcB  for  the  displacement. 

When  the  middle  surface  is  a  circular  cylinder  of  radius  a,  we  take  the 
quantities  a  and  j8  at  any  point  to  be  respectively  the  distance  along  the 
generator  drawn  through  the  point,  measured  from  a  fixed  circular  section, 
and  the  angle   between  the  axial   plane 
containing   the  point  and   a   fixed  axial 
plane ;  and  we  write  x  and  <^  in  place  bf 
a  and  /3.     We  resolve  the  displacement 
of  the  point  into  components :    u  along 
the  generator,  v  along  the  tangent  to  the 
circular  section,  w  along  the  normal  to  the 
surface  drawn  inwards.     The  coordinates 
«',  y,  z  of  the  corresponding  point  on  the 
strained  middle  surface  are  given  by  the 
equations 
a;'  =  oo  +  u,     y'=(a  —  w)cos(j)  —  v  sin  0, 
/  =  (a  —  w)  sin  (f>  +  v  cos  <j}. 
The  conditions  that  the  displacement  may  be  inextensional  are 


x,x 


Fig.  71. 


dt/' 


i¥hif 

\dxj       \ox, 


dx 
dx'  dx' 


=  1,     - 

( 

dy'  dy' 


f-V) 


=1, 


dx  90      dx  d<f>      dx  dcj) 


*  London  Math.  Soc.  Proc,  vol.  21  (1891),  p.  119. 
t  Theory  of  Sound,  2nd  edition,  vol.  1,  Chapter  x  a. 

J  London  Math.  Soc.  Proc,  vol.   13  (1882),   or  Scientific  Papers,  vol.  1,  p.  551,  and  the 
paper  cited  on  p.  474  supra.     See  also  Theory  of  Sound,  2nd  edition,  vol.  1,  Chapter  x  a. 
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On  writing  down  the  equations 

"bx'     ,      9m       9w'         'bw         ,      dv    .     ,      dz'         dw   .     ,      dv 

3-  =  1  +  ^  ,     ^  =  -  X-  cos  d)  -  —  sin  rf>,     5-  =  -  ^  sin  0  +  ^  cos  d>, 

ox  ax      ox         ox        ^     ox       ^      ox         ox  ox        ^ 

dx'     du      dv'         /dw       \         ,      (  dv\    .     , 


/  bv\        ^      [dw       \    .    _, 


a<^    V  a</)/      ^    V9<^ 

we  see  that  these  conditions  are,  to  the  first  order  in  u,  v,  w, 

—  =0          =—       —  +-  —  =  0  CJ-) 

dx        '  d<f3'     dx     adcf)        

These  equations  show  that  u  is  independent  of  x,  and  v  and  w  are  linear 
functions  of  x. 

If  the  edge-line  consists  of  two  circles  x  =  const.,  u,  v,  w  must  be  periodic 
in  ^  with  period  27r,  and  the  most  general  possible  forms  are 

M  =  —  2  -  jB„  sin  (n^  +  /3„),     i;  =  S  [J.„  cos  (nc^  +  a„)  +  5„  a;  cos  (jk^  +  /3„)], 

w  =  —  2  n  [^„  sin  (n^  +  a„)  +  5„a;  sin  {n^  +  ;S„)], 

(8) 

where  An,  B^,  ("n,  fin  are  constants,  and  the  summations  refer  to  different 
integral  values  of  n. 

(b)     Changes  of  curvature. 

The  direction  cosines  I,  m,  n  of  the  normal  to  the  strained  middle  surface 
drawn  inwards  are 

a  \dx  d<f)     dx  d(f>J  ' 
We  write  down  the  values  of  dx'jdx, ...  simplified  by  using  (7),  in  the  forms 

dx'      .      9w'      1  9m    .     ,      dw         ,      dz'         1  9m         ,      dw   .     , 

2-  =  1,     ^  =  -  ^T  sin  d)  -  3-  cos  6,     X-  = 5-r  cos  d)  -  ^-  sm  d), 

dx  dx      ad<p        ^      dx        ^      dx         ad<f)        ^      dx        ^ 

dx'     9m       9m'  •     .      /    ,  dw\         ,      dz'  ,      I    .  dw\    .     , 

d^  =  W    9^  =  "^''^'^~r  +  9^j"°''^'    9^  =  '^"°^'^-r  +  9^J'^"'^' 

and  we  find,  to  the  first  order  in  u,  v,  w, 

^  =  -9^'     m  =  -cos<^  +  -(^.  +  g^Jsin,|,,     ri  =  -  sm</,- -  (.  +  g^j  cos</>. 

The  principal  radii  of  curvature  and  the  directions  of  the  lines  of  curva- 
ture are  given  by  the  equations 


\^  /da/  d]l  _  9y'  9^'\      1  /dx' 
p'^  \dx  d(j)      dx  d(f)J      p'  \dx 


dm     dl  dy'     dm  dx'     dy'  dl  \ 
d(f)      dx  9</)      dx  9</>      dx  d^J 


dl  dm     dm  dl  _  » 
dx  d<f)      dx  d<f)        ' 
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■BxS<f>{£^ 


dx'  dm     dm  dx'     dy'  dl      dl  dy'\ 


3<^       dx  d<ji      dx  d(p      dx  d<f>J 


For  the  purpose  of  calculating  the  coefficients  in  these  equations  we  write 
down  the  values  of  dl/dx, ...,  simplifying  them  slightly  by  means  of  (7)  and 
by  the  observation  that  v  and  w  are  linear  functions  of  x.     We  have 

d± 
dx 
dl_ 
d^' 


0, 


8m  _  sin  0  9  /      3m;\ 
dx         a     dx\       d<f)J ' 


dho        dm 


.     ^  f ^       1  fd^'w        \)    ,  cos  0  /       dw\ 


We  know  beforehand  that,  when  terms  of  the  second  order  in  u,  v,  w  are 
neglected,  one  value  of  l/p'  is  zero  and  the  other  is  l/a  +  K^;  also  the  value 
of  al^jhx  is  tan  ■y^,  and  tan  2-v|r  =  —  2aT.  We  can  now  write  down  the  above 
equations  for  p'  and  8a;/S<^  in  the  forms  (correct  to  the  first  order  in  u,  v,  vi) 

g  +  «,)[^_asin<^-(t;  +  g^)cos</,^ 


+ 


'  .     ,      \  [       dw\ 

sin  (^  +  -  I  -y  +  3;^  J  cos  ^  + 


,19/,  dw\ 

and    -TT-    t)  +  5T  1  sm 

adx\      o<p 


1  /d^w 


a  \      d<p) 
/du  9%  \ 


+  w  J  sin  0 


=  0, 


+  -  tan  1^ 


.     ,      1  /      9w\         ,1  (d^w  ,     \    .    _, 


The  former  of  these  gives,  to  the  first  order  in  u,  v,  w, 

1  (d^w 


_1  /l_ 

and  the  latter  gives,  to  the  same  order, 


+  w\. 


.(9) 


tan2,|.=  -2gl(.  +  g), 


or 


=  a9^l"  +  9-^J (1^> 


d<i> 
With  the  values  of  u,  v,  w  given  in  (8)  these  results  become 


K2  ' 


.n'  —  n 


[An  sin  (ncf)  +  a»)  +  BnX  sin  {ncf)  +  /3„)], 


T  =  -  S  Bn  cos  (n(f>  +  ^n). 


.(11) 


320.     Inextensional  deformation  of  a  spherical  shell. 

(a)     Formulce  for  the  displacement. 

When  the  middle  surface  is  a  sphere  of  radius  a  we  take  the  coordinates 
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a  and  /3  to  be  ordinary  spherical  polar  coordinates,  and  write  6,  (j)  for  a,  ^. 

The  displacement  is  specified  by 
components  u  along  the  tangent  to 
the  meridian  in  the  direction  of 
increase  of  0,  v  along  the  tangent 
to  the  parallel  in  the  direction  of 
increase  of  ^,  w  along  the  normal 
to  the  surface  drawn  inwards.  The 
Cartesian  coordinates  of  a  point  on 
the  strained  middle  surface  are  given 
by  the  equations 

x  ={a  —  w)  sin  6  cos  ^ 

+  u,  cos  6  cos  ^  —V  sin  <^, 

y'  =  {a  —  w)  sin  6  sin  ^ 

+  u cos  6 sm^  +  v cos (/>, 

z'  =  {a  —  w)  cos  6  —u  sin  6. 

The  conditions  that  the  displacement  may  be  inextensional  are 


Fig.  72. 


(dx'V     (dj/Y     /s/yl  *  _  ,         1 

\fie)  '^\de)  ^\de)  \  ~  '  a  sine 

dx'  dx'     dy  dy'     dz'  dz'  __  . 
ded^'^ded^'^d0d^~ 

We  write  down  the  equations 


(g)V(|')V(g 

\dd>J       \d(p/       \d<p, 


I, 


de 

a/ 
dd 

9/ 

dd 

and 

S«'_ 

dz' 


(a  -  w  +  ^  j  cos  ^  -  (^  +  u\  sin  6    cos  <^  -  ^^  sin  <^, 


•     J      dv         . 
sin  ^  +  ^  cos  ^, 


(a  —  w)siaO  +  u  cos  6  + 

(a  —  w)sm0  +  u  cos d  + 

du   .    a     ^""^       a 
%vaQ  —  ITT  cos  V. 

0(p 


dv' 
dv' 

d4> 


sm<f)  + 

C0S(/)  + 


9m        ^  dw   .    „ 

x-r  COS  ^  —  -y  —  ir-r  sin  ^ 

0(p  0(p 

du        „  dw   .    n 

TrrCOSd  —  V  —  T^Smti 
0<p  ocp 


COS(j), 

sincj), 


dcf>         d(t> 
The  conditions  that  the  displacement  may  be  inextensional  are,  to  the  first 

order  in  u,  v,  w, 

du 


■       n  n        dv 

w  =  ^,,     w  sin  p  =  w  cos  t^  +  5-r . 
d6  o<p 


.    „dv   ,         ^  /Sm 
sin  0^  +  cos  ^(^g^  cos. 


.,_gsin^)+sin0gsin^  +  ^cos^)  =  O, 
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or,  as  they  may  be  written, 

du        .    „  d     u         9 


w= . 


u         .    ^  9 
i  +  sin  0  ; 


i  =  0.    ...(12) 


dO'  ddsmd     9<^sin(9'    9^  sin  0  ^'^  °'"  "  961  sin  0 ' 

The  last  two  of  these  equations  show  that  w/sin  6  and  t;/sin  6  are  conjugate 
functions  of  log  (tan  ^0)  and  ^. 

If  the  edge-line  consists  of  two  circles  of  latitude,  u,  v,  w  must  be  periodic 
in  ^  with  period  27r,  and  the  most  general  possible  forms  for  them  are 

u  =  smO't 


6  9 

An  tan"  -  cos  (n0  4-  a„)  +  5„  cot"  ^  cos  {nj>  +  /3„) 


.(13) 


2 

V  6  0 

w  =  sin  0  2    An  tan"  ^  sin  (r;^  +  a„)  -  5„  cot"  ^  sin  ("^  +  /3„) 

r  (9 

w  =  2    (w  +  cos  0)  -4„  tan"  -  cos  (n^  +  a„) 

Q 

—  {n—  cos  0)  J5„  cot"  q  cos  (n<^  +  y8„) 

where  J.„,  5„,  a„,  /3„  are  constants,  and  the  summations  refer  to  different 
integral  values  of  n. 

If  in  the  formulae  (12)  we  put  n=0  we  find  displacements  of  the  type 

■a  =  4o  sin  6  cos  a,     i;=.4osin  5sina,     w=^ocos0cosa, 

the  terms  in  B  being  of  the  same  type.  The  components  of  this  displacement  in  the 
directions  of  ai,  y',  '^  are 

—  ^0  sin  a  sin  6  sin  ^,     ^Qsinasiu  flcos0,     —  ^pcosa, 

and  this  displacement  is  compounded  of  a  translation  —  ^ocosa  in  the  direction  of  the 
axis  of  i  and  a  rotation  ^otf^sina  about  this  axis. 

If  in  the  formulae  (12)  we  put  n  =  1,  we  find  displacements  of  the  types 

M  =  .4i(l-cos^)cos((^  +  a),    'i;=Ji(l  — cos5)sin(^  +  a),     w=^isin6cos(^+a), 
and 

M=5i(l  +  oos^)cos(0+^),     «=-5i(l  +  cosfl)sin(^+^),     «)= -£iSin5cos((^+/3). 

The  former  is  equivalent  to  a  translation  (--djcosa,  ^isino,  0)  and  a  rotation 
^ia~i(sina,  cos  a,  0);  and  the  latter  is  equivalent  to  a  translation  (JSjCos/S,  — ^isin/S,  0) 
and  a  rotation  5ias~i(sin/3,  cosft  0). 

It  appears  from  what  has  just  been  said  that  all  the  displacements 
obtained  from  (13)  by  putting  n  =  0  or  1  are  possible  in  a  rigid  body,  and  the 
terms  for  which  n  has  these  values  may  be  omitted  from  the  summations. 
Similar  results  can  be  proved  in  the  case  of  cylindrical  shells. 

If  the  edge-line  consists  of  one  circle  of  latitude,  and  the  pole  ^  =  0  is 

included,  we  must  omit  from  (13)  the  terms  in  cot"|^,  (w  >  1),  for  these 

terms  become  infinite  at  the  pole.     If  the  sphere  is  complete  the  terms  in 

tan"^^,   (w>l),   must   be   omitted   also;  that  is  to  say  no   inextensional 
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displacements  are  possible  in  a  complete  spherical  shell  except  such  as  are 
possible  in  a  rigid  body*. 

(b)     Changes  of  curvature. 

We  form  next  expressions  for  the  direction  cosines  I,  m,  n  of  the  normal 
to  the  deformed  surface,  by  means  of  such  formulae  as 

_       1        /dj/_  d/  _  dz_dy\  . 

a^smoKd^de    d4>de)' 

and  for  this  purpose  we  first  write  down  the  expressions  for  dx'/dd, . . .  simplified 
by  means  of  equations  (12).     We  have 

dx'  .         .       fdw  ,      \    ■     n         1      ^^    ■     1 

^  =  a  cos  ^  cos  0  —  (  ^  +  M  j  sin  6/  cos  9  —  ^  sin  <p, 

dv'  /I   •     .      /9w        \    ■    n  ■     ,      9^         • 

-^  —  a  cos  p  sin  ^  —  ^  +  M 1  sin  ^  sm  9  +  ^  cos  (p, 


and  ^  =  —  a  sin  ^  sm  ^  +  (  x-7  cos  e'  —  t;  —  ^  sin  6' I  cos  <p, 

-^  =     a-  sin  ^  cos  (f)  +  I  ;r-r  cos  6  —  t)  —  =-r  sin  ^ )  sin  <i>, 
dq>  \o<p  a<p         J         ^ 

dz'         du    .    n     dw        n 

s^  =  -^''''^-^'°'^- 

Hence  we  have,  to  the  first  order  in  u,  v,  w, 

,        \  (dw  \  a  ^       1  /  \      ?IW\     .      ^ 

{  =  —  sin  ^  COS  rf) hr-j  +  M      cos  ^  cos  d)  +  -      D  +  -T— ^  ;r-r      SlU  *, 

^     a  \dd        1  ^     a  \       Sin  ^  9^/        ^ 

wj  =  —  sin  0  sin  d) U^  +  w   cos  d'  sin  d)  —  Py  +  -. — -.  ^-r    cos  A, 

^      a  \da        J  ^     a  \       sine  d^J        ^ 

n  =  -  cos  0  +  -  ( ^  +  M  j  sin  ^. 

Exactly  as  in  the  case  of  the  cylinder,  the  principal  curvatures  and  the 
directions  of  the  lines  of  curvature  are  determined  by  the  compatible 
equations 


*  The  result  is  in  accordance  with  the  theorem  that  a  closed  surface  cannot  be  bent  without 
stretching.    This  theorem  is  due  to  J.  H.  Jellett,  Dublin  Trans.  R.  Irish  Acad.,  vol.  22  (1855). 
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and  we  therefore  write  down  the  following  equations,  in  which  we  put  for 

shortness  Z=lg  +  .).    F=^f.  +  J^^^^ 
a\dd        r  a\       smO  dcp. 


)■ 


1  + 
1 


and 


dl_ 

dd~ 

dm 
M^ 

dn 

dm  _ 

dn       .     .dX 

a0  =  ^^^^s^- 


dX'\ 

^  j  cos  ^  COS  ^  +  X  sin  6  cos  4'  +  '^  sin  0, 


dY 

dY 


d')r\ 

+  -^j  cos  0  sm(f)  +  X  sin  0  sin  0  —  ~  cos  <p, 


1  +  ^a' )  sin6  +  X cos 0, 

BinO  +  X  COS  6  +  ^j- j  sin  <^  —  f  —  cos  ^  —  F )  cos  ^, 

3F' 
sm6  +  X  cos  ^  +  ^  I  cos 


^  "  ( KT  cos  6  —  Y\  sin  ^, 


Our  procedure  in  this  case  must  be  a  little  different  from  that  adopted 
in  the  case  of  the  cylinder  because,  to  the  first  order,  the  sum  and  product 
of  the  principal  curvatures  are  unaltered  by  the  strain.  We  therefore  begin 
by  finding  the  equation  for  tan  ■ilr,  or  sin  6B<j)jSd.  This  equation  may  be 
written 


dx 

w 


'     tan  1^  dx'\  /dm     tan  t/t  dm\  _  /dy'     tan  y}r  dy'\  fdl      tan  y^  dl\ 
I'^'^^d^)  \de^~^^dA)~\de^^S^di)  \d~e^  "si^  dd>)  ' 


d(j>J  \de   '    sin  (9  d(j)J     \dd  '    sin0  3^7  V9^  '    sin^  dcj}) 
and,  by  direct  substitution  of  the  values  written  above  for  dx'/dd, ...,  it  is 


found  to  be 

rdv      dY\ 


(dv        dY\ 


cos  6  + 


tan  y^r 
sin  6 


< 


Now  we  have 


,  tan^^  J    (dX        „     „\ 
1     dw\ 


.     .dX     ^        a    dY\        . 

sin  ff  ^TTj-  —  X  cos  o  —  ■;r-p   cos  0 

00  o<pJ 

du         „  dw   .     . 

_cos6-,;-^sine 


']1  sin  0  =  I 


dv_     dY__j      

d0     "'d0~     d0  Vsin  0  d<t> 


dw\ 
U)' 


a   TTT  cos  0 


')-(^^^os0-v-"^sin0 


dw 


\        .     .        .d  (    \     dw\ 
'  1  =  sm  ^cosP;^  I  -. — =  ^—  1 . 


/  .     ,aX     „       ^    97\       ■    /,/9'w  ,  9mN  a 

a(sm0^-Xcos0-^)  =  sm0i^^+^^)-oose 


dw       \      dv         1     d^w 
d0^^)~d^~^^0W 


=  sm  ( 


,dw 


79%        \      /I      9%  ,       ^  „vm         \  I 


where,  in  the  last  line,  use  has  been  made  of  the  equations  (12).     But,  since 
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w  =  du/d6,  and  u  satisfies  the  equation  obtained  by  eliminating  v  from  the 
second  and  third  of  (12),  viz. 


it  follows  that 


1     Tf-w        ,a9w  ,  19/.  .ifi'^u      .    ^        ,9m       \  ,      ,^9w  , 


de 


o'w 


-  w. 


Hence  the  equation  for  tan  i/r  becomes 

9  /    1     9w 
tan  2i|r  =  ^ 


9^ 
■  96^  Vsin  d  d(j)J/  V90^ 

One  of  the  equations  for  determining  p'  is 


+  w 


"«''  +  |'»*+Kl'**a'i  **)  =  »■ 


9(9 


or 


.     ( 


1  + 


-^j  sin  ^  +  Z  cos  0  +  ^  tan  i/r 

'''     sin  61  + Z  cos  61  + i  fir  +  cot  61 1^)  tan  i|r 
a  V9<p  99/ 

,      9Z     tan  ylr  (dX     1  /9m         ,  .  9w' 
=  ^  +  9^+^iK^|9^-al9^  +  '=°*^9^, 

-        1  Z?!^        ^      tan->|r  d_  /_!_  9w\ 
~     "^  a  V9^  "^  ^J  ^     a      961  Uin  0  d<f>) 

But,  using  the  notation  of  Article  316,  we  have 

— =  «i  cos'  ■^+  IC.2  sin''  •v|r  +  T  sin  2i|r 


It  follows  that 


=  Ki  (cos  2yjr  +  sin  2i/f  tan  2\/r) 
=  /Ci  sec  2i|r. 

1  /9=w 


\         _  1  ^  /    1     9w\ 
With  the  values  of  u,  v,  w  given  in  (13)  we  now  find 


"'  ~  a'  Kdd' 


fCi  —        K2  —  ^ 


n'  —  n 
a'  sin'  d 

n^  —  n 


e 


de 


.(14) 


a'sin'0 


An  tan"  ^  cos  (?i<^  +  a„)  —  5„  cot"  ^  cos  (n^  +  /3») 
An  tan"  2  sin  (w0  +  a„)  +  5„  cot"  ^  sin  (n0  +  /3«) 


.(15) 
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321.     Inextensional  vibrations. 

If  we  assume  that  the  state  of  strain  in  a  vibrating  shell  is  that  which 
has  been  described  in  Article  317  as  the  typical  flexural  strain,  we  may 
calculate  the  frequency  of  vibration  by  forming  expressions,  for  the  kinetic 
and  potential  energies*.  We  illustrate  this  method  in  the  cases  of  cylindrical 
and  spherical  shells. 

(i)     Cylindrical  shell. 

The  kinetic  energy,  estimated  per  unit  of  area  of  the  middle  surface,  is 

where  p  is  the  density  of  the  material,  and  u,  v,  w  are  given  by  (8),  in  which 
the  coefficients  An,  B^  are  to  be  regarded  as  functions  of  t.  The  kinetic 
energy  T  of  the  vibrating  shell  is  obtained  by  integrating  this  expression 
over  the  area  of  the  middle  surface.  If  the  ends  of  the  shell  are  given  by 
«=  +  Z,  we  find 


T=2irpalh'Z 


<'-)(^i-"J-{^i<-«')"KfJ 


...(16) 


The  potential  energy  of  bending,  estimated  per  unit  of  area  of  the  middle 
surface,  is 

where  k^  and  t  are  given  by  (11).  The  potential  energy  V  of  the  vibrating 
shell  is  obtained  by  integrating  this  expression  over  the  area  of  the  middle 
surface.     We  find 

V=Dirlt  (!^!-=i}!  [«M„^  +  {^n^Z2+  2  (1  -  a)  a"}  B^^] (17) 

Oj 

The  coefficients  An,  Bn  in  the  expressions  (8)  for  the  displacement  may 
be  regarded  as  generalized  coordinates,  and  the  expressions  for  T  and  V  show 
that  they  are  '■  principal  coordinates,''  so  that  the  various  modes  of  vibration 
specified  by  different  ^'s  or  B's  are  executed  independently  of  each  other. 
The  vibrations  in  which  all  the  B's  and  all  but  one  of  the  ^'s  vanish  are  two- 
dimensional  and  take  place  in  planes  at  right  angles  to  the  axis  of  the  cylinder. 
The  type  is  expressed  by  the  equations 

M  =  0,     V  =  An  cos  n</),    w  =  —  nAn  sin  n<^, 

in  which  An  is  proportional  to  a  simple  harmonic  function  of  the  time  with 
a  period  27r/p,  and  p  is  given  by  the  equation 

•^"2^"     v?+\      ~ '6p{l- <T^)a^     n^  +  1      ^     ' 

*  The  theory  of  inextensional  vibrations  is  due  to  Lord  Eayleigh,  London  Math.  Soc.  Proc, 
voL  13  (1881),  or  Scientific  Papers,  vol.  1,  p.  551,  and  Proc.  R.  Soc,  vol.  45  (1889),  p.  105,  or 
Scientific  Papers,  vol.  3,  p.  217.  See  also  Theory  of  Sound,  second  edition,  Chapter  x  a.  A 
discussion  of  the  conditions  for  the  existence  of  practically  inextensional  modes  of  vibration  will 
be  given  in  Chapter  xxiv.  infra. 


486  IN  EXTENSION AL   VIBRATIONS  [CH.  XXIII 

The  vibrations  in  which  all  the  A's  and  all  but  one  of  the  B's  vanish  are 
three-dimensional.     The  type  is  expressed  by  the  equations 

w  = £„  sin  nd),     v  =  xBn  cos  nd>,    w  =  —  nxBn  sin  n<h, 

n  ^ 

and  the  frequency  p/2Tr  is  given  by  the  equation 

Eh^        n'(n'-iy  1  +  6(1- a)  a'/nH^  ,     , 

P''~Sp(l-a^)a*      n^+1       l  +  3a'/n''{n'+l)l' ^  ^ 

If  either  n  or  l/a  is  at  all  large  the  two  values  of  p  belonging  to  the  same 
value  of  n  are  nearly  equal. 

(ii)     Spherical  shell. 

We  shall  suppose  the  middle  surface  to  be  bounded  by  a  circle  of  latitude 
9  =  a,  and  that  the  pole  0  =  0  is  included.  Then  in  (13)  and  (15)  the  co- 
efficients Bn  vanish.     The  kinetic  energy  T  is  given  by  the  equation 


T  =  Trpa'hX 


^cw)  /"  ^^°  ^  ^^  ^^^'  ^  "^  *-^°^  ^  ^  "^'^  *^''"'  I  ^^ 


...(20) 


The  potential  energy  of  bending,  estimated  per  unit  of  area  of  the  middle 

surface,  is  ^  fih^  {k-^  +  t^),  where  «i  and  t  are  given  by  (15)  with  the  B's 

omitted.     Hence  the  potential  energy  V  of  the  vibrating  shell  is  given  by 

the  equation 

r  /""  (9    dB 

n'{re-lfAnn    tan"'; 

Jo 


2  sin»  0 


.(21) 


The  coefficients  An  in  the  expressions  for  the  components  of  displacement 
can  be  regarded  as  "  principal  coordinates "  *  and  the  frequency  can  be 
written  down. 

In  a  principal  mode  the  type  of  vibration  is  expressed  by  the  equations 

a  a 

u  =  An  sin  0  tan"  ^  cos  n(f>,     v  =  An  sin  0  tan"  ^  sin  n<f>, 

a 
ui  =  An{n  +  cos  6)  tan"  ^  cos  n<f>, 

in  which  An  is  proportional  to  a  simple  harmonic  function  of  the  time.  The 
frequency  _p„/27r  is  given  by  the  equation 

p.'  =  ^-^,n'(n''-iy(j\a.n''''^^^y(j\m0{2sm-'0+(cos0  +  ny}tSiTx'''^d0 

In  this  expression  n  may  be  any  integer  greater  than  unity. 

*  When  the  edge-line  consists  of  two  circles  of  latitude,  so  that  the  coefficients  B  occur  as  well 
as  the  coefficients  A,  the  ^'s  and  jB's  are  not  principal  coordinates,  for  terms  containing  such 
products  as  [dAJdt) .  {dBJdt)  occur  in  the  expression  for  T.  See  Lord  Eayleigh,  Theory  of  Sound, 
second  edition.  Chapter  x  a. 
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/; 


tan2"f^  =  J 


tan2»-2^        tan2"^     tan2»  +  2^ 
+  2— i+  ^ 


L     n-l 


I  "sin  e  {2  sin25  +  (cos  5  +  ra)2}  tan2"  |  dd==  (^ 
Jo  2  J I 


n 
(2  -  xY 


n+l     J  ' 


'l+COSa        SO" 

and  the  second  of  these  can  be  evaluated  for  any  integral  value  of  n.  In  the  case  of  a 
hemisphere  (a=^7r)  Lord  Rayleigh  (loc.  cit.)  finds  the  frequencies  p^,  p^,  pt  for  n=2,  3,  4 
to  be  given  by 

^-WdJ)^^-^^^)'  ^34V(i?)(^^-^^^)>  ^-W(i9(^«-^«^)- 

In  the  case  of  a  saucer  of  120°  (a=^7r)  he  finds 

In  the  case  of  a  very  small  aperture  in  a  nearly  complete  sphere  (a=5r  nearly)  the 
frequency  calculated  from  the  above  formula*  is  given  approximately  by 


*  Cf.  H.  Lamb,  loc.  cit.  p.  477. 


CHAPTER  XXIV. 

GENERAL  THEORY  OF  THIN  PLATES  AND  SHELLS. 

322.     Pormulse  relating  to  the  curvature  of  surfaces. 

For  the  investigations  in  the  last  Chapter  the  elements  of  the  theory 
of  the  curvature  of  surfaces  are  adequate.  For  the  purpose  of  developing 
a  more  general  method  of  treatment  of  the  problem  of  curved  plates  or  shells 
we  shall  require  some  further  results  of  this  theory.  It  seems  best  to  begin 
by  obtaining  these  results. 

Let  a,  ^  denote  any  two  parameters  by  means  of  which  the  position  of 
a  point  on  a  surface  can  be  expressed,  so  that  the  equations  a  =  const., 
/3  =  const,  represent  families  of  curves  traced  on  the  surface.  Let  %  be  the 
angle  between  the  tangents  of  these  curves  at  any  point;  ;;^  is  in  general 
a  function  of  a  and  /3.  The  linear  element  ds  of  any  curve  traced  on  the 
surface  is  given  by  the  formula 

{dsf  =  A^{day  +  R{d^f+2ABmsxdaLd^,  (1) 

where  A  and  B  are,  in  general,  functions  of  a,  /8.  Let  a  right-handed  system 
of  moving  axes  of  x,  y,  z  be  constructed  so  that  the  origin  is  at  a  point  (a,  /8) 
of  the  surface,  the  axis  of  z  is  the  normal  to  the  surface  at  the  origin,  drawn 
in  a  chosen  sense,  the  axis  of  x  is  the  tangent  to  the  curve  /S  =  const,  which 
passes  through  the  origin,  drawn  in  the  sense  of  increase  of  a,  and  the  axis  of 
y  is  tangential  to  the  surface,  and  at  right  angles  to  the  axis  of  x*.  When 
the  origin  of  this  triad  of  axes  moves  over  the  surface  the  directions  of  the 
axes  change.  If  t  represents  the  time,  the  components  of  velocity  of  the 
origin  are 

.  da  ,   r)d^  r,d0   .  . 

"^dt+^dt'''^'     ^dt''""^'     ^' 

parallel  to  the  instantaneous  positions  of  the  axes  of  x,  y,  z.    The  components 

*  When  the  curves  a  =  const,  and  ;8= const,  out  at  right  angles  we  suppose  that  the  parameters 
a  and  /3,  and  the  positive  sense  of  the  normal  to  the  surface,  are  so  chosen  that  the  directions  in 
■which  o  and  /3  increase  and  this  normal  are  the  directions  of  a  right-handed  system  of  axes. 
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of  the  angular  velocity  of  the  system  of  axes,  referred  to  these  same  directions, 
can  be  expressed  in  the  forms 


da.  dB 

P^di+P'^' 


da 


d^ 


'i^di+^^dt' 


da. 


cZ/S 


""'  dt  ^'''  dt' 


in  which  the  quantities  jOj,  ...  are  functions  of  a  and  /3. 

The  quantities  p^,  ...  are  connected  with  each  other  and  with  A,  B,  'x^hy 
the  systems  of  equations  (2)  and  (3)  below.  These  results  may  be  obtained 
as  follows: — 

Let  X,  y,  z  denote  the  coordinates  of  a  fixed  point  referred  to  the  moving  axes.  Then 
X,  y,  z  are  functions  of  a  and  /3,  and  the  conditions  that  the  point  remains  fixed  while  the 
axes  move  are  the  three  equations 

dx  da      dx  dfi        (     da  ,       d&\        (     da         dS\       ,da„da 

■     radt+w^ry\''Tt^'^dtr\^^dt+^^I)+^dt^^It''°^^=^^ 


'by  da     dy  dfi 
d^di'^t^  di~^ 


dz  da      dz  dS        (     da 
dadi^d^~dt~^\^'di+^^ 


'     da  ^     c?^\         /    da  ,      d^\  ,  „d^   . 


d0\ 

dirnp^ 


da         Up* . 

di+p^di)=''- 


Since  these  hold  for  all  values  of  da/dt  and  dfi/dt,  we  have  the  six  equations 


—  ^-A+r^y-qj^z, 


dy 


dz 
^=qix-piy, 


3a;         n  ,  9y         „  .        ,  dz 

^= -B  cos  x  +  r^y-qiz,     ^= -Bsmx+PiZ-r^x,     g^=?2«-i'2y- 

The  conditions  of  compatibility  of  these  equations  are  three  equations  of  the  form 
^(5-j=^(^)  ;  and,  in  forming  the  differential  coefficients,  we  may  use  the  above 
expressions  for  dx/da, The  results  must  hold  for  all  values  of  x,  y,  z. 


The  process  just  sketched  leads  to  the  equations* 
9gi_9p2 


\ 


and 


n  = 


9/8 

__(djd_  dB 

da      BsmxW     ^°^^9a 
1       fdB  dA\ 

^sinxVs«    °°'^a/t(r 


•(2) 


=  _^_ 


<72      Pi   ■  Qi 

|  +  ^smx  =  ^cosx. 


.(3) 


*  The  sets  of  equations  (2)  and  (3)  were  obtained  by  D.  Codazzi,  Paris  Mem.  par  divers  savants, 
t.  27  (1882). 
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To  express  the  curvature  of  the  surface  we  form  the  equations  of  the 
normal  at  (a  +  Ba,  /3  +  S/8)  referred  to  the  axes  of  x,  y,  z  at  (a,  ;8).  The 
direction  cosines  of  the  normal  are,  with  sufficient  approximation,  (gjSa  +  g'afi/S), 
—  (piBa+p^B/S),  1,  and  the  equations  are 

as  —  (ASa  +  BB0  cos  ■)()  _   y  — £S/Ssin%    _ 

It  follows  that  the  lines  of  curvature  are  given  by  the  dififerential  equation 

Ap,  (day  +  B  (p^  cos  x  +  1<i  sin  x)  (d^Y  +  {-A-P^  +  B  (p,  cos  %  +  gi  sin  x)]  dad^=0, 

W 

and  that  the  principal  radii  of  curvature  are  the  roots  of  the  equation 

^'  (Pil^  -Pi9i)  -  ^  {^Pi  -  B  ipi  cos  x  +  1i  sin  %)}  +  AB  sin  x=0.  ...(5) 

From   these  results  the  equation  of  the  indicatrix  of  the  surface  is  easily 
found  to  be 

-A'''  +  {B{tx~A''°^^)y'  +  ^A''^  =  '''"''^ ^^^ 

The  measure  of  curvature  is  given  by  (5)  and  the  third  of  (2)  in  the  form 

(drj  _  drj'S 


AB  sin  x\d^      da) 

323.     Simplified  formulae  relating  to  the  curvature  of  surfaces. 

When  the  curves  a  =  const,  and  /8  =  const,  are  lines  of  curvature  on  the 
surface  the  formulas  are  simplified  very  much.  In  this  case  the  axes  of  x  and  y 
are  the  principal  tangents  at  a  point,  the  axis  of  z  being  the  normal  at  the 
point.     We  have 

X  =  ^7r,    p,  =  ^,     q,  =  0 (7) 

and  the  roots  of  equation  (5)  are  —  A/q^  and  B/p^.     We  shall  write 

Jl  =  _2i,     JL.=£a_     (8) 

-Rj        A      R^     B ' 

so  that  R^,  R^  are  the  radii  of  curvature  of  normal  sections  of  the  surface 
drawn  through  those  tangent  lines  which  are  axes  of  x,  y  at  any  point.  We 
have  also 


n  =  - 

1  dA 

5  3/3'     '"'' 

1  35 

A  da' 

\ 

AB 

XL1XI2 

3/1  dB\ 
3a  U  da) 

3 

"3^ 

(1 14] 
\Bd^)' 

d_lB^ 
da  [rJ 

1  dB 
~R,da' 

d 

/A\ 

1  dA 

~R,d^- 

.(9) 


and  ^f-     =^^,     ^    -    =  (10) 
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324.  Extension  and  curvature  of  the  middle  surface  of  a  plate 
or  shell. 

In  general  we  shall  regard  the  middle  surface  in  the  unstressed  state 
as  a  curved  surface,  and  take  the  curves  a  =  const,  and  jS  =  const,  to  he  the 
lines  of  curvature.  In  the  case  of  a  plane  plate  a  and  /S  may  be  ordinary 
Cartesian  coordinates,  or  they  may  be  curvilinear  orthogonal  coordinates.  In 
the  case  of  a  sphere  a  and  /3  could  be  taken  to  be  ordinary  spherical  polar 
coordinates.  Equations  (7)  —  (10)  hold  in  the  unstressed  state.  When 
the  plate  is  deformed  the  curves  that  were  lines  of  curvature  become  two 
families  of  curves  traced  on  the  strained  middle  surface,  which  cut  each  other 
at  an  angle  that  may  differ  slightly  from  a  right  angle.  We  denote  this 
angle  by  %  and  its  cosine  by  ot,  and  we  denote  by  e^  and  62  the  extensions 
of  linear  elements  which,  in  the  unstressed  state,  lie  along  the  curves 
/3  =  const,  and  a  =  const.  The  quantities  a  and  /3  may  be  regarded  as 
parameters  which  determine  a  point  of  the  strained  middle  surface,  and 
the  formula  for  the  linear  element  is 

(dsf  =  A'  (1  +  e^f  (daf  +£'{1  +  €,)'  (d^f  +  2AB  (1  +  e,)  (1  +  e,)  ^  dad/S. 

As  in  Article  322,  we  may  construct  a  system  of  moving  orthogonal  axes  of 
X,  y,  z  with  the  origin  on  the  strained  middle  surface,  the  axis  of  z  along  the 
■  normal  at  the  origin  to  this  surface,  and  the  axis  of  x  along  the  tangent 
at  the  origin  to  a  curve  /8  =  const.  The  components  of  velocity  of  the  origin 
parallel  to  the  instantaneous  positions  of  the  axes  of  x  and  y  are 

4(1+60^  +  5(1  +  6,)^^.     5(l+6,)sinxf . 

The  components  of  angular  velocity  of  the  triad  of  axes  referred  to  these 
same  directions  will  be  denoted  by 

,dtL        ,d0  ,da  ^     ,d^       ^'^^-^^'^^ 

P^dt-^P^dt'     'i^Tt  +  ^^dt'     '^^dt  +  '^^di- 

Then  in  equations  (2)  and  (3)  we  must  replace  AhyA{l  +  e^),  BhyB{l  +  e^), 
Pi,  Pi,  ■■■n  by  pi,  P2,  ...  n'.  The  directions  of  the  lines  of  curvature  of  the 
strained  middle  surface,  the  values  of  the  sum  and  product  of  the  principal 
curvatures,  and  the  equation  of  the  indicatrix  are  found  by  making  similar 
changes  in  the  formulse  (4) — (6). 

If  we  retain  first  powers  only  of  e^  e^,  w,  equations  (3)  give 

IdA     aw     w  aB     £2  3J.  _  :^  ?!'  ^ 
'■'=~5a^'^9^'^5  9a     -B3/3     -89/3' 


135  _  wdA  _  e^dB     Bde, 

Adi  AdjS     A  da '^  Ada' 


U=     -.^  -V-^-T-^.+Tiz:} (11) 


B^J-'^A^'^'A^'^B- 
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The  indicatrix  of  the  strained  middle  surface  is  given,  to  the  same  order 
of  approximation,  by  the  formula 

_|'(l_eO^+|^(l-6,)-^,=r|y^+2^(l-eO*i/  =  COnst. 

If  Ri,  R^'  denote  the  radii  of  curvature  of  normal  sections  of  the  strained 
middle  surface  drawn  through  the  axes  of  x  and  y  at  any  point,  and  i/r  the 
angle  which  one  of  the  lines  of  curvature  of  this  surface  drawn  through  the 
point  makes  with  the  axis  of  x  at  the  point,  we  have,  to  the  same  order, 


...(12) 


It  is  clear  from  these  formulae  that,  when  the  extension  is  known,  the  state 
of  the  strained  middle  surface  as  regards  curvature  is  defined  by  the  quantities 

-q.'/A,    p^/B,    p,'/A. 

Weshallwrite  -|'-^^=«i.    ^  -  k^  "''    5"  =  ^  (^^^ 

and  shall  refer  to  kj,  k^,  t  as  the  "changes  of  curvature."  In  the  particular 
cases  of  a  plane  plate  which  becomes  slightly  bent,  and  a  shell  which  under- 
goes a  small  inextensional  displacement,  these  quantities  become  identical 
with  those  which  were  denoted  by  the  same  letters  in  Chapters  XXII.  and 

XXIII. 

The  measure  of  curvature  is  given  by  the  formula 

1  -  ei  -  62  /9r/     9r/\ 


B^ 

-..)-5-, 

\ 

tan2f  =  -^  {!-,,)  1 

[^<- 

-.,)  +  §(! -*)-§■'" 

• 

AB      V3/3       da 

where  r-/,  r^'  are  given  by  the  first  two  of  (11).  When  there  is  no  extension 
the  values  of  r/,  r^  for  the  deformed  surface  are  identical  with  those  of  Vi,  r^ 
for  the  unstrained  surface,  and  the  measure  of  curvature  is  unaltered  by  the 
strain  (Gauss's  theorem).  The  sum  of  the  principal  curvatures,  being  equal 
to  1/fli' +  l/iJj',  can  be  found  from  the  formulae  (12). 

325.  Method  of  calculating  the  extension  and  the  changes  of 
curvature. 

To  calculate  6i,  ...  p/,  ...  in  terms  of  the  coordinates  of  a  point  on  the 
strained  middle  surface,  or  of  the  displacement  of  a  point  on  the  unstrained 
middle  surface,  we  introduce  a  scheme  of  nine  direction  cosines  expressing 
the  directions  of  the  moving  axes  of  x,  y,  z  at  any  point  relative  to  fixed  axes 
of  X,  y,  z.     Let  the  scheme  be 
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X 

y 

z 

X 

h 

mj 

ny 

y 

h 

^2 

"2 

z 

h 

mj 

JI3 

.(14) 


If  now  X,  y,  z  denote  the  coordinates  of  a  point  on  the  strained  middle 
surface,  the  direction  cosines  ^1,  Wi,  «i  of  the  tangent  to  the  curve  /3  =  const, 
which  passes  through  the  point  are  given  by  the  equations 


-4(1  +  60^,= 


8x 


^(l+60m>  =  g,    ^(1+60%  =  |.  ...(15) 


The  direction  cosines  of  the  tangent  to  the  curve  a  =  const,  which  passes 
through  bhe  point  are  l^  sin  ;)^  +  /j  cos  %,  . . . ,  and  therefore,  when  •et''  and  OTej 
are  neglected,  Zj,  ma,  j?2  are  given  by  the  equations 


£{(l  +  e,)Z2+^^i}  = 


9x 


B  {(1  +  62)m2  +  t!7TOi}  =^, 


5{(l+62)n2  +  '57ni}  = 


8/3' 


.(16) 


The  direction  cosines  I3,  m^,  n^  of  the  normal  to  the  strained  middle  surface 
are  given  by  the  equations 

Z3  =  wiiWa  —  7/12%,     mg  =  MiZg  — n2Zi,     ?is  =  Zi?n.2  —  ZjW''] (17) 

From  equations  (15)  and  (16)  we  find,  correctly  to  the  first  order  in 
61,  62,  •nr, 

1  +  : 


--x.{(i)Mi)Wi)"M 

'+2''-pi(§|J+(|)'+(i 

_   1    f9x  9x      9y  9y     9z  9z  | 
"^  ~  ZB  (9^  9^8  ■*"  9S  9)8  "*"  95  9^1  ■  ^ 


y. 


.(18) 


Again,  since  the  line  whose  direction  cosines  referred  to  the  moving  axes 

are  l^,  l^,  Z3,  that  is  the  axis  of  x,  is  fixed  relatively  to  the  fixed  axes,  the 

ordinary  formulae  connected  with  moving  axes  give  us  three  equations  of 

the  type 

dkdoi     dli  d0      J  f^,da.  ,  _,d^\  ,  ,  f^,dci  ^  „/<^/8^ 


^^  +  . 


-h 


:  +  r. 


da dt  "9y8  dt     ^'  \^'  dt  '  ''  dtj  '  "'  V  dt  '  ^'  dt 


+  h[qi-n  +  q2' 


■0; 


and,  by  expressing  the  fixity  of  the  axes  of  y  and  z,  we  obtain  two  other  such 
sets  of  equations.     From  these  we  find  the  formulae 

94         9m2        9^2         ,     ,9^2.       dm^  ,      9n2 
9S-    P"--^'W 

da. 


Pi' =  ^3  57  +  W^a  ^^  + '^a  — ' 


'da 


da 


■k^  +  ms'j^  +  n.. 


9/3 


,      J  dls         drus 


9a  9a 


,     ,9^3,       9??ig        9n3 

?^=^^9^+''*'9;s+'^9;s' 


y  -(19) 


,      ,  9^  drrii  ,       dui         ,      ,  dk  ,       drriy         duy 
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The  formulse  (18)  enable  us  to  calculate  Ci,  e^,  ■or,  and  the  formulse  (19) 
give  us  the  means  of  calculating  p^, 

326.     Formulae  relating  to  small  displacements. 

Let  u,  V,  w  denote  the  components  of  displacement  of  any  point  on  the 
unstrained  middle  surface  referred  to  the  tangents  at  the  point  to  the  curves 
/3  =  const,  and  a.  =  const,  and  the  normal  at  the  point  to  the  surface.  We 
wish  to  calculate  the  extension  and  the  changes  of  curvature  in  terms  of 
u,  V,  w  and  their  differential  coefficients  with  respect  to  a  and  /3. 

(a)     The  extension. 

According  to  the  formulae  (18)  we  require  expressions  for  dx/da,  ...  where 
X,  y,  z  are  the  coordinates  of  a  point  on  the  strained  middle  surface  referred 
to  fixed  axes.  We  shall  choose  as  these  fixed  axes  the  lines  of  reference  for 
u,  V.  w  at  a  particular  point  on  the  unstrained  middle  surface,  and  obtain  the 
required  expressions  by  an  application  of  the  method  of  moving  axes. 

Let  P{a,  /3)  be  the  chosen  point  on  the  unstrained  middle  surface,  P'(a  +  Sa,  /3  +  8/3) 
a  neighbouring  point  on  this  surface.  The  lines  of  reference  for  u,  v,  w  are  a  triad  of 
moving  axes,  and  the  position  of  these  axes  when  the  origin  is  at  P'  is  to  be  obtained 
from  the  position  when  the  origin  is  at  P  by  a  small  translation  and  a  small  rotation. 
The  components  of  the  translation,  referred  to  the  axes  at  P,  are  ABa,  56/3,  0.  The 
components  of  the  rotation,  referred  to  the  same  axes,  are  given  by  the  results  in 
Article  323  in  the  forms 


_A8a         _^S?     dBS^ 

El"        Hi'        dp  b'^^j:' 

When  P  is  displaced  to  Pj  and  P'  to  Pi,  the  x,  y,  z  of  Pi  are  the  same  as  the  u,  v,  w 
of  P ;  the  x,  y,  z  of  Pi  are 

X  +  (Bx/Sa)  ba  +  (ax/a/3)  8A  . . . , 
and  the  u,  v,  w  of  P'  are 

u  +  {dulda)  8a  +  (duldp)  8/3, ... . 

These  quantities  are  connected  by  the  ordinary  formulse  relating  to  moving  axes,  viz. : 
3^is     ,  S^so     A^    ,  /3»!>    ,5»^o\        /     3^8«     dB8p\        (     ASa\ 

g^8a     +     g^80=58/3+(^g^Sa+g^8^J-t.-^+«(^-^-g+g--jJ, 

/3w.   Jiw.\        (     Aha\  ,     B8P 


3z  8z 


and  in  these  formulse  we  may  equate  coefficients  of  8a  and  8/3. 

The  above  process  leads  to  the  following  expressions  for  9x/9a,  ...: 


3x  _   ,      3m      V  "dA      Aw      9y     9v     u'dA      dz  _  dw     Au  ■^ 
9x  _  9m      V  dB      9y  _  D     9w      u  dB     Bw      9z  _  9w     Bv 


...(20) 
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When  products  of  u,  v,  w  and  their  differential  coefficients  are  neglected  the 
formulEE  (18)  and  (20)  give 


.(21) 


_1  du       V    dA      w  _1  dv       u   dB      w    \ 

_\  dv      \  du        u    dA        V    dB 
'^~Ad^'^BdB~ABd^~'ABd^- 

These  formulae  determine  the  extension. 

When  the  displacement  is  inextensional  u,  v,  w  satisfy  the  system  of 
partial  differential  equations  obtained  from  (21)  by  equating  the  right-hand 
members  to  zero.  As  we  saw  in  particular  cases,  in  Articles  319  and  320, 
the  assumption  that  the  displacement  is  inextensional  is  almost  enough  to 
determine  the  forms  of  u,  v,  w  as  functions  of  a  and  /S. 

(6)     The  changes  of  curvature. 

According  to  the  formulae  (19)  we  require  expressions  for  the  direction 
cosines  Zj,  ...  of  the  moving  axes  referred  to  the  fixed  axes;  we  require  also 
expressions  for  dli/da,....  We  shall  choose  our  fixed  axes  as  before  to  be 
the  lines  of  reference  for  u,  v,  w  at  one  point  P  of  the  unstrained  middle 
surface.  By  (15),  (16),  (17),  (20),  (21)  we  can  write  down  expressions  for  the 
values  of  l^,  ...  at  the  corresponding  point  Pj  of  the  strained  middle  surface 
in  the  forms 

1  3d       u   dA 


u 


^  „„        „    ..-.^  _1  dw 

<i  =  l,     '^^  =  -Jd'a~ABd^'     ^'~Adi'^'E,' 


J  _     'I  dv       u   dA  _  —}l^j.JL    v 

^'-'Adi'^ABW    ""'"        ""''Bd^^R/^ 


h  =  - 


1  dw      u  _      -'-  ^'*"      JL  _  1 


.(22) 


These  are  not  the  general  expressions  for  Zj,  ...  at  any  point.  They  are 
expressions  for  the  direction  cosines  of  the  moving  axes  at  a  point  on  the 
strained  middle  surface,  referred  to  the  lines  of  reference  for  u,  v,  w  at  the 
corresponding  point  of  the  unstrained  middle  surface.  For  these  latter 
direction  cosines  we  may  introduce  the  orthogonal  scheme 


u 

V 

w 

a: 

L, 

M, 

N^ 

y 

A 

M, 

^2 

z 

h 

M, 

^^3 
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Then  we  have  the  values 
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\dv       u   dA 
^^~Adi'^ABd^ 


M  —t         AT"  —  •'•^'"'        "" 


,  _      1  3m;      u 
^'~~Adi~K' 


J/s=- 


1  9m;       V 
Bd0~R,' 


■»^3=i; 


.(23) 


and  these  hold  for  all  points.  We  apply  the  method  of  moving  axes  to 
deduce  expressions  for  dli/dot,  ...;  and  then  we  form  the  expressions  for  ^Z, ... 
in  accordance  with  (19). 

The  direction  cosines  of  the  axes  of  x,  y,  «  at  a  neighbouring  point  P^',  referred  to  the 
lines  of  reference  for  u,  v,  w  at  P',  would  be  denoted  by  Zi  +  {dZi/da)  Sa  +  {dLi/dp)  S/3, ... ; 
the  direction  cosines  of  the  axes  of  x,  y,  z  at  P{,  referred  to  the  fixed  axes,  which  are  the 
lines  of  reference  for  m,  v,  w  at  P,  would  be  denoted  by  li  +  (dli/da)  da + (3?i/3/3)  8/3, ... .  Since 
the  components  of  the  rotation  of  the  lines  of  reference  for  u,  v,  w  are 


Ra 


Ma 
'  Ri  ' 


_dA  Sa     dB8^ 
d^  B'^  da  A' 


we  have  the  ordinary  formulae  connected  with  moving  axes  in  the  forms 

^h  »    ,  9^1  ,fl    f^Li  .       dLt  .  \      ,^  /     dA8a  ,  dB  S^\  ,  „  /     A8a\ 


dASa     dBi 


da  ""'^  9/3  """  V  3"  ""^   3/3  "'"7     ^"'  V      d^  B~^da  Aj'^^^  (  ^   R^^J  ' 


"■if,  ^^^^f,R    /^3-^is  J.3^l»«^      rf     ^Mj_ir 


dfti 

a 


R„ 


with  similar  formulse  in  which  the  suffix  1  attached  to  I,  m,  n  and  Z,  M,  N  is  replaced 
successively  by  2  and  3.     On  substituting  for  Xi, ...  the  values  given  in  (23),  we  find 


Ml 

a 


la       AB  dp  [da     B  dijj      Ri\da  '^  rJ  ' 

dji l.^f^_^^A\ 

dp  ~      A^   da\da      BdpJ' 

drrii       d  /I  dv        u    dA\      1  dA 
d^^d^\Ad^~ABdp)~Bdp' 

dp~dp\Ada     AB  dp)     RiK'Idi'^Rj'^Ad^' 

dn-i  _  d  /I  dw      u\      A 
'd^'diiyjd^'^R'J'^Ri' 

dni  _  d  /Ti^dw      u\      B  /l  dv       u    dA\ 
dp  'dpXAd^'^RiJ'^R^KAd^'ABdp)' 
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da      da\     Ada^  ABd^)'^  B  d^      RiXBd^'^Rj' 

to     _»_  dA\  _  2^  35 
^a^ABd^)     Ada' 
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cl. 


da 
dm. 


Ada 

1    dA  (dv     u  dA\ 
''ABd^Kda     Bd^J' 


da  R^  \da      rJ      A^  da  \da     B  9/3/ ' 

\       1   /dv     u  dA\ 
J~R\di~Bda)' 


3«2 
3a 


_d  /I  dw       V 
~d^\Bdff'^A2 


dn2  _d_/'l  dw      v\       B 
da'd^ySda'^IhJ'^Ri' 

In  calculating  p^, ...  from  the  formulae  (19),  we  write  for  li, ...  the  values  given  in  (22), 
and  for  dlijda,...  the  values  just  found,  and  we  observe  that,  since  the  scheme  (14)  is 
orthogonal,  two  of  the  formulae  (19)  can  be  written 

/        /?  3^1  ,        dmi  ,      3ki\  ,        /,  dli  ,        Sm,  ,      3reA 

The  process  just  described  leads  to  the  formulae 

d  fl  dw 


L..(24) 


and 


^'      da.  KB  3/3 


'^  rJ     Bd^\Ad<x^  RJ     R,[da     BB^J' 
^'         R,     dctKAda'^Rj     Bd^KBdB'^Rj' 

ABT^j^RABd^^Rj' 

v_\      l^i 

EJ  ^  Ada  \A  aa  '  Rj ' 

RJAR.  (a;;~  R  afl)'^"(25) 


*"'         Bdji'^da.KAda. 


,  _  '  1  3w      v\  ,   \  dB  l\dw 


5      ^ 
' R,'^  d^  \B  d^  "  R. 

d   /I  dw 


^'  ~     3/3  KA  3a  ^  R, 
1  35 


■^  ^  3a  U  9;8  "•" 


3« 
3^' 


M  3  J. 
\B3;8 


^'~Z3^'^PU3^     ^5  3^ J     iJ^Usa"^^ 


We  can  now  write  down  the  formulae  for  the  changes  of  curvature  in  the 
forms 

_'}^d_/l^dw     ^\,J_dAndw     _v\^ 
"'"Adi  [a  3a  +  RJ     AB  dp  \B  d^^  RJ 

'BdpKBdp^  R^ 

dA  dw        1     dv 


_  j_^  A  3w      j^\ 1 

''~Ada\BdpR^J     A'B  3/3  3a     ^E,  3a" 


.(26) 


L.  E. 
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The  above  formulse  admit  of  various  verifications : 

(i)     In  the  case  of  a  plane  plate,  when  a  and  fi  are  Cartesian  coordinates,  we  have 

d'^w  d'^w  dhv 

'=i=a^'      "2  =  3^'      '■  =  03" 

These  results  agree  with  the  formulse  in  Article  298. 

(ii)  In  the  cases  of  cylindrical  and  spherical  shells,  the  conditions  that  the  displace- 
ment may  be  inextensional  can  be  found  as  particular  cases  of  the  formulae  (21),  and  the 
expressions  for  the  changes  of  curvature,  found  by  simplifying  (26)  in  accordance  with  these 
conditions,  agree  with  those  obtained  in  Articles  319  and  320. 

(iii)  Let  a  sphere  be  slightly  deformed  by  purely  normal  displacement,  in  such  a  way 
that  the  radius  becomes  a  +  bPn{co8  6),  where  b  is  small,  P„  denotes  Legendre's  mth 
coefficient,  and  6  is  the  co-latitude.  The  sum  and  product  of  the  principal  curvatures 
of  the  deformed  siu^ace  can  be  shown,  by  means  of  the  formulse  of  this  Article  and  those 
of  Article  324,  to  be 

?+A(„_i)(«  +  2)P„(co85)    and    i +^(„-l)(,,  +  2)P,(cos5), 

correctly  to  the  first  order  in  b.     These  are  known  results. 

(iv)  For  any  surface,  when  e^,  fj,  ■^  are  given  by  (21),  and  pi',...  are  given  by  (24)  and 
(25),  equations  (11)  are  satisfied  identically,  squares  and  products  of  u,  o,  w  and  their 
differential  coefficients  being,  of  course,  omitted. 

327.     Nature  of  the  strain  in  a  bent  plate  or  shell. 

To  investigate  the  state  of  strain  in  a  bent  plate  or  shell  we  suppose  that 
the  middle  surface  is  actually  deformed,  with  but  slight  extension  of  any 
linear  element,  so  that  it  becomes  a  surface  differing  but  slightly  from  some 
one  or  other  of  the  surfaces  which  are  applicable  upon  the  unstrained  middle 
surface.  We  regard  the  strained  middle  surface  as  given ;  and  we  imagine  a 
state  of  the  plate  in  which  the  linear  elements  that  are  initially  normal  to 
the  unstrained  middle  surface  remain  straight,  become  normal  to  the  strained 
middle  surface,  and  suffer  no  extension.  Let  P  be  any  point  on  the  unstrained 
middle  surface,  and  let  P  be  displaced  to  Pi  on  the  strained  middle  surface. 
Let  X,  y,  z  be  the  coordinates  of  Pj  referred  to  the  fixed  axes.  The  points  P 
and  Pi  have  the  same  a  and  /S.  Let  Q  be  any  point  on  the  norn)al  at  P  to 
the  unstrained  middle  surface,  and  let  z  be  the  distance  of  Q  from  P,  reckoned 
as  positive  in  the  sense  already  chosen  for  the  normal  to  the  surface.  When 
the  plate  is  displaced  as  described  above,  Q  comes  to  the  point  Qi  of  which 
the  coordinates  are 

where,  as  in  Article  325,  Zg,  wis,  rig  are  the  direction  cosines  of  the  normal  to 
the  strained  middle  surface. 

The  actual  state  of  the  plate,  when  it  is  deformed  so  that  the  middle 
surface  has  the  assigned  form,  can  be  obtained  from  this  imagined  state  by 
imposing  an  additional  displacement  upon  the  points  Qi.  Let  ^,  17,  f  denote 
the  components  of  this  additional  displacement,  referred  to  axes  of  x,  y,  z 
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with  origin  at  Pi  which  are  drawn  as  specified  in  Article  324.     Then  the 
coordinates  of  the  final  position  of  Q  are 

z  +  n^^  +  n^ri+n3(z  +  ^).  ...(27) 

In  these  expressions  ^,  ...  are  the  direction  cosines  so  denoted  in  Article  325, 
X,  y,  z,  li,  ••■  ns  are  functions  of  o  and  /S,  and  ^,  ?/,  f  are  functions  of  a,  /3,  z. 

We  consider  the  changes  which  must  be  made  in  these  expressions  when, 
instead  of  the  points  P,  Q,  we  take  neighbouring  points  P',  Q',  so  that  Q'  is 
on  the  normal  to  the  unstrained  middle  surface  at  P',  and  the  distance  P'Q' 
is  z  +  Sz,  where  Sz  is  small.  Let  P  be  (a,  /8)  and  P'  (a  +  Sa,  0  +  S/3),  where 
Ba  and  Sy8  are  small ;  and  let  r  denote  the  distance  QQ',  and  I,  m,  n  the 
direction  cosines  of  the  line  QQ',  referred  to  the  tangents  at  P  to  the  curves 
y8  =  const,  and  o  =  const,  which  pass  through  P  and  the  normal  to  the  un- 
strained middle  surface  at  P.  The  quantities  o,  /3,  z  may  be  regarded  as  the 
parameters  of  a  triply  orthogonal  family  of  surfaces.  The  surfaces  z  =  const, 
are  parallel  to  the  middle  surface ;  and  the  surfaces  a  =  const,  and  /3  =  const, 
are  developable  surfaces,  the  generators  of  which  are  the  normals  to  the 
unstrained  middle  surface  drawn  at  points  on  its  several  lines  of  curvature. 
The  linear  element  QQ'  or  r  is  expressed  in  terms  of  these  parameters  by  the 
formula 

and  the  projections  of  this  element  on  the  tangents  to  the  curves  /3  =  const. 
a  =  const.,  drawn  on  the  middle  surface,  and  on  the  normal  to  this  surface 
are  Ir,  mr,  nr.     Hence  we  have  the  formulae 

^«=Z(i^)'  '^-W^y  ^^=- (2«) 

In  calculating  the  coordinates  of  the  final  position  of  Q'  we  have  in  (27) 
to  replace 

xbyx  +  |^S.  +  |sA  .... 

h  by  k  +  k  (n'  S«  +  r^  S/8)  -  h  (?i' ««  +  q^  Bfi), 
k  by  Z2  +  ^a(KSa+K2/S)-^i(n'Sa  +  r;S^), 
^3  by  h  +  k  (q.'^a-  +  q^^^)  "  l^  (i>/8a+^/8/3). 

•  •  •  » 

z  hy  z+  hz. 
We  use  also  the  formulce  (15)  and  (16)  for  ax/Sa,  ...  and  the  formulse  (28)  for 
Ba,'B^,  Bz. 
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Let  Ti  denote  the  distance  between  the  final  positions  of  Q  and  Q'.  We 
express  ri  as  a  homogeneous  quadratic  function  of  I,  m,  n,  and  deduce  ex- 
pressions for  the  components  of  strain  by  means  of  the  formula 

r,»  =  r»  [{P  +  m^  +  w=)  +  2  {e^^t"  +  eyytn?  +  e„?i''  +  ey^mn  +  e:^nl  +  e^^ylm)]. 

Now  the  difference  of  the  x-coordinates  of  the  final  positions  of  Q  and  Q'  is 

tr  tyvc 

^^  <i  +  ^'>  rr^  +  {^.^  ^  ?.  (I  +  e.)}  ^^:^- 

1/7     /      7     /^  ^r  /I      /      7     /s  ''wr         ) 

+ "  f^p^  -  ^^'-^ )  ^(i-./E.)+(^-^-  -  ^^'^  >i?(i-W 

/  I.N     f/7  /  7  /N  ^r  /?  /  7  /N  ■Wir  ) 


+  ?. 


d^ 


Ir 


■  + 


d^ 


^9| 


da  A{1-  zIR,)  ^3/3  5(1-  z/R,)     dz 


+  1 


dr) 


Ir 


+ 


dr) 


'  ''da  A(l-  z/E,)  "^3/3  5(1  -z/R,)  ^  dz 


\ 


+  Is     ^ 


9? 


Ir 


■  + 


a? 


_  mr ,(-,,^J\      \ 

aa  ^  (1  -  zjR])  '  9y8  i?  (i  -  2/ii,)      \       dz)  ^^]  ' 


The  differences  of  the  y-  and  z-coordinates  can  be  written  down  by  sub- 
stituting wij,  vii,  m,  and  n^,  n^,  n,  successively  for  l^,  4,  ^3.  Since  the  scheme 
(14)  is  orthogonal,  we  find  the  value  of  ri^  in  the  form 


r,"  =  r'' 


1  + 


r^         qi ,       ^>      13^)         9f 


B"   B 


+  v' 


+  r= 


1  -  zjR, 


Pi  /.  ,    y\  ,  '"i   fr  ,    1   9?? 


Bdl3 


dz 


l-zlRAA^'^^^^i^-'^^l-''^ 


+ 


i-./^15--"i'-"  +  3f  +  i|}+''| 


I 


m 


\-zjR^\     A^^  A'^^AdoL\'^l-zlR,\     B'-'^  B''^Bd^ 


-%'!  +  %,+ '^^ 


+  n 


(-1) 


.(29) 


In  deducing  expressions  for  the  components  of  strain  we  observe  that,  in 
order  that  the  strains  may  be  small,  it  is  clearly  necessary  that  the 
quantities 

^        [qi    1    1  \  ^        (     P^',    'i-\  z        qi  z       ipl 

1-z/RAA     R,)'      1-z/rA     B'^RJ'      1-z/R,B      1-z/R,A 
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should  be  small.  The  third  of  equations  (11)  in  Article  324  shows  that 
p^jA  +  q^jB  is  a  small  quantity,  and  we  see  therefore  that,  in  the  notation 
of  (13)  in  Article  324,  the  quantities  zk^,  zk^,  zr  must  be  small. 

The  expressions  for  the   components  of  strain  which  we  obtain  from 
(29)  are 


e^-ZK^+-[^-p^};+r^^ 


^xu  — 


1  -  z/R. 


—  TZ 


+  : 


1 \  Z 

-z/Rj'^l-z/R, 


^2Z    


1  -  z/R, ""  1  -  z/R  J  '^  1  -  z/R,  (i  +  i  ) 


dz' 


'  =  dz  +  T^J/R,A[da-^^^+P^V' 
St/  1  1  fd^  ,^         ,   \ 


...(30) 


In  these  expressions  |,  rj,  f  are  functions  of  a,  ^,  z  which  vanish  with  z  for  all 
values  of  a,  /3. 

We  observe  that  the  values  found  in  Article  317  for  Bxx,  Syy,  e^  would  be 
obtained  from  the  above  by  omitting  ei,  e,,  tn-  and  ^,  tj,  f,  and  replacing 
1  —  z/R-i  and  1  —  z/R,  by  unity. 

328.     Specification  of  stress  in  a  bent  plate  or  shell. 

The  stress-resultants  and  stress-couples  in  a  curved  plate  or  shell,  or  in  a 

plane  plate  which  is  appreciably  bent,  may  be  defined  in  a  similar  way  to 

that  adopted  in  Article  294  for  a  plane  plate  slightly  deformed.     Let  s  denote 

any  curve  drawn  on  the  strained  middle  surface,  v  the  normal  to  this  curve 

drawn  in  a  chosen  sense  on  the  tangent  plane  of  the  surface  at  a  point  Pi, 

and  let  the  sense  of  description  of  s  be  such  that  the  directions  of  the  normal 

V,  the  tangent  to  s,  and  the  normal  to  the  surface  at  Pi,  in  the  sense  already 

chosen  as  positive,  are  parallel  to  the  axes  of  a  right-handed  system.     We 

draw  a  normal  section  of  the  strained  middle  surface  through  the  tangent  to 

s  at  Pi,  and  mark  out  on  it  a  snjall  area  by  the  normal  to  the  surface  at  Pi 

and  the  normal  to  the  (plane)  curve  of  section  at  a  neighbouring  point  P/. 

The  tractions  exerted  across  this  area,  by  the  portion  of  the  plate  on  that 

side  of  s  towards  which  v  is  drawn,  upon  the  remaining  portion,  are  reduced 

to  a  force  at  Pi  and  a  couple.     The  average  components  of  this  force  and 

couple  per  unit  of  length  of  PiP/  are  found  by  dividing  the  measures  of  the 


and 


(31) 
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components  by  the  measure  of  this  length.  The  limits  of  these  averages  are 
the  stress-resultants  and  stress-couples  belonging  to  the  curve  s  at  the  point 
Pi.  We  denote  them,  as  in  Article  294,  by  T,  8,  N,  H,  0.  For  the  expres- 
sion of  them  we  take  temporary  axes  of  x,  y',  z  along  the  normal  v,  the 
tangent  to  s,  and  the  normal  to  the  strained  middle  surface  at  Pj,  and  denote 
by  X'a^,  . . .  the  stress-components  referred  to  these  axes.  Then,  taking  R'  to 
be  the  radius  of  curvature  of  the  normal  section  of  the  surface  drawn  through 
the  tangent  to  s  at  Pi,  we  have  the  formulae 

'^=\\M'-i)'''  '=iM'-i¥''  ^=/>'^(^-i-')^^' 

When  we  refer  to  the  axes  of  x,  y,  z  specified  in  Article  324,  and  denote 
the  stress-resultants  and  stress-couples  belonging  to  curves  which  are  normal 
to  the  axes  of  x  and  y  respectively  by  attaching  a  suffix  1  or  2  to  T,  ...,  we 
obtain  the  formula; 

^'=/>^(^-^>^'  '^-\\M'-iM''  ""^^f-M'-i)''' 

id 

^-/>''(^-i')'^^'  '^=L-M'-i)'^'  ^^-/>^(^-i&h' 

in  which  i?/  and  iZ/  denote,  as  in  Article  324,  the  radii  of  curvature  of 
normal  sections  of  the  strained  middle  surface  drawn  through  the  axes  of  x 
and  y. 

We  observe  that  the  relations  8^  +  82  =  0  and  Hi  +  Il2  =  0,  which  hold  in 
the  case  of  a  plane  plate  slightly  deformed,  do  not  hold  when  the  strained 
middle  surface  is  appreciably  curved.  The  relations  between  the  T,  8,  N,  0,  H 
for  an  assigned  direction  of  v  and  those  for  the  two  special  directions  x  and  y, 
which  we  found  in  Article  295  for  a  plane  plate  slightly  deformed,  are  also 
disturbed  by  the  presence  of  an  appreciable  curvature. 

329.  Approximate  formulae  for  the  strain,  the  stress-resultants 
and  the  stress-couples. 

We  can  deduce  from  (30)  of  Article  327  approximate  expressions  for  the 
components  of  strain  by  arguments  precisely  similar  to  those  employed  in 
Articles  257  and  259.  Since  f,  77,  ^  vanish  with  z  for  all  values  of  a  and  /3, 
and  d^jdz,  ...  must  be  small  quantities  of  the  order  of  admissible  strains, 


(32) 


and  z;   and,  for  the  same  reason,  we  replace  such  terms  as  , — ^-ft  and 

\  —  z\ 
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^,  1],  i,  and  their  differential  coefficients  with  respect  to  a  and  fi  may,  for  a 
first  approximation,  be  omitted.  Further,  for  a  first  approximation,  we  may 
omit  the  products  of  zjRi  or  zlR^  and  any  component  of  strain.  In  particular, 
since  qilB  +pijA  is  of  the  order  6i/i?i,  we  omit  the  product  of  this  quantity 

■zjR, 
W   by  ei  and  zk^.      By  these  processes  we  obtain  the  approximate 

formulae* 

exx  =  ^\- ZK-i.,  eyy  =  ei  —  ZK^,  ea,j,  =  OT - 2^T,  eat  =  -^,  eyz  =  -^,  6^2  =  ^.  ...(33) 

In  these  ^,  t],  f  may,  for  a  first  approximation,  be  regarded  as  independent  of 
a  and  0.  In  case  the  middle  surface  is  unextended,  or  the  extensional 
strains  Ci,  e^,  ■or  are  small  compared  with  the  flexural  strains  zk^,  zk^,  zt, 
these  expressions  may  be  simplified  further  by  the  omission  of  6i,  e^,  -bt. 

The  approximate  formulae  (33)  for  the  strain-components,  as  well  as  the 
more  exact  formulae  (30),  contain  the  unknown  displacements  ^,  t],  f,  and  it  is 
necessary  to  obtain  values  for  these  quantities,  or  at  any  rate  for  their 
differential  coefficients  with  respect  to  z,  which  shall  be  at  least  approxi- 
mately correct. 

We  begin  with  the  case  of  a  plane  plate,  and  take  a,  /3  to  be  Cartesian 
rectangular  coordinates,  so  that  A  and  B  are  equal  to  unity,  and  IjRi  and 
l/i?2  vanish.  In  the  formulae  (33)  f,  ??,  ^  are  approximately  independent  of 
a,  /8.  We  consider  a  slender  cylindrical  or  prismatic  portion  of  the  plate 
such  as  would  fit  into  a  fine  hole  drilled  transversely  through  it.  We  may 
take  the  cross-section  of  this  prism  to  be  so  small  that  within  it  6i,  e^,  ts  and 
/fi,  «2,  T  may  be  treated  as  constants.  Then  the  strain-components,  as  ex- 
pressed by  (33),  are  the  same  at  all  points  in  a  cross-section  of  the  slender 
prism.  If  there  are  no  body  forces  and  no  tractions  on  the  faces  of  the  plate, 
we  know  from  Article  306  that  the  stress  in  the  slender  prism,  in  which  the 
strains  are  uniform  over  any  cross-section,  is  plane  stress.  Hence,  to  this 
order  of  approximation  X^,  Y^,  Z^  vanish,  and  we  have 

The  remaining  stress-components  are  then  given  by  the  equations 

E  E 

Xx  =  ,  _    a  {^1  +  o"e2  -  ^  («!  4-  o-Ka)},     Yy  =  YZr^".  1^2  +  (rei-z  (k.^  +  (tk,)}, 

^^=2-(^('^-'^^)--(^^> 

*  Equivalent  formulte  in  the  caBe  of  a  plane  plate  were  given  by  Kirchhoff,  Vorlesungen  iiber 
math.  Physik,  Mechanik,  Vorlesung  30. 
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From  these  results  we  may  deduce  approximate  formulae  for  the  stress- 
resultants  and  stress-couples.  For  this  purpose  we  omit  from  the  formulae 
(31)  and  (32)  the  factors  (1  -  elR,^)  and  (1  -zjR^).  We  should  obtain  zero 
values  for  i\^i,  N^,  while  Tj,  ...  and  Gj,  ...  would  be  given  by  the  formulae 

T,  =  . (e,  +  0-6,),     T,  = ^  (62  +  o-eO,     -  -Sf,  =  /S'l  =  --—  ^,  ...  (36) 

1  —  0"  1  —  cr'  I  +  <r 

and 
G,  =  -Di>^,+aK,),     G,  =  -D(k,  +  (tk,),     -H^  =  H,  =  D(1-<j)t.  ...(37) 

To  the  same  order  of  approximation  the  strain-energy  per  unit  of  area  is 
given  by  the  formula 

{EhIO-  -  <y')]  [(e,  +V,)^  -  2  (1  -  (r)  (e.e,  -  i^^)] 

+  ^D  [(«>  +  K,r -  2  (1  -  .7)  («,«,  -  T=)].  . . .(38) 

To  get  a  closer  approximation  in  the  case  of  a  plane  plate  we  may  regard 
the  strain  in  the  slender  prism  as  varying  uniformly  over  the  cross-sections. 
Then  we  know  from  Article  306  that  X^  and  Y^  do  not  vanish,  but  the  third 
of  (34)  and  the  formulae  (35)  still  hold,  and  therefore  also  (36)  and  (37)  are 
still  approximately  correct,  while  N-^  and  N^  are  given  according  to  the  result 
of  Article  306  by  the  formulae 

These  values  for  N^,  N^  could  be  found  also  from  (12)  of  Article  296  by 
omitting  the  couples  L',  M'  and  substituting  for  G^,  G^,  Hi  from  (37). 

From  this  discussion  of  the  case  of  a  plane  plate  we  may  conclude  that 
the  approximate  expressions  (33)  and  (34)  for  the  components  of  strain  are 
adequate  for  the  purpose  of  determining  the  stress-couples;  but,  except  in 
cases  where  the  extension  of  the  middle  plane  is  an  important  feature  of  the 
deformation,  they  are  inadequate  for  determining  the  stress-resultants.  The 
formula  (37)  for  the  stress-couples  are  the  same  as  those  which  we  used  in 
Articles  313,  314.  The  results  obtained  in  Articles  307,  308,  312  seem  to 
warrant  the  conclusion  that  the  expressions  (37)  for  the  stress-couples  are 
sufficient  approximations  in  practically  important  cases  whether  the  plate  is 
free  from  the  action  of  body  forces  and  of  tractions  on  its  faces  or  not. 

In  the  case  of  a  curved  plate  or  shell  we  may,  for  a  first  approximation, 
use  the  formulae  (33)  and  the  theorem  of  Article  306  in  the  same  way  as  for 
a  plane  plate.  Thus  equations  (34)  and  (35)  are  still  approximately  correct. 
We  may  obtain  from  them  the  terms  of  lowest  order  in  the  expressions  for 
the  stress-resultants  of  the  type  T,  S  and  the  stress-couples.  On  substituting 
in  the  formulae  (31)  and  (32),  we  find,  to  the  first  order  in  h, 

-ti  =  :j -3(ei  +  «2).      J  2  =  -, ^(62  +  o'£i).     -'i>2  =  '^i=r"; — 13-,  . .  .(36  m) 
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and,  to  the  third  order  in  h, 
«i  =  -  i)  |«,  +  a-K^  +  ^,  (6i  +  (7e^)\  ,     G^=-D\k^  +  cr«i  +  ~  (e^  +  o-e,)| ,' 

This  first  approximation  includes  two  extreme  cases.     In  the  first  the 
extensional  strains  ei,   e^,  ■m  are  small  compared  with  the  flexural  strains 
ZK-i,  ZK^,  ZT.     The  stress-couples  are  then  given  by  the  formulas 
0^  =  -D{K^  +  (yK^),    G,  =  -D{K,  +  aK,),    -H^  =  H,  =  D{\-a-)T,...{Z1his) 
and  the  strain-energy  per  unit  of  area  is  given  by  the  formula  which  we 
found  by  means  of  a  certain  assumption  in  Article  317,  viz. : 

\D  [(«,  +  ,c,f  -  2  (1  -  (t)  {k,k^  -  tO], 
but  the  stress-resultants  are  not  sufficiently  determined. 

In  the  second  extreme  case  the  flexural  strains  zk^,  zk^,  zt  are  small 
compared  with  the  extensional  strains  6i,  62,  to-.  Then  the  stress-resultants 
of  type  T,  S  are  given  by  the  formulae  (36),  and  the  stress-resultants  of  type 
N  and  the  stress-couples  are  unimportant.  The  strain-energy  per  unit  of  area 
is  given  by  the  formula 

{M/(l  -  tr»))[(6iH- 6,)^-  2  (l-<7)  (6,6,-^^0] (40) 

When  the  extensional  strains  are  comparable  with  the  flexural  strains,  so 
that,  for  example,  to-  is  of  the  order  hr,  the  stress-resultants  of  type  T,  S  are 
given  with  sufficient  approximation  by  (36),  and  the  stress-couples  are  given 
with  sufficient  approximation  by  (37),  while  the  strain-energy  per  unit  of 
area  is  given  by  (38). 

From  this  analysis  of  the  various  possible  cases  it  appears  that,  whenever 
the  stress-couples  G^,  G^,  Hi,  H^  need  be  calculated  at  all,  they  may  be 
calculated  from  the  formulae  (37)  instead  of  (39). 

When  the  extensional  strains  are  large  compared  with  the  flexural  strains,  approximate 
equations  of  equilibrium  can  be  formed  by  the  method  of  variation  described  in  Article 
115,  by  taking  the  strain-energy  per  unit  of  area  to  be  given  by  the  formula  (40).  In 
the  same  case  approximate  equations  of  vibration  can  be  formed  by  using  this  expression 

37/  '^Kdfl  '^\df)   k""^  ^'^^  kinetic 
energy  per  unit  of  area. 

The  strain-energy  per  unit  of  area  is  not,  in  general,  expressed  correctly  to  the  third 
order  in  h  by  (38).  The  complete  expression  would  contain  additional  terms.  In  general 
the  complete  expression  for  the  strain-energy  must  be  formed  before  equations  of 
equilibrium  and  vibration  can  be  obtained  by  the  variational  method*.  We  shall  use 
a  different  method  of  forming  the  equations. 

The  approximate  expression  (38)  for  the  strain-energy  suggests,  as  the  correct  form, 
a  function  expansible  in  rising  powers  of  h,  and  having  for  coeflacients  of  the  various 
powers  of  h  expressions  determined  by  the  displacement  of  the  middle   surface  only. 

*  A.  B.  Basset,  Phil.  Trans.  B.  Soc.  (Ser.  A),  vol.  181  (1890). 
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Lord  Bayleigh*  has  called  attention  to  the  fact  that,  when  there  are  tractions  on  the 
faces  of  the  shell,  no  such  form  is  possible,  and  has  illustrated  the  matter  by  the  two- 
dimensional  displacement  of  a  cyhndrical  tube  subjected  to  surface  pressure.  In  this 
problem  the  first  approximation,  given  by  (40),  is  undisturbed  by  the  surface  pressures. 

330.     Second  approximation  in  the  case  of  a  curved  plate  or  shell. 

In  the  case  of  an  appreciably  curved  middle  surface  we  can  make  some  progress  with 
a  second  approximation  provided  that  the  displacement  is  small.  Such  an  approximation 
is  unnecessary  unless  the  extensional  strains  fi,  tj,  ^  are  small  compared  with  the  flexural 
strains  .'<i,  --/c).  ^r.  We  shaU  suppose  that  this  is  the  case.  In  calculating  the  strains 
fj^,...  from  (30)  instead  of  (33)  we  observe  that  the  term  ei{l-z/Ri)~'^  maystillbe  replaced 
by  ci,  and  that  the  term  -zki{1-zIRi)~^  may  be  replaced  by  —zki-z-ki/Ri.  The  values 
of  I,  r;.  f  which  were  given  by  the  first  approximation  are 

1  =  0,       ■,=0,        f=-:j-^{(€l  +  f2)2-i('=l  +  <2)-^-}, 
1  —  O" 

and  these  values  may  be  substituted  in  the  first  three  of  (30).  Further,  in  the  terms  of 
(30)  that  contain  |,  17,  f  we  may  replace  pi', ...  by  the  corresponding  quantities  relating 
to  the  unstrained  shell,  that  is  to  say  we  may  put/>j'=j2'=0,  pi'/S^l/Ri,  —qi'jA  =  l/Ri. 
We  reject  all  terms  of  the  types  eizjRi,  cikiZ,  ki^z'^.     We  thus  obtain  the  equations 


=  f,-2(Cl 


Ri      2  1-0-         Ri     ' 
.a  "2      1     "•     ,2''i  +  ''2 


««,  =  f2-2<2-2'o--5^ Z^' 


.(41) 


^2      2  1  —  <r         R2 

e^=-a!-'2,TZ-TZ^{\IRi  +  \jR2). 
From  the  formula  for  Sj^  we  can  calculate  S^  and  <S'2  by  means  of  (31)  and  (32)  of 
Article  328,  and  in  this  calculation  we  may  replace  1/iJi'  and  1/^'  by  IjRx  and  YfR^. 
We  find 

.(42) 


i>(l-.)-^Hi>(l-)^(i;+£) 


Eh 

"2=  -y-T" 
1+0 


In  calculating  a  second  approximation  to  T^  and  T2  we  may  not  assume  that  Z, 
vanishes.  As  in  the  case  of  the  plane  plate,  we  take  the  shell  to  be  free  from  the  action 
of  body  forces  and  of  tractions  on  its  faces.  We  observe  that  the  axes  of  x,  y,  z  specified 
in  Article  323  are  parallel  to  the  normals  to  three  surfaces  of  a  triply  orthogonal  family. 
This  is  the  family  considered  in  Article  327,  and  the  parameters  of  the  surfaces  are  a,  j3,  z. 
We  write  temporarily  y  in  place  of  z,  and  use  the  notation  of  Articles  19  and  58.  The 
values  of  ^1,^2,^  are  given  by  the  equations 

We  write  down  an  equation  of  the  type  of  (19)  in  Article  58  by  resolving  along  the  normal 
to  the  surface  y.     This  equation  is 


?.(-*.r('-4)"'e(K-4)-}-i{-(-4)3} 

-i(-.-)-^(<-f.)}-f(>-4)l{K'-4)!-«- 

London  Math.  Soe.  Proc,  vol.  20  (1889),  p.  372,  or  Scientific  Papers,  vol.  3,  p.  280. 
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Returning  to  oxir  previous  notation,  we  write  this  equation 

^.{K'-a-M{<'-i)44.{-0-i)(.-i)4 

-f('-i)^-.-f  (-*)'-.=»■ 

To  obtain  an  approximation  to  Z,,  we  substitute  in  this  equation  for  X^, ...  the  values 
given  by  the  first  approximation,  and  integrate  with  respect  to  z.  We  determine  the 
constant  of  integration  so  that  Z,  may  vanish  aX  z=h  and  z=  —h.  We  must  omit  the 
terms  containing  X,  and  Y,  and  use  the  approximate  values  given  in  (35)  for  X^  and  F,. 
Further  we  may  omit  the  factors  1  —  r  7?i  and  1  —z',Ri  and  such  terms  as  f^:  R\.  We  thus 
find  the  formula 


^•=-|r^(^^-^)CT+"^) ^^' 


Now  we  have 


.(44) 


and  hence,  by  means  of  the  formulae  for  e„,  e,,,  Z„  we  calculate  approximate  values  for 
Ti,  Tj  in  the  forms* 

l-tr\      /ii  iJa      /J"    , 

The  formulae  for  the  stress-couples  are  not  affected  by  the  second  approximation,  so  far 
at  any  rate  as  terms  of  the  order  Dki  are  concerned. 

331.     Equations  of  equilibrirun. 

The  equations  of  equilibrium  are  formed  bv  equating  to  zero  the  resultant 
and  resultant  moment  of  all  the  forces  applied  to  a  portion  of  the  plate 
or  shell.  We  consider  a  portion  bounded  by  the  faces  and  b\'  the  surfaces 
formed  by  the  aggregates  of  the  normals  drawn  to  the  strained  middle  surface 
at  points  of  a  curvilinear  quadrilateral,  which  is  made  up  of  two  neighbour- 
ing arcs  of  each  of  the  families  of  curves  a  aud  /8.  Since  the  extension  of 
the  middle  surface  is  small,  we  may  neglect  the  extensions  of  the  sides  of  the 
quadrilateral,  and  we  may  regai-d  it  as  a  curvilinear  rectangle.  We  denote 
the  bounding  curves  of  the  curvilinear  rectangle  by  a,  a  H-  Sa,  j8,  /3  -(-  S/8,  and 
resolve  the  stress-resultants  on  the  sides  in  the  directions  of  fixed  axes  of 

*  The  approximate  forms  of  S^,  S3,  T,.  T,  obtained  in  this  Article  agree  substantially  with 
those  found  by  a  different  process  by  A.  B.  Basset,  loc.  cit.  p.  505,  in  the  cases  of  cylindrical  and 
spherical  shells  to  which  he  restricts  his  discussion.  His  forms  contain  some  additional  terms 
which  are  of  the  order  here  neglected. 
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X,  y,   z   which    coincide   with  the  tangents   to   /3    and    a  at   their  point 
of  intersection  and  the  normal  to 
the  strained  middle  surface  at  this 
point  (Fig.  73). 

Fig.  74  shows  the  directions 
and  senses  of  the  stress-resultants 
on  the  edges  of  the  curvilinear 
rectangle,  those  across  the  edges 
a  +  Sa  and  /8  +  8/S  being  distin- 
guished by  accents.  The  axes  of 
the  stress-couples  H^,  G^  have  the 
same  directions  as  T^,  S^,  those  of 
H^,  Ga  bave  the  same  directions  as 
To,  Si. 


Fig.  73. 


Fig.  74. 

The  stress-resultants  on  the  side  a  of  the  rectangle  yield  a  force  having 

components 

-T,BS^,    -S,BB^,    -N.BB^ 

parallel  to  the  axes  of  x,  y,  z.  The  corresponding  component  forces  for  the 
side  a  +  Sa  are  to  be  obtained  by  applying  the  usual  formulae  relating  to 
moving  axes;  for  the  quantities  T^,  Si,  Ni  are  the  components  of  a  vector 
referred  to  moving  axes  of  x,  y,  z,  which  are  defined  by  the  tangent  to  the 
curve  /3  =  const,  which  passes  through  any  point  and  the  normal  to  the 
strained  middle  surface  at  the  point.     In  resolving"  the  forces  acting  across 
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the  side  a  +  Sa  parallel  to  the  fixed  axes,  we  have  to  allow  for  a  change 
of  a  into  a  +  Sa,  and  for  the  small  rotation  (p/Sa,  qi'Ba,  n'Sa).  Hence  the 
components  parallel  to  the  axes  of  x,  y,  z  of  the  force  acting  across  the  side 
a  +  Ba  are  respectively 

T,BS^  +  Sa  ^  (T,BS^)  -  S,BB^ .  r.'Sa  +  N,BB0 .  q.'Ba, 
S,BS^  +  ^"  4  (Si-BS/S)  -  iViB8/3  .p,'Sa  +  T^BB^ .  r.'Ba, 

N,BB0  +  Ba~  {N,BS/3)  -  T,B80 .  q.'Ba  +  S,BB0  .p.'Ba. 

In  like  manner  we  ■write  down  the  forces  acting  across  the  sides  /8  and 
/S  +  S/3.     For  /3  we  have 

S.ASa,     -T.ABa,     -N.ABa; 
and  for  /Q  +  S/3  we  have 

-  S,ABa  -  S;8  ^  (SUSa)  -  T.ABa .  r.'S/S  +  N.ABa .  q^'B/3, 
T,ABa  +  S^  g|  (T^ABa.)  -  N.ABa .  p,'B0  -S,ABa.  r,'Bl3, 

N,ABoi  +  fi/S  ^  i^2ABa)  +  S,ABx .  q,'B0  +  T,ASa.p,'S0. 

Let  X',  Y',  Z'  and  L',  M',  0  denote,  as  in  Article  296,  the  components, 
parallel  to  the  axes  of  x,  y,  z,  of  the  force-  and  couple-resultant  of  the  externally 
applied  forces  estimated  per  unit  of  area  of  the  middle  surface.  Since  the 
area  within  the  rectangle  can  be  taken  to  be  ABSaB^,  we  can  write  down 
three  of  the  equations  of  equilibrium  in  the  forms 

^^1^^  -  ^-%^^  -  ir.%B  +  r,'T,A)  +  (q,'N,B  +  q.'N.A)  +  ABX'  =  0,  ^ 
00.  op 

^-^  +  ^-^^  -  {p^N.B  +p^N,A)  +  (nT,5  -  r^S,A)  +  ABT  =  0,  \  (45) 

^^^  +  ^-^^^  -  (qi'T^B-  q,'S,A)  +  {p,'8,B  +p,'T,A)  +  ABZ'  =  0. 

Again  the  moments  of  the  forces  and  the  couples  acting  across  the  sides 

of  the  rectangle  can  be  written  down.     For  the  side  a  we  have  the  component 

couples 

-H,BB^,    -G,BB^,    0, 

and  for  the  side  a  +  Sa  we  have  the  component  couples 

H,BB^  +  Sa  ^  (H.BB^)  -  G,BB^ .  r.'Ba, 

G,BB^  +  Sa  ^  (G.BB^)  +  H,BB0 .  r.'Ba, 
-  H,BBI3 .  q.'Ba  +  G,BB0  .p,'Ba ; 
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for  the  side  /8  we  have  the  component  couples 

G.ASa,    -  H.AhoL,    0, 
and  for  the  side  /3  +  S/3  we  have  the  component  couples 

-  G,ASa  -  S/8  ^  (G.ASa)  -H.ABa.  r^'B^, 

H.ASa  +  S/3  ^  (H.ASa)  -  G.ASa .  r,'B^, 

G^ABa .  q^S^  +  H^ASa.p^'S^. 

Further  the  moments  about  the  axes  of  the  forces  acting  across  the  sides 
a  +  Stt  and  /3  +  Sy8  can  be  taken  to  be 

BS^.N.ASa,    -ABa.N.BB^,    ABa .  S,BS0  +  BS^ .  S.ASa. 
The  equations  of  moments  can  therefore  be  written  in  the  forms 

^^^^  -  ^-^§~^  -  (G,Bn'  +  H,Ar,')  +  {N,  +  L')  AB  =  0, 

'^^'^HE.Bn'-G.Ar.')-iN.-M')AB  =  o}-^''^ 

G,Bp,'  4  G,Aq^  -  (H.Bq,'  -  H,Ap,')  +  (S,  +  S,)  AB  =  0. 
Equations  (45)  and  (46)  are  the  equations  of  equilibrium. 

332.     Boundary  conditions. 

The  system  of  stress-resultants  and  stress-couples  belonging  to  a  curve 
s  drawn  on  the  middle  surface  can  be  modified  after  the  fashion  explained 
in  Article  296,  but  account  must  be  taken  of  the  curvature  of  the  surface. 
Regarding  the  curve  s  as  a  polygon  of  a  large  number  of  sides,  we  replace  the 
couple  HSs  acting  on  the  side  Ss  by  two  forces,  each  of  amount  H,  acting  at 
the  ends  of  this  side  in  opposite  senses  in  lines  parallel  to  the  normal  to  the 
surface  at  one  extremity  of  Bs ;  and  we  do  the  like  with  the  couples  acting  on 
the  contiguous  sides.  If  P'PP"  is  a  short  arc  of  s,  and  the  arcs  P'P  and  PP" 
are  each  equal  to  Bs,  these  operations  leave  us  with  a  force  of  a  certain 
magnitude  direction  and  sense  at  the  typical  point  P.  The  forces  at  P  and 
P",  arising  from  the  couple  on  the  arc  PP",  are  each  equal  to  H,  and  their 
lines  of  action  are  parallel  to  the  normal  at  P,  the  force  at  P  being  in  the 
negative  sense  of  this  normal.  The  forces  at  P'  and  P  arising  from  the  couple 
on  the  arc  P'P  are  each  equal  to  H—BH,  and  their  lines  of  action  are  parallel 
to  the  normal  at  P',  the  force  at  P  being  in  the  positive  sense  of  this  normal. 
Now  let  i?i'",  iij'"  be  the  principal  radii  of  curvature  of  the  strained  middle 
surface  at  P,  so  that  the  equation  of  this  surface  refen-ed  to  axes  of  ^,  i],  z 
which  coincide  with  the  principal  tangents  at  P  and  the  normal  is  approxi- 
mately 
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Also  let  <f>  be  the  angle  which  the  tangent  at  P  to  FTP"  makes  with  the 
axis  of  f.  The  point  P'  has  coordinates  -Sscos0,  -&sin^,  0,  and  the 
direction  cosines  of  the  normal  at  P'  are,  with  sufficient  approximation, 
&cos^/EiW,  Sssin^/iJ^C).  1.  The  force  at  P  arising  from  the  couple  on 
P'P  has  components  iTSscos^/iJiW,  IfSs  sin  (/>/i?,w,  H-SH  parallel  to  the 
axes  of  f,  7),  z.  Hence  the  force  at  P  arising  from  the  couples  on  FP  and 
PP"  has  components  parallel  to  the  normal  to  s  drawn  on  the  surface,  the 
tangent  to  s  and  the  normal  to  the  surface,  which  are 

HBs  sin  <l>  cos  (l>(l/E,m-l/E,wi    HBs/R',     -  BH, 

where  B',  =  [cos^  <^/i?i("  +  sin'' (/>/i?,W]-i,  is  the  radius  of  curvature  of  the 
normal  section  having  the  same  tangent  line  as  the  curve  s.  Hence  the 
stress-resultants  T,  S,  JSf  and  stress-couples  H,  0  can  be  replaced  by  stress- 
resultants 

T-i-ifi-sin2(^{l/E,<"-l/iJ,w},    S  +  HjR,    N-dHjds (47) 

and  a  flexural  couple  Q. 

The  boundary  conditions  at  an  edge  to  which  forces  are  applied,  or  at  a 
free  edge,  can  now  be  written  down  in  the  manner  explained  in  Article  296. 
The  formulae  (47)  are  simplified  in  case  the  plate  or  shell  is  but  little  bent, 
for  then  the  radii  of  curvature  and  the  position  of  the  edge-line  relative  to 
the  lines  of  curvature  may  be  determined  from  the  unstrained,  instead  of  the 
strained,  middle  surface.  They  are  simplified  still  more  in  case  the  edge  is  a 
line  of  curvature*,  for  then  H  does  not  contribute  to  T. 

333.     Theory  of  the  vibrations  of  thin  shells. 

The  equations  of  vibration  are  to  be  formed  by  substituting  for  the 
external  forces  and  couples  X',  Y',  Z'  and  L',  M'  which  occur  in  equations 
(4.5)  and  (46)  of  Article  331  the  expressions  for  the  reversed  kinetic  reactions 
and  their  moments.  If  we  neglect  "rotatory  inertia"  the  values  to  be 
substituted  for  L',  M'  are  zero.  When  we  use  the  components  m,  v,  w  of 
displacement  defined  in  Article  326,  the  expressions  to  be  substituted  for 
(X',  T,  Z')  are  -  2ph  (d'u/df,  d'v/dt^  d'w/df). 

In  forming  the  equations  we  omit  all  products  of  u,  v,  w  and  their 
differential  coefficients ;  and,  since  the  stress-resultants  and  stress-couples 
are  linear  functions  of  these  quantities,  we  may  simplify  the  equations  by 
replacing  p/, ...  by  their  values  in  the  unstrained  state,  that  is  to  say,  by  the 
values  given  for^i, ...  in  Article  323. 

*  The  result  that,  in  this  case,  H  contributes  to  S  as  well  as  to  N  was  noted  by  A.  B.  Basset, 
loc.  cit.  p.  505.     See  also  the  paper  by  H.  Lamb  cited  on  p.  477. 


512 


THEORY   OF   THE   VIBRATIONS 


[OH.  XXIV 


The  equations  (46)  of  Article  331  become 
1    {d{H,B) 


AB\     da 


d{G,A)         dA 


+  N,  =  0, 


1    \d(G,B)  ^  d{H,A)     ^dA 


AB[ 


H, 


da 

and  the  equations  (45)  become 
1^  ^d(T,B)     d(S,A) 

9(2',^) 


d^         "'9/8 


-G."^   -N.  =  0, 


AB\    da 

1    \d(S,B) 
AB\    da 

AB 


+  8, 


+ 


+ 


9^ 
d(N,Ay 


-T, 


9/3 
dA_ 
did 


-T, 


95 

9a 
„  dB 


95 

9a 

95 

9a 


^^       9   A 


.(48) 


9^ 
dt" 


iv,        d'v 


Bi     Bi 


2ph 


B,2 

d'w 


.(49) 


9a       '       S;S     j   '  iJi  '  i?2     ~'"'  df  ■ 

The  equations  (49),  some  of  the  quantities  in  which  are  connected  by  the 
relations  (48),  are  the  equations  of  vibration. 

These  equations  are  to  be  transformed  into  a  system  of  partial  differential 
equations  for  the  determination  of  u,  v,  w,  by  expressing  the  various  quantities 
involved  in  them  in  terms  of  u,  v,  w  and  their  differential  coefficients.  This 
transformation  may  be  effected  by  means  of  the  theory  given  in  preceding 
Articles  of  this  Chapter.  Equations  (37)  of  Article  329  express  Gi,  Gi,Hi,Him 
terms  of  «i,  k.^,  t,  and  equations  (26)  of  Article  326  express  k^,  k^,  t  in  terms  of 
u,  V,  w.  By  the  first  two  of  equations  (48)  therefore  we  have  Ni,  N^  expressed 
in  terms  of  u,  v,  w.  Equations  (36)  of  Article  329  give  a  first  approximation 
to  Si,  Si,  Ti,  Tj  in  terms  of  ei,  e^,  ct,  and  equations  (21)  of  Article  326  express 
El,  62,  TO-  in  terms  of  u,  v,  w.  A  closer  approximation  to  Si,  S^,  T^,  T^  is  given 
in  equations  (42)  and  (44)  of  Article  330 ;  and  they  are  there  expressed  in 
terms  of  /Kj,  /Cj,  t  as  well  as  Cj,  e^,  ct;  so  that  they  can  still  be  expressed  in 
terms  of  u,  v,  w.  When  these  approximate  values  are  substituted  in  the 
third  of  equations  (48)  it  becomes  an  identity.  When  N^,  N,,  8i,  S^,  T^,  T^ 
are  expressed  in  terms  of  u,  v,  w,  the  desired  transformation  is  effected. 

The  theory  of  the  vibrations  of  a  plane  plate,  already  treated  provisionally 
in  Article  314  (d)  and  (e),  is  included  in  this  theory.  In  all  the  equations 
we  have  to  take  1/Ri  and  l/B^  to  be  zero.  The  equations  (48)  and  (49)  fall 
into  two  sets.  One  set  contains  d''u/dP,  d^v/dt^  and  the  stress-resultants  of  the 
type  T,  8 ;  the  other  set  contains  d^w/dt',  the  stress-resultants  of  type  N,  and 
the  stress-couples.  Now,  in  this  case,  the  stress-resultants  of  type  T,  S  are 
expressible  in  terms  of  e^,  e^,  w  by  the  formulae  (36)  of  Article  329,  and 
Ci,  62,  tn-  are  expressible  in  terms  of  u,  v  by  the  formulae 


du 
''di' 


€2  = 


dv 
dB' 


dv      du 
9a^9/8' 
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a  and  /3  being  ordinary  Cartesian  coordinates.  Hence  one  of  the  two  sets  of 
equations  into  which  (48)  and  (49)  fall  becomes  identical  with  the  equations 
of  extensional  vibration  given  in  Article  314  (e).  Further,  the  stress-couples 
are  expressible  in  terms  of  /Cj,  k^,  t  by  the  formulse  (37)  of  Article  329,  and 
Ki,  «2,  T  are  expressible  in  terms  of  w  by  the  formulae 


doe'       '     9/3^'  dadli' 

while    i^i    and   N^   are    expressible  in    terms   of  the  stress-couples  by  the 

equations 

AT  —  ^1  J.  ^Ml         N  -  ^^2      9-ffi 
^^  ~  8a  +  3/3  •      ^^^  ~  a^  ~  9a  • 

The  second  of  the  two  sets  of  equations  into  which  (48)  and  (49)  fall  is  equi- 
valent to  the  equation  of  transverse  vibration  given  in  Article  314  (cZ). 

In  applying  the  results  of  Articles  329  and  330  to  vibrations  we  make 
a  certain  assumption.  A  similar  assumption  is,  as  we  noted  in  Article  277, 
made  habitually  in  the  theory  of  the  vibrations  of  thin  rods.  We  assume  in 
fact  that  the  state  of  strain  within  a  thin  plate  or  shell,  when  vibrating,  is 
of  a  type  which  has  been  determined  by  using  the  equations  of  equilibrium. 
For  example,  in  the  case  of  a  plane  plate  vibrating  transversely,  we  assume 
that  the  internal  strain  in  a  small  portion  of  the  plate  is  very  nearly  the 
same  as  that  which  would  be  produced  in  the  portion  if  it  were  held  in 
equilibrium,  with  the  middle  plane  bent  to  the  same  curvature.  Consider  a 
little  more  closely  the  state  of  a  cylindrical  or  prismatic  portion  of  a  plane 
plate,  such  as  would  fit  into  a  fine  hole  drilled  transversely  through  it.  We 
are  assuming  that,  when  the  plate  vibrates,  any  such  prismatic  portion  is 
practically  adjusted  to  equilibrium  at  each  instant  during  a  period.  This 
being  so,  the  most  important  components  of  strain  in  the  portion,  when  the 
plate  vibrates  transversely,  are  given  by 

east  =  -  zic-i,,     Byy  =  -  ZK^,    e^y  =  -  2^T,     e^  =  {o-/(l  -  a-)}  z  (k,  -t-  k^), 
and,  when  it  vibrates  in  its  plane,  they  are  given  by 

SXX  =   fl,  Byy  =    62,  Br^  =   tB",  6^^  =   -    {(7/(1    -  O")}    (ej   "t"  63)  ; 

in  both  cases  ez^  is  adjusted  so  that  the  stress-component  Z^  vanishes.  It  is 
clear  that  the  assumption  is  justified  if  the  periods  of  vibration  of  the  plate  are 
long  compared  with  the  periods  of  those  modes  of  free  vibration  of  the  prismatic 
portion  which  would  involve  strains  of  such  types  as  are  assumed.  Now  the 
period  of  any  mode  of  transverse  vibration  of  the  plate  is  directly  proportional 
to  the  square  of  some  linear  dimension  of  the  area  contained  within  the 
edge-line  and  inversely  proportional  to  the  thickness,  and  the  period  of  any 
mode  of  extensional  vibration  is  directly  proportional  to  some  linear  dimen- 
sion of  the  area  contained  within  the  edge-line  and  independent  of  the 
thickness,  while  the  period  of  any  mode  of  free  vibration  of  the  prismatic 
portion,  involving  strains  of  such  types  as  those  assumed,  is  proportional 
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to  the  linear  dimensions  of  the  portion,  or,  at  an  outside  estimate,  to  the 
thickness  of  the  plate.  There  is  nothing  in  this  argument  peculiar  to  a 
plane  plate ;  and  we  may  conclude  that  it  is  legitimate  to  assume  that, 
when  a  plate  or  shell  is  vibrating,  the  state  of  strain  in  any  small  portion 
is  practically  the  same,  at  any  instant,  as  it  would  be  if  the  plate  or  shell 
were  held  in  equilibrium,  with  its  middle  surface  stretched  and  bent  as  it 
is  at  the  instant.  We  see  also  that  we  ought  to  make  the  reservation 
that  the  argument  by  which  the  assumption  is  justified  diminishes  in  cogency 
as  the  frequency  of  the  mode  of  vibration  increases*. 

The  most  important  result  obtained  by  means  of  this  assumption  is  the  approxi- 
mate determination  of  the  stress-component  Z^.  "When  there  is  equilibrium  and  the  plate 
is  plane,  .Z,=0  to  a  second  approximation ;  when  there  is  equilibrium  and  the  middle  surface 
is  curved,  Z^  vanishes  to  a  first  approximation,  and  by  the  second  approximation  we  express 
it  as  proportional  to  {h^  —  z^)  and  to  a  function  which  is  linear  in  the  principal  curvatures 
and  the  changes  of  curvature.  The  results  in  regard  to  Z^  as  a  function  of  h  and  z  can  be 
illustrated  by  a  discussion,  based  on  the  general  equations  of  vibration  of  elastic  solid  bodies, 
of  the  vibrations  of  an  infinite  plate  of  finite  thickness.  Such  a  discussion  has  been  given 
by  Lord  Rayleight ;  and  from  his  results  it  can  be  shown  that,  in  this  case,  there  are  classes 
of  vibrations  in  which  Z^  vanishes  throughout  the  plate,  and  that,  in  the  remaining  classes, 
the  expression  for  Z^  can  be  expanded  in  rising  powers  of  A  and  z,  and  the  expansion 
contains  no  terms  of  degree  lower  than  the  fourth. 

When  the  middle  surface  is  curved  the  components  of  displacement 
u,  V,  w  must  satisfy  the  differential  equations  (49)  transformed  as  explained 
above,  and  they  must  also  satisfy  the  boundary  conditions  at  the  edge 
of  the  shell.  At  a  free  edge  the  flexural  couple  and  the  three  linear  com- 
binations of  the  stress-resultants  and  the  torsional  couple  expressed  in  (47) 
of  Article  332  must  vanish.  The  order  of  the  system  of  equations  is,  in 
general,  sufficiently  high  to  admit  of  the  satisfaction  of  such  conditions; 
but  the  actual  solution  has  not  been  effected  in  any  particular  case. 

A  method  of  approximate  treatment  of  the  problem  depends  upon  the 
observation  that  the  expressions  for  the  stress-couples,  and  therefore  also  for 
A^i,  N^,  contain  as  a  factor  D  or  ^Eh^j{l  —  a')  while  the  expressions  for  the 
remaining  stress-resultants  contain  two  terms,  one  proportional  to  h,  and  the 
other  to  hP.  Both  members  of  each  of  the  equations  (49)  can  be  divided  by 
h ;  and  then  those  terms  of  them  which  depend  upon  ej,  eg,  ra-  are  independent 
of  h,  and  the  remaining  terms  contain  h^  as  a  factor.  We  should  expect  to 
get  an  approximately  correct  solution  by  omitting  the  terms  in  h\  When 
this  is  done  two  of  the  boundary  conditions  at  a  free  edge,  viz.:  those  of  the 
type  G  =  0,  N  —  dHjds  =  0,  disappear ;  and  the  system  of  equations  is  of  a 
sufficiently  high  order  to  admit  of  the  satisfaction  of  the  remaining  boundary 
conditions.     Since  h  has  disappeared  from  the  equations  and  conditions,  the 

*  The  argument  is  clearly  applicable  with  some  modifications  of  detail  to  the  theory  of  the 
vibrations  of  thin  rods. 

t  London  Math.  Soc.  Proc,  vol.  20  (1889),  p.  225,  or  Scientific  Papers,  vol.  3,  p.  249. 
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frequency  is  independent  of  the  thickness.  The  extension  of  the  middle 
surface  is  the  most  important  feature  of  the  deformation,  but  it  is  necessarily 
accompanied  by  bending.  The  theory  of  such  eietensional  vibrations  may  be 
obtained  very  simply  by  the  energy  method,  as  was  noted  in  Article  329. 

The  extensional  modes  of  vibration  of  a  thin  shell  are  analogous  to  the 
extensional  vibrations  of  a  thin  plane  plate,  to  which  reference  has  already  been 
made  in  this  Article  and  in  (e)  of  Article  314.  The  consideration  of  the  case 
of  a  slightly  curved  middle  surface  shows  at  once  that  an  open  shell  must 
also  possess  modes  of  vibration  analogous  to  the  transverse  vibrations  of  a 
plane  plate,  and  having  frequencies  which  are  much  less  than  those  of  the 
extensional  vibrations.  The  existence  of  such  modes  of  vibration  may  be 
established  by  the  following  argument : — 

A  superior  limit  for  the  frequency  of  the  gravest  tone  can  be  found  by 
assuming  any  convenient  type  of  vibration;  for,  in  any  vibrating  system, 
the  frequency  obtained  by  assuming  the  type  cannot  be  less  than  the  least 
frequency  of  natural  vibration*.  If  we  assume  as  the  type  of  vibration  one 
in  which  no  line  on  the  middle  surface  is  altered  in  length,  we  may  calculate 
the  frequency  by  means  of  the  formulae  for  the  kinetic  energy  and  the  potential 
energy  of  bending,  as  in  Article  321.  Since  the  kinetic  energy  contains  h  as 
a  factor,  and  the  potential  energy  h',  the  frequency  is  proportional  to  h.  The 
frequency  of  such  inextensional  vibrations  of  a  shell  of  given  form  can  be 
lowered  indefinitely  in  comparison  with  that  of  any  mode  of  extensi(mal 
vibration  by  diminishing  h.  It  follows  that  the  gravest  mode  of  vibration 
cannot,  in  general,  be  of  extensional  typef. 

If  we  assume  that  the  vibration  is  of  strictly  inextensional  type  the  forms 
of  the  components  of  displacement  as  functions  of  a,  ^  are,  as  we  saw  in 
Articles  319,  320,  and  326,  very  narrowly  restricted.  If  displacements  which 
satisfy  the  conditions  of  no  extension  are  substituted  in  the  expressions  for 
the  stress-resultants  and  stress-couples,  the  equations  of  motion  and  the 
boundary  conditions  cannot,  in  general,  be  satisfied;]:.  It  is  clear,  therefore, 
that  the  vibrations  muf^t  involve  some  extension.  To  constrain  the  shell  to 
vibrate  in  an  inextensional  mode  forces  would  have  to  be  applied  at  its  edges 
and  over  its  faces.  When  these  forces  are  not  applied,  the  displacement 
must  differ  from  any  which  satisfies  the  conditions  of  no  extension.  But,  in 
any  of  the  graver  modes  oF  vibration,  the  difference  must  be  slight;  for, 
otherwise,  the  mode  of  vibration  would  be  practically  an  extensional  one,  and 

*  Lord  Eayleigh,  Theory  of  Sound,  vol.  1,  §  89. 

t  The  case  of  a  closed  sheet,  such  as  a  thin  spherical  shell,  is  an  obvious  exception,  for  there 
can  be  no  inextensional  displacement.  A  shell  of  given  small  thickness,  completely  closed 
except  for  a  small  aperture,  is  also  exceptional  when  the  aperture  is  small  enough. 

t  In  the  particular  cases  of  spherical  and  cylindrical  shells  the  failure  of  the  inextensional 
displacement  to  satisfy  the  equations  of  motion  and  the  boundary  conditions  can  be  definitely 
proved.     The  case  of  cylindrical  shells  is  dealt  with  in  Article  334  [d). 

33—2 
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the  frequency  could  not  be  nearly  small  enough.  From  the  form  of  the 
equations  of  vihration  we  may  conclude  that  the  requisite  extension  must 
be  very  small  over  the  greater  part  of  the  surface ;  but  near  the  edge  it 
must  be  of  sufficient  importance  to  secure  the  satisfaction  of  the  boundary 
conditions*. 

334.     Vibrations  of  a  thin  cylindrical  shell. 

It  is  convenient  to  illustrate  the  theory  by  discussing  in  some  detail  the 
vibrations  of  a  cylindrical  shell.  As  in  Article  319  we  shall  take  a  to  be  the 
radius  of  the  shell,  and  write  w  for  a  and  (j)  for  /3,  and  we  shall  suppose  the 
edge-line  to  consist  of  two  circles  x  =  I  and  x  =  —  I.  According  to  the 
results  of  Article  326,  the  extension  and  the  changes  of  curvature  are  given 
by  the  equations 

_  9m  _1 /dv         \  _dv      Idu 

d^w  1  fd^w      dv\  1  9   /dw 


(- 


dx^ '         '     a"  V9</)^     9^/ '  adx  \d^ 

The  displacement  being  periodic  in  <j)  with  period  27r,  and  the  shell  being 
supposed  to  vibrate  in  a  normal  mode  with  frequency  p/Stt,  we  shall  take 
u,  V,  w  to  be  proportional  to  sines,  or  cosines,  of  multiples  of  ^,  and  to  a  simple 
harmonic  function  of  t  with  period  27r/p.  The  equations  of  vibration  then 
become  a  system  of  linear  equations  with  constant  coefficients  for  the 
determination  of  u,  v,  w  as  functions  of  x.  We  shall  presently  form  these 
equations ;  but,  before  doing  so,  we  consider  the  order  of  the  system.  The 
expressions  for  Cj,  e^,  ■m  contain  first  differential  coefficients  only;  that  for  «i 
contains  a  second  differential  coefficient.  Hence  G^  and  Q^  contain  second 
differential  coefficients,  and  iVj  contains  a  third  differential  coefficient.  The 
third  equation  of  (49)  contains  9*w/9iB^  in  a  term  which  is  omitted  when  >ve 
form  the  equations  of  extensional  vibration.  Thus  the  complete  equations 
of  vibration  will  be  of  a  much  higher  order  than  the  equations  of  extensional 
vibration.  It  will  be  seen  presently  that  the  former  are  a  system  of  the  8th 
order,  and  the  latter  a  system  of  the  4th  order.  The  reduction  of  the  order 
of  the  system  which  occurs  when  the  equations  of  extensional  vibration  are 
taken  instead  of  the  complete  equations  is  of  fundamental  importance.  It 
does  not  depend  at  all  on  the  cylindrical  form  of  the  middle  surface. 

*  The  difficulty  arising  from  the  fact  that  inextensional  displacements  do  not  admit  of  the 
satisfaction  of  the  boundary  conditions  is  that  to  which  I  called  attention  in  my  paper  of  1888 
(see  Introduction,  footnote  133).  The  explanation  that  the  extension,  proved  to  be  necessary, 
may  be  practically  confined  to  a  narrow  region  near  the  edge,  and  yet  may  be  sufficiently 
important  at  the  edge  to  secure  the  satisfaction  of  the  boundary  conditions,  was  given  simul- 
taneously by  A.  B.  Basset  and  H.  Lamb  in  the  papers  cited  on  pp.  505  and  477.  These  authors 
illustrated  the  possibility  of  this  explanation  by  means  of  the  solution  of  certain  statical 
problems. 
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(a)     General  equations. 

In  accordance  with  what  has  been  said  above,  we  take 

u=  U am n<t> cos (pt  +  f),    t!=  Fcos«0cos(p<  +  €),    io=  W ain ncj) cos (pt+e),   ...(50) 

where  U,  V,  W  are  functions  of  x.     Then  we  have 

dU  .      ^        ,  ,  W+nV  .      ^        ,   .      s 

ci = -J—  sin  M<j>  cos  {pt  +  €),      f  2  = sin  mp  cos  (pt  +  e), 

ctac  a 


(dV       U\  ^        ,         . 

''  Vdx  "•■"¥)  °°®  "*  °°®  (i'*+ f), 


cP*^  •      ^        /    .,    s                   nV+n^W  .       ,        ,    ,^  , 
Kj=--^-^sin?i<j)Cos(p?  +  c),      K2= 2 amncpcoa{pt  +  e), 

T—-  -r-(V-\-nW)coan(t>coa{pt+e). 

Also  (?!=— /)smw(pcos(p<+6)( -^2--<T -^ 1, 

d^W     nV+rfiW 


6*2=  -i>sinn<^cos(^<+€)  (  o- 


The  first  two  of  equations  (48)  become 


and  we  have 


We  have  also 


N,=  -Damn<t>coa(pt  +  e)  \-^--,  [n^  -^  +  n  -^)\  , 
Ni=  -Dcoan,pcoa(pt+.)  |-  -^^  -  55  "'+-^  7P"  "  ^'^J' 
„      „r3  ,  ,     2-2<r-3o-2Ki       20-+0-2   K2I 

r2=i>l_p(^2  +  <rei)-2^j^--2(^_^)  «J' 

where  ei,  ki,  ...  have  the  values  given  above.     The  equations  of  vibration  are 

or,  in  terms  of  U,  V,  W, 

ZDrd^(dU_     W+riV\_\z£.VL('^+V£\\j^^ppiU 
h?\dx\dx     °'       a      J        2     a\dx        a  J _\ 

i)r2^^2^-3or^^      1  +  2^  n  rf  ,p.    ^^)1    0      (51) 

^h\__%{\-a-)a    cfes  ^ 2(1-0-) aS da; ^  'J 
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The  boundary  conditions  aX  x=l  and  a'=  -  I  are 

a  a  0(p 

and  all  the  left-hand  members  can  be  expressed  as  linear  functions  of  IT,  V,  W  and  their 
differential  coefficients  with  respect  to  x. 

The  system  of  equations  for  the  determination  of  u,  v,  w  as  functions  of  x, 
has  now  been  expressed  as  a  linear  system  of  the  8th  order  with  constant 
coefficients.  These  coefficients  contain  the  unknown  constant  p^  as  well  as 
the  known  constants  h  and  n ;  and  n,  being  the  number  of  wave-lengths  to 
the  circumference,  can  be  chosen  at  pleasure.  If  we  disregard  the  fact  that 
h  is  small  compared  with  a  or  I,  we  can  solve  the  equations  by  assuming  that, 
apart  from  the  simple  harmonic  factors  depending  upon  <j>  and  t,  the  quantities 
u,  V,  w  are  of  the  form  ^e™",  7?e™*,  ^e'™',  where  ^,  tj,  f,  m  are  constants.  The 
constant  m  is  a  root  of  a  determinantal  equation  of  the  8th  degree,  which  is 
really  of  the  4th  degree  in  m^  for  it  contains  no  terms  of  any  uneven  degree. 
The  coefficients  in  this  equation  depend  upon  p^.  When  m  satisfies  this 
equation  the  ratios  ^  '■  v  '■  ?  are  determined,  in  terms  of  m  and  p',  by  any 
two  of  the  three  equations  of  motion.  Thus,  apart  from  </>  and  t  factors,  the 
solution  is  of  the  form 

r=l  r=l  r=l 

in  which  the  constants  |^,  ^/  are  arbitrary,  but  the  constants  7?^,  ••■  are 
expressed  as  multiples  of  them.  The  boundary  conditions  at  x  =  l  and 
x  =  —  l  give  eight  homogeneous  linear  equations  connecting  the  f,  ^' ;  and 
the  elimination  of  the  ^,  |'  from  these  equations  leads  to  an  equation  to 
determine  p'.     This  is  the  frequency  equation. 

{b)    Extensioncd  vibrations. 

The  equations  of  extensional  vibration  are  obtained  by  omitting  the  terms  in  equations 
(51) — (53)  which  have  the  coefficient  D/h.  The  determinantal  equation  for  m^  becomes  a 
quadratic.     The  boundary  conditions  a,t  x=±l  become  Ti  =  0,  <S'i  =  0,  or 

dU        W+nV    „        dV     nU    ^ 

-j a- =0,        -J- H =0. 

ax  a  dx       a 
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Since  h  does  not  occur  in  the  differential  equations  or  the  boundary  conditions,  the 
frequencies  are  independent  of  h. 

In  the  case  of  symmetrical  vibrations,  in  which  u,  v,  w  are  independent  of  ^,  we  take 
u=Ucoa{pt  +  e),    ■v=VGOs{pt+e),    w=Wcos{pt+(), 
and  we  find  the  equations 

The  boundary  conditions  at  x=  ±1  are 

dU        W  dV    „ 

-j o-  —  =0,      -=—  =  0. 

ax         a  dx 

There  are  two  classes  of  symmetrical  vibrations.  In  the  first  class  U  and  W  vanish, 
so  that  the  displacement  is  tangential  to  the  circular  sections  of  the  cylinder.  In  this 
class  of  vibrations  we  have 

F=,cos-^,      p^^^j^^^^-^, 

where  n  is  an  integer.  These  vibrations  are  analogous  to  the  torsional  vibrations  of  a 
solid  cylinder  considered  in  Article  200.  In  the  second  class  V  vanishes,  so  that  the 
displacement  takes  place  in  planes  through  the  axis,  and  we  find 

rr      >         nrcx  _^  .     nnX 

U=^cos-j-,       Pr=fsm-p, 

where  |  and  f  are  connected  by  the  equations 

fp^-— ^-^If-— ^^  ^f-0 
L^      p(l-0    l^  J*     P(l-<r2)  ?a'-"' 

L^      p(l-<r2)«'J       p(l-o-2)  Za^~"- 
The  equation  for  p^  is 

P     P  p(,l-<T'')\a^'^    l^  J'^p^l-a')aH^ 

If  the  length  is  great  compared  with  the  diameter,  so  that  a/l  is  small,  the  two  types  of 
vibration  are  (i)  almost  purely  radial,  with  a  frequency  {E/p  (1  -  o-2)}*/27ra,  and  (ii)  almost 
purely  longitudinal,  with  a  frequency  n  {E/py/2l.  The  latter  are  of  the  same  kind  as  the 
extensional  vibrations  of  a  thin  rod  (Article  278). 

A  more  detailed  investigation  of  the  extensional  vibrations  of  cylindrical  shells  with 
edges  will  be  found  in  my  paper  cited  in  the  Introduction,  footnote  133.  For  a  shell  of 
infinite  length  the  radial  vibrations  have  been  discussed  by  A.  B.  Basset,  London  Math. 
Soc.  Proc,  vol.  21  (1891),  p.  53,  and  the  various  modes  of  vibration  have  been  investigated 
very  fully  by  Lord  Kayleigh,  Proc.  R.  Soc,  vol.  45  (1889),  p.  443,  or  Scientific  Papers,  vol.  3, 
p.  244.     See  also  Theory  of  Sound,  2nd  edition,  vol.  1,  Chapter  x  a. 

(c)    Inextensional  vibrations*. 

The  displacement  in  a  principal  mode  of  vibration  is  either  two-dimensional  and  given 
by  the  formulae 

u=0,    t;=^„cos(jo„«-|-E„)cos(»i0  +  o„),     «)= -w4„cos(^„i+f„)sin(n0+a„), 

*  See  Chapter  xxiii.,  Articles  319  and  321. 
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^^^'■^  P"^2pAa^      n^  +  1    -' 

or  else  the  displacement  is  three-dimensional  and  given  by  the  formulse 

M=  --5„cos(^„7  +  Osiu(n0+Ai),     i)=a;£„cos(jo„'i!  +  f„')cos(m^+/3„), 


where  i'm'^= 


-  nxB^  cos  {p^t  +  e„')  sin  (k^ +^„), 
i)     «2()!2-l)2  1  +  6(l-<r)a2/m2;2 


All  the  values  of  jo  and  p'  are  proportional  to  h. 

(d)     Inexactness  of  the  inextensional  displacement. 

To  verify  the  failmre  of  the  assumed  inextensional  displacement  to  satisfy  the  equations 
of  motion,  it  is  sufiBcient  to  calculate  T2  from  the  equations  of  motion,  and  compare  the 
result  with  the  second  of  the  formulae  (44).  Taking  the  two-dimensional  vibration  specified 
by  il„,  we  have  the  equation 

a  ox       a  d(f>       '^  ^ 

Dn3{n^-l)f^     n^-l\  .-,.,.       ,     ,,     \ 
= —i (1  - ^^aqii  )  ^n  ^I'l  (^"^  +  O")  °o»  (?>"'  +  f") 

2i)?i3(»i2-l)  ,.,.,.        /     ,  ,      N 
=  -  -ufil]\ai    ^» ^™  ("^ + "»)  °°®  ^-P"  +  ^»' ' 
but  we  have  also 

y^_    2-f(r     /)k2 


2(1-0-)     a 
2  +  0-     i)w(w2-l) 


4„  sin  (n^  +  On)  cos  (ja„<  4-  f  „). 


2(1-0-)  aS 

The  two  values  of  T2  are  different,  and  the  equations  of  motion  are  not  satisfied  by  the 
assumed  displacement.  It  is  clear  that  a  correction  of  the  displacement  involving  but 
slight  extension  would  enable  us  to  satisfy  the  differential  equations. 

Two  of  the  boundary  conditions  are  Gi  =  0,  N-i- a-^oHil'd(^  =  0.  When  the  vibration 
is  two-dimensional,  O^  is  independent  of  x,  and  cannot  vanish  at  any  particular  value  of 
x  unless  .4„=0.  When  the  vibration  is  three-dimensional,  Ni  and  H^  are  independent  of 
x^  and  Ni  —  a~'^dHijd<^  cannot  vanish  at  any  particular  value  of  x  unless  ji5„=0.  Thus  the 
boundary  conditions  cannot  be  satisfied  by  the  assumed  displacement.  The  correction  of 
the  displacement  required  to  satisfy  the  boundary  conditions  would  appear  to  be  more 
important  than  that  required  to  satisfy  the  differential  equations. 

(e)  Nature  of  the  correction  to  he  applied  to  the  inextensional  displace- 
ment. 

It  is  clear  that  the  existence  of  practically  inextensional  vibrations  is 
connected  v?ith  the  fact  that,  when  the  vibrations  are  taken  to  be  extensional, 
the  order  of  the  system  of  equations  of  vibration  is  reduced  from  eight  to 
four.  In  the  determinantal  equation  indicated  in  (a)  of  this  Article  the 
terms  w^hich  contain  m*  and  m"  have  h"  as  a  factor,  and  thus  tv»fo  of  the  values 
of  m}  are  large  of  the  order  1/A.  The  way  in  which  the  solutions  which 
depend  on  the  large  values  of  m  would  enable  us  to  satisfy  the  boundary 
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conditions  may   be   illustrated   by  the   solution    of    the   following  statical 
problem*  : — 

A  portion  of  a  circular  cylinder  bounded  by  two  generators  and  two 
circular  sections  is  held  bent  into  a  surface  of  revolution  by  forces  applied 
along  the  bounding  generators,  the  circular  edges  being  free,  in  such 
a  way  that  the  displacement  v  tangential  to  the  circular  sections  is 
proportional  to  the  angular  coordinate  (^;  it  is  required  to  find  the 
displacement. 

We  are  to  have  v  =  c4>,  where  c  is  constant,  while  u  and  w  are  independent 
of  <p.     Hence 

du  c-w  d^'w  c 

The  stress-resultants  S^,  S^  and  the  stress-couples  H^,  H^  vanish,  and  we 
have 

The  equations  of  equilibrium  are 

and  the  boundary  conditions  aAi  x  =  ±l  are 

We  seek  to  satisfy  these  equations  and  conditions  approximately  by  the 
assumption  that  the  extensional  strains  cj,  63  are  of  the  same  order  as  the 
flexural  strains  Hki,  Kk^.  When  this  is  the  case  T^  and  T^  are  given  with 
sufl&cient  approxipaation  by  the  formulse 

To  satisfy  the  equation  dT^/dx  =  0  and  the  condition  T^  —  O  at  x  =  ±l  we 
must  put  Ti  =  0,  or  ei  =  -  cres,  and  then  we  have  T2  =  3D  (1  —  o-^)  e^/h^  The 
equations  of  equilibrium  are  now  reduced  to  the  equation 

while  the  boundary  conditions  sit  x=  ±1  become 

d'w     ""C  _  /^      d^w  _ 

If  we  take  c  —  w  to  be  a  sum  of  terms  of  the  form  fe™',  then  m'  is  large  of 
the  order  1/A.;  and  the  solution  is  found  to  be 

w  =  c+  Ci cosh  (qx/a)  cos  (qx/a) ■+  G^  sinh  (qx/a)  sin (qx/a), 

*  This  is  the  problem  solved  for  this  purpose  by  H.  Lamb,  loc.  cit.  p.  477.  The  same  point 
in  the  theory  was  illustrated  by  A.  B.  Basset,  loc.  cit.  p.  505,  by  means  of  a  different  statical 
problem. 
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where 

g=  =  (a/2/i)V(3  (1-^01. 
and 

^  _     cTC  sinh  {qlja)  cos  {glja)  —  cosh  (g?/a)  sin  {qlla) 
'f  sinh  mila)  +  sin  mila)  ' 

p  _      ac  sinh  (qlla)  cos  (g?/a)  +  cosh  jqlla)  sin  (g'^/ft) 
'  ~  ~  5^  sinh  {2qlla)  +  sin  (2gi/a) 

The  form  of  the  solution  shows  that  near  the  boundaries  6i,  62,  ^«i,  Iik^  are  all 
of  the  same  order  of  magnitude,  but  that,  at  a  distance  from  the  boundaries 
which  is  at  all  large  compared  with  (ah)^,  ei  and  €2  become  small  in  com- 
parison with  hK^. 

It  may  be  shown  that,  in  this  statical  problem,  the  potential  energy  due 
to  extension  is  actually  of  the  order  \/{hja)  of  the  potential  energy  due  to 
bending*.  In  the  case  of  vibrations  we  may  infer  that  the  extensional  strain, 
which  is  necessary  in  order  to  secure  the  satisfaction  of  the  boundary  con- 
ditions, is  practically  confined  to  so  narrow  a  region  near  the  edge  that  its 
effect  in  altering  the  total  amount  of  the  potential  energy,  and  therefore  the 
periods  of  vibration,  is  negligible. 

335.     Vibrations  of  a  thin  spherical  shell. 

The  case  in  which  the  middle  surface  is  a  complete  spherical  surface,  and 
the  shell  is  thin,  has  been  investigated  by  H.  Lamb-|-  by  means  of  the  general 
equations  of  vibration  of  elastic  solids.  All  the  modes  of  vibration  are 
extensional,  and  they  fall  into  two  classes,  analogous  to  those  of  a  solid 
sphere  investigated  in  Article  194,  and  characterized  respectively  by  the 
absence  of  a  radial  component  of  the  displacement  and  by  the  absence  of  a 
radial  component  of  the  rotation.  In  any  mode  of  either  class  the  displace- 
ment is  expressible  in  terms  of  spherical  surface  harmonics  of  a  single  integral 
degree.  In  the  case  of  vibrations  of  the  first  class  the  frequency  ^/27r  is 
connected  with  the  degree  n  of  the  harmonics  by  the  equation 

p^a?pl fji,  =  {n-  l){n  +  2),   (54) 

where  a  is  the  radius  of  the  sphere.  In  the  case  of  vibrations  of  the  second 
class  the  frequency  is  connected  with  the  degree  of  the  harmonics  by  the 
equation 

+  4(n2  +  n-2)(i^)=0. 

(55) 

If  n  exceeds  unity  there  are  two  modes  of  vibration  of  the  second  class, 

*  For  further  details  in  regard  to  this  problem  the  reader  is  referred  to  the  paper  by 
H.  Lamb  already  cited. 

t  London  Math.  Soe.  Proc,  vol.  14  (1883),  p.  50. 


(71^+71+  4)  r-^  +  (^2  +  ^  _  2) 
1  —  <T 
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and  the  gravest  tone  belongs  to  the  slower  of  those  two  modes  of  vibration 
of  this  class  for  which  n  =  2.     Its  frequency  pl2ir  is  given  by 

P  =  VW|o)a-^  (1-176), 

if  Poisson's  ratio  for  the  material  is  taken  to  be  ^.     The  frequencies  of  all 
these  modes  are  independent  of  the  thickness. 

In  the  limiting  case  of  a  plane  plate  the  modes  of  vibration  fall  into  two 
main  classes,  one  inextensional,  with  displacement  normal  to  tlie  plane  of  the 
plate,  and  the  other  extensional,  with  displacement  parallel  to  the  plane  of 
the  plate.  [See  Articles  314  {d)  and  (e)  and  333  and  Note  F  at  the  end  of 
the  book.j  The  case  of  an  infinite  plate  of  finite  thickness  has  been  discussed 
by  Lord  Rayleigh*,  starting  from  the  general  equations  of  vibration  of  elastic 
solids,  and  using  methods  akin  to  those  described  in  Article  214  supra.  There 
is  a  class  of  extensional  vibrations  involving  displacement  parallel  to  the 
plane  of  the  plate;  and  the  modes  of  this  class  fall  into  two  sub-classes, 
in  one  of  which  there  is  no  displacement  of  the  middle  plane.  The  other 
of  these  two  sub-classes  appears  to  be  the  analogue  of  the  tangential  vibra- 
tions of  a  complete  thin  spherical  shell.  There  is  a  second  class  of  extensional 
vibrations  involving  a  component  of  displacement  normal  to  the  plane  of  the 
plate  as  well  as  a  tangential  component,  and,  when  the  plate  is  thin,  the 
normal  component  is  small  compared  with  the  tangential  component.  The 
normal  component  of  displacement  vanishes  at  the  middle  plane,  and  the 
normal  component  of  the  rotation  vanishes  everywhere;  so  that  the  vibrations 
of  this  class  are  analogous  to  the  vibrations  of  the  second  class  of  a  complete 
thin  spherical  shell.  There  is  also  a  class  of  flexural  vibrations  involving  a 
displacement  normal  to  the  plane  of  the  plate,  and  a  tangential  component 
of  displacement  which  is  small  compared  with  the  normal  component  when 
the  plate  is  thin.  The  tangential  component  vanishes  at  the  middle  plane, 
so  that  the  displacement  is  approximately  inextensional.  In  these  vibrations 
the  linear  elements  which  are  initially  normal  to  the  middle  plane  remain 
straight  and  normal  to  the  middle  plane  throughout  the  motion,  and  the 
frequency  is  approximately  proportional  to  the  thickness.  There  are  no 
inextensional  vibrations  of  a  complete  thin  spherical  shell. 

The  case  of  an  open  spherical  shell  or  bowl  stands  between  these  extreme 
cases.  When  the  aperture  is  very  small,  or  the  spherical  surface  is  nearly 
complete,  the  vibrations  must  approximate  to  those  of  a  complete  spherical 
shell.  When  the  angular  radius  of  the  aperture,  measured  from  the  included 
pole,  is  small,  and  the  radius  of  the  sphere  is  large,  the  vibrations  must 
approximate  to  those  of  a  plane  plate.  In  intermediate  cases  there  must  be 
vibrations  of  practically  inextensional  type  and  also  vibrations  of  extensional 
type. 

*  London  Math.  Soc.  Proc,  vol.  20  (1889),  p.  225,  or  Scientific  Papers,  vol.  3,  p.  249. 
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Purely  inextensional  vibrations  of  a  thin  spherical  shell,  of  which  the 
edge-line  is  a  circle,  have  been  discussed  in  detail  by  Lord  Rayleigh*  by  the 
methods  described  in  Article  321  supra.  In  the  case  of  a  hemispherical 
shell  the   frequency  p/27r  of  the  gravest  tone  is  given  by 

p=V(W/')W«')  (4-279). 

When  the  angular  radius  a  of  the  aperture  is  nearly  equal  to  tt,  or  the  spherical 
surface  is  nearly  complete,  the  frequency  p/2Tr  of  the  gravest  mode  of 
inextensional  vibration  is  given  by  p  = 'J(fjL/p){hla^{ir  —  ciy}(5'657).  By 
supposing  TT  —  a  to  diminish  sufficiently,  while  h  remains  constant,  we  can 
make  the  frequency  of  the  gravest  inextensional  mode  as  great  as  we  please  in 
comparison  with  the  frequency  of  the  gravest  (extensional)  mode  of  vibration 
of  the  complete  spherical  shell.  Thus  the  general  argument  by  which  we 
establish  the  existence  of  practically  inextensional  modes  breaks  down  in  the 
case  of  a  nearly  complete  spherical  shell  with  a  small  aperture. 

When  the  general  equations  of  vibration  are  formed  by  the  method 
illustrated  above  in  the  case  of  the  cylindrical  shell,  the  components  of 
displacement  being  taken  to  be  proportional  to  sines  or  cosines  of  multiples 
of  the  longitude  <f>,  and  also  to  a  simple  harmonic  function  of  t,  they  are  a 
system  of  linear  equations  of  the  8th  order  for  the  determination  of  the  com- 
ponents of  displacement  as  functions  of  the  co-latitude  d.  The  boundary 
conditions  at  the  free  edge  require  the  vanishing,  at  a  particular  value  of  6, 
of  four  linear  combinations  of  the  components  of  displacement  and  certain  of 
their  differential  coefficients  with  respect  to  6.  The  order  of  the  system  of 
equations  is  high  enough  to  admit  of  the  satisfaction  of  such  conditions ;  and 
the  solution  of  the  system  of  equations,  subject  to  these  conditions,  would 
lead,  if  it  could  be  effected,  to  the  determination  of  the  types  of  vibration  and 
the  frequencies. 

The  extensional  vibrations  can  be  investigated  by  the  method  illustrated 
above  in  the  case  of  the  cylindrical  shell.  The  system  of  equations  is  of  the 
fourth  order,  and  there  are  two  boundary  conditionsf.  In  any  mode  of 
vibration  the  motion  is  compounded  of  two  motions,  one  involving  no  radial 
component  of  displacement,  and  the  other  no  radial  component  of  rotation. 
Each  motion  is  expressible  in  terms  of  a  single  spherical  surface  harmonic, 
but  the  degrees  of  the  harmonics  are  not  in  general  integers.  The  degree  a 
of  the  harmonic  by  which  the  motion  with  no  radial  component  of  displace- 
ment is  specified  is  connected  with  the  frequency  by  equation  (54),  in  which 
a  is  written  for  n ;  and  the  degree  /S  of  the  harmonic  by  which  the  motion 

*  London  Math.  Soc.  Proc,  vol.  13  (1881),  or  Scientific  Papers,  vol.  1,  p.  551.  See  also 
Theory  of  Sound,  2nd  edition,  vol.  1,  Chapter  x  A. 

+  The  equations  were  formed  and  solved  by  E.  Mathieu,  J.  de  I'Ecole  polytechnique,  t.  51 
(1883).  The  extensional  vibrations  of  spherical  shells  are  also  discussed  in  the  paper  by  the 
present  writer  cited  in  the  Introduction,  footnote  133. 
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with  no  radial  component  of  rotation  is  specified  is  connected  with  the 
frequency  by  equation  (55),  in  which  /3  is  written  for  n.  The  two  degrees 
a  and  /3  are  connected  by  a  transcendental  equation,  which  is  the  frequency 
equation.  The  vibrations  do  not  generally  fall  into  classes  in  the  same  way 
as  those  of  a  complete  shell ;  but,  as  the  open  shell  approaches  completeness, 
its  modes  of  extensional  vibration  tend  to  pass  over  into  those  of  the  com- 
plete shell. 

The  existence  of  modes  of  vibration  which  are  practically  inextensional  is 
clearly  bound  up  with  the  fact  that,  when  the  vibrations  are  assumed  to  be 
extensional,  the  order  of  the  system  of  differential  equations  of  vibration  is 
reduced  from  8  to  4.  As  in  the  case  of  the  cyliudrical  shell,  it  may  be  shown 
that  the  vibrations  cannot  be  strictly  inextensional,  and  that  the  correction 
of  the  displacement  required  to  satisfy  the  boundary  conditions  is  more 
important  than  that  required  to  satisfy  the  differential  equations.  We  may 
conclude  that,  near  the  free  edge,  the  extensional  strains  are  comparable  with 
the  flexural  strains,  but  that  the  extension  is  practically  confined  to  a  narrow 
region  near  the  edge. 

If  we  trace  in  imagination  the  gradual  changes  in  the  system  of  vibrations 
as  the  surface  becomes  more  and  more  curved*,  beginning  with  the  case  of  a 
plane  plate,  and  ending  with  that  of  a  complete  spherical  shell,  one  class  of 
vibrations,  the  practically  inextensional  class,  appears  to  be  totally  lost.  The 
reason  of  this  would  seem  to  lie  in  the  rapid  rise  of  frequency  of  all  the 
modes  of  this  class  when  the  aperture  in  the  surface  is  much  diminished. 

The  theoretical  problem  of  the  vibrations  of  a  spherical  shell  acquires 
great  practical  interest  from  the  fact  that  an  open  spherical  shell  is  the  best 
representative  of  a  bell  which  admits  of  analytical  treatment.  It  may  be 
taken  as  established  tha,t  the  vibrations  of  practical  importance  are  inex- 
tensional, and  the  essential  features  of  the  theory  of  them  have,  as  we  have 
seen,  been  made  out.  The  tones  and  modes  of  vibration  of  bells  have  been 
investigated  experimentally  by  Lord  Rayleighf.  He  found  that  the  nominal 
pitch  of  a  bell,  as  specified  by  English  founders,  is  not  that  of  its  gravest 
tone,  but  that  of  the  tone  which  stands  fifth  in  order  of  increasing  frequency  ; 
in  this  mode  of  vibration  there  are  eight  nodal  meridians. 

336.     Problems  of  equilibrium. 

When  a  thin  plate  or  shell  is  held  deformed  by  externally  applied  forces, 
the  strained  middle  surface  must,  as  we  observed  in  Article  315,  coincide 
very  nearly  with  one  of  the  surfaces  applicable  upon  the  unstrained  middle 
surface.    We  may  divide  the  problem  into  two  parts :  (i)  that  of  determining 

*  The  process  is  suggested  by  H.  Lamb  in  the  paper  cited  on  p.  477. 

+  Phil.  Mag.  (Ser.  5),  vol.  29  (1890),  p.  1,  or  Scientific  Papers,  vol.  3,  p.  318,  or  Theory  of 
Sound,  2nd  edition,  vol.  1,  Chapter  x. 
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this  applicable  surface,  (ii)  that  of  determining  the  small  displacement  by 
which  the  strained  middle  surface  is  derived  from  this  applicable  surface. 
This  is  the  procedure  adopted  by  Clebsch*  in  his  treatment  of  the  problem 
of  finite  deformation  of  plane  plates.  It  appears  that  there  is  some  degree  of 
indefiniteness  attaching  to  this  division  of  the  problem,  since  any  one  of  the 
surfaces  applicable  upon  the  unstrained  middle  surface,  and  derivable  one 
from  another  by  displacements  of  the  order  which  we  regard  as  small,  would 
serve  equally  well  as  a  solution  of  the  first  part  of  the  problem.  Greater 
precision  may  be  imparted  to  the  procedure  if  we  regard  the  two  steps  as 
(i)  the  determination  of  an  inextensional  displacement,  which  need  not  be 
small,  (ii)  the  determination  of  an  additional  displacement  involving  ex- 
tensional  strains  at  least  of  the  same  order  of,  magnitude  as  the  additional 
flexural  strains,  and  possibly  large  in  comparison  with  them. 

The  first  step  is  analogous  to  the  determination  of  equilibrium  configura- 
tions of  a  thin  rod,  discussed  in  Chapters  XIX.  and  xxi. ;  but,  unless  the 
displacement  is  small,  little  progress  can  be  made.  When  the  displacement 
is  small,  it  is,  as  we  know,  very  narrowly  restricted  as  regards  its  functional 
character.  This  restriction  carries  with  it  a  notable  difference  in  procedure 
between  the  problems  of  rods  and  of  plates  or  shells,  and  it  also  increases  the 
theoretical,  though  not  the  practical,  importance  of  the  second  step  in  the 
solution  of  the  problem. 

These  points  may  be  illustrated  by  a  particular  problem : — Let  a  hemispherical  shell  be 
deformed  by  a  string  stretched  tightly  with  tension  F  between  two  opposite  points  on  its 
edge.  In  the  notation  of  Article  320  we  take  these  points  to  be  6  =  \n,  <^=0  and  (j}  =  ir, 
and  we  suppose  that  the  pole  fl  =  0  is  included.  The  type  of  small  inextensional  displace- 
ment is  given  by  the  equations 

QO  ^  00  d 

u=am6   2   jl„tan"-cosm0,      2)=sin5   2   ^„tan''-sinn<i, 

n  =  2  ^  11=2  2 

oo  a 

w=  2  (n+cos  6)  A ^tan"- COS n.(b. 

71=2  2 

The  potential  energy  of  bending  Fis  given  according  to  Article  321  (6)  by  the  equation 

r=|.,g2[.^(n-l)M„H^J 

=  |,r/x^2«(«2-l)(2„2-l)4„2. 

The  work  done  by  the  tension  of  the  string  in  a  small  displacement  is 

I'J,n{l+coamr)SAn, 
and  the  increment  of  the  potential  energy  of  bending  is 

A' 

*  Blasticitat,  §  70. 
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Hence  we  have 


SO  that  An  vanishes  when  n  is  odd,  and,  when  n  is  even, 

.  Fa^  1 

"      l«-;l.A3(jl2_l)(2n2-l)- 

The  inextensional  displacement  is  now  determined*. 

In  this  solution  the  necessity  of  satisfying  boundary  conditions  at  the  edge  is  left  out 
of  account,  and  it  is  on  account  of  these  conditions  that  the  second  step  in  the  complete 
solution,  viz. :  that  of  determining  a  subsidiary  extensional  displacement,  acquires  so  much 
theoretical  importance.  From  the  first  part  of  the  solution  we  could  calculate  the  flexural 
couple  and  the  radial  stress-resultant  at  the  edge.  In  the  case  of  small  displacements  the 
equations  of  equilibrium  under  no  forces  except  at  the  edge  are  formed  by  omitting  the 
kinetic  reactions  in  the  equations  of  vibration.  We  thus  have  the  forms  of  these  equations, 
and  we  know  that  they  are  of  a  sufficiently  high  order  to  admit  of  the  satisfaction  of  the 
conditions  (i)  the  tension  and  shearing  force  at  the  edge  vanish,  (ii)  the  flexural  couple  and 
the  radial  stress-resultant  at  the  edge  have  given  values.  If  we  take  these  given  values  to 
he  those  calculated  from  the  first  part  of  the  solution  with  reversed  signs,  the  displacement 
which  satisfies  the  equations  of  equilibrium  and  the  boundary  conditions  is  the  required 
subsidiary  displacement.  As  in  the  case  of  vibrations  the  subsidiary  displacement 
diminishes  rapidly  as  the  distance  from  the  edge  increases,  and  becomes  very  small  as 
soon  as  the  distance  from  the  edge  is  a  considerable  multiple  of  the  mean  proportional 
between  the  radius  and  the  thickness.  The  method  of  determining  the  subsidiary 
displacement  in  the  case  of  a  cylindrical  shell  was  illustrated  in  Article  334  (e),  where  the 
inextensional  displacement  was  u=0,v='C^,w=c. 

There  are  cases  in  which  the  first  part  of  the  solution  may  be  omitted. 
For  example,  no  inextensional  displacement  can  be  produced  in  a  spherical 
bowl  by  forces  which  are  symmetrically  distributed  round  the  axis.  The 
bowl  is  very  stiff,  but  not,  of  course,  infinitely  stiff,  to  resist  such  forces.  The 
method  of  solution  in  such  cases  may  be  illustrated  by  the  problem  of  a 
hemispherical  bowl  resting  with  its  edge  on  a  smooth  horizontal  plane  and 
deformed  by  its  own  weight. 

Specifying  the  displacement  by  components  u,  v,  w  as  in  Article  320,  and  using  the 
results  of  Article  326,  we  find 

The  stress-resultants  are  given  by  the  formulae  (36)  of  Article  329,  viz. : 
The  equations  of  equilibrium  become 

^i  +  (^j-^2)cotfl  +  J-^|5  =  0,     Ti+T,  +  2gpha  cos  6  =  0. 
od  sm  a  0(p 

*  The  method  and  this  example  of  its  application  are  due  to  Lord  Eayleigh,  London  Math. 
Soe.  Proc,  vol.  13  (1881),  or  Scientific  Papers,  vol.  1,  p.  551,  or  Theory  of  Sound,  Chapter  xa. 
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Now,  the  forces  being  independent  of  (p,  the  displacements  are  also  independent  of  (f), 
and  thus  these  equations  become 


de 


■g_^j  +  ,(„cotfl-«.)]  +  (l-<r)cotfl(|-«cotd)+?^^^^ii^sin5  =  0, 
(^^  -  2)  cot  fl")  +  2  cot  fl  (^gl  - 1;  cot  5  j  =  0, 


d6 


00  Ml 

The  boundary  conditions  at  5  =  ^7r  are  m=0,  y=0.     The  solution  is 
M=^^    sin5-tan-+sinfllog(H-cos5)    , 

i«=^T|±?cos5-H-coseiog(l  +  cosd)1. 
2/i  |_l  +  cr  J 

337.     Problems  of  stability. 

In  accordance  with  the  general  principles  explained  in  Article  267  we  see 
that  an  extensional  configuration  of  equilibrium  of  a  thin  plate  or  shell  can 
be  unstable  if  there  can  exist  both  an  extensional  and  an  inextensional  con- 
figuration of  equilibrium  with  the  same  externally  applied  forces.  In  such 
cases  interest  is  centred  in  the  determination  of  critical  values  for  the 
external  forces,  or  for  the  linear  dimensions  of  the  plate  or  shell,  which  must 
not  be  exceeded  if  the  system  is  to  be  stable.  We  illustrate  some  methods 
appropriate  to  such  questions  by  means  of  two  problems. 

{a)    Buckling  of  a  rectangula/r  plate  under  thrust  in  its  plane. 

When  the  length  and  breadth  of  the  plate,  or  the  thrust  at  the  edge,  are  not  too  great, 
the  plate  simply  contracts  in  its  plane,  in  the  manner  indicated  in  Article  301 ;  but  when 
the  linear  dimensions,  or  the  thrusts,  are  great  enough  it  bends.  We  shall  suppose  that 
it  is  very  slightly  bent. 

We  take  the  centre  of  the  rectangle  as  origin,  and  lines  parallel  to  the  edges  as  axes  of 
X  and  y,  and  use  x  and  y  instead  of  a  and  ^  in  the  formulae  of  Article  326,  in  which  we  put 
A  =  B=l  and  1/Bi  =  l/R2  =  0.     We  find 


Also  we  have 


^^=-^fc+'^^j'     ^^=-^(a2^+'^3^)'     ^'=-^^=^(i-'^)g^- 

Omitting  products  of  differential  coefficients  of  u,  v,  w,  we  find  from  equations  (46)  of 
Article  331 

The  first  two  of  equations  (45)  of  the  same  Article  are  satisfied  approximately,  when 
X',  T',  Z'  vanish,  by  putting  T^  and  T^  equal  to  constants  and  S-^  and  8^  equal  to  zero. 
We  take 

T\=—Pi,     T2=—Pi, 
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where  Pj  and  P^  are  the  thrusts  at  the  edges  a;  =  const,  and  2/  =  const.,  each  estimated  per 
unit  of  length  of  the  corresponding  edge.     The  third  of  equations  (45)  becomes 


"^ 


If  the  plate  is  "supported"  at  the  edges  x-=  ±a  and  y=  ±b,  we  must  have  w=0  and 
©1=0  at  ;;;=  +o,  and  w=Q  and  ©2  =  0  at  y=  ±  6.     We  have  a  solution  of  the  form 

,„  .    mnix  +  a)    .    mr(y  +  b) 

■w=  WsvD. ^;; ^sm  — ^, — '-, 

%a  2b 

where  m  and  n  are  integers  and  W^  is  a  constant,  provided  that 

This  equation  gives  the  critical  thrusts.     For  example,  if  Pi=P2)  ^te  critical  value  of 
Pi  and  P2  is  iDn^{l/a^+l/b^)*. 

(6)     Collapse  of  a  tube  under  external  pressure. 

When  a  cylindrical  shell  of  circular  section  is  subjected  to  external  pressure  p,  which 
is  not  too  great,  it  sufi'ers  a  purely  radial  displacement,  the  amount  of  which  can  be 
calculated  by  the  method  of  Article  100 ;  but,  when  p  is  too  great,  the  shell  bends  under 
the  pressure.  In  the  case  of  a  long  cylinder,  supposed  to  bend  slightly  in  two  dimensions 
without  stretching,  the  displacement  is  given,  according  to  Article  319,  by  the  formulae, 

11—0,     «=24„cosra<^,     J»=  —  2m.4„sin9i^, 
and  therefore  we  have 

Ki=0,     T=0,     K2=2{»i(w^— l)/a2}.4„sinTO(^. 

According  to  the  formulss  (24)  and  (25)  of  Article  326,  aU  the  quantities  pi',...  vanish 
except  P2',  which  is  l  +  aKg.     We  shall  write 

p2=alR,    R=a  —  a^Ki  +  ..., 

where  B  is  the  radius  of  curvature  of  the  deformed  cross-section  of  the  middle  surface. 
The  ordinary  approximation  to  the  stress-couples  t  gives 

Gi=-i>o-K2,     (?2=--Ok2,     Hi=-Hr=Q; 

and  the  first  two  of  equations  (46)  give 

iVr,=0,      N,=  --^^. 
a  0(p 

The  second  and  third  of  equations  (45)  give 

i3r2_#2^      id^^T, 

ad<i>      E       '     a  d(t>       E    ^ 
Eliminating  T2  from  these,  we  find 

ad(l)\a   d(j>  J       It      ad(j>       ' 

*  The  problem  is  strictly  analogous  to  that  of  the  doubly  pivoted  strut  considered  in  Article 
264.  The  above  solution  is  due  to  G.  H.  Bryan,  London  Math.  Soc.  Proc,  vol.  22  (1891),  p.  54, 
who  discusses  a  number  of  special  cases. 

+  It  is  assumed  that  the  existence  of  pressure  on  the  outer  surface  of  the  tube  does  not 
seriously  affect  the  first  approximation  to  the  strain.  The  second  approximation  is  not  required 
for  the  calculation  of  the  stress-couples. 

L.  E.  34 
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or,  neglecting  the  square  of  okoj 

There  can  be  a  solution  in  which  k2  is  proportional  to  sin  n0  if 

Hence  the  least  value  of  p  for  which  there  can  be  a  form  other  than  circular  is  3i)/a^. 
We  infer  that  the  circular  cylinder  is  unstable  if  the  external  pressure  exceeds  ZDja?*. 

The  result  just  obtained  admits  of  application  to  the  problem  of  the  collapse  of  boiler 
flues.  The  pressure  of  steam  in  a  boiler  is  much  in  excess  of  the  pressure  of  the  air 
in  the  flues,  and  it  is  found  that  long  flues  tend  to  collapse  under  the  pressure.  To  obviate 
this  weakness  it  is  usual  to  construct  the  flues  in  several  detached  pieces  with  massive 
flanged  joints,  thus  shortening  the  effective  length  of  the  flue  to  the  distance  between 
consecutive  joints.  Our  result  is  that  a  flue  of  infinite  length  will  not  collapse  unless  the 
pressure  exceeds  [2.£7(1  —  (r^y]  [kjaf,  where  E  and  o-  denote  Young's  modulus  and  Poisson's 
ratio  for  the  material,  and  hja  is  the  ratio  of  the  thickness  to  the  diameter.  The  portion 
of  the  flue  between  two  joints  is  effectively  a  thin  cylindrical  shell  with  fixed  ends,  and  the 
fixity  of  the  ends  has  the  consequence  that  the  middle  surface  cannot  be  bent  without 
stretching.  If,  however,  the  pressure  exceeds  the  critical  pressure,  and  the  length  is 
sufficiently  great,  the  extension  may  be  practically  confined  to  a  narrow  region  near  the 
ends,  while  the  gi'eater  part  of  the  surface  bends  almost  without  extension. 

The  most  interesting  question  to  be  settled  concenjs  the  critical  length,  or  the  least 
length  for  which  collapse  is  possible  under  the  critical  pressure.  An  exact  numerical 
value  cannot  be  obtained,  but  an  indication  of  the  relations  between  the  various  dimensions 
of  the  flue  can  be  gathered  from  the  principles  explained  in  Article  334  (e).  For  collapse 
to  be  possible,  the  effective  length,  or  the  distance  between  the  joints,  must  be  great  enough 
for  the  inextensional  configuration  to  be  established  over  the  greater  part  of  the  length,  in 
other  words,  it  must  be  great  enough  to  secure  that  the  subsidiary  extensional  displacement 
required  to  satisfy  the  terminal  conditions  shall  diminish  to  a  negligible  quantity  between 
an  end  and  the  middle  of  the  flue.  From  the  method  of  solution  adopted  in  Article  334  (e) 
we  can  see  at  once  that  the  distance  required  must  be  a  large  multiple  of  the  mean 
proportional  between  the  thickness  and  the  diameter.  It  would  appear  therefore  that,  in 
flues  of  different  sizes,  the  rule  for  spacing  the  joints,  by  which  the  flues  are  protected 
against  collapse,  ought  to  be :  The  distance  between  the  joints  should  be  proportional  to 
the  geometric  mean  between  the  thickness  and  the  diameter. 

*  The  result  is  due  to  G.  H.  Bryan,  Cambridge  Phil.  Sac.  Proc,  vol.  6  (1888),  p.  287.  The 
analogous  result  for  a  ring  is  given  in  Article  27.5  supra. 
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Terminology  and  notation. 

Questions  of  notation,  and  of  the  moat  appropriate  nomenclature,  for  elasticity  have 
been  much  discussed.  Reference  may  be  made  to  the  writings  of  W.  J.  M.  RankineS 
to  Lord  Kelvin's  account  of  Rankine's  nomenclature 2,  to  K.  Pearson's^  efforts  after 
consistency  and  uniformity,  to  pronouncements  on  the  subject  by  H.  Lamb*  and 
W.  Voigt^.  The  following  tables  show  some  of  the  more  important  notations  for  strain- 
components  and  stress-components. 

Strain-components. 


Text" 

Kelvin  and  Taif 

Kirchhoffs 

Saint-Venants 

Pearson' 

«.  /,  9 
a,  b,  c 

1/z,  %,  ^y 

Si,  Sj,,  Sg 
ffyzj  Sfzxj  9xy 

^xi   ^yi   ^z 
^yzj    ^zx^    ^xy 

Stress-components. 


Texti"  and 
Kirchhoffs 

Kelvin  and  Tait' 

Lamfe" 

Saint-Venanti' 

Pearson^ 

^Xi     Jj/i    ^z 

Yzi  Zx,   Xy 

P,  Q,R 

S,  T,  U 

^xx^   ^yy)  ^zz 
^yz^    ^zxj    "xy 

yz,  zx,  xy 

^  Cambridge  and  Dublin  Math.  J.,  vol.  6  (1851),  p.  47,  or  Miscellaneous  Scientific  Papers, 
p.  67;  also  Phil.  Trans.  E.  80c. ,  vol.  146  (1856),  or  Miscellaneous  Scientific  Papers,  p.  119. 
In  the  first  of  these  memoirs  the  word  ' '  strain  "  was  appropriated  to  express  relative  displacement, 
and  in  the  second  the  word  "  stress  "  was  appropriated  to  express  internal  actions  between  the 
parts  of  a  body.  The  memoir  of  1856  also  contains  Eankine's  nomenclature  for  elastic  constants 
of  fflolotropio  solid  bodies. 

'^  Baltimore  Lectures  on  Molecular  Dynamics,  Cambridge,  1904. 

'  Todhunter  and  Pearson's  History,  vol.  1,  Note  B. 

*  London  Math.  Soc.  Proc,  vol.  21  (1891),  p.  73. 

"  Rapports  present^s  au  Gongres  International  de  Physique,  t.  1,  Paris,  1900. 
^  For  the  definitions  see  Article  8. 
'  Natural  Philosophy,  Part  2. 

*  Vorlesungen  iiber  math.  Physik,  Mechanik. 

9  TMorie  de  Velastieite  des  corps  solides  de  Clebsch,  Paris,  1883,  frequently  referred  to  as  the 
'  Annotated  Clebsch.' 

^''  For  the  definitions  see  Article  47. 

'^  Lemons  sur  la  theorie  mathematique  de  Velastieite  des  corps  solides. 

34—2 
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Kelvin  and  Tait's  notation  for  strain-components  and  stress-components  has  been 
adopted  by  Lord  Rayleigh  and  J.  H.  Michell,  among  others,  and  it  was  used  in  the  first 
edition  of  this  book.  KirohhofiT's  notation  for  stress-components  has  met  with  very  general 
acceptance,  but  there  seems  to  be  no  equally  suggestive  and  convenient  notation  for 
strain-components.  The  notation  X^,  T^,  Zy  for  the  components  of  traction  across  a 
plane,  the  normal  to  which  is  in  the  direction  ■/,  is  supported  by  Voigt^. 

The  word  "shear"  has  been  used  in  the  sense  attached  to  it  in  the  text  by  Kelvin  and 
Tait.  Rankinei2  proposed  to  use  it  for  what  has  here  been  called  "tangential  traction." 
The  word  "traction"  has  been  used  in  the  sense  attached  to  it  in  the  text  by  Kelvin  and 
Tait.  Pearson^  uses  "traction"  in  the  sense  here  attached  to  "tension."  The  strains 
which  have  here  been  called  "extension"  and  "shearing  strain"  have  been  called  by  him 
"stretch"  and  "shde."  It  appears  to  be  desirable  to  maintain  a  distinction  between  "simple 
shear,''  or  "pure  shear,"  and  "shearing  strain,"  and  also  between  "tangential  traction"  and 
"shearing  stress." 

The  "stress  equations"  of  equilibrium  or  motion  (Article  54)  are  called  by  Pearson' 
"body-stress-equations,"  and  the  equations  of  equilibrium  or  motion  in  terms  of  displace- 
ments (Article  91)  are  called  by  him  "body-shift-equations."  The  terms  "Young's 
modulus,"  "rigidity,"  "modulus  of  compression"  (Articles  69,  73)  are  adopted  from  Kelvin 
and  Tait';  these  quantities  are  called  by  Pearson'  the  "stretch -modulus,"  the  "slide- 
modulus,"  and  the  "dilatation-modulus."  The  number  here  called  "Poisson's  ratio"  is 
called  by  Pearson'  the  "stretch-squeeze  ratio." 

For  isotropic  solids  Lamd^^  introduced  the  two  constants  X  and  /i  of  Article  69;  |i  is 
the  rigidity  and  X  +  |/i  is  the  modulus  of  compression.  Kelvin  and  Tait  and  Lord  Rayleigh 
have  used  the  letter  n  to  denote  the  rigidity.  Saint- Venant"  used  the  letter  O.  Many 
writers,  including  Clebsch  and  Kelvin  and  Tait,  have  used  the  letter  E,  as  it  is  used  in  this 
book,  to  denote  Young's  modulus ;  in  Lord  Rayleigh's  Theory  of  Sound  the  letter  q  is  used. 
Poisson's  ratio,  here  denoted  by  c,  has  been  denoted  so  by  Kelvin  and  Tait,  Clebsch  and 
Lord  Rayleigh  have  denoted  it  by  fi.  Saint- Venant  and  Pearson  by  r).  In  many  of  the 
writings  of  Italian  elasticians  the  constants  {X  +  2fi.)/p  and  fi/p  are  used,  and  denoted  by 
Q^  and  afi ;  Q  and  a  are  the  velocities  of  irrotational  and  equivoluminal  waves.  Kirchhoff' 
used  two  constants  which  he  denoted  by  K  and  B;  K  is  the  rigidity,  and  6  is  the  number 
(r/(l  -  2o-),  where  o-  is  Poisson's  ratio.  Kelvin  and  Tait'  used  two  constants  m,  n  connected 
with  Lamp's  X  and  /i.  by  the  equations  m='K+ii,  n=ii. 

In  the  case  of  seolotropic  solids  there  are  comparatively  few  competing  notations. 
Pearson'  has  suggested  the  following  notation  for  the  elastic  constants  which  we  have 
denoted  after  Voigt'  by  Cn,...: — 

c„=  I  xxxx  I  ,  Ci2=  I  xxyy  |  , ...  c^  \  yzyz  \  , .... 

The  rule  is  that  any  suffix  1,  2  or  3  is  to  be  replaced  by  xx,  yy  or  02,  and  any  suffix 
4,  5  or  6  is  to  be  replaced  by  yz,  zx  or  oiy.  The  two  first  letters  in  any  symbol  refer  to  a 
component  of  stress,  as  X^,  and  the  two  last  letters  to  a  component  of  strain  as  e^.  The 
letters  in  either  of  these  pairs  can  be  interchanged  without  altering  the  meaning  of  the 
symbol.  The  conditions  {fitr=Ora}i  expressing  that  there  is  a  strain-energy-function,  are 
represented  by  the  statement  that  the  two  pairs  of  letters  in  a  symbol  are  interchangeable. 
Cauchy's  relations  (Article  66)  amount  to  the  statement  that  the  order  of  the  letters  is 
indifierent. 

The  constants  by  which  the  strain  is  expressed  in  terms  of  the  stress,  denoted  in 
Articles  72  and  73  by  Cu/ll, ...,  are  denoted  by  Voigt^  by  Sn,  ...,  and  this  usage  has  been 
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followed  by  Liebisoh".  Voigt^  has  proposed  the  name  "modulus''  for  these  coefficients, 
but  this  proposal  seems  to  run  counter  to  the  usage  implied  in  such  phrases  as  "Young's 
modulus."  Names  for  the  coefficients  cn, ...  and  Cn/n, ...  were  proposed  by  Rankinei,  and 
accounts  of  his  terminology  will  be  found  in  Lord  Kelvin's  Baltimore  Lectures  and  in 
Todhunter  and  Pearson's  History,  vol.  2. 


NOTE   B. 

Tlie  notion  of  stress. 

One  way  of  introducing  the  notion  of  stress  into  an  abstract  conceptual  scheme  of 
Rational  Mechanics  is  to  accept  it  as  a  fundamental  notion  derived  from  experience.  The 
notion  is  simply  that  of  mutual  action  between  two  bodies  in  contact,  or  between  two  parts 
of  the  same  body  separated  by  an  imagined  surface ;  and  the  physical  reality  of  such  modes 
of  action  is,  in  this  view,  admitted  as  part  of  the  conceptual  scheme.  It  is  perhaps  in  this 
meaning  that  we  are  to  understand  the  dictum  of  Kelvin  and  Tait"  that  "force  is  a  direct 
object  of  sense."  This  was  the  method  followed  by  Euler'^  in  his  formulation  of  the 
principles  of  Hydrostatics  and  Hydrodynamics,  and  by  Cauchy^''  in  his  earliest  writings 
on  Elasticity.  When  this  method  is  followed,  a  distinction  is  established  between  the  two 
types  of  forces  which  we  have  called  "body  forces"  and  "surface  tractions,"  the  former 
being  conceived  as  due  to  direct  action  at  a  distance,  and  the  latter  to  contact  action. 

Natural  Philosophers  have  not,  as  a  rule,  been  willing  to  accept  distance  actions  and 
contact  actions  as  equally  fundamental.  It  has  been  held  generally  that  a  more  complete 
analysis  would  reveal  an  underlying  identity  between  the  two  modes  of  action.  Sometimes 
it  has  been  sought  to  replace  action  at  a  distance  by  stress  in  a  medium ;  at  other  times  to 
represent  actions  generally  recognized  as  contact  actions  by  means  of  central  forces  acting 
directly  at  a  distance  i'.  As  an  example  of  the  former  procedure,  we  may  cite  Maxwell's 
stress-system  equivalent  to  electrostatic  attractions  and  repulsions'*.  The  alternative 
procedure  is  exemplified  in  many  of  the  early  discussions  of  Elasticity,  and  an  account 
will  be  given  presently  of  Cauchy's  use  of  it  to  determine  the  stress-strain  relations  in  a 
crystalline  material ''.  Any  such  reduction  of  contact  actions  to  distance  actions  tends 
to  obliterate  the  distinction  between  surface  tractions  and  body  forces,  and  it  has  been 
customary  to  maintain  the  distinction  by  means  of  an  hypothesis  concerning  the  molecular 
structure  of  bodies.  In  such  theories  as  Cauchy's  the  apparent  contact  actions  are  traced 
to  distance  actions  between  "molecules,"  and  these  actions  are  supposed  not  to  extend 
beyond  a  certain  region  surrounding  a  "molecule,"  known  as  the  "region  of  molecular 
activity."  The  body  forces,  on  the  other  hand,  are  traced  to  distance  actions  which  are 
sensible  at  sensible  distances.  Thus  a  second  way  of  introducing  the  notion  of  stress  is  to 
base  it  upon  an  hypothesis  concerning  intermoleoular  forces. 

13  Physikalische  Krystallographie,  Leipzig,  1891. 

"  Nat.  Phil,  Part  1,  p.  220. 

1=  Berlin  Hist,  de  VAcad.,  t.  11  (1755). 

^  Exercices  de  matMmatiques,  t.  2  (1827),  p.  42.  Cauchy's  work  dates  from  1822,  see 
Introduction,  footnote  32. 

"  The  fluctuation  of  scientific  opinion  in  this  matter  has  been  sketched  by  Maxwell  in  a 
lecture  on  '  Action  at  a  distance,'  Scientific  Papers,  vol.  2,  p.  311. 

1'  Electricity  and  Magnetism,  2nd  edition  (Oxford  1881),  vol.  1,  Part  1,  Chapter  v.  Cf. 
Article  53  (vi)  supra. 

1"  '  De  lapression  ou  tension  dans  un  systtoe  de  points  materiels,'  Exercices  de  mathimatiques, 
t.  3  (1828),  p.  213. 
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A  third  way  is  found  in  an  application  of  tlie  theory  of  energy.  Let  us  suppose  that  a 
strain-energy-function  exists,  and  that  the  equations  of  equilibrium  or  vibration  of  a  solid 
body  are  investigated  by  the  method  of  Article  115,  and  let  the  energy  of  that  portion 
of  the  body  which  is  contained  within  any  closed  surface  5  be  increased  by  increasing  the 
displacement.  Part  of  the  increment  of  this  energy  is  expressed  as  a  surface  integral 
of  the  form 

J  J  Lfc°°'^''' "^+3^"°'^' "^+5^'°'^'' ''^r"+-+-J'^'^- 

Now  in  the  formulation  of  Mechanics  by  means  of  the  theory  of  energy,  "forces"  intervene 
as  the  coefficients  of  increments  of  the  displacement  in  the  expression  for  the  increment 
of  the  energy.  The  above  expression  at  once  suggests  the  existence  of  forces  which  act  at 
the  surface  bounding  any  portion  of  the  body,  and  are  to  be  estimated  as  so  much  per  unit 
of  area  of  the  surface.  In  this  view  the  notion  of  stress  becomes  a  secondary  or  derived 
notion,  the  fundamental  notions  being  energy,  the  distinction  of  various  kinds  of  energy, 
and  the  localization  of  energy  in  the  medium.  This  method  appears  to  be  restricted 
at  present  to  cases  in  which  a  straiu-energy-function  exists. 

Cauchy's  investigation  of  stress-strain  relations  in  a  crystalline  body. 

The  body  is  supposed  to  be  made  up  of  a  large  number  of  material  points,  or  particles, 
which  act  upon  one  another  at  a  distance  by  means  of  forces  directed  along  the  lines 
joining  them  in  pairs.  The  force  between  two  particles  of  masses  m,  m'  at  a  distance  r 
apart  is  taken  to  be  an  attraction  of  amount  mm'x  (»"),  and  the  function  j^  (r)  is  supposed 
to  vanish  when  r  exceeds  a  certain  finite  value  R,  called  by  Cauchy  the  "radius  of  the 
sphere  of  molecular  activity."  The  particles  are  supposed  to  form,  when  in  equilibrium 
imder  no  external  forces,  a  "homogeneous  assemblage."  By  this  it  is  meant  that  all  of 
them  have  the  same  mass,  and  that,  if  three  of  them  are  situated  at  points  P,  P',  Q,  and  a 
line  QQ'  is  drawn  from  Q,  equal  and  parallel  to  PP'  and  in  the  sense  from  P  to  P',  there  is 
a  particle  at  Q'. 

Let  X,  y,  z  be  the  coordinates,  and  M  the  mass,  of  any  particle  P.  We  draw  a  closed 
curve  s  round  P  in  the  plane  (^p)  which  passes  through  P  and  is  parallel  to  the  plane  of 
(y,  z),  so  that  all  the  radii  vectores  drawn  from  P  \x>  s  exceed  R.  Let  S  be  the  area  within 
this  curve.  We  shall  suppose  that  all  the  linear  dimensions  of  8  are  small  compared  with 
ordinary  standards.  The  statical  resultant  of  all  the  forces  whose  lines  of  action  cross  p 
within  «  is  a  force,  of  which  the  components  parallel  to  the  axes  are  denoted  by 

XxS,     T^S,    Z^S, 

where  X^,  Y^,  Z^  are  the  components  of  the  traction  across  the  plane  at  P.  But  these 
components  are  also  the  sums  of  such  expressions  as 

mtm/ x(.rtj)\ij,     mtm/ x  (rij)  ^a ,     mtm/ x  {rij)  Vij , 

where  m;  denotes  the  mass  of  a  particle  situated  on  that  side  of  the  plane  for  which  x  is 
greater  than  the  x  of  P,  m/  denotes  the  mass  of  a  particle  situated  on  the  other  side  of  the 
plane,  ry  denotes  the  distance  between  these  particles,  Xy,  /jy,  Vij  denote  the  direction 
cosines  of  the  line  drawn  from  m/  to  nii.  The  summation  extends  to  all  pairs  so  situated 
that  the  line  joining  them  crosses  p  within  s  and  the  distance  r-y  does  not  exceed  R. 

From  the  assumed  homogeneity  of  the  assemblage  it  foUows  that  there  is  a  particle 
Q  of  mass  m  (equal  to  M  or  m^  or  m/),  so  situated  that  the  line  PQ  is  of  length  r  equal  to 
ry,  and  is  parallel  to  the  direction  (Xy,  /i,y,  i/y).  Thus  the  terms  of  the  above  sums  may 
be  replaced  by 

]lfmx(r)X,    Mmx(r)ii,    Mmx{r)v, 
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where  r  is  the  distance  of  a  particle  m  from  M,  and  X,  /i,  v  are  the  direction  cosines  of  the 
Une  drawn  from  M  to  m.  The  summation  may  be  effected  by  first  summing  for  all  the 
pairs  of  particles  (m(,  to/)  which  have  the  same  r,  X,  ji,  v  and  are  so  situated  that  the  line 
joining  them  crosses  p  within  g,  then  summing  for  all  the  directions  (X,  fx,  v)  on  which  such 
pairs  of  particles  occur,  and  lastly  summing  for  all  the  pairs  of  particles  on  any  such  line 
whose  distances  do  not  exceed  R.  The  first  summation  is  effected  by  multiplying  the 
expressions  such  as  Mm^  (r)  X  by  the  number  of  particles  contained  in  a  cylinder  of  base 
S  and  height  rX.  This  number  is  pSrXjM,  where  p  is  the  density,  or  mass  per  unit  of 
volume,  of  the  system  of  particles.     Thus  we  require  the  sums  of  such  quantities  as 

If  the  summation  is  extended  to  all  directions  (X,  n,  v)  round  P  in  which  particles  occur, 
any  term  will  be  counted  twice,  and  therefore  the  required  expressions  for  the  component 
tractions  A'^., ...  are 

X»=^p2TO)-X2;((r),     r,=^p2TO»-X/ix(»-)>     Z^^ip^mrXuxW, 
in  which  the  summations  extend  to  all  particles  whose  distance  from  P  does  not  exceed  M. 
If  there  is  no  initial  stress  the  six  sums  of  these  types  vanish,  or  we  have 

SmcX^X  ('■)  =  Oj  •  •  • )     2mrX/i  x  ('") = 0, . . . ; 
but,  when  there  is  initial  stress,  the  values  of  the  six  components  of  it  at  any  point  are 
XjC), ...,  where 

XJ>)  =  ipSmr\^x{'>-),  -.  Jr/)  =  ^p2m»-X/xx(»-), .... 
The  stress-strain  relations  are  obtained  by  investigating  the  small  changes  which  are 
made  in  the  above  expressions  when  the  system  undergoes  a  small  relative  displacement. 
As  in  Article  7,  we  may  take  the  unstrained  position  of  M  to  be  given  by  coordinates 
X,  y,  z,  and  its  strained  position  by  coordinates  x+u,  y+v,  z+w.  At  the  same  time  m  is 
displaced  from  {a;+x,2/+j,  z+z)  to  {x+x  +  u+u, ...),  where  u, ...  are  given  with  sufficient 
approximation  by  such  formulse  as 

8m       du       du 
""^^d-x+^Wj+'Tz' 

so  that  rX  becomes  rX  +  S  (>'X),  where 

and  we  have  similar  formulse  for  S  (r/x),  S  (rv).    Also  r  becomes  r  (1  +  e),  where 

and  p  becomes  p',  where 

,        /      du     dv     dw\ 

The  effect  of  these  changes  is  to  give  us  for  A'^c, ...  such  expressions  as 
X,=ip'2^m  ^~^^{x{r)  +  erx'  (r)}{rX  +  S{r\)}'], 

A'y  =  ip'2[m^^j^^{x{r)  +  erx'{r)}{rX  +  SirX)}{riM+8{r,i)}^. 

When  there  is  no  initial  stress,  these  equations  give  us  the  stress-strain  relations  in  such 

forms  as 

■^z=kp^  [»»'•  {rx  ('•)  - X  W} ^^  feX* +e^ii^+e„v^+ey,iiv  +  e^vX  +  e^Xp}] , 
X^=ipS[mr{rx'{r)-x{r)}'>^H-{exx^^  +  eyyP'^+e„v*+ey,pv  +  eavX  +  ex„Xp]]; 
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and  the  elastic  constants  Cn, ...  are  expressed  by  sums  of  the  types 

Cu=ip2  [mr  {rx'  (r)  -  x  (t))  X*],      Ci2  =  Cc6=ip2  [mr  {r^^  (?•)  -x  (»•)}  ^V^]. 
fu  =  C56=ip2  \mr  {r^'  (r)  -  x  {r)}  XV"];       Ci6  =  ip2  [mr  {?y  {r)  -  x  W}  X^]- 

There  are  15  of  these,  Green's  21  coefficients  being  connected  by  the  6  relations  which 

have  been  called  Cauchy's  relations  (Article  66). 

When  there  is  initial  stress  we  have  to  add  to  the  above  expressions  for  A'^.  and  Xj, 
the  terms 

o.v     CI/      02/  oy  dz 


and 


Ayo)  ^1+  F„(«)  ^+  r/)  ^+z,(o)  ^!+2yo)  (i  -|) , 


'dx^^'"  dy  '  ^''    dz^^    dz 

with  similar  additions  to  the  remaining  stress-components  (Article  75). 

The  above  investigation  is  given  as  an  example  of  the  kind  of  methods  by  which  the 
elements  of  the  theory  of  Elasticity  were  originally  investigated.  A  modification  by  which 
the  results  may  be  made  to  accord  with  experiment,  at  any  rate  for  isotropic  solids,  has 
been  proposed  by  W.  Yoigt,  Ann.  Phys.  (Ser.  4),  Bd.  4  (1901). 


NOTE   C. 

Applications  of  the  Tnethod  of  moving  axes. 

The  theory  of  moving  axes  may  be  based  on  the  result  obtained  in  Article  35.  Let  a 
figure  of  invariable  form  rotate  about  an  axis  of  which  the  direction  cosines,  referred  to 
fixed  axes,  are  I,  m,  n,  and  let  it  turn  through  an  angle  86  in  time  St.  At  the  beginning 
of  this  interval  of  time  let  any  point  belonging  to  the  figure  be  at  the  point  of  which  the 
coordinates,  referred  to  the  fixed  axes,  are  x,y,z;  then  at  the  end  of  the  interval  the  same 
point  of  the  figure  will  have  moved  to  the  point  of  which  the  coordinates  are 

x+(mz-ny) sin  d6-{x-l  (lx;+my  +  nz)} (1  -  cos  S6), .... 
Hence  the  components  of  velocity  of  the  moving  point  at  the  instant  when  it  passes  through 
the  point  (x,  y,  z)  are 

dd  de  .    ,  d6 


-y''dt+''^-dt' 


-'^ii^'"''-dt^ 


"dt 


+y'df 


We  may  localize  a  vector  of  magnitude  dBjdt  in  the  axis  {I,  ni,  n),  and  specify  it  by 
components  coj,,  Oy,  a>^,  so  that  a>x=ld6/dt, ....  This  vector  is  the  angular  velocity  of  the 
figure.  The  components  of  the  velocity  of  the  moving  point  which  is  passing  through  the 
point  (x,  y,  z)  at  the  instant  t  are  then 

—  ya^+ZiOy,      —zonx  +  xa^,      -Xa>y+ya>x. 

Let  a  triad  of  orthogonal  axes  of  {x',  y',  /),  having  its  origin  at  the  origin  of  the  fixed 
axes  of  {x,  y,  z),  and  such  that  they  can  be  derived  from  the  axes  of  {x,  y,  z)  by  a  rotation, 
rotate  with  the  figure;  and  let  the  directions  of  the  moving  axes  at  the  instant  t  be 
specified  by  the  scheme  of  nine  direction  cosines. 
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Let  6i,  ^2)  ^3  denote  the  components  of  the  angular  velocity  of  the  rotating  figure  parallel 
to  the  axes  of  x/,  y,  «',  so  that 

'"x^h^i  +  h^i  +  h^a,  •••J 
and  let  a  point  {af,  y\  ^)  move  so  as  to  be  invariably  connected  with  the  figure.     The 
coordinates  of  this  point  referred  to  the  fixed  axes  are,  at  the  instant  t,  l^af  ■'rl^y' -'rhii , ..., 
and  we  may  equate  two  expressions  for  the  components  of  velocity  of  the  point.     We  thus 
obtain  three  equations  of  the  type 

-^^  ih''"'  +  hy'  +  ^3^')  =  -  (»ll^'  +  flHy'  +  "las')  (li^i  +  «2^2  +  «3^8) 

+  (wja;' + may' + »3  a')  (mi^i + mg^a  +  m^Si). 
Since  the  axes  of  (a;',  y',  z')  can  be  derived  from  those  of  {x,  y,  z)  by  a  rotation,  we  have 
such  equations  as 

mim2  — TO2«i  =  ?3. 

The  above  equations  hold  for  all  values  of  a;',  y',  z',  and  therefore,  a/,  «/',  z*  being 
independent  of  the  time,  we  have  the  nine  equations 

-37=^2^3-^3^2)  -n  =  hS\  —  h6i,  j7  =  ^1^2— ^2^1l 

-^^  =  W2^3-«3^2,  -^  =  1^61-1^63,  -^=71102- n^dl. 

Now  let  M,  V,  w  be  the  projections  on  the  fixed  axes  of  any  vector, «',  v',  w'  the  projections 
of  the  same  vector  on  the  moving  axes  at  time  t.    We  have  such  equations  as 

^^^^^^l^u'  +  hV  +  hW) 

=lJ^-^%+w'e2yh(^^^-1v'^l+u'e3'j+h(^-1l'^2+v^^^ (2) 

Hence  the  projections  on  the  moving  axes  of  that  vector  whose  projections  on  the  fixed 

axes  are 

du      dv      dw 
di^     di'     'di 

are  ^-v'ds  +  We,,      J-«;'^i+m'53,      '^-u^+v'S, (3) 

We  may  abandon  the  condition  that  the  origin  of  the  moving  axes  coincides  with  that 
of  the  fixed  axes.  The  formulae  (1)  are  unaltered,  and  the  formulae  (2)  also  are  unaltered 
unless  u,  v,  w  are  the  coordinates  of  a  point.  Let  x^,  yo,  Zo  be  the  coordinates  of  the  origin 
of  the  moving  axes  referred  to  the  fixed  axes,  x,  y,  z  and  a/,  y',  z'  those  of  any  moving  point 
referred  respectively  to  the  fixed  axes  and  the  moving  axes.     We  have  such  formulae  as 

a;=Xo  +  hx'  +  l2y'  +  l3z', 
and  therefore 


Let  Mo',  vo',  Wo'  be  the  projections   of  the  velocity  of  the  origin  of  {x',  y',  «')  on  the 
instantaneous  positions  of  the  moving  axes,  then  we  have 

~^  =  llUo'  +  hvo  +hwo'. 
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Hence  the  projections  of  the  velocity  of  any  moving  point  upon  the  instantaneous  positions 
of  the  moving  axes  are 

«o'  +  '^^-'-yfl3+2'^2,     V+^j-^'^i  +  ^'^3,     w  +  -^-^'«2+y^i (4) 

These  formulse  can  be  utilized  for  the  calculation  of  differential  coefficients.  Let 
a,  ft  y, ...  be  any  parameters,  and  let  a  triad  of  orthogonal  axes  of  d,  y',  t!  be  associated 
with  any  system  of  values  of  the  parameters,  so  that,  when  the  parameters  are  given,  the 
position  of  the  origin  of  this  triad  and  the  directions  of  the  axes  are  known.  Let  the 
position  of  a  point  relative  to  the  variable  axes  be  supposed  to  be  known ;  the  coordinates 
x',  y',  z'  of  the  point  are  then  known  functions  of  a,  (3,  y, ... .  Let  x,  y,  z  be  the  coordinates 
of  the  point  referred  to  fixed  axes.  Then  x,  y,  z  also  are  functions  of  a,  ^,  y,  ...,  and  we 
wish  to  calculate  the  values  of  dxjda, ....  When  a,  /3,  y, ...  are  altered  the  origin  of  the 
variable  axes  undergoes  a  displacement  and  the  axes  undergo  a  rotation,  and  we  may 
regard  this  displacement  and  rotation  as  being  effected  continuously  with  certain  velocities. 
Thus  we  have  a  velocity  of  the  origin  and  an  angular  velocity  of  the  triad  of  axes.  This 
velocity  and  angular  velocity  being  denoted,  as  before,  by  their  components  «o',  V,  W  and 
6u  6i,  03,  referred  to  the  instantaneous  positions  of  the  variable  axes,  the  quantities 
Mo'i-..,  ^i,--.  are  Unear  functions  of  dajdt,  d^/dt,...,  and  the  coefficients  of  da/dt,...  in 
these  functions  are  known  functions  of  a,  (3,  y Thus  we  have  such  equations  as 

+'.{<HI'S+|f+-)-''*+W 


f     ,     fdz'  da  ,dz'  d^  ,       \       ,.    .    ,a\ 


We  may  equate  the  coefficients  of  da/dt,  dfijdt, ...  on  the  two  sides  of  these  equations,  the 
quantities  u^,  ...,6i, ...  being  expressed  as  linear  functions  of  dajdt, .... 

In  like  manner,  if  u,  v,  w  and  u',  v',  v/  denote  the  projections  of  any  vector  on  the  fixed 
and  variable  axes,  equations  (2)  give  us  formulae  for  calculating  dit/da, ....  In  applications 
of  the  method  it  is  generally  most  convenient  to  take  the  fixed  axes  to  coincide  with  the 
positions  of  the  variable  axes  that  are  determined  by  particular  values  a,  /3,  y, ...  of  the 
parameters,  then  in  equations  (2)  we  may  put  li  =  m^=n3=l  and  1^=  ...=0.  When  this 
is  done  the  values  of  du/da, . . .  belonging  to  these  particular  values  of  a, . . .  are  given  by 
formulse  of  the  type 

duda      duds      dudy               /dtl' da  ,  du' d^  .  du' dy  ,       \       ,-    ,     ,„  ,~s 

radi  +  ¥fidt+d-ydt+-=[d^dt+Wdt  +  d^dt  +  -)-''^'-^'^^' (') 

The  above  process  has  been  used  repeatedly  in  Chapters  xviii.,  xxi.,  xxiv.  As  a 
further  illustration  we  take  some  questions  concerning  curvilinear  orthogonal  coordinates. 
The  coordinates  being  a,  0,  y,  the  expression  for  the  linear  element  being 

{{da/h,f + {dmif+idylhf}  *, 
and  the  variable  axes  being  the  normals  to  the  surfaces,  we  have 
,_  \  da  ,_l  dfi  ,_l  dy 

'^~hdi'     ""'h^dt'     '^"'hdf 

To  determine  the  values  of  dx,  6^,  63  we  have  recourse  to  Dupin's  theorem  cited  in 
Article  19.  It  follows  from  this  theorem  that  the  tangents  drawn  on  a  surface  y,  at 
points  of  its  intersection  with  a  surface  |3,  to  the  curves  in  which  the  surface  is  cut  by  two 
neighbouring  surfaces  of  the  family  a,  say  a  and  a  +  Sa,  ultimately  intersect  when  8a  is 
diminished  indefinitely,  and  the  point  of  ultimate  intersection  y  is  a  centre  of  principal 
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curvature  of  the  surface  /3.     In  Fig.  75  the  point  P  is  (a,  ;8,  y),  P,  is  (a  +  8a,  ^,  y),  P^  is 
(a,  /3+8^,  -y),  §  is  (a  +  Sa,  /3+S^,  y).     The  length  of  the  arc  PP^  can  be  taken  to  be  8a//ji, 

3 


Fig.  75. 
and  the  excess  of  the  length  P2Q  above  PPi  is,  to  the  second  order, 


's^ 


©• 


We  may 


regard  the  tangents  to  PP2,  at  P  and  PiQ  at  Pj  as  intersecting  in  T,  and  take  the  length 


of  PP,  to  be 


I  ha.     Hence  the  coefficient  of 


Then  the  angle  PTPi  is  -^2  ^  (^V 
dajdt  in  ^3  is  -A2  ^  (t- ) .     In  like  manner  the  coefficient  of  d^jdt  in  63  is  Aj  ^  (  ^  j . 


We  can  now  write  down  the  formulsB 

3 


d^ 
dt' 


.(6) 


d   (\\da  d    (\\dy 

'~^9^  W  ~dt  '"'  da  VV  dt ' 
9   /1W|3     ,     9  /IWa 

The  above  argument  shows  that  the  principal  curvatures  of  the  surface  y,  belonging  to 
its  lines  of  intersection  with  siu-faces  a  and  /3,  are  respectively 

We  have  similar  formulae  for  the  principal  curvatures  of  the  surfaces  a  and  fi. 

Let  L,  M,  JV  be  the  direction  cosines  of  a  fixed  line  referred  to  the  normals  to  the 
surfaces  at  a  particular  point  (a,  ft  y),  and  let  L',  M\  N'  be  the  direction  cosines  of  the 
same  line  referred  to  the  variable  axes  at  any  point.  Then  L',  M',  N'  are  functions  of 
a,  |3,  y,  but  i,  M,  N  are  independent  of  a,  /3,  y.  We  may  use  the  formulse  (5),  and  in  them 
we  may  replace  u,  v,  w  by  L,  M,  N  and  «',  »',  v/  by  L',  M',  N'.    We  find 


da 
dM' 

da 


=  -M'h, 


3_ 
9/3' 


©--4©'  l'=--^©-  f =-■£©■ 
D.  f — ^©--'i©-  "■-'■I©- 


These  formulae  were  used  in  Article  58. 
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To  investigate  expressions  for  the  components  of  strain  and  rotation^  we  take  {u',  v\  v>') 
to  be  the  displacement  (Ua,  M/s,  My),  and  (m,  v,  w)  to  be  the  displacement  referred  to  fixed 
axes  of  X,  y,  z  which  coincide  with  the  normals  to  the  surfaces  a,  j3,  y  at  the  point  (a,  (3,  y). 
Then  we  have,  for  example,  at  (a,  j3,  y) 

Now  using  the  formulse  (5)  and  (6)  we  have 

duda      dudfi      dudy      duada      duad^      duady 
d^di'^d^di'^d^dt^d^di'^Wdt'^'d^di 

and  from  these  we  have 

3m     .     (dua,     ,        3/1X1        du     ,     (diin     ,        3  /INl 


The  formulse  (36)  of  Article  20  and  (38)  of  Article  21  can  now  be  written  down. 

To  investigate  the  stress-equations'^''  we  take  the  same  system  of  fixed  axes,  and  consider 
the  resultants  of  the  tractions  on  the  faces  of  a  curvilinear  parallelepiped  bounded  by 
suifaces  a,  a  +  Sa,  |3,  ^+d/3,  y,  y+8y.  (Cf.  Fig.  3  in  Article  21.)  "We  may  take  the  areas 
of  the  faces  a,  ^,  y  to  be  Aj,  Aj,  A3,  where 

Ai  =  Bp8y//l2h3,  A2  =  8y8a/A3^i,  A3  =  8a8^/AiA2. 
The  tractions  per  unit  of  area  across  the  surface  a  can  be  expressed  by  Xa,  i'a,  Z^ 
or  by  aa,  a/3,  ya,  and  the  resultant  tractions  across  the  face  Aj  can  be  expressed  as 
XaA],  FoAi,  ZaAi  or  as  aaAi,  a/3Ai,  yaAj.  In  the  formulse  (5)  X^t^u  FaAj,  ^<iAi  can 
take  the  places  of  m,  v,  w,  and  aaAj,  ajSAj,  yaAi,  the  places  of  m',  ^;',  2»'.  Similarly 
A'^A2,  P^Aj,  ^/3A2  can  take  the  places  of  u,  v,  w,  and  a;3A2,  0i3A2,  ^yi^i  those  of  m',  i>',  w', 
and  so  on.     Now  the  equations  of  motion  can  be  expressed  in  such  forms  as 

8a,^(Z.A,  +  8,3^(Z.A2)  +  8y^^(X,A3)+pi.«|fJ=,A|fJ, 

where  the  notation  is  the  same  as  in  Article  58.     We  have  the  equations 

3^  (^«Ai)  ^  +  9^  U«Ai)  ^  +  g^  (A„A,)  ^ 

3   /'^     V  da       3    .--^      .  fl?i3       3    ,^^     ^  dy     --x       .       ^^ 
=  3^  (™^')  rfi  +  3^  (""^'^  I  +  dy  (°°^')  ^  -'./3A.^3  +  7aA,5„ 

3^(^^-4>|(^^'^^)f4y(^^-4l 

g^  (A,  A3)  ^  +  g^  (Z,  A3)  ^  +  g;^  (Z,  A3)  ^ 

3  /^ .  %  <^a       3   ,-^     .  c^/3       3   .--^     ^  dy     -T-       .      --^ 

where  62,  63  are  given  by  (6).     Equation  (19)  in  Article  58  can  be  written  down  at  once. 
20  Cf.  K.  B.  Webb,  Messenger  0/  Math.,  vol.  H  (1882),  p.  146. 
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NOTE   D. 

Dr  A.  Timpe  has  called  my  attention  to  the  fact  that  the  form  of  the  lines  of  stress  in 
Fig.  15,  p.  195,  appears  to  indicate  the  existence  of  points  at  which  more  than  two  lines  of 
stress,  in  the  plane  of  the  figure,  meet.  If  there  are  such  points  the  stress  at  either  of  them 
must  be  a  simple  tension  or  pressure  at  right  angles  to  the  plane  of  the  figure,  and  two 
principal  stresses  vanish.  The  existence  of  such  points  has  not  been  proved;  for  the 
positions  of  the  lines  were  computed  by  Hertz,  loc.  cit.  p.  195,  for  the  parts  of  the  figure 
near  to  A'OA  and  to  the  line  drawn  through  0  at  right  angles  to  A'OA,  and  the  rest  of  the 
figure  was  drawn  conjecturally. 

NOTE   E. 

Stress  in  a  beam  loaded  uniformly. 

Using  the  notation  of  Article  244  (a),  (6),  (c)  I  find  the  following  expressions  for  the 
stress-components  in  a  circular  cylinder  bent  by  its  own  weight : — 

J'.=^[(5  +  2<r)K-^-^)-3(l-2<r)y2],     r,=^[3(l+2,r)(a2-2/2)_(l -2,r)^2], 

^.=^[(1  - 2<r)(a2-2/2)  _  3(1 -|-2<r)^2]^ 

X,=^(Ki  +  2<20)[-(|  +  4o-)(a2-«2)  +  (i-i<7)/],     r,=,i(<ci  +  2«20)(i  +  o-)^y, 
.Z,=  -^(Ko-|-fciZ-t--c222)^_^K2^[i(9  +  13<r+4<r2)a2-(l+i<T)(a;2-|-/)]. 
The  constant  k.^  is  given  by  the  equation 

When  the  beam,  of  length  I,  is  fixed  horizontally  at  «  =  0,  and  the  end  z  =  l\s  unloaded, 

o     7  Vn       ,7  +  12(r  +  4<rn 

.,=  -^.,1,     K,=K,\^^-a^      g^^^^^     J. 

When  the  beam,  of  length  2Z,  is  supported  at  the  ends  z  =  l  and  z=  -I,  these  ends  being  at 

the  same  level, 

r,.      ,  7  +  120- +  4,7^ 

An  independent  calculation  of  the  displacement  kindly  sent  to  me  by  Mr  G.  C. 
Calliphronas  confirms  these  results. 

NOTE   F. 

Extensional  vibrations  of  a  plane  plate'^. 

The  equations  of  vibration  are  equations  (97)  of  Article  314  (e).  They  may  be  expressed 
very  simply  in  terms  of  the  areal  dilatation  A'  and  the  rotation  rar,  these  quantities  being 
defined  analytically  by  the  equations 

,    9u     3v       „       3v     3u  ,,, 

^-3^  +  ay'      '="=9^-^ ^') 

The  equations  take  the  forms 

9a'     ,,        ,3ra-      p(1-<t2)32u        9A'                 3sr  _  pOllz!)  ?!I       -         ^2^ 
■d^-'^^-''^d^=—E~^'     'd^^^^'"'^'       E       3<2 ^^' 

In  this  form  they  are  readily  transformed  to  any  suitable  curvilinear  coordinates. 

21  Equations  equivalent  to  (97)  of  Article  314  (e)  were  obtained  by  Poisson  and  Cauoby,  see 
Introduction,  footnotes  36  and  124.  Poisson  investigated  also  the  symmetrical  radial  vibrations 
of  a  circular  plate,  obtaining  a  frequency  equation  equivalent  to  (10)  of  this  Note,  and  evaluating 
the  frequencies  of  the  graver  modes  of  this  type. 
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Consider  more  particularly  the  case  of   a  plate  with   a  circular  edge-line.     It  is 

appropriate  to  use  plane  polar  coordinates  r,  6  with  origin  at  the  centre  of  the  circle. 

Let  U,  V  be  the  projections  of  the  displacement  of  a  point  on  the  middle  plane  upon  the 

radius  vector  and  a  line  at  right  angles  to  the  radius  vector.     Then  we  have 

u=V'cosd-Vame,        y=U&md+ VcoaB,     (3) 

,    dU      U      IdV         ^        dV      V     IdU  ... 

and  A'  =  -5-  +  — +  -"5^,       2i3T  =  3-+ ^x ,  (4) 

dr       r      r  ad  or       r      r  do 

and  the  stress-resultants  belonging  to  any  circle  r= const,  are  T,  S,  where 

^    2£:h  rdu     /u    idv\-\      „    Eh  fdv    I'ldui         ... 

The  equations  of  vibration  give 

1 


VA= p — ^^2-,        Vi  or- ^, -^ (b) 


Wo  put 

U=  Ua  COS  nd  COS  pt,         V  =  Vn  sin  n6  cos pt,  (7) 

where  U^  and  F„  are  functions  of  r,  and  we  write 

K'=p{l-a-^)p^/E,         K'2=2p(H-<r);oVX    (8) 

Then  A'  is  of  the  form  A'Jn(Kr)coan6coapi,  and  or  is  of  the  form  B' Jn(K'r) ain nd cos pt, 

where  A'  and  B'  are  constants,  and  J„  denotes  Bessel's  function  of  order  n.     The  forms  of 

U  and  V  are  given  by  the  equations 

U^^A^^KnB'^"-^yoanecoapt,  F=  - [^4 "^^ 5 ^^)] sin «5 cos^«,  (9) 

and  with  these  forms  we  have 

A'  =  —  AK^J„{Kr)  cos  nd  cos  pt,        ^■m  =  BK'^J„(K'r)  sin  nd  oospt. 
We  can  have  free  vibrations  in  which  V  vanishes  and   U  is  independent  of  6;  the 
frequency  equation  is 

-^—  +  ^J,(,a)  =  0,     (10) 

a  being  the  radius  of  the  edge-line.     We  can  also  have  free  vibrations  in  which  U  vanishes 
and  V  is  independent  of  B ;  the  frequency  equation  is 

dJiJK'a)  ^  JiJK'a) 

da  a      ^ 

These  two  modes  of  symmetrical  vibration  appear  to  be  the  homologues  of  certain 
modes  of  vibration  of  a  complete  thin  spherical  shell  (cf.  Article  335).  The  mode  in  which 
U  vanishes  and  V  is  independent  of  6  is  the  homologue  of  the  modes  in  which  there  is  no 
displacement  parallel  to  the  radius  of  the  sphere.  The  mode  in  which  V  vanishes  and  Via 
independent  of  6  seems  to  be  the  homologue  of  the  quicker  modes  of  symmetrical  vibration 
of  a  sphere  in  which  there  is  no  rotation  about  the  radius  of  the  sphere. 

In  the  remaining  modes  of  extensional  vibration  of  the  plate  the  motion  is  compounded 
of  two :  one  characterized  by  the  absence  of  areal  dilatation,  and  the  other  by  the  absence 
of  rotation  about  the  normal  to  the  plane  of  the  plate.  The  frequency  equation  is  to  be 
formed  by  eliminating  the  ratio  A  :  B  between  the  equations 

.  ri  -  tr  dJ„{Ka)      I         1  -  o-    oN   r  ,     x~l  ,      „  ,,        s  n  dJ^^K'a)       1    ^  ,  ,  ,"]     „  ' 

(12) 

These  modes  of  vibration  seem  not  to  be  of  sufficient  physical  importance  to  make  it  worth 
while  to  attempt  to  calculate  the  roots  numerically. 
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Additional  deflexion  of  beams,  333. 

Molotropy,  103,  146;  of  inertia,  288;  Curvi- 
linear, 161 ;  produced  by  permanent  set,  116. 

Molotropic  solid,  Constants  and  Moduluses  of, 
103 — 105,  158  ;  propagation  of  waves  in,  18, 
286—289. 

Afterstrain,  114. 

Angle,  Transmission  of  stress  from  an,  209. 

Anorthic  crystals,  155. 

Anticlastic  curvature,  21,  128,  129,  325,  347. 

Applicable  surfaces,  471. 

Applied  Mechanics,  Treatises  on,  110  ;  Criti- 
cism of  some  methods  used  in,  831 — 333. 

Arches,  427. 

Average  strains.  Determination  of,  171. 

Axes,  Moving,  536 — 540  ;  Principal,  of  strain, 
37,  60  ;  of  symmetry,  147  ;  Principal  torsion- 
flexure,  of  a  rod,  366. 

Bars :  see  Beams,  Rods,  Torsion,  &a. 

Barytes,  Constants  for,  161. 

Beams,  JSolotropic,  159,  330. 

Beams,  Bent,  Curvature  of,  323,  345,  348,  349  ; 
Deflexion  of,  325,  333,  355—358  ;  Tvfist  pro- 
duced in,  by  transverse  load,  325,  344 ; 
Stress  produced  in,  by  transverse  loads,  136, 
314—316,  331,  332,  336—845,  541 ;  Shearing 
stress  in,  136,  816—318,  327,  831,  332 ;  Dis- 
placement in,  318—320,  823—327 ;  Obliquity 
of  cross-sections  of,  137,  324,  325,  333 ; 
Distortion  of  oross-sections  of,  326  ;  Strength 
of,  329 ;  Extension  produced  in  by  trans- 
verse load,  347,  349.  See  also  Bending  of 
Beams,  Bending  moment,  Bernoulli-Eulerian 
theory.  Loading,  Neutral  plane,  &o. 

Beams,  Continuous,  22,  358  ;  Single  span,  355 
—858;  Several  spans,  358—364. 

BeUs,  Vibrations  of,  5,  29,  525. 

Bending  of  Beams,  History  of  theory  of,  2,  3, 
20,  21 ;  by  couples,  126—129,  159 ;  by 
terminal  load,  136—138,  314—383 ;  by  uni- 
form load,   889—349;   by  distributed  load, 


350—353;  of  particular  forms  of  section 
(narrow  rectangular,  136,  331,  349  ;  circular, 
320,  327,  328,  348,  541;  elliptic,  321,  324, 
383 ;  rectangular,  322,  325  ;  other  special 
forms,  323,  332). 

Bending  moment,  314,  344  ;  Relation  of,  to 
curvature,  127,  823,   345,  350. 

Bernoulli-Eulerian  theory,  19,  350,  353. 

Beryl,  Constants  for,  161. 

Blade :  see  Stability. 

Body  forces,  73 ;  Particular  integrals  for,  180, 
217,  282,  246,  294. 

Boiler-flues,  Collapse  of,  580. 

Boundary  conditions,  98,  132,  164 ;  in  torsion 
problem,  299 ;  in  flexure  problem,  315,  817, 
828 ;  in  plates,  27,  487—442  ;  in  shells,  80, 
510,  515 ;  in  gravitating  sphere,  250 ;  in 
vibrating  sphere,  268  ;  in  vibrating  cylinder, 
278,  280. 

Bourdon's  gauge,  474. 

Brass,  Constants  for,  13,  103. 

Breaking  stress,  112. 

Bridges,  Travelling  load  on,  26,  421 ;  Suspen- 
sion, 847. 

B«c/cKnj,  Resistance  to,  390.    See  also  Stability. 

Gannon :  see  Oun  construction. 

Cantilever,  21,  353. 

Capillarity,  6. 

Cartography,  63. 

Cast  iron,  107,  112,  113. 

Cast  metals,  95. 

Cauchy's  relations,  14,   98. 

Central-line,  of  prismatic  body  or  curved  rod, 
127,  379. 

Chains,  Links  of,  427. 

Circular  arc  :   see  Arches  and  Circular  ring. 

Circular  cylinder.  Equilibrium  of,  under  any 
forces,  257,  259 ;  bent  by  its  own  gravity, 
348,  541  (see  also  Beams) ;  strained  sym- 
metrically, 263  ;  Vibrations  of,  18,  275—280, 
405. 
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Circular  disk,  Rotating,  144 ;  Equilibiium  of, 
under  forces  in  its  plane,  213 — 215. 

Circular  ring.  Equilibrium  of,  385,  403,  427 — 
430;  Stability  of,  23,  405;  Vibrations  of, 
430—433. 

Clamped  end,  of  a  rod,  354. 

Collapse :  see  Stability. 

Collision :  see  Impact. 

Colour  fringes  :  see  Light,  Polarized. 

Combined  strain,  329. 

Compatibility,  Conditions  of,  49. 

Complex  vanable  :  see  Conjugate  functions. 

Compression,  Modulus  of,  12,  101,  104 ;  of  a 
body  under  pressure,  102,  105,  139,  141, 161, 
172, 173  ;  of  a  sphere  by  its  own  gravitation, 
140  ;  of  a  body  between  parallel  planes,  172, 
263 ;  Centre  of,  184,  294. 

Cones,  Equilibrium  of,  200. 

Conformal  transformation  :  see  Conjugate  func- 
tions. 

Conjugate  functions,  46,  211,  216,  259,  260, 
301,  307,  321. 

Conjugate  property,  of  normal  functions,  176  ; 
of  harmonic  functions,  218,  240. 

Constants,  Elastic,  Controversy  concerning,  13 
—15  ;  Definition  of,  97  ;  Magnitude  of,  103  ; 
Thermal  variations  of,  107 ;  of  isotropic 
bodies,  100  ;  of  crystals,  160  ;  Experimental 
determination  of,  22,  102,  142,  160,  469. 

Continuing  equation,  412.  ^ 

Coordinates,  Curvilinear  orthogonal,  52 ;  Strain 
in  terms  of,  54,  540 ;  Stress-equations  in 
terms  of,  87,  164,  540  ;  General  equations  in 
terms  of,  138,  164.  See  also  Cylindrical 
coordinates.  Polar  coordinates,  Conjugate 
functions. 

Copper,  Constants  for,  103. 

Crushing,  of  metals,  114;  of  cylindrical  test 
pieces,  263. 

Crystalline  medium :  see  Molotropic  solid,  and 
Crystals. 

Crystals,  Symmetry  of,  152 ;  Classification  of, 
154;  Elasticity  of,  14,  156;  Elastic  con- 
stants of,  160;  Neumann's  law  of  physical 
behaviour  of,  14,  152. 

Cubic  capacity,  of  a  vessel,  121. 

Cubic  crystals,  155,  159. 

Curl,  of  a  vector,  46. 

Curvature :  see  Beams,  Rods,  Plates,  Shells, 
Surfaces. 

Cylindrical  body  of  any  form  of  section.  Equili- 
brium of,  under  tension,  102  ;  under  gravity, 
124,  172 ;  under  fluid  pressure,  125  ;  in  a 
state  of  plane  strain,  259  ;  in  a  state  of  stress 
unifprm  along  its  length,  834 ;  in  a  state  of 
stress  varying  uniformly  along  its  length, 
336  ;  in  a  state  of  stress  uniform,  or  varying 


uniformly,  over  its  cross-sections,  454.  See 
also  Beams,  Plane  strain.  Plane  stress. 
Rods. 

Cylindrical  coordinates,  56,  89,  140,  161,  259, 
260,  275. 

Cylindrical  flaw,  in  twisted  shaft,  121,  304. 

Cylindrical  shells,  Equilibrium  of,  under  pres- 
sure, 141. 

Cylindrical  shells.  Thin,  Inextensional  deforma- 
tion of,  477 ;  Vibrations  of  (Inextensional, 
488,  519  ;  general  theory,  516  ;  extensional, 
518) ;  Stability  of,  under  pressure,  529. 

Deflexion :  see  Beams  and  Plates. 

Density,  Table  of,  103. 

Diagrams,  of  plane  stress,  86 ;  stress- strain, 
111. 

Dilatation,  Cubical,  41,  59 ;  Uniform,  44  ; 
Average  value  of,  172 ;  in  curvilinear  co- 
ordinates, 54  ;  Waves  of,  18,  282,  286,  288  ; 
Centre  of,  184  ;  Determination  of,  221. 

Discontinuity,  Motion  of  a  surface  of,  283 — 285. 

Displacement,  35. 

Distortion,  Waves  of,  18,  282,  286,  288;  of 
cross-sections  of  twisted  prism,  308 ;  of 
cross-sections  of  bent  beam,  326. 

Divergence,  of  a  vector,  46. 

DoubU  fence,  184,  234,  294. 

Dynamical  resistances,  26, 120,  411 — 417, 420 — 
422. 

Earth,  In  a  state  of  initial  stress,  107,  140 ; 
Strained  by  its  own  gravitation,  140,  248 ; 
Stress  produced  in,  by  weight  of  continents, 
253;  EUipticity  of  figure  of,  254;  Tidal 
effective  rigidity  of,  255—257 ;  Period  of 
spheroidal  vibrations  of,  273. 

Earthquakes,  297. 

Ease,  State  of.  111. 

Elastica,  3,  24,  384—388,  392. 

Elastic  after-working,  114. 

Elasticity,  defined,  90 ;   Limits  of,  118. 

Ellipsoid,  Solutions  of  the  equations  of  equi- 
librium in,  239,  240,  260. 

Elliptic  cylinders.  Solutions  of  the  equations 
of  equilibrium  in,  259,  260 ;  Solution  of  the 
torsion  problem  in,  305  ;  Solution  of  the 
flexure  problem  in,  321 ;  Confooal,  308,  822. 

Energy,  Intrinsic,  91.  See  also  Potential 
Energy,  and  Strain-energy-funetion. 

Equilibrium,  General  equations  of,  7 — 12,  82, 
98,  130,  132,  138,  166,  217  ;  of  bifurcation, 
392. 

Equipollent  loads.  Elastic  equivalence  of,  129. 

Existence  theorems,  169,  220. 

Experimental  results.  Indirectness  of,  94. 

Extension,  32,  40,  44,  59 ;   of  beam  bent  by 
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distributed  load,  347  ;  of  plate  bent  by  pres- 
sure, 468—464. 

Extensional  vibrations,  of  rods,  408,  411 — 420 ; 
of  a  circular  ring,  433 ;  of  plates,  470,  523, 
541 ;  of  shells,  515 ;  of  cylindrical  shells, 
518  ;    of  spherical  shells,  524. 

Extensions,  Principal,  42,  60. 

Extensometer,  94,  111. 

Factors  of  safety,  118,  120. 

Failure :  see  Rupture. 

Fatigue,  117. 

Flaws,  120,  304. 

Flexure,  see  Beams. 

Flexure  functions,  317,  328,  338. 

Flexure  prohlem,  317. 

Flexural  rigidity,  of  beam,  354  ;  of  rod,  372  ; 

of  plate,  443. 
Flow :  see  Plasticity. 
Flue  :  see  Boiler-flues. 
Fluid,  115. 

Fluor  spar,  Constants  for,  160. 
Flux  of  energy,  in  vibratory  motion,  174. 
Fourier's  series,  306. 
Fracture :  see  Rupture. 
Frameworks,  23. 
Frequency  equation,  176. 
Fresnel's  wave  surface,  288. 
Funicular  polygon,  360. 

Galileo's  problem,  2. 

Girders :  see  Beams. 

Glass,  Constants  of,  13,  103. 

Graphic  representation,  of  stress,  86;  of  solu- 
tion of  the  problem  of  continuous  beams, 
360—364  ;  of  the  theory  of  torsion,  308  ; 
and  flexure,  326,  327. 

Gravitation  :  see  Compression  and  Earth. 

Gravity,  Effect  of,  on  vibration  of  sphere,  274 ; 
on  surface  waves,  297. 

Green's  functions,  219. 

Green's  transfm-mation,  83. 

Groups,  of  transformations,  69,  148,  153. 

Gun  construction,  143. 

Hamiltonian  principle,  163. 
Hardening,  by  overstrain,  113. 
Hardness,  16. 
Harmonic  function,  218. 
Harmonics,  spherical,  218,  236,  266. 
Heat :  see  Thermal  effects. 
Height,  consistent  with  stability,  405. 
Helix:  see  Rods,  Thin  and  Springs. 
Hertz's  oscillator.  Type  of  waves  due  to,  295. 
Hexagonal  crystals,  155. 
Hooke's  law,  2,  9,  12 ;    generalised,  95  ;   ex- 
ceptions to,  95,  110. 


Hydrodynamic  analogies,  to  torsion  problem, 

302. 
Hysteresis,  116. 

Identical  relations,  between  strain-components 

see  Compatibility ,  conditions  of. 
Impact,  16,  195—197  ;  of  spheres,  197 ;  Longi 

tudinal,  of  bars,  25,  418 — 420 ;  Transverse 

of  bars,  420. 
Incompressible  solid,  equilibrium  of,  248  ;  vibra^ 

tions  of,   271,   273  ;   waves   on   surface  of, 

296. 
Inextensional  displacement,  in  thin  rod,  425 

in  thin  shell,  476,  495. 
Initial  stress,  107,  249. 
Integration,  methods  of,   for  equilibrium,    15, 

218,  220,  234,  239;   for  vibratory  motion, 

176,  289. 
Intermolecular  action,  6,  7,  9,  10,  533,  534. 
Invariants,  of  strain,  43,  60,  100  ;  of  stress,  81. 
Inversion,   of    plane   strain,   212 ;    applied  to 

plate,  467. 
Iron,  Constants  of,  103  ;  Elastic  limits  of,  114  ; 

Yield  point  of,  114.     See  also  Cast  iron. 
Isostatic  surfaces,  87,  89. 
Isotropic  solids,  100. 
Isotropy,  Transverse,  157. 


Kinematics,  of  thin  rods,  365—370,  423—426 ; 
of  thin  shells,  492—498. 

Kinetic  analogue,  for  naturally  straight  rod, 
382 ;  for  naturally  curved  rod,  383 ;  for 
elastica,  385  ;  for  rod  bent  and  twisted  by 
terminal  forces  and  couples,  394 ;  for  rod 
subjected  to  terminal  couples,  398. 

Kinetic  moduluses,  distinguished  from  static, 
96,  97. 

Lamina,  4. 

Lead,  Constants  of,  103. 

Length,  standards  of,  affected  by  atmospheric 

pressure,  &o.,  120. 
Jjight,  Polarised,  Examination  of  stress-systems 

by  means  of,  87,  351. 
Limitations,  of  the  mathematical  theory,  110. 
Limits  :  see  Elasticity,  Limits  of. 
Lines  of  shearing  stress,  in  torsion,  303,  309  ; 

in  flexure,  327. 
Lines  of  stress,  87 ;  for  two  bodies  in  contact, 

195,  541 ;  for  force  at  a  point,  199. 
Load,  95 ;  Sudden  application  or  reversal  of, 

120,  178 ;  travelling,  26,  421. 
Loading,  Effect  of  repeated,  116  ;  Asymmetric, 

of  beams,  328 ;  Surface,  of  beams,  351. 
Longitudinal  vibrations,  of  rods ;  see  Exten- 
sional vibrations,  of  rods. 
Longitudinal  waves,  8,  11. 
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Magnetometer,  deflexiou-bars,  121. 

Matter,  Constitution  of,  6. 

Maxwell's  stress-system,  82,  85,  133,  533. 

Membrane,  Analogy  of,  to  twisted  shaft,  310. 

Middle  third.  Bale  of,  84,  209. 

Moduhts,    104,    533.      See    also    Compression, 

modulus  of,  Rigidity,  Young's  modulus. 
Molecular  hypothesis,  6 — 10. 
Moments,  theorem  of  three,  22,  358—360. 
MonocUnic  crystals,  155. 
Malticonstant  theory,  13. 

Neutral  axis :   see  Galileo's  problem. 

Neutral  plane,  324. 

Neutral  surface,  347,  349. 

Nodal  surfaces,  of  vibrating  sphere,  272. 

Normal  forces,  rod  bent  by,  403. 

Normal  functions,  of  vibrating  system,  176. 

Notation,  531. 

Nuclei,  of  strain,  183,  198,  205,  294. 

Oblique  crystals,  155. 

Optics,  influence  of  theories  of  in  stimulating 

research  in  Elasticity,  7,  8,  11,  30. 
OrthogoTial  surfaces,  52. 

Pei'turbations,  Local,  186. 

Pendulum,  Analogy  to  elastica,  385. 

Photo-elasticity  :   see  Light,  Polarized. 

Piezo-electricity ,  146. 

Piezometer,  94,  142,  162. 

Plane,  Problem  of  the,  15, 188—190,  200, 225— 
232. 

Planes,  Principal,  of  stress,  79. 

Plane  stra  in,  45, 134 ;  Displacement  accompany- 
ing, 201 ;  Transformation  of,  211. 

Plane  stress,  81, 135;  Displacement  accompany- 
ing, 203  ;  in  plate,  446. 

Plane  stress.  Generalised,  135,  205 ;  in  bent 
beam,  136,  349 ;  in  plate,  450. 

Plasticity,  114. 

Plate,  elliptic.  Bending  of,  by  pressure,  463, 
464;  Vibrations  of,  470. 

Plate,  Thick,  stretching  of,  446 — 449 ;  bending 
of,  129,  449—465. 

Plate,  thick  circular.  Bending  of,  by  central 
load,  454;  by  uniform  pressure,  460,  463; 
by  variable  pressure,  464. 

Plate,  Thin,  bounded  by  straight  edge,  468. 

Plate,  thin  circular,  466 — 468. 

Plate,  thin.  Subjected  to  forces  in  its  plane, 
205 — 216 ;  Boundary  conditions  for,  27, 
437—442;  Bending  of,  465;  Vibrations  of, 
469,  512,  522,  541 ;  General  theory  of,  503 ; 
Stability  of,  528. 

Plates,  History  of  theory  of,  5—6,  27—29. 

Poisson's  ratio,  13,  101,  105. 


Polar  coordinates,  56,  89,  138,  161,  198,  259, 

274,  479. 
Potassium  Chloride,  Constants  for,  160. 
Potential,  Newtonian,  Theory  of,  169,  218. 
Potential  energy,  of  strained  body.  Minimum, 

168  ;  Theorem  concerning,  170. 
Potentials,  Direct,  Inverse,  Logarithmic,  189, 

190. 
Pressure,  Hydrostatic,  79,  see  also  Compression ; 

does   not    produce  fracture,    119 ;    between 

bodies  in  contact,  190 — 195. 
Prism,  Torsion  of:   see  Torsion. 
Prismatic  crystals,  155. 
Punching,  of  metals,  114. 
Pyrites,  Constants  for,  160. 

Quadric  surfaces,  representing  distribution  of 
strain,  37,  41,  60,  62,  65  ;  and  of  stress, 
79,  82. 

Quartz,  Constants  for,  160. 

Radial  displacement,  1S9,  141,  161. 

Radial  vibrations,  of  sphere,  273 ;  of  spherical 
shell,  274  ;  of  cylindrical  shell,  519. 

Rari-constant  theory,  13. 

Rays,  equivalent,  146,  153. 

Reality,  of  the  roots  of  the  frequency  equation, 
177. 

Reciprocal  strain-ellipsoid,  37,  60. 

Recipi-ocal  theorem  (Betti's),  16,  170,  221,  223, 
232. 

Refraction,  Double,  due  to  stress,  87 ;  to  un- 
equal heating,  106. 

Resilience,  170. 

Rhombic  crystals,  155. 

Rhombohedral  crystals,  155. 

Rigid  body  displacement,  superposable  upon 
displacement  determined  by  strain,  50 ;  or 
stress,  166. 

Rigidity,  101,  105.  See  also  Flexural  rigidity. 
Torsional  rigidity.  Tidal  effective  rigidity. 

Ring  :   see  Circular  ring. 

Rocksalt,  Constants  for,  160. 

Rods,  Naturally  curved.  Approximate  theory  of, 
379,  423;  Problems  concerning,  383,  403, 
405,  427—430 ;  Vibrations  of,  430—433. 

Rods,  Thin,  Kinematics  of,  365 ;  Equations  of 
equilibrium  of,  870 ;  Strain  in,  373 ;  Ap- 
proximate theory  of,  372,  377 ;  Problems  of 
equilibrium  concerning,  382 — 406 ;  Vibrations 
of,  407—411 ;  of  variable  section,  406,  421 ; 
Problems  of  dynamical  resistance  concerning, 
411—421. 

Rotation,  of  a  figure,  67 ;  Strain  produced  in  a 
cylinder  by,  143 ;  Centre  of,  185,  294. 

Rotation,  Components  of,  39,  55,  71 ;  Deter- 
mination of,  224,  231. 
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Rotationally  elastic  medium,  166. 
Rupture,  Hypotheses  concerning  the  conditions 
of,  117. 

Safety :   see  Factors  of  Safety  and  Rupture. 

Saint-Venant's  principle,  129. 

Scope,  of  the  Mathematical  theory,  119. 

Screw-propeller  shafts,  119. 

Semi-inverse  method,  19. 

Set,  111. 

Shafts :    see  Rotation,  Torsion,   Whirling. 

Shear,  Pure,  33 ;  Simple,  33,  68,  69 ;  Used  by 
Kelvin  and  Tait  to  denote  a  strain,  532;  by 
Bankine  to  denote  a  stress,  532. 

Shearing  strain,  45. 

Shearing  stress,  80 ;  cone  of,  82.  See  also 
Beams  and  Lines  of  shearing  stress. 

Shells,  Thin,  Inextensional  displacement  of, 
471—487  ;  General  theory  of,  29,  488—516. 

Simple  solutions,  182,  187.  See  also  Nuclei,  of 
strain. 

Sound  waves,  96. 

Sphere,  Problem  of  the,  15 ;  Equilibrium  of, 
140,  236 — 257 ;  with  given  surface  displace- 
ments, 236 ;  with  given  surface  tractions, 
240 ;  under  body  forces,  246 ;  Vibrations  of, 
268—274. 

Spherical  cavity,  in  infinite  solid,  245. 

Spherical  shell.  Equilibrium  of,  under  pressure, 
139,  161 ;  under  any  surface  tractions,  245, 
259 ;  Vibrations  of,  274. 

Spherical  shell,  Thin,  Inextensional  deforma- 
tion of,  477 ;  Inextensional  vibrations  of, 
486 ;  Extensional  and  other  vibrations  of, 
522  ;  Equilibrium  of,  526,  527. 

Spheroidal  vibrations,  273,  274. 

Springs,  Spiral,  23,  396. 

Stability,  General  criteria  for,  30,  97,  392 ; 
Strength  dependent  on,  120;  of  strut,  3, 
388 — 391 ;  of  elastica,  392  ;  of  rod  subjected 
to  twisting  couple  and  thrust,  399 ;  of  flat 
blade  bent  in  its  plane,  400 ;  of  ring  under 
pressure,  24,  405 ;  Height  consistent  with, 
405  ;  of  rotating  shaft,  421 ;  of  plate  under 
thrust,  528  ;  of  tube  under  pressure,  529. 

Statical  metlwd,  of  determining  frequencies  of 
vibration,  421,  422. 

Steel,  Constants  for,  103  ;  Elastic  Umit,  and 
Yield-point  of,  114. 

Strain,  Cauchy's  theory  of,  8;  Examples  of, 
32,  33  ;  Homogeneous,  36,  64—71 ;  Pure,  39, 
65  ;  Determined  by  displacement,  39  ;  Com- 
ponents of,  40,  59 ;  Transformation  of,  42 ; 
Invariants  of,  43,  44,  60 ;  Types  of,  44,  45  ; 
Eesolution  of,  into  irrotational  dilatation 
and  equivoluminal  distortion,  47 ;  Identical 
relations  between  components  of,  49 ;   Dis- 


placement effectively  determined  by,  50 ; 
referred  to  curvilinear  coordinates,  54,  540 ; 
General  theory  of,  57 — 64;  Composition  of 
finite  homogeneous,  69 ;  Appropriated  by 
Sankine  to  denote  relative  displacement,  531. 

Strain-ellipsoid,  37,  61. 

Strain-energy-function,  Introduction  of,  11 ; 
Existence  of,  12,  92;  Form  of,  96;  in 
isotropic  solids,  99,  152  ;  in  ceolotropio 
solids,  98 ;  in  crystals,  156 ;  in  solids  ex- 
hibiting various  types  of  seolotropy,  157 ; 
Generalisation  of,  97. 

Strength,  Ultimate,  112. 

Stress,  Cauchy's  theory  of,  8 ;  Notion  of,  72, 
533 ;  Specification  of,  75 ;  Components  of, 
77  ;  Measure  of,  77  ;  Transformation  of,  78  ; 
Types  of,  79;  Eesolution  of,  into  mean 
tension  and  shearing  stress,  81 ;  Uniform 
and  uniformly  varying,  84,  99,  101,  123 ; 
Graphic  representation  of,  86  ;  Lines  of,  87  ; 
Methods  of  determining,  98;  Direct  deter- 
mination of,  17,  132,  133,  445 ;  Appropriated 
by  Eankine  to  denote  internal  action,  531. 

Stress-difference :    see  Rupture. 

Stress-equations,  82  ;  referred  to  curvilinear 
coordinates,  87,  164,  540. 

Stress-functions,  17,  85,  133,  201—204,  260— 
263. 

Stress-resultants  and  stress-couples,  in  rod,  370; 
in  plate,  28,  434  ;  in  shell,  502. 

Stress-strain  relations,  94,  95,  97,  100,  101. 

Strut :   see  Stability. 

Supported  end,  of  a  rod,  354 ;  edge  of  a  plate, 
441. 

Surface  of  revolution.  Equilibrium  of  solid 
bounded  by,  260. 

Surface  tractions,  73. 

Surfaces,  Curvature  of,  488. 

Suspension  bridges,  347. 

Symbolic  notations,  287,  532. 

Symmetry,  Geometrical,  147;  Alternating,  147; 
Elastic,  148 ;  of  crystals,  152  ;  Types  of, 
157. 

Tangential  Traction,  77,  82. 

Tenacity,  112. 

Tension,  73;    Mean,  81. 

Terminology,  531. 

Testing  machines,  111. 

Tetragonal  crystals,  155. 

Thermal  effects,  93,  106. 

Thermodynamics,  Application  of,  91,  93. 

Thermo-elastic  equations,  106. 

Tidal  deformation,  of  solid  sphere,  255. 

Tidal  effective  rigidity,  of  the  Earth,  256. 

Time-effects,  114. 

Topaz,  Constants  for,  161. 
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Tore,  Incomplete,  torsion  and  flexure  of,  423. 

Torsion,  History  of  theory  of,  4,  19 — 21 ;  of  a 
bar  of  circular  section,  126 ;  of  prisms  of 
isotropic  material,  298 — 311 ;  of  prisms  of 
ffiolotropic  material,  312 ;  of  prisms  of  special 
forms  of  section,  305 — 308,  313;  Stress  and 
strain,  that  accompany,  44, 298,  303;  strength 
to  resist,  304. 

Torsion  function,  300. 

Torsion  problem,  300. 

Torsional  couple,  in  rod,  376  ;  in  plate,  434 ; 
in  shell,  502. 

Torsional  rigidity,  300 ;  Calculation  of,  310. 

Torsional  vibrations,  of  cylinder,  276 ;  of  rod, 
409  ;  of  circular  ring,  432. 

Tortuosity,  Measure  of,  of  central-line  of  rod, 
367,  368,  380,  395,  424,  427. 

Traction,  72 ;  used  by  Pearson  in  sense  of 
Tension,  532. 

Transmission  of  force,  from  point  of  application, 
180,  206.     See  also  Plane,  Problem  of  the. 

Trees,  406. 

Triclinic  crystals,  155. 

Tubes :   see  Cylindrical  shells. 

Twinning,  of  crystals,  160. 

Twist,  of  a  rod,  365,  366. 


Typical  flexural  strain,  475. 

Uniqueness  of  solution,  of  the  equations  of 
equilibrium,  167;  of  the  equations  of  vibra- 
tory motion,  173 ;  Exceptions  to,  30,  892. 

Variational  equation,  163;  Difficulty  of  forming, 

in  case  of  thin  shells,  505. 
Vai-iations,  Calculus  of,  169. 
Vibrations,  General  theory  of,  176 — 178. 
Viscosity,  115. 

Watch  spring,  116. 

Waves,  Propagation  of,  in  isotropic  media,  11, 
18,  281—286,  289—295;  in  seolotropic  media, 
18,  286—289;  in  infinite  cylinder,  276—280; 
over  surface  of  solid,  295 — 297. 

Wave  surfaces,  287. 

Whirling,  of  shafts,  421. 

Wires :   see  Bods,  Thin. 

Work,  done  by  external  forces,  91. 

Yield  point,  112. 

Young's  modulus,  4;  in  isotropic  solid,  101;   in 

seolotropic  solid,  105,  158 ;  Quartic  surface 

for,  105,  159. 
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